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INTRODUCTION TO CONTINUOUS BIFRAMES IN HILBERT
SPACES AND THEIR TENSOR PRODUCTS

PRASENJIT GHOSH1 AND TAPAS K. SAMANTA2

Abstract. We introduce the notion of a continuous biframe in a Hilbert space
which is a generalization of discrete biframe in Hilbert space. Representation theorem
for this type of generalized frame is verified and some characterizations of this
biframe with the help of a invertible operator is given.Here we also introduce the
concept of continuous biframe for the tensor products of Hilbert spaces and give an
example.Further, we study dual continuous biframe and continuous biframe Bessel
multiplier in Hilbert spaces and their tensor products.

1. Introduction and Preliminaries

The notion of a frame in Hilbert space was first introduced by Duffin and Schaeffer
[5] in connection with some fundamental problem in non-harmonic analysis.Thereafter,
it was further developed and popularized by Daubechies et al. [4] in 1986. A discrete
frame is a countable family of elements in a separable Hilbert space which allows
for a stable, not necessarily unique, decomposition of an arbitrary element into an
expansion of the frame element. A sequence {fi}+∞

i=1 in a separable Hilbert space H
is called a frame for H, if there exist positive constants 0 < A ≤ B < +∞ such that

A∥f∥2 ≤
+∞∑
i=1

| ⟨f, fi⟩|2 ≤ B∥f∥2, for all f ∈ H.

The constants A and B are called lower and upper bounds, respectively.
P. Balazs [1] developed weighted and controlled frame in Hilbert space. Biframe is

also a generalization of controlled frame in Hilbert space which was studied by M. F.
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Parizi et al. [9]. To define frame in Hilbert space, only one sequence is needed, but
for a biframe, two sequences are needed. A pair of sequences

(
{fi}+∞

i=1 , {gi}+∞
i=1

)
in H

is called a biframe for H if there exist positive constants A and B such that

A∥f∥2 ≤
+∞∑
i=1

⟨f, fi⟩ ⟨gi, f⟩ ≤ B∥f∥2, for all f ∈ H.

The constants A and B are called lower and upper biframe bounds, respectively.
Continuous frames extend the concept of discrete frames when the indices are

related to some measurable space. Continuous frame in Hilbert space was studied
by A. Rahimi et al. [11]. M. H. Faroughi and E. Osgooei [7] also studied continuous
frame and continuous Bessel mapping.Continuous frame and discrete frame have been
used in image processing, coding theory, wavelet analysis, signal denoising, feature
extraction, robust signal processing etc.

In this paper, we give the notion of continuous biframes in Hilbert spaces and
their tensor products and then discuss some examples of this type of frame. A
characterization of continuous biframe using its frame operator is established. We
will see that the image of a continuous biframe under a bounded invertible operator
in Hilbert space is also a continuous biframe in Hilbert space. Continuous biframe
Bessel multipliers in Hilbert spaces and their tensor product are presented.

Throughout this paper, H is considered to be a separable Hilbert space with
associated inner product ⟨·, ·⟩. (Ω, µ) denotes abstract measure space with positive
measure µ. IH is the identity operator on H. B(H1, H2) is a collection of all bounded
linear operators from H1 to H2. In particular, B(H) denotes the space of all bounded
linear operators on H.

Definition 1.1 ([11]). Let H be a complex Hilbert space and (Ω, µ) be a measure
space with positive measure µ. A mapping F : Ω → H is called a continuous frame
with respect to (Ω, µ) if

(i) F is weakly-measurable, i.e., for all f ∈ H, w → ⟨f, F (w)⟩ is a measurable
function on Ω,

(ii) there exist constants 0 < A ≤ B < +∞ such that

A ∥f∥2 ≤
∫
Ω

|⟨f, F (w)⟩|2 dµ ≤ B ∥f∥2 ,

for all f ∈ H. The constants A and B are called continuous frame bounds. If A = B,
then it is called a tight continuous frame. If the mapping F satisfies only the right
inequality, then it is called continuous Bessel mapping with Bessel bound B.

Let L2(Ω, µ) be the class of all measurable functions f : Ω → H such that ∥f∥2
2 =∫

Ω ∥f(w)∥2 dµ < +∞. It can be proved that L2(Ω, µ) is a Hilbert space with respect
to the inner product defined by

⟨f, g⟩L2 =
∫
Ω

⟨f(w), g(w)⟩ dµ, f, g ∈ L2(Ω, µ).
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Theorem 1.1 ([7]). Let F : Ω → H be a Bessel mapping. Then, the operator
TC : L2 (Ω, µ) → H is defined by

⟨TC(φ), h⟩ =
∫
Ω

φ(w) ⟨F (w), h⟩ dµ,

where φ ∈ L2 (Ω, µ) and h ∈ H is well-defined, linear, bounded and its adjoint operator
is given by

T ∗
C : H → L2 (Ω, µ) , T ∗

Cf(w) = ⟨f, F (w)⟩ , f ∈ H,w ∈ Ω.

The operator TC is called a pre-frame operator or synthesis operator and its adjoint
operator is called analysis operator of F .

Definition 1.2 ([7]). Let F : Ω → H be a continuous frame for H. Then, the
operator SC : H → H defined by

⟨SC(f), h⟩ =
∫
Ω

⟨f, F (w)⟩ ⟨F (w), h⟩ dµ, for all f, h ∈ H,

is called the frame operator of F .

The tensor product of Hilbert spaces are introduced by several ways and it is a
certain linear space of operators which was represented by Folland in [6].

Definition 1.3 ([10]). The tensor product of Hilbert spaces (H1, ⟨·, ·⟩1) and (H2, ⟨·, ·⟩2)
is denoted by H1 ⊗H2 and it is defined to be an inner product space associated with
the inner product
(1.1) ⟨f ⊗ g, f ′ ⊗ g′⟩ = ⟨f, f ′⟩1 ⟨g, g′⟩2 ,

for all f, f ′ ∈ H1 and g, g′ ∈ H2. The norm on H1 ⊗H2 is given by
(1.2) ∥f ⊗ g∥ = ∥f∥1∥g∥2, for all f ∈ H1 and g ∈ H2.

The space H1 ⊗H2 is complete with respect to the above inner product. Therefore,
the space H1 ⊗H2 is a Hilbert space.

For Q ∈ B(H1) and T ∈ B(H2), the tensor product of operators Q and T is denoted
by Q⊗ T and defined as

(Q⊗ T )A = QAT ∗, for all A ∈ H1 ⊗H2.

It can be easily verified that Q⊗ T ∈ B(H1 ⊗H2) (see [6]).

Theorem 1.2 ([6]). Suppose Q,Q′ ∈ B(H1) and T, T ′ ∈ B(H2). Then,
(i) Q⊗ T ∈ B(H1 ⊗H2) and ∥Q⊗ T∥ = ∥Q∥ · ∥T∥,

(ii) (Q⊗ T ) (f ⊗ g) = Q(f) ⊗ T (g) for all f ∈ H1, g ∈ H2,
(iii) (Q⊗ T ) (Q′ ⊗ T ′) = (QQ′) ⊗ (TT ′),
(iv) Q ⊗ T is invertible if and only if Q and T are invertible, in which case

(Q⊗ T )−1 = (Q−1 ⊗ T−1),
(v) (Q⊗ T )∗ = (Q∗ ⊗ T ∗).
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2. Continuous Biframe in Hilbert Space

In this section, first we give the definition of a continuous biframe in Hilbert space
and then discuss some of its properties.

Definition 2.1. Let H be a Hilbert space and (Ω, µ) be a measure space with
positive measure µ. A pair (F,G) = (F : Ω → H,G : Ω → H) of mappings is called a
continuous biframe for H with respect to (Ω, µ) if

(i) F,G are weakly-measurable, i. e., for all f ∈ H, w 7→ ⟨f, F (w)⟩ and w 7→
⟨f,G(w)⟩ are measurable functions on Ω,

(ii) there exist constants 0 < A ≤ B < +∞ such that

(2.1) A ∥f∥2 ≤
∫
Ω

⟨f, F (w)⟩ ⟨G(w), f ⟩ dµ ≤ B ∥f∥2 ,

for all f ∈ H. The constants A and B are called continuous biframe bounds. If
A = B, then it is called a tight continuous biframe and it is called Parseval continuous
biframe if A = B = 1. If the pair (F,G) satisfies only the right inequality, then it is
called continuous biframe Bessel mapping with Bessel bound B.

In particular, if µ is the counting measure and Ω = N, then (F,G) is a discrete
biframe for H.

Now, we validates the above definition by some examples.

Example 2.1. Let H = R3 and {e1, e2, e3} be the standard orthonormal basis for H.
Consider

Ω =
{
x ∈ R3 : ∥x∥ ≤ 1

}
.

Then, it is a measure space equipped with the Lebesgue measure µ. Suppose
{B1, B2, B3} is a partition of Ω where µ(B1) ≥ µ(B2) ≥ µ(B3) > 1. Define F : Ω → H
by

F (w) =



e1√
µ(B1)

, if w ∈ B1,

e2√
µ(B2)

, if w ∈ B2,

2e3√
µ(B3)

, if w ∈ B3,

and G : Ω → H by

G(w) =



2e1√
µ(B1)

, if w ∈ B1,

e2√
µ(B2)

, if w ∈ B2,

e3
2
√

µ(B3)
, if w ∈ B3.
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It is easy to verify that for all f ∈ H, w 7→ ⟨f, F (w)⟩ and w 7→ ⟨f,G(w)⟩ are
measurable functions on Ω. Now, for f ∈ H, we have∫

Ω

∣∣∣⟨f, F (w)⟩
∣∣∣2dµ =

∫
B1

∣∣∣∣∣
〈
f,

1√
µ(B1)

e1

〉 ∣∣∣∣∣
2

dµ+
∫
B2

∣∣∣∣∣
〈
f,

1√
µ(B2)

e2

〉 ∣∣∣∣∣
2

dµ

+
∫
B3

∣∣∣∣∣
〈
f,

1√
µ(B3)

2e1

〉 ∣∣∣∣∣
2

dµ

= |⟨f, e1⟩|2 + |⟨f, e2⟩|2 + 4 |⟨f, e3⟩|2

= ∥f∥2 + 3 |⟨f, e3⟩|2 .
Therefore, F : Ω → H is a continuous frame for H with bounds 1 and 4. Similarly, it
can be shown that G : Ω → H is a continuous frame for H with bounds 1/4 and 4.
On the other hand, for f ∈ H, we have∫

Ω

⟨f, F (w)⟩⟨G(w), f⟩dµ =
∫
B1

〈
f,

e1√
µ(B1)

〉〈
2e1√
µ(B1)

, f

〉
dµ

+
∫
B2

〈
f,

e2√
µ(B2)

〉〈
e2√
µ(B2)

, f

〉
dµ

+
∫
B3

〈
f,

2e3√
µ(B3)

〉〈
e3

2
√
µ(B3)

, f

〉
dµ

= 2 |⟨f, e1⟩|2 + |⟨f, e2⟩|2 + |⟨f, e3⟩|2

= ∥f∥2 + |⟨f, e1⟩|2 .
Therefore, (F,G) is a continuous biframe for H with bounds 1 and 2.

Example 2.2. Let H be an infinite dimensional separable Hilbert space and {ei}+∞
i=1

be an orthonormal basis for H. Suppose
{fi}+∞

i=1 = {e1, e1, e1, e2, e3, . . .} ,
{gi}+∞

i=1 = {0, e1, e1, e2, e3, . . .} .
Now, let (Ω, µ) be a measure space with µ is σ-finite. Then, we can write Ω = ⋃+∞

i=1 Ωi,
where {Ωi}+∞

i=1 is a sequence of disjoint measurable subsets of Ω with µ (Ωi) < +∞.
We define the mappings F : Ω → H by F (w) = 1√

µ(Ωi)
fi and G : Ω → H by

G(w) = 1√
µ(Ωi)

gi, for w ∈ Ωi. Then, for f ∈ H, we have
∫
Ω

|⟨f, F (w)⟩|2 dµ =
+∞∑
i=1

∫
Ωi

|⟨f, fi⟩|2 dµ = 2 |⟨f, e1⟩|2 +
+∞∑
i=1

|⟨f, ei⟩|2

= 2 |⟨f, e1⟩|2 + ∥f∥2 .
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Therefore, F is a continuous frame for H with bounds 1 and 3. Similarly, it can be
shown that G is a continuous frame for H with bounds 1 and 2. Now, for f ∈ H, we
have∫

Ω

⟨f, F (w)⟩ ⟨G(w), f⟩ dµ =
+∞∑
i=1

∫
Ωi

⟨f, fi⟩ ⟨gi, f⟩ dµ

= ⟨f, e1⟩ ⟨e1, f⟩ + ⟨f, e1⟩ ⟨e1, f⟩ + ⟨f, e2⟩ ⟨e2, f⟩ + · · ·
= ⟨f, e1⟩ ⟨e1, f⟩ + ⟨f, ⟨f, e1⟩ e1⟩ + ⟨f, ⟨f, e2⟩ e2⟩ + · · ·

= |⟨f, e1⟩|2 +
〈
f,

+∞∑
i=1

⟨f, ei⟩ ei

〉
= |⟨f, e1⟩|2 + ⟨f, f⟩ = |⟨f, e1⟩|2 + ∥f∥2.

Thus, (F,G) is a continuous biframe for H with bounds 1 and 2.
Now, in this example, we take

{fi}+∞
i=1 =

{1
3e1,

1
3e1, e2, e2, e3, e4, . . .

}
,

{gi}+∞
i=1 =

{
−1

2e1,
1
2e1,−

1
5e2,

1
5e2, e3, e4 . . .

}
,

and define F,G : Ω → H as above. Then, it is easy to verify that F is a continuous
frame for H with bounds 2/9, 2 and G is a continuous frame for H with bounds 2/25,
1. Now, we see that (F,G) is not a continuous biframe for H. For f ∈ H, we have∫

Ω

⟨f, F (w)⟩ ⟨G(w), f⟩ dµ =
+∞∑
i=1

∫
Ωi

⟨f, fi⟩ ⟨gi, f⟩ dµ

=
〈
f,

1
3e1

〉〈
−1

2e1, f
〉

+
〈
f,

1
3e1

〉〈1
2e1, f

〉
+ ⟨f, e2⟩

〈
−1

5e2, f
〉

+ ⟨f, e2⟩
〈1

5e2, f
〉

+ ⟨f, e3⟩ ⟨e3, f⟩ + ⟨f, e4⟩ ⟨e4, f⟩ + · · ·

=
+∞∑
i=3

|⟨f, ei⟩|2 .

Now, for f = e1, e2, we have
∫

Ω ⟨f, F (w)⟩ ⟨G(w), f⟩ dµ = 0. This shows that (F,G)
does not have a non-zero lower bound. Thus, (F,G) is not a continuous biframe for
H.

Next, we give an example of a continuous biframe for a real inner product space.

Example 2.3. Let

V =
{(

a 0
0 b

)
: a, b ∈ R+

}
.
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Define ⟨·, ·⟩ : V × V → R+ by ⟨M,N⟩ = trace (MN t), for all M,N ∈ V . Then, it is
easy to verify that ⟨·, ·⟩ is an real inner product on V . Now, we consider the measure
space (Ω = [0, 1], µ) where µ is the Lebesgue measure. Define F : Ω → V by

F (w) =
(

2(1 − w) 0
0 (1 + w)

)
, w ∈ Ω,

and G : Ω → V by

G(w) =
(

5(1 − w) 0
0 5(1 − w)

)
, w ∈ Ω.

It is easy to verify that for all M ∈ V , w 7→ ⟨M,F (w)⟩ and w 7→ ⟨M,G(w)⟩ are

measurable functions on Ω. Now, for each M =
(
a 0
0 b

)
∈ V , we get

⟨M,F (w)⟩ = trace


(
a 0
0 b

)(
2(1 − w) 0

0 (1 + w)

)t


= trace
{(

2a(1 − w) 0
0 b(1 + w)

)}
= 2a(1 − w) + b(1 + w),

⟨G(w),M⟩ = trace


(

5(1 − w) 0
0 5(1 − w)

)(
a 0
0 b

)t


= 5(1 − w)(a+ b).

Thus, for each M =
(
a 0
0 b

)
∈ V , we have∫

[0,1]

⟨M,F (w)⟩ ⟨G(w),M⟩ dµ =
∫

[0,1]

5(a+ b)(1 − w) {2a(1 − w) + b(1 + w)} dµ

= 10
3 (a+ b)2.

Also, it is easy to verify that ∥M∥2 = a2 + b2. Thus, for each M =
(
a 0
0 b

)
∈ V , we

have

(a2 + b2) ≤
∫

[0,1]

⟨M,F (w)⟩ ⟨G(w),M⟩ dµ ≤ 20
3 (a2 + b2).

Therefore, (F,G) is a continuous biframe for H with bounds 1 and 20/3.
Let (F,G) = (F : Ω → H,G : Ω → H) be a continuous biframe for H with respect

to (Ω, µ). Then, the mapping Ψ : H ×H → C defined by

Ψ(f, g) =
∫
Ω

⟨f, F (w)⟩ ⟨G(w), g⟩ dµ
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is well-defined, a sesquilinear form (i.e., linear in the first and conjugate-linear in the
second variable ) and is bounded. By Cauchy-Schwartz inequality, we get

|Ψ(f, g)| ≤
∫
Ω

|⟨f, F (w)⟩ ⟨G(w), g⟩| dµ

≤

∫
Ω

|⟨f, F (w)⟩|2 dµ
1/2∫

Ω

|⟨G(w), g⟩|2 dµ
1/2

≤ B∥f∥ · ∥g∥.
By Theorem 2.3.6 in [8], there exists a unique operator SF,G : H → H such that

Ψ(f, g) = ⟨SF,Gf, g⟩ , for all f, g ∈ H,

and moreover ∥Ψ∥ = ∥SF,G∥.
Now, we introduce the continuous biframe operator and give some properties.

Definition 2.2. Let (F,G) = (F : Ω → H,G : Ω → H) be a continuous biframe for
H with respect to (Ω, µ). Then, the operator SF,G : H → H defined by

SF,Gf =
∫
Ω

⟨f, F (w)⟩G(w)dµ,

for all f ∈ H is called the biframe operator.

Now, for each f ∈ H, we have

⟨SF,Gf, f⟩ =
∫
Ω

⟨f, F (w)⟩ ⟨G(w), f⟩ dµ.(2.2)

Thus, for each f ∈ H, we get
A ∥f∥2 ≤ ⟨SF,Gf, f⟩ ≤ B ∥f∥2 .

This implies that AI ≤ SF,G ≤ BI, where I is the identity operator on H. Hence,
SF, G is positive and invertible. In frame theory, reconstruction of the elements of a
Hilbert space is a most important fact. Now, using continuous biframe operator SF,G,
we give the reconstruction formula, i.e., every f ∈ H has the representations

f = SF,GS
−1
F,Gf =

∫
Ω

〈
f, S−1

F,GF (w)
〉
G(w)dµ,

f = S−1
F,GSF,Gf =

∫
Ω

⟨f, F (w)⟩S−1
F,GG(w)dµ.

Example 2.4. Let H = R3. Suppose
{fi}3

i=1 = {(2, 1, 1), (−1, 3,−1), (−1, 1, 4)} ,
{gi}3

i=1 = {(1, 0, 0), (0, 1, 0), (0, 0, 1)} .
Consider

Ω =
{
x ∈ R3 : ∥x∥ ≤ 1

}
.
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Then, (Ω, µ) is a measure space, where µ is the Lebesgue measure. Suppose
{B1, B2, B3} is a partition of Ω where µ(B1) ≥ µ(B2) ≥ µ (B3) > 1. Now, we
define F : Ω → H by

F (w) =



f1√
µ(B1)

, if w ∈ B1,

f2√
µ(B2)

, if w ∈ B2,

f3√
µ(B3)

, if w ∈ B3,

and G : Ω → H by

G(w) =



g1√
µ(B1)

, if w ∈ B1,

g2√
µ(B2)

, if w ∈ B2,

g3√
µ(B3)

, if w ∈ B3.

It is easy to verify that for all f ∈ H, w 7→ ⟨f, F (w)⟩ and w 7→ ⟨f,G(w)⟩ are
measurable functions on Ω. Now, for f = (x, y, z) ∈ H, we have

∫
Ω

⟨f, F (w)⟩ ⟨G(w), f⟩ dµ =
∫

B1

〈
f,

f1√
µ (B1)

〉〈
g1√
µ (B1)

, f

〉
dµ

+
∫

B2

〈
f,

f2√
µ (B2)

〉〈
g2√
µ (B2)

, f

〉
dµ

+
∫

B3

〈
f,

f3√
µ (B3)

〉〈
g3√
µ (B3)

, f

〉
dµ

= ⟨f, f1⟩ ⟨g1, f⟩ + ⟨f, f2⟩ ⟨g2, f⟩ + ⟨f, f3⟩ ⟨g3, f⟩
= ⟨(x, y, z) , (2, 1, 1)⟩ ⟨(1, 0, 0), (x, y, z)⟩ +

+ ⟨(x, y, z) , (−1, 3,−1)⟩ ⟨(0, 1, 0), (x, y, z)⟩
+ ⟨(x, y, z) , (−1, 1, 4)⟩ ⟨(0, 0, 1), (x, y, z)⟩

= (2x+ y + z)x+ (−x+ 3y − z) y + (−x+ y + 4z) z
=2x2 + 3y2 + 4z2

≤4
(
x2 + y2 + z2

)
= 4 ∥(x, y, z)∥2 = 4 ∥f∥2 .

Thus, for each f ∈ H, we get

2 ∥f∥2 ≤
∫
Ω

⟨f, F (w)⟩ ⟨G(w), f⟩ dµ ≤ 4 ∥f∥2 .

Therefore, (F,G) is a continuous biframe for H with bounds 2 and 4.
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For (x, y, z) ∈ R3, the continuous biframe operator SF,G is given by

SF,G (x, y, z) = ⟨(x, y, z) , (2, 1, 1)⟩ (1, 0, 0)+
+ ⟨(x, y, z, ) , (−1, 3,−1)⟩ (0, 1, 0)
+ ⟨(x, y, z) , (−1, 1, 4)⟩ (0, 0, 1)

= (2x+ y + z,−x+ 3y − z,−x+ y + 4z) .

The matrix associated with the operator SF, G is given by

[SF, G ] =

 2 1 1
−1 3 −1
−1 1 4

 .
Since det ([SF,G]) = 33 ̸= 0, the matrix [SF,G] is invertible. Thus, the operator SF,G is
well defined and invertible bounded linear operator on R3. Here, SF,GS

∗
F,G ̸= S∗

F,GSF,G

and hence the operator SF,G is not self-adjoint.
The inverse of the matrix [SF,G] is given by

[SF,G]−1 = 1
33

13 −3 −4
5 9 1
2 −3 7

 .
Therefore, for (x, y, z) ∈ R3, S−1

F,G is given by

S−1
F,G (x, y, z) = 1

33 (13x− 3y − 4z, 5x+ 9y + z, 2x− 3y + 7z) .

Now, for f = (x, y, z) ∈ H, we have∫
Ω

⟨f, F (w)⟩S−1
F,GG(w)dµ = ⟨f, f1⟩S−1

F,Gg1 + ⟨f, f2⟩S−1
F,Gg2 + ⟨f, f3⟩S−1

F,Gg3

= (2x+ y + z) 1
33 (13, 5, 2) + (−x+ 3y − z) 1

33 (−3, 9,−3)

+ (−x+ y + 4z) 1
33 (−4, 1, 7)

= 1
33 (33x, 33y, 33z) = (x, y, z) = f

Similarly, it can be verified that∫
Ω

〈
f, S−1

F,GF (w)
〉
G(w)dµ = f, f ∈ H.

Thus, the representation theorem is verified in this example.

We know that every positive operator in a complex Hilbert space is self-adjoint.
Thus, we have the self-adjointness property for the positive operator SF,G in complex
Hilbert space.
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Theorem 2.1. The pair (F,G) is a continuous biframe for a complex Hilbert space H
with respect to (Ω, µ) if and only if (G,F ) is a continuous biframe for H with respect
to (Ω, µ).

Proof. Let (F,G) is a continuous biframe for H with bounds A and B. Then for each
f ∈ H, we have

A ∥f∥2 ≤
∫
Ω

⟨f, F (w)⟩ ⟨G(w), f⟩ dµ ≤ B ∥f∥2 .

Since SF,G is self adjoint, using (2.2), we can write∫
Ω

⟨f, F (w)⟩ ⟨G(w), f⟩ dµ = ⟨SF,Gf, f⟩ = ⟨SF,Gf, f⟩

=
∫
Ω

⟨f, F (w)⟩ ⟨G(w), f⟩ dµ

=
∫
Ω

⟨f,G(w)⟩ ⟨F (w), f⟩ dµ.

Thus, for each f ∈ H, we have

A ∥f∥2 ≤
∫
Ω

⟨f,G(w)⟩ ⟨F (w), f ⟩ dµ ≤ B ∥f∥2 .

Therefore, (G,F ) is a continuous biframe for H.
Similarly, we can prove the converse part of this theorem. □

In the next theorem, we establish a characterization of a continuous biframe using
its biframe operator.

Theorem 2.2. Let (F,G) be a continuous biframe Bessel mapping for H with respect
to (Ω, µ). Then, (F,G) is a continuous biframe for H if and only if there exists α > 0
such that SF,G ≥ αI, where SF,G is the continuous biframe operator for (F,G).

Proof. Let (F,G) be a continuous biframe for H with bounds A and B. Then, using
(2.1) and (2.2), for each f ∈ H, we get

A ∥f∥2 ≤ ⟨SF,Gf, f⟩ ≤ B ∥f∥2 .

Thus, A ⟨f, f⟩ ≤ ⟨SF,Gf, f⟩ implies SF,G ≥ αI, where α = A.
Conversely, suppose that SF,G ≥ αI. Thus, for each f ∈ H, we have

α∥f∥2 ≤ ⟨SF,Gf, f⟩ =
∫
Ω

⟨f, F (w)⟩ ⟨G(w), f⟩ dµ.

Hence, (F,G) is a continuous biframe for H with lower biframe bound α2. This
completes the proof. □

Next, also we give a characterization of a continuous biframe with the help of a
invertible operator on H.
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Theorem 2.3. Let T be an invertible bounded linear operator on H. Then, (F,G)
is a continuous biframe for H with respect to (Ω, µ) if and only if (TF, TG) is a
continuous biframe for H with respect to (Ω, µ).

Proof. For each f ∈ H, w 7→ ⟨f, TF (w)⟩ = ⟨T ∗f, F (w)⟩ and w 7→ ⟨f, TG(w)⟩ =
⟨T ∗f,G(w)⟩ are measurable functions on Ω. Let (F,G) is a continuous biframe for H
with bounds A and B. Since T is invertible, for f ∈ H, we have

∥f∥2 =
∥∥∥(T−1

)∗
T ∗f

∥∥∥2
≤
∥∥∥T−1

∥∥∥2
∥T ∗f∥2 .

Now, for each f ∈ H, we have∫
Ω

⟨f, TF (w)⟩ ⟨TG(w), f⟩ dµ =
∫
Ω

⟨T ∗f, F (w)⟩ ⟨G(w), T ∗f⟩ dµ

≤ B ∥T ∗f∥2 ≤ B∥T∥2 ∥f∥2 .

On the other hand, for each f ∈ H, we have∫
Ω

⟨f, TF (w)⟩ ⟨TG(w), f⟩ dµ =
∫
Ω

⟨T ∗f, F (w)⟩ ⟨G(w), T ∗f⟩ dµ

≥ A ∥T ∗f∥2 ≥ A
∥∥∥T−1

∥∥∥−2
∥f∥2 .

Hence, (TF, TG) is a continuous biframe for H with bounds A ∥T−1∥−2 and B∥T∥2.
Conversely, suppose that (TF, TG) is a continuous biframe for H with bounds A

and B. Now, for each f ∈ H, we have
A

∥T∥2 ∥f∥2 = A

∥T∥2

∥∥∥(T−1T
)∗
f
∥∥∥2

≤ A
∥∥∥(T−1

)∗
f
∥∥∥2

≤
∫
Ω

〈(
T−1

)∗
f, TF (w)

〉 〈
TG(w),

(
T−1

)∗
f
〉
dµ

=
∫
Ω

〈
T ∗
(
T−1

)∗
f, F (w)

〉 〈
G(w), T ∗

(
T−1

)∗
f
〉
dµ

=
∫
Ω

⟨f, F (w)⟩ ⟨G(w), f⟩ dµ.

On the other hand, for each f ∈ H, we have∫
Ω

⟨f, F (w)⟩ ⟨G(w), f⟩ dµ =
∫
Ω

〈
T ∗
(
T−1

)∗
f, F (w)

〉 〈
G(w), T ∗

(
T−1

)∗
f
〉
dµ

=
∫
Ω

〈(
T−1

)∗
f, TF (w)

〉 〈
TG(w),

(
T−1

)∗
f
〉
dµ

≤ B
∥∥∥(T−1

)∗
f
∥∥∥2

≤ B
∥∥∥T−1

∥∥∥2
∥f∥2 .

Thus, (F,G) is a continuous biframe for H with bounds A
∥T ∥2 and B ∥T−1∥2. This

completes the proof. □
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The notion of multipliers for continuous frame for the first time introduced in [2].
In this section, we improve and extend it the framework to biframes.

Definition 2.3. Let (F, F ) and (G,G) be continuous biframe Bessel mappings for
H with respect to (Ω, µ) and let m : Ω → C be a measurable function. Then, the
operator Mm,F,G : H → H defined by

⟨Mm,F,Gf, g⟩ =
∫
Ω

m(w) ⟨f, F (w)⟩ ⟨G(w), g⟩ dµ,

for all f, g ∈ H, is called continuous biframe Bessel multiplier of F and G with respect
to m.

Theorem 2.4. The continuous biframe Bessel multiplier of F and G with respect to
m is well defined and bounded.

Proof. Let (F, F ) and (G,G) be continuous biframe Bessel mappings for H with
bounds B1 and B2. Then for any f, g ∈ H, we have

|⟨Mm,F,Gf, g⟩| =

∣∣∣∣∣∣
∫
Ω

m(w) ⟨f, F (w)⟩ ⟨G(w), g⟩ dµ

∣∣∣∣∣∣
≤ ∥m∥∞

∫
Ω

|⟨f, F (w)⟩|2 dµ
1/2∫

Ω

|⟨g,G(w)⟩|2 dµ
1/2

≤ ∥m∥∞

√
B1B2 ∥f∥ · ∥g∥ .

This shows that ∥Mm,F,G∥ ≤ ∥m∥∞
√
B1B2 and so Mm,F,G is well-defined and bounded.

This completes the proof. □

Following the proof of the Theorem 2.4, for each f ∈ H, we have

(2.3) ∥Mm,F,Gf∥ = sup
∥g∥=1

|⟨Mm,F,Gf, g⟩| ≤ ∥m∥∞

√
B2

∫
Ω

|⟨f, F (w)⟩|2 dµ
1/2

and similarly it can be shown that

(2.4)
∥∥∥M∗

m,F,Gg
∥∥∥ ≤ ∥m∥∞

√
B1

∫
Ω

|⟨G(w), g⟩|2 dµ
1/2

.

Theorem 2.5. Let Mm,F,G be the continuous biframe Bessel multiplier of F and G
with respect to m. Then, M∗

m,F,G = Mm,F,G.
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Proof. For f, g ∈ H, we have〈
f,M∗

m,F,Gg
〉

= ⟨Mm,F,Gf, g⟩ =
∫
Ω

m(w) ⟨f, F (w)⟩ ⟨G(w), g⟩ dµ

=
∫
Ω

⟨f,m(w) ⟨g,G(w)⟩F (w)⟩ dµ

= ⟨f,Mm,F,Gg⟩ .
This completes the proof. □

Theorem 2.6. Let Mm,F,G be the continuous biframe Bessel multiplier of F and G
with respect to m. Then, (F, F ) is a continuous biframe for H provided for each
f ∈ H, there exists D > 0 such that ∥Mm,F,Gf∥ ≥ D ∥f∥.

Proof. For each f ∈ H, using (2.3), we get
D2 ∥f∥2 ≤ ∥Mm,F,Gf∥2 ,

D2 ∥f∥2 ≤∥m∥2
∞B2

∫
Ω

|⟨f, F (w)⟩|2 dµ,

D2

∥m∥2
∞B2

∥f∥2 ≤
∫
Ω

|⟨f, F (w)⟩|2 dµ,

D2

∥m∥2
∞B2

∥f∥2 ≤
∫
Ω

⟨f, F (w)⟩ ⟨F (w), f⟩ dµ.

Thus, (F, F ) is a continuous biframe for H with bounds D2

∥m∥2
∞B2

and B1. This com-
pletes the proof. □

Theorem 2.7. Let Mm,F,G be the continuous biframe Bessel multiplier of F and G
with respect to m. Suppose λ1 < 1, λ2 > −1 such that for each f ∈ H, we have

∥f −Mm,F,Gf∥ ≤ λ1 ∥f∥ + λ2 ∥Mm,F,Gf∥ .
Then, (F, F ) is a continuous biframe for H.

Proof. For each f ∈ H, we have
∥f∥ − ∥Mm,F,Gf∥ ≤ ∥f −Mm,F,Gf∥ ≤ λ1 ∥f∥ + λ2 ∥Mm,F,Gf∥

implies (1 − λ1) ∥f∥ ≤ (1 + λ2) ∥Mm,F,Gf∥. Now, using (2.3), we get(
1 − λ1

1 + λ2

)
∥f∥ ≤ ∥m∥∞

√
B2

∫
Ω

|⟨f, F (w)⟩|2 dµ
1/2

implies

(2.5) (1 − λ1)2

∥m∥2
∞B2 (1 + λ2)2 ∥f∥2 ≤

∫
Ω

⟨f, F (w)⟩ ⟨F (w), f⟩ dµ.
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Thus, (F, F ) is a continuous biframe for H with bounds (1−λ1)2

∥m∥2
∞B2(1+λ2)2 and B1. This

completes the proof. □

Theorem 2.8. Let Mm,F,G be the continuous biframe Bessel multiplier of F and G
with respect to m. Suppose λ ∈ [0, 1) such that for each f ∈ H, we have

∥f −Mm,F,Gf∥ ≤ λ ∥f∥ .
Then, (F,G) and (G,G) are continuous biframes for H.

Proof. Putting λ1 = λ and λ2 = 0 in (2.5), we get
(1 − λ)2

∥m∥2
∞B2

∥f∥2 ≤
∫
Ω

⟨f, F (w)⟩ ⟨F (w), f⟩ dµ.

Thus, (F, F ) is a continuous biframe for H. On the other hand, for each f ∈ H, we
have ∥∥∥f −M∗

m,F,Gf
∥∥∥ = ∥(I −Mm,F,G)∗ f∥ ≤ ∥I −Mm,F,G∥ · ∥f∥ ≤ λ ∥f∥

implies (1 − λ) ∥f∥ ≤
∥∥∥M∗

m,F,Gf
∥∥∥. Now, using (2.4), we get

(1 − λ)2

∥m∥2
∞B1

∥f∥2 ≤
∫
Ω

|⟨G(w), f⟩|2 dµ =
∫
Ω

⟨f,G(w)⟩ ⟨G(w), f⟩ dµ.

Thus, (G,G) is a continuous biframe for H with bounds (1−λ)2

∥m∥2
∞B1

and B2. This
completes the proof. □

Definition 2.4. Let (F,G) be a continuous biframe for H. If

⟨f, g⟩ =
∫
Ω

⟨f, F (w)⟩ ⟨G(w), g⟩ dµ,

holds for all f, g ∈ H, then (F,G) is called dual continuous biframe for H.

Theorem 2.9. Let (F,G) be a continuous biframe for H with continuous biframe
operator SF,G. Then,

(
S−1

F,GF,G
)

and
(
F, S−1

F,GG,
)

are dual continuous biframes for
H.

Proof. For each f, g ∈ H, we have

⟨f, g⟩ =
∫
Ω

〈
f, S−1

F,GF (w)
〉

⟨G(w), g⟩ dµ,

⟨f, g⟩ =
∫
Ω

⟨f, F (w)⟩
〈
S−1

F,GG(w), g
〉
dµ.

This verifies that
(
S−1

F,GF,G
)

and
(
F, S−1

F,GG
)

are dual continuous biframes for H. □

In the following theorem, we will find a dual continuous biframe for H with respect
to the multiplier operator.
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Theorem 2.10. Let Mm,F,G be invertible and (F,G) be a continuous biframe for H.
Then,

((
M−1

m,F,GmF
)∗
, G
)

is a dual continuous biframe for H.

Proof. From the definition of Mm,F,G, we can write

⟨Mm,F,Gf, g⟩ =
∫
Ω

m(w) ⟨f, F (w)⟩ ⟨G(w), g⟩ dµ.

Now, by replacing f with M−1
m,F,Gf , we get

⟨f, g⟩ =
∫
Ω

m(w)
〈
M−1

m,F,Gf, F (w)
〉

⟨G(w), g⟩ dµ

=
∫
Ω

〈
f,
(
M−1

m,F,G

)∗
m(w)F (w)

〉
⟨G(w), g⟩ dµ.

Thus,
((
M−1

m,F,GmF
)∗
, G
)

is a dual continuous biframe for H. This completes the
proof. □

3. Continuous Biframe in H1 ⊗H2

In this section, we introduce the concept of continuous biframe in tensor product
of Hilbert spaces H1 ⊗H2 and give a characterization.

Definition 3.1. Let (X,µ) = (X1 ×X2, µ1 ⊗ µ2) be the product of measure spaces
with σ-finite positive measures µ1, µ2 on X1, X2, respectively.

A pair (F,G) = (F : X → H1 ⊗H2,G : X → H1 ⊗H2) is called a continuous
biframe for H1 ⊗H2 with respect to (X,µ) if the following hold.

(i) F,G is weakly-measurable, i.e., for all f ⊗ g ∈ H1 ⊗ H2, x = (x1, x2) 7→
⟨f ⊗ g,F(x)⟩ and (x1, x2) 7→ ⟨f ⊗ g,G(x)⟩ are measurable functions on X.

(ii) There exist constants A,B > 0 such that

(3.1) A ∥f ⊗ g∥2 ≤
∫
X

⟨f ⊗ g,F(x)⟩ ⟨G(x), f ⊗ g⟩ dµ ≤ B ∥f ⊗ g∥2 ,

for all f ⊗ g ∈ H1 ⊗H2. The constants A and B are called continuous biframe
bounds. If A = B, then the pair (F,G) is called a tight continuous biframe for
H1 ⊗H2. If (F,G) satisfies only the right inequality of (1.3), then it is called
continuous biframe Bessel mapping in H1 ⊗H2 with Bessel bound B.

Theorem 3.1. The pair of mappings (F,G) = (F1 ⊗ F2, G1 ⊗G2) = F, G : X →
H1 ⊗ H2 is a continuous biframe for H1 ⊗ H2 with respect to (X,µ) if and only
if F1, G1 : X1 → H1 is a continuous biframe for H1 with respect to (X1, µ1) and
F2, G2 : X2 → H2 is a continuous biframe for H2 with respect to (X2, µ2).

Proof. Suppose that (F,G) = (F1 ⊗ F2, G1 ⊗G2) is a continuous biframe for H1 ⊗H2
with respect to (X,µ) having bounds A and B. Let f ∈ H1 −{θ} and fix g ∈ H2 −{θ}.
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Then, f ⊗ g ∈ H1 ⊗H2 − {θ ⊗ θ} and by Fubini’s theorem we have∫
X

⟨f ⊗ g, F1(x1) ⊗ F2(x2)⟩ ⟨G1(x1) ⊗G2(x2), f ⊗ g⟩ dµ

=
∫

X1

⟨f, F1(x1)⟩1 ⟨G1(x1), f⟩1 dµ1

∫
X2

⟨g, F2(x2)⟩2 ⟨G2(x2), g⟩2 dµ2.

Therefore, for each f ⊗ g ∈ H1 ⊗H2, (3.1) can be written as

A ∥f∥2
1 ∥g∥2

2 ≤
∫

X1

⟨f, F1(x1)⟩1 ⟨G1(x1), f⟩1 dµ1

∫
X2

⟨g, F2(x2)⟩2 ⟨G2(x2), g⟩2 dµ2

≤ B ∥f∥2
1 ∥g∥2

2 .

Since f and g are non-zero and therefore∫
X1

⟨f, F1(x1)⟩1 ⟨G1(x1), f⟩1 dµ1,
∫

X2

⟨g, F2(x2)⟩2 ⟨G2(x2), g⟩2 dµ2

are non-zero. Thus, from the above inequality, we can write

A ∥g∥2
2∫

X2

⟨g, F2(x2)⟩2 ⟨G2(x2), g⟩2 dµ2
∥f∥2

1 ≤
∫

X1

⟨f, F1(x1)⟩1 ⟨G1(x1), f⟩1 dµ1

≤ B ∥g∥2
2∫

X2

⟨g, F2(x2)⟩2 ⟨G2(x2), g⟩2 dµ2
∥f∥2

1 .

Thus, for each f ∈ H1 − {θ}, we have

A1 ∥f∥2
1 ≤

∫
X1

⟨f, F1(x1)⟩1 ⟨G1(x1), f⟩1 dµ1 ≤ B1 ∥f∥2
1 ,

where

A1 = inf
g∈H2,∥g∥2=1

 A ∥g∥2
2∫

X2

⟨g, F2(x2)⟩2 ⟨G2(x2), g⟩2 dµ2


and

B1 = sup
g∈H2,∥g∥2=1

 A ∥g∥2
2∫

X2

⟨g, F2(x2)⟩2 ⟨G2(x2), g⟩2 dµ2

 .
This shows that (F1, G1) is a continuous biframe for H1 with respect to (X1, µ1).
Similarly, it can be shown that (F2, G2) is a continuous biframe for H2 with respect
to (X2, µ2).

Conversely, suppose that (F1, G1) is a continuous biframe for H1 with respect
to (X1, µ1) having bounds A,B and (F2, G2) is a continuous biframe for H2 with
respect to (X2, µ2) having bounds C,D. By the assumption it is easy to verify that
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(F,G) = (F1 ⊗ F2, G1 ⊗G2) is weakly measurable on H1 ⊗H2 with respect to (X,µ).
Now, for each f ∈ H1 − {θ} and g ∈ H2 − {θ}, we have

A ∥f∥2
1 ≤

∫
X1

⟨f, F1(x1)⟩1 ⟨G1(x1), f⟩1 dµ1 ≤ B ∥f∥2
1 ,

C ∥g∥2
2 ≤

∫
X2

⟨g, F2(x2)⟩2 ⟨G2(x2), g⟩2 dµ2 ≤ B ∥g∥2
2 .

Multiplying the above two inequalities and using Fubini’s theorem we get

AC ∥f ⊗ g∥2 ≤
∫
X

⟨f ⊗ g, F1(x1) ⊗ F2(x2)⟩ ⟨G1(x1) ⊗G2(x2), f ⊗ g⟩ dµ

≤ BD ∥f ⊗ g∥2 ,

for all f ⊗ g ∈ H1 ⊗H2. Thus, for each f ⊗ g ∈ H1 ⊗H2, we have

AC ∥f ⊗ g∥2 ≤
∫
X

⟨f ⊗ g,F(x)⟩ ⟨G(x), f ⊗ g⟩ dµ ≤ BD ∥f ⊗ g∥2 .

Hence, (F,G) = (F1 ⊗ F2, G1 ⊗G2) is a continuous biframe for H1 ⊗H2 with respect
to (X,µ) having bounds AC and BD. This completes the proof. □

Example 3.1. Let {ei}+∞
i=1 be an orthonormal basis for H1 and (X1, µ1) be a measure

space where µ1 is σ-finite. Then we can write X1 = ⋃+∞
i=1 Ωi, where {Ωi}+∞

i=1 is a
sequence of disjoint measurable subsets of X1 with µ (Ωi) < +∞. Suppose

{fi}+∞
i=1 = {e1, e1, e1, e2, e3, . . .} ,

{gi}+∞
i=1 = {0, e1, e1, e2, e3, . . .} .

For each x1 ∈ X1, we define the mappings F1 : X1 → H1 by F1(x1) = 1√
µ(Ωi)

fi and
G1 : X1 → H1 by G1(x1) = 1√

µ(Ωi)
gi, for x1 ∈ Ωi. Then, by Example 2.2, (F1, G1) is

a continuous biframe for H with bounds 1 and 2.
On the other hand, let

{
e′

j

}+∞

j=1
be an orthonormal basis for H2 and (X2, µ2) be a

measure space with µ2 is σ-finite. Then, X2 = ⋃+∞
i=1 Ω′

j, and
{
Ω′

j

}+∞

j=1
is a sequence of

disjoint measurable subsets of X2 with µ
(
Ω′

j

)
< +∞. Suppose

{
f ′

j

}+∞

j=1
= {5e1, 3e2, 2e3, 2e4, . . .} ,{

g′
j

}+∞

j=1
= {0, 0, 3e1, 0, 2e2, 2e3, . . .} .
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Now, we define F2 : X2 → H2 by F2(x2) = 1√
µ(Ω′

j)
f ′

j and G2 : X2 → H2 by G2(x2) =

1√
µ(Ω′

j)
g′

j, for x2 ∈ Ω′
j. Now, for f, g ∈ H2, we have

∫
X2

⟨f, F2(x2)⟩ ⟨G2(x2), f⟩ dµ2 =
+∞∑
j=1

∫
Ω′

j

〈
f, f ′

j

〉 〈
g′

j, f
〉
dµ2

= ⟨f, e1⟩ ⟨e1, f⟩ + 2 ⟨f, e1⟩ ⟨e1, f⟩ + 2 ⟨f, e2⟩ ⟨e2, f⟩ + · · ·
= |⟨f, e1⟩|2 + 2 |⟨f, e1⟩|2 + 2 |⟨f, e2⟩|2 + · · ·
= |⟨f, e1⟩|2 + 2∥f∥2.

Thus, (F2, G2) is a continuous biframe for H with bounds 2 and 3. Thus, by the
Theorem 3.1, (F,G) = (F1 ⊗ F2, G1 ⊗G2) is a continuous biframe for H1 ⊗H2 with
respect to (X,µ) having bounds 2 and 6.

Let (X,µ) = (X1 ×X2, µ1 ⊗ µ2) be the product of measure spaces with σ-finite
positive measures µ1, µ2. Let L2 (X,µ) be the class of all measurable functions Ψ :
X → H1 ⊗H2 such that∫

X

∥Ψ(x)∥2 dµ =
∫

X1

∥φ1(x1)∥1 dµ1

∫
X2

∥φ2(x2)∥2 dµ2 < +∞,

for φ1 ∈ L2
1 (X1, µ1), φ2 ∈ L2

2 (X2, µ2), with the inner product

⟨Ψ,Φ⟩L2 =
∫
X

⟨Ψ(x),Φ(x)⟩ dµ

=
∫

X1

⟨φ1(x1), ψ1(x1)⟩1 dµ1

∫
X2

⟨φ2(x2), ψ2(x2)⟩2 dµ2

= ⟨φ1, ψ1⟩L2
1
⟨φ2, ψ2⟩L2

2
,

where Ψ = φ1 ⊗ φ2, Φ = ψ1 ⊗ ψ2 ∈ L2 (X,µ), for φ1, ψ1 ∈ L2
1 (X1, µ1) and φ2, ψ2 ∈

L2
2 (X2, µ2). The space L2 (X,µ) is complete with respect to the above inner product.

Therefore, it is an Hilbert space.

Definition 3.2. Let (F,G) = (F : X → H1 ⊗H2,G : X → H1 ⊗H2) be a continuous
biframe for H1 ⊗ H2 with respect to (X,µ). Then, the operator SF⊗G : H1 ⊗ H2 →
H1 ⊗H2 given by

SF⊗G(f ⊗ g) =
∫
X

⟨f ⊗ g,F(x)⟩G(x)dµ

is called continuous biframe operator.

Theorem 3.2. Let (F,G) = (F1 ⊗ F2, G1 ⊗G2) = F, G : X → H1 ⊗ H2 is a
continuous biframe for H1 ⊗ H2 with respect to (X,µ) having continuous biframe
operator SF⊗G. Then, SF⊗G = SF1,G1 ⊗SF2,G2, where SF1,G1 and SF2,G2 are continuous
biframe operators of (F1, G1) and (F2, G2), respectively.
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Proof. For each f ⊗ g ∈ H1 ⊗H2, we have

SF⊗G(f ⊗ g) =
∫
X

⟨f ⊗ g, F1(x1) ⊗ F2(x2)⟩ (G1(x1) ⊗G2(x2)) dµ

=

∫
X1

⟨f, F1(x1)⟩1 G1(x1)dµ1

⊗

∫
X2

⟨g, F2(x2)⟩2 G2(x2)dµ2


= SF1,G1f ⊗ SF2,G2g = (SF1,G1 ⊗ SF2,G2) (f ⊗ g).

Thus, SF⊗G = SF1,G1 ⊗ SF2,G2 . □

Lemma 3.1. Let (F1, G1) be a continuous biframe for H1 with respect to (X1, µ1)
having bounds A,B and (F2, G2) be a continuous biframe for H2 with respect to
(X2, µ2) having bounds C,D. Then, ACIH1⊗H2 ≤ SF⊗G ≤ BDIH1⊗H2, where IH1⊗H2 is
the identity operator on H1 ⊗H2 and SF1,G1 , SF2,G2 are continuous biframe operators
of (F1, G1) , (F2, G2), respectively.
Proof. Since SF1,G1 and SF2,G2 are continuous biframe operators, we have

AIH1 ≤ SF1,G1 ≤ BIH1 , CIH2 ≤ SF2,G2 ≤ DIH2 ,

where IH1 and IH2 are the identity operators on H1 and H2, respectively. Taking
tensor product on the above two inequalities, we get

AC (IH1 ⊗ IH2) ≤ (SF1,G1 ⊗ SF1,G1) ≤ BD (IH1 ⊗ IH2)
implies ACIH1⊗H2 ≤ SF⊗G ≤ BDIH1⊗H2 .

This completes the proof. □

Theorem 3.3. Let (F1, G1) be a continuous biframe for H1 with respect to (X1, µ1)
and (F2, G2) be a continuous biframe for H2 with respect to (X2, µ2). Then, ∆ =
((T1 ⊗ T2) (F1 ⊗ F2) , (T1 ⊗ T2) (G1 ⊗G2)) is a continuous biframe for H1 ⊗ H2 with
respect to (X,µ) if and only if T1 ⊗ T2 is an invertible bounded linear operator on
H1 ⊗H2.
Proof. Let (F1, G1) be a continuous biframe for H1 with bounds A,B and (F2, G2) be
a continuous biframe for H2 with bounds C,D. First we suppose that T1 ⊗ T2 is an
invertible bounded linear operator on H1 ⊗H2. Then, by Theorem 1.2, T1 and T2 are
invertible bounded linear operators on H1 and H2, respectively. Now, by Theorem 2.3,
(T1F1, T1G1) is a continuous biframe for H1 with bounds A

∥∥∥T−1
1

∥∥∥−2
, B ∥T1∥2 and

(T2F2, T2G2) is a continuous biframe for H2 with bounds C
∥∥∥T−1

2

∥∥∥−2
, D ∥T2∥2. Hence,

by Theorem 3.1, the pair
(T1F1 ⊗ T2F2, T1G1 ⊗ T2G2) = ((T1 ⊗ T2) (F1 ⊗ F2) , (T1 ⊗ T2) (G1 ⊗G2))

is a continuous biframe for H1 ⊗H2 with bounds
AC∥∥∥T−1

1

∥∥∥2 ∥∥∥T−1
2

∥∥∥2 = AC∥∥∥T−1
1 ⊗ T−1

2

∥∥∥2 = AC∥∥∥(T1 ⊗ T2)−1
∥∥∥2 = AC

∥∥∥(T1 ⊗ T2)−1
∥∥∥−2
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and BD ∥T1∥2 ∥T2∥2 = BD ∥T1 ⊗ T2∥2.
Conversely, suppose that ∆ is a continuous biframe for H1 ⊗ H2 with respect to

(X,µ). Let SF1,G1 and SF2,G2 be the continuous biframe operators of (F1, G1) and
(F2, G2), respectively. By Theorem 3.1, (T1F1, T1G1) and (T2F2, T2G2) are continuous
biframes for H1 and H2, respectively. Now, for f ∈ H1, we have
∫

X1

⟨f, T1F1(x1)⟩1 T1G1(x1)dµ1 = T1

∫
X1

⟨T ∗
1 f, F1(x1)⟩1 G1(x1)dµ1

 = T1SF1,G1T
∗
1 f.

This shows that T1SF1,G1T
∗
1 is the corresponding continuous biframe operator of

(T1F1, T1G1). Thus, T1SF1,G1T
∗
1 is invertible on H1 and hence T1 is invertible on H1.

Similarly, it can be shown that T2SF2,G2T
∗
2 is the corresponding continuous biframe

operator of (T2F2, T2G2) and hence T2 is invertible on H2. Therefore, T1 ⊗ T2 is an
invertible bounded linear operator on H1 ⊗H2. This completes the proof. □

Now, we would complete this section by introducing the idea of a continuous biframe
Bessel multiplier in H1 ⊗H2.

Definition 3.3. Let (F,F) and (G,G) be continuous biframe Bessel mappings in
H1 ⊗H2 with respect to (X,µ) having bounds B1 and B2, respectively and m : X → C
be a measurable function. The operator Mm,F,G : H1 ⊗H2 → H1 ⊗H2 defined by

Mm,F,G(f ⊗ g) =
∫
X

m(x) ⟨f ⊗ g,F(x)⟩G(x)dµ,(3.2)

for all f ⊗ g ∈ H1 ⊗ H2, is called continuous biframe Bessel multiplier of F and G
with respect to m.

Remark 3.1. Let F1, G1 : X1 → H1 be continuous biframe Bessel mappings in H1
with respect to (X1, µ1) and F2, G2 : X2 → H2 be continuous biframe Bessel mappings
in H2 with respect to (X2, µ2) and m1 : X1 → C, m2 : X2 → C be two measurable
functions. Suppose Mm1,F1,G1 : H1 → H1 be the continuous biframe Bessel multiplier
of F1 and G1 with respect to m1 and Mm2,F2,G2 : H2 → H2 be the continuous biframe
Bessel multiplier of F2 and G2 with respect to m2. Now, by Theorem 3.1, F = F1 ⊗F2,
G = G1 ⊗ G2 : X → H1 ⊗ H2 are continuous biframe Bessel mappings in H1 ⊗ H2
with respect to (X,µ). Also, m(x) = m1(x1)m2(x2) is a measurable function. From
(3.2), for each f ⊗ g ∈ H1 ⊗H2, we can write

Mm,F,G(f ⊗ g) =
∫
X

m(x) ⟨f ⊗ g,F(x)⟩G(x)dµ

=
∫

X1

m1(x1) ⟨f, F1(x1)⟩1 G1(x1)dµ1 ⊗
∫

X2

m2(x2) ⟨g, F2(x2)⟩2 G2(x2)dµ2

= Mm1,F1,G1f ⊗Mm2,F2,G2g = (Mm1,F1,G1 ⊗Mm2,F2,G2) (f ⊗ g).

Thus, Mm,F,G = Mm1,F1,G1 ⊗Mm2,F2,G2 .
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Remark 3.2. Following the Theorem 2.4, the continuous biframe Bessel multiplier of
F and G with respect to m is well defined and bounded.
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