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INTRODUCTION TO CONTINUOUS BIFRAMES IN HILBERT
SPACES AND THEIR TENSOR PRODUCTS

PRASENJIT GHOSH! AND TAPAS K. SAMANTA?

ABSTRACT. We introduce the notion of a continuous biframe in a Hilbert space
which is a generalization of discrete biframe in Hilbert space. Representation theorem
for this type of generalized frame is verified and some characterizations of this
biframe with the help of a invertible operator is given.Here we also introduce the
concept of continuous biframe for the tensor products of Hilbert spaces and give an
example.Further, we study dual continuous biframe and continuous biframe Bessel
multiplier in Hilbert spaces and their tensor products.

1. INTRODUCTION AND PRELIMINARIES

The notion of a frame in Hilbert space was first introduced by Duffin and Schaeffer
[5] in connection with some fundamental problem in non-harmonic analysis. Thereafter,
it was further developed and popularized by Daubechies et al. [4] in 1986. A discrete
frame is a countable family of elements in a separable Hilbert space which allows
for a stable, not necessarily unique, decomposition of an arbitrary element into an
expansion of the frame element. A sequence { f,};olO in a separable Hilbert space H
is called a frame for H, if there exist positive constants 0 < A < B < 400 such that

+o00
AllfIP < SIS fi>’2 < B||f||?, forall fe H.
i=1

The constants A and B are called lower and upper bounds, respectively.
P. Balazs [1] developed weighted and controlled frame in Hilbert space. Biframe is
also a generalization of controlled frame in Hilbert space which was studied by M. F.
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1386 P. GHOSH AND T. K. SAMANTA

Parizi et al. [9]. To define frame in Hilbert space, only one sequence is needed, but
for a biframe, two sequences are needed. A pair of sequences ({ fi ;Of {9 jﬁ’) in H
is called a biframe for H if there exist positive constants A and B such that

+oo
AlFIP < S°UF £ lai, /) < Bl fI?, forall f € H.
=1

The constants A and B are called lower and upper biframe bounds, respectively.

Continuous frames extend the concept of discrete frames when the indices are
related to some measurable space. Continuous frame in Hilbert space was studied
by A. Rahimi et al. [11]. M. H. Faroughi and E. Osgooei [7] also studied continuous
frame and continuous Bessel mapping.Continuous frame and discrete frame have been
used in image processing, coding theory, wavelet analysis, signal denoising, feature
extraction, robust signal processing etc.

In this paper, we give the notion of continuous biframes in Hilbert spaces and
their tensor products and then discuss some examples of this type of frame. A
characterization of continuous biframe using its frame operator is established. We
will see that the image of a continuous biframe under a bounded invertible operator
in Hilbert space is also a continuous biframe in Hilbert space. Continuous biframe
Bessel multipliers in Hilbert spaces and their tensor product are presented.

Throughout this paper, H is considered to be a separable Hilbert space with
associated inner product (-,-). (€, ) denotes abstract measure space with positive
measure j. Iy is the identity operator on H. B(Hy, Hs) is a collection of all bounded
linear operators from H; to Hy. In particular, B(H) denotes the space of all bounded
linear operators on H.

Definition 1.1 ([11]). Let H be a complex Hilbert space and (€2, 1) be a measure
space with positive measure pu. A mapping F : 2 — H is called a continuous frame
with respect to (€2, ) if
(1) F' is weakly-measurable, i.e., for all f € H, w — (f, F(w)) is a measurable
function on €2,
(1) there exist constants 0 < A < B < 400 such that

AllfI” < /\<f,F(w)>|2du <B|fI’,
Q

for all f € H. The constants A and B are called continuous frame bounds. If A = B,
then it is called a tight continuous frame. If the mapping F' satisfies only the right
inequality, then it is called continuous Bessel mapping with Bessel bound B.

Let L?(2, 1) be the class of all measurable functions f : Q — H such that || f||3 =
o lIf (w)||? de < 4-00. It can be proved that L?(Q, ) is a Hilbert space with respect
to the inner product defined by

(£.9) = [T w).g(w) dp. f.9 € L3Qp).

Q
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Theorem 1.1 ([7]). Let F' : Q — H be a Bessel mapping. Then, the operator
To: L*(Q, 1) — H is defined by

(Telo). 1) = [ plw) (F(w), h) du,
Q

where ¢ € L? (Q, 1) and h € H is well-defined, linear, bounded and its adjoint operator
s given by

Th:H— L*(Qu), Thif(w)=(f Fw), f&Hwe-.

The operator T is called a pre-frame operator or synthesis operator and its adjoint
operator is called analysis operator of F'.

Definition 1.2 ([7]). Let F' :  — H be a continuous frame for H. Then, the
operator S¢ : H — H defined by

(Sc(),h) = [ (. F(w)) (F(w), hydu, for all f,h € H,
Q
is called the frame operator of F'.

The tensor product of Hilbert spaces are introduced by several ways and it is a
certain linear space of operators which was represented by Folland in [6].

Definition 1.3 ([10]). The tensor product of Hilbert spaces (Hy, (-, -),) and (Ha, (-, )5)
is denoted by H; ® Hs and it is defined to be an inner product space associated with
the inner product

(1.1) (fogl'ed)= {199,
for all f, f' € Hy and g,¢9' € Hy. The norm on H; ® Hs is given by
(1.2) 1f @gll = fllllgllz, forall f € Hy and g € Ha.

The space H; ® H, is complete with respect to the above inner product. Therefore,
the space H; ® Hy is a Hilbert space.

For Q € B(H;) and T' € B(H;), the tensor product of operators ) and T is denoted
by @ ® T and defined as

(QeT)A=QAT", forall Ac H ® H,.
It can be easily verified that Q ® T' € B(H; ® Hs) (see [6]).

Theorem 1.2 ([6]). Suppose Q,Q" € B(Hy) and T,T" € B(Hsy). Then,
(1) Q®T € B(H1 ® H) and |Q T = [|Q[ - | T,

(1) (@@ T)(f®g)=Q(f)®T(g) for all f € Hi,g € Ha,

(ii) (QeT)(QeT)=(QQ) & (I'T"),

(iv) Q@ ® T is invertible if and only if Q and T are invertible, in which case
QeT) " =(QaT™),

(v) (Q&T) =(Q"&T").
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2. CONTINUOUS BIFRAME IN HILBERT SPACE

In this section, first we give the definition of a continuous biframe in Hilbert space
and then discuss some of its properties.

Definition 2.1. Let H be a Hilbert space and (£2, ) be a measure space with
positive measure p. A pair (F,G) = (F :Q — H,G : Q — H) of mappings is called a
continuous biframe for H with respect to (2, ) if

(1) F,G are weakly-measurable, i. e., for all f € H, w — (f, F(w)) and w
(f,G(w)) are measurable functions on {2,
(1) there exist constants 0 < A < B < 400 such that

(2.1) AP < /<f,F(w)> (G(w), [)du < B|f]*,

for all f € H. The constants A and B are called continuous biframe bounds. If
A = B, then it is called a tight continuous biframe and it is called Parseval continuous
biframe if A = B = 1. If the pair (F,G) satisfies only the right inequality, then it is
called continuous biframe Bessel mapping with Bessel bound B.

In particular, if p is the counting measure and ©Q = N, then (F,G) is a discrete
biframe for H.
Now, we validates the above definition by some examples.

Ezample 2.1. Let H = R? and {ey, e, e3} be the standard orthonormal basis for H.
Consider

Q={zeR®: |lz| <1}.

Then, it is a measure space equipped with the Lebesgue measure p. Suppose
{B1, B2, B3} is a partition of {2 where pu(By) > pu(By) > p(Bs) > 1. Define F': Q — H
by

:(131), if w e By,
F(w) = \/%, if w € By,
%, if w € Bs,
and G : 2 — H by
ie(jBl)’ if w e By,
G(w) = :(232)’ it w e By,
L if w e Bs.

[\

1(Bs)’
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It is easy to verify that for all f € H, w — (f, F(w)) and w — (f,G(w)) are
measurable functions on 2. Now, for f € H, we have

i[mmwﬁw£<ﬁwémafw+4<ﬁugf§
y(r—

dp
= [(fre)* + [{f, e2)]” + 4 |(f es)]?
= |[£17 +31(f,es)]*.

Therefore, F': 2 — H is a continuous frame for H with bounds 1 and 4. Similarly, it
can be shown that G : @ — H is a continuous frame for H with bounds 1/4 and 4.
On the other hand, for f € H, we have

/UﬁF@OMG@mem=iZ<f,IZEQ>< jziff}m

Q 1

*1/<ﬁ\ﬂ;}g><¢iéﬁyf>m

B>

" / <f’ ¢j(€333)><2¢5233)’f>d“

B3

= 2[(fyen)* + [{F, ) + I(F. )
= £+ 1(fen) .

Therefore, (F,G) is a continuous biframe for H with bounds 1 and 2.

2
dp

Ezample 2.2. Let H be an infinite dimensional separable Hilbert space and {e; :;Of

be an orthonormal basis for H. Suppose
+oo __
{fl =1 {617 €1,€1,€2,€3,.. } ,
+oo
{9:}.=7 =1{0,e1,e1,e2,€3,...}.

Now, let (€, i) be a measure space with yu is o-finite. Then, we can write Q = J£F €,
where {€;} % is a sequence of disjoint measurable subsets of Q with u (€;) < +oo.

We define the mappings F' : Q@ — H by F(w) = ﬁf, and G : Q — H by
G(w) = ﬁgi, for w € ;. Then, for f € H, we have
2 X 2 ) | X 2
JIEF@)P di =3~ [ £ da =21 e+ 3 14 €0
5 i=1¢, i=1

=2|(f,en)]” + IfI.
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Therefore, F' is a continuous frame for H with bounds 1 and 3. Similarly, it can be
shown that G is a continuous frame for H with bounds 1 and 2. Now, for f € H, we
have

[ 4. ) (Gw). fran =3 [ (£ £ (g )

Q 1= 1Q
= (f,e1) {er, f) + {f,e1) (er, [) + {f,ea) (ea, f) + - -+
={f.e1) 61’f>+ f,(f er)er) + (f, (fe2) e2) +

f>€1 |2+ fa fez z>

= (e + (. 1) = [{f, e + I fI”
Thus, (F,G) is a continuous biframe for H with bounds 1 and 2.
Now, in this example, we take

1 1
{fi :r:of = {361, 36152, €2,€3,€4, - .},
1 1 1 1
400
{gi i1 — {_261,26’17_562,5

and define F',G : Q2 — H as above. Then, it is easy to verify that F' is a continuous
frame for H with bounds 2/9, 2 and G is a continuous frame for H with bounds 2/25,
1. Now, we see that (F,G) is not a continuous biframe for H. For f € H, we have

J 45 F) G, =Y [ (5.3 (g 1)

Q =g,
RAR AR
+ ([ e2) <—é62, f> + ([, e2) <é62, f>
+ (f.e3) (es, f) + ([ eq) {ea, [) + -+
=Xl

Now, for f = ey, e, we have [, (f, F(w)) (G(w), f)dp = 0. This shows that (F,G)
does not have a non-zero lower bound. Thus, (F,G) is not a continuous biframe for
H.

62763764"'}7

Next, we give an example of a continuous biframe for a real inner product space.

v {5 O saven).

FExample 2.3. Let
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Define (-,-) : V. x V. — R* by (M, N) = trace (M N"), for all M, N € V. Then, it is
easy to verify that (-, -) is an real inner product on V. Now, we consider the measure
space (© = [0, 1], ) where p is the Lebesgue measure. Define F': Q@ — V by

(2(1 —w) 0
F(w)-( 0 (1+w)>’ w € €,
and G : Q) — V by

G(w)=<5(1_“’> 0 ) we Q.

0 5(1 — w)
It is easy to verify that for all M € V, w — (M, F(w)) and w — (M,G(w)) are
measurable functions on 2. Now, for each M = 8 2 eV, we get

<M,F(w)>:trace{<8 2) (2(15w> (1£w)>t}

— trace { <2a<10_ w) (1 3 w)> }
= 2a(1 — w) + b(1 + w),

1)

= 5(1 — w)(a +b).

a

Thus, for each M = (0

2) eV, we have

/(M,F(w))(G(w),M)dy: /5(a+b)(1—w) {2a(1 — w) + b(1 + w)} du

[0,1] [0,1]
1
= ??(a +b)*.
Also, it is easy to verify that ||M]||* = a? 4 b2 Thus, for each M = <g 2) eV, we
have
2
(@ +¥) < [ (M F@) (Glw), M) dp < 5 (@ +17).

[0,1]
Therefore, (F,G) is a continuous biframe for H with bounds 1 and 20/3.

Let (F,G)=(F:Q — H,G:Q — H) be a continuous biframe for H with respect
to (€2, ). Then, the mapping ¥ : H x H — C defined by

U(f.9) = [ (f ) (Glw).g)du

Q
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is well-defined, a sesquilinear form (i.e., linear in the first and conjugate-linear in the
second variable ) and is bounded. By Cauchy-Schwartz inequality, we get

|‘If(f,g|</|fF ) (Gw).g)| dn

(/rf, \du) (/r du)m

< BIIfIl-1lgll-
By Theorem 2.3.6 in [8], there exists a unique operator Sg¢ : H — H such that

\Ij(fvg):<SF,Gfag>7 for all fugEHa

and moreover V|| = ||Sra/l-
Now, we introduce the continuous biframe operator and give some properties.

Definition 2.2. Let (F,G) = (F:Q — H,G : Q) — H) be a continuous biframe for
H with respect to (€2, ). Then, the operator Sp¢ : H — H defined by

Seaf = [ (f.F () Glw)dn,

for all f € H is called the biframe operator.

Now, for each f € H, we have

(2.2) (Sraf, f) = [ (f,Pw) (Gw), /) dp.
Q
Thus, for each f € H, we get

AFI? < (Seaf. £) < BIIfI”.

This implies that Al < Spe < BI, where I is the identity operator on H. Hence,
Sk ¢ is positive and invertible. In frame theory, reconstruction of the elements of a
Hilbert space is a most important fact. Now, using continuous biframe operator Sg ¢,
we give the reconstruction formula, i.e., every f € H has the representations

f=SpaSnhf = / (1,85 5F(w)) Glw)dp,
Q

f = SieSraf = [ (f.F(w)) SgLGw)dn
Q

Example 2.4. Let H = R3. Suppose
{fi}?:l - {(27 17 1)7 <_17 37 _1)7 <_17 17 4)} )
{gi}?:l = {(17 07 0)7 (07 17 0)7 (07 07 1>} :

Consider
Q={zeR®:|z] <1}.
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Then, (€, u) is a measure space, where p is the Lebesgue measure. Suppose
{B1, B2, B3} is a partition of Q where u(B;) > u(By) > p(Bs) > 1. Now, we
define F': QQ — H by

h s if we Bl;
w(Bi)

f2 :
F(w) = " (Ba) ifwe BQ,

IE! if we Bg,

\/u(Bs)’

and G : Q — H by

iz iflUEBl,

Vu(B)’
g2 :
G(w) = \/m, if we BQ,
5 if w € Bg.

Vi(Bs)’

It is easy to verify that for all f € H, w — (f, F(w)) and w — (f,G(w)) are
measurable functions on Q. Now, for f = (z,y,z) € H, we have

_ Ji g1
[ Fn G nan= | (r - (Bl)>< - (Bl),f>du
f2 g2
<f’,/ (BQ>>< u<32>’f>d”
J3 g3
<f i <33>> < u(Bg>’f> d”
= ([, f1) {91, ) + (f, f2) (92, [) + ([ f3) (g3, f)
:((x,y,z),(2,1,1)> ((1,0,0),($,y,z))+
+ <<I,y,2) ) <_1737 _1)> <(O7 170)7 (x,y,z)>
+<($7yaz)’<_171’4)> <(0,0,1),(:1:,y,z)>
=2z4+y+z2)r+(—r+3y—2)y+(—r+y+4z2)z
=227 + 3y% + 422
<A (e + 2+ 22) = )@y 2 = 41117

+/
Bs
+/
B3

Thus, for each f € H, we get

2|| £ < /(f7 F(w)) (G(w), [)dp < 4 f].

Therefore, (F,G) is a continuous biframe for H with bounds 2 and 4.
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For (z,y,2) € R3, the continuous biframe operator Sr¢ is given by

Sra (z,y,2) =((z,y,2),(2,1,1)) (1,0,0)+
+ {(z,y,2,),(—1,3,—-1)) (0,1,0)
+ {(z,y,2),(—=1,1,4)) (0,0,1)
=2r+y+z,—x+3y—z, —x+y+4z).

The matrix associated with the operator Sg ¢ is given by

2 1 1
[SF,G]: -1 3 —1/{.
-1 1 4

Since det ([Sr¢]) = 33 # 0, the matrix [Sr¢]| is invertible. Thus, the operator Sp ¢ is
well defined and invertible bounded linear operator on R*. Here, Sp.¢ St # ShaSra
and hence the operator Sp ¢ is not self-adjoint.

The inverse of the matrix [ S| is given by

L (13 -3 —4
[SF,G]*:ﬁ 5 9 1.

2 -3 7
Therefore, for (z,y,2) € R3, SE}G is given by

1
St (2,9,2) = 53 (132 = 3y — 42,50+ 9y + 2,20 — 3y + 72).

Now, for f = (z,y,2) € H, we have

/(f, F(w)) SpaG(w)dp = (f, [1) Spag + (f, f2) Sregz + (f, f3) Srags
0
1

-3,9,-3
33< 9, =3)

1
:(2x+y+z)£(13,5,2)+(—x+3y—z)

1
+ (—x+y+4z)£(—4,1,7)

1
=33 (33x,33y,332) = (x,y,2) = f
Similarly, it can be verified that
[ SitF(w)) Glwydu = £, f € M.
Q
Thus, the representation theorem is verified in this example.
We know that every positive operator in a complex Hilbert space is self-adjoint.

Thus, we have the self-adjointness property for the positive operator Sz in complex
Hilbert space.
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Theorem 2.1. The pair (F,G) is a continuous biframe for a complex Hilbert space H
with respect to (2, ) if and only if (G, F) is a continuous biframe for H with respect

to (Q, ).

Proof. Let (F, @) is a continuous biframe for A with bounds A and B. Then for each
f € H, we have

AN < [ (@) (Glw), fydu < BT,
Q
Since Sp is self adjoint, using (2.2), we can write

[ F))(Gw), fydu = (Sraf. 1) = Srals [}

Q

:/(f,F(w)> (G(w), f) du

= [ {5, Glw) (Fw), £) dp.
Thus, for each f € H, we have
AIFIP < [{F.G)) (F(w), fydu < BIIfI.

Therefore, (G, F') is a continuous biframe for H.
Similarly, we can prove the converse part of this theorem. O

In the next theorem, we establish a characterization of a continuous biframe using
its biframe operator.

Theorem 2.2. Let (F,G) be a continuous biframe Bessel mapping for H with respect
to (Q,p). Then, (F,G) is a continuous biframe for H if and only if there exists a > 0
such that Sp > al, where Spq s the continuous biframe operator for (F,G).

Proof. Let (F,G) be a continuous biframe for H with bounds A and B. Then, using
(2.1) and (2.2), for each f € H, we get
AP < (Skaf. f) < BIFIP.

Thus, A(f, f) < (Spcf, f) implies Spe > al, where o = A.
Conversely, suppose that Sp > ol. Thus, for each f € H, we have

allfI2 < (Sraf, f) = [ Pw)) (Gw). /) dp.
Q
Hence, (F,G) is a continuous biframe for H with lower biframe bound a?. This
completes the proof. O

Next, also we give a characterization of a continuous biframe with the help of a
invertible operator on H.
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Theorem 2.3. Let T be an invertible bounded linear operator on H. Then, (F,QG)
is a continuous biframe for H with respect to (2, u) if and only if (TF,TG) is a
continuous biframe for H with respect to (2, p).

Proof. For each f € H, w — (f,TF(w)) = (I'"f, F(w)) and w — (f,TG(w)) =
(T* f,G(w)) are measurable functions on Q. Let (F,G) is a continuous biframe for H
with bounds A and B. Since T is invertible, for f € H, we have

112 =) s < |l i e
Now, for each f € H, we have
J U TR@) (TG W), fydu = [ (T f, F(w) (G(w), T"F) dp

Q Q
< B||T*f|* < B||TI |1 £]1*-

On the other hand, for each f € H, we have
[ TF@) (TGw), frdp= [ (T f, P(w)) (Gw), T f) dp

Q Q
> AT 12 = AT 1R

Hence, (T'F,T@) is a continuous biframe for H with bounds A||7~!|~* and B||T|>.
Conversely, suppose that (T'F,TG) is a continuous biframe for H with bounds A
and B. Now, for each f € H , we have

i M1 = H(W)*fif < al(ry o
) £.TF(w)) (TG(w). (T7)" f) dp

(w), f) dp.

!
[T (07) £ r ) (Gw). T (T7) ) dp
!

On the other hand, for each f € H, we have

U Fw)) (Gw), f) dy = / (T (T7)" £, F(w)) (G(w), T* (T7')" f)dps

Q

—/ ) 1 TE(w)) (TG(w). (T7)' f) dy

<B|(T) s < B e,

Thus, (F,G) is a continuous biframe for H with bounds ﬁ and B|T7|>. This
completes the proof. O
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The notion of multipliers for continuous frame for the first time introduced in [2].
In this section, we improve and extend it the framework to biframes.

Definition 2.3. Let (F, F) and (G, G) be continuous biframe Bessel mappings for
H with respect to (2, 1) and let m : Q@ — C be a measurable function. Then, the
operator M, p : H — H defined by

(My.rf.9) /m (. F(w)) (G(w), ) dp,
for all f,g € H, is called continuous biframe Bessel multiplier of F' and G with respect
to m.

Theorem 2.4. The continuous biframe Bessel multiplier of F' and G with respect to
m is well defined and bounded.

Proof. Let (F,F) and (G,G) be continuous biframe Bessel mappings for H with
bounds B; and By. Then for any f,g € H, we have

w) {f, F(w)) (G(w), g) dp

1/2
< il ( / |<f,F<w>>\2du) ( [ .Gl du)
< Imlocy/BiB2 171 - gl

This shows that || M,, ral|| < [[m||ecv/ B1B2 and so M, p ¢ is well-defined and bounded.
This completes the proof. O

‘(Mm,F,Gfa g>‘ =
Q

Following the proof of the Theorem 2.4, for each f € H, we have

1/2
(23) [ Mnpcfll = sup (M, pcf,9)| < mllsoy/Ba (/I<f, F(w)>l2du)

and similarly it can be shown that

1/2
(2.4) 323, 59| < Imllsy/Br (/ It !du) .

Theorem 2.5. Let M, ri be the continuous biframe Bessel multiplier of F' and G
with respect to m. Then, M}, o = Mm rc-
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Proof. For f,g € H, we have
(F. M}, p69) = (Murct.9) / m(w) {f, F(w)) (G(w), g) du

= [ {5 m(w) (9, G(w)) Plw)) dp

Q
= <f7 Mﬁ,F,G'g> .
This completes the proof. O

Theorem 2.6. Let M,, pi be the continuous biframe Bessel multiplier of F' and G
with respect to m. Then, (F,F) is a continuous biframe for H provided for each
f € H, there exists D > 0 such that | My, rcf|| > D | f]l-

Proof. For each f € H, using (2.3), we get
D*|IfII* < | Mmrafl*,
D2 |1 <ljmll2. B / (F, F)P dp,

D?
T M1 < / [(F. F @) dp

D?
Tz, M </ (f, F(w)) (F(w), f) dp.

Thus, (F, F) is a continuous biframe for H with bounds m and B;. This com-

pletes the proof. O

Theorem 2.7. Let M,, pi be the continuous biframe Bessel multiplier of F' and G
with respect to m. Suppose \y < 1, Ao > —1 such that for each f € H, we have

1f = Mapcfll < Al + X2 | Mo pa -
Then, (F,F) is a continuous biframe for H.

Proof. For each f € H, we have

LAl = 1Mo f Il < Nf = M pafll < ML+ X2 ([ Mo pa f ]
implies (1 — A1) || fll < (1 + A2) [| M. refll- Now, using (2.3), we get

1—A 1/2
(1 +>\;> 171l < [1mlloey/Ba ( / |(f,F(w))|2du)

implies

(1—A)° 2
(25) TR ESWELLE / (f. F(w)) (Fw), £) dp.




CONTINUOUS BIFRAMES IN HILBERT SPACES AND THEIR TENSOR PRODUCTS 1399

Thus, (F, F) is a continuous biframe for H with bounds m and B;. This

completes the proof. O

Theorem 2.8. Let M, ri be the continuous biframe Bessel multiplier of F' and G
with respect to m. Suppose A € [0,1) such that for each f € H, we have

If = My rafll < MIfIl-
Then, (F,G) and (G,G) are continuous biframes for H.

Proof. Putting A\; = A and Ay = 0 in (2.5), we get

1-?
iz, 1 Q/ (. Fw)) (F(w), f) dp.

Thus, (F, F) is a continuous biframe for H. On the other hand, for each f € H, we
have

| = Mzt = I = Mac)” £ < 1T = Morcll - 171 < A 1]
implies (1 — ||f\| < H FGfH. Now, using (2.4), we get
(1-—
T By 9 e / (Glw), )P d = [ (£.G(w)) (G(w), £) dp.
0
Thus, (G,G) is a continuous biframe for H with bounds ||mﬂ2 21 and By. This
completes the proof. [l

Definition 2.4. Let (F,G) be a continuous biframe for H. If

(o9) = [ 4 Fw) (Gw), g) dp,
Q
holds for all f, g € H, then (F,G) is called dual continuous biframe for H.

Theorem 2.9. Let (F,G) be a continuous biframe for H with continuous biframe
operator Sg. Then, (S}?’IGF, G) and (F, S}?}GG,) are dual continuous biframes for
H.

Proof. For each f,g € H, we have
(.90 = [ {£.Sp6F (@) (Gw).g) dp,

Q
(rg) = [ F(w) (SphGlw), g) dp
Q
This verifies that (S}ygF , G) and (F ) S;bG) are dual continuous biframes for 4. [

In the following theorem, we will find a dual continuous biframe for H with respect
to the multiplier operator.
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Theorem 2.10. Let M,, ¢ be invertible and (F,G) be a continuous biframe for H.
Then, ((M_IFGWF)* , G) s a dual continuous biframe for H.

m

Proof. From the definition of M,, ¢, we can write

(Mo f,9) = [ mlw) (£, F(w) (G(w), g) d.
)
Now, by replacing f with M;L}EG f, we get

(rg) = [ mw) (Ml f, Fw)) (Glw), g) dy

— ©

(f (Mn;}RG)* m(w)F(w)) (G(w), g) dp.

\_/b

Thus, ((M;}RGWF >* ,G) is a dual continuous biframe for H. This completes the
proof. O

3. CONTINUOUS BIFRAME IN H; ® Hy

In this section, we introduce the concept of continuous biframe in tensor product
of Hilbert spaces H; ® Hy and give a characterization.

Definition 3.1. Let (X, u) = (X3 X Xo, 1 ® ps) be the product of measure spaces
with o-finite positive measures py, o on Xi, Xo, respectively.
A pair (F,G) = (F: X - HH® Hy,G: X — H; ® Hy) is called a continuous
biframe for H; ® Hy with respect to (X, ut) if the following hold.
(1) F,G is weakly-measurable, i.e., for all f ® g € H; ® Hy, © = (21,22)
(f ® g, F(x)) and (z1,22) — (f ® g, G(z)) are measurable functions on X.
(17) There exist constants A, B > 0 such that

B AlfeglP < [ (00 F@) (G@),feg)di< BIf gl

for all f ® g € Hy ® Hy. The constants A and B are called continuous biframe
bounds. If A = B, then the pair (F, G) is called a tight continuous biframe for
H; ® Hy. If (F, G) satisfies only the right inequality of (1.3), then it is called
continuous biframe Bessel mapping in H; ® Hy with Bessel bound B.

Theorem 3.1. The pair of mappings (F,G) = (F1 @ F»,G1®Gy) =F, G: X —
Hy ® Hy is a continuous biframe for Hy ® Hy with respect to (X, p) if and only
if F1,Gy @ X1 — Hy is a continuous biframe for Hy with respect to (X1, 1) and
Fy, Gy : Xo — Hy is a continuous biframe for Hy with respect to (Xa, pa).

Proof. Suppose that (F,G) = (F] ® Fy, G; ® G3) is a continuous biframe for H; ® Ho
with respect to (X, p) having bounds A and B. Let f € H; — {0} and fix g € Hy—{6}.
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Then, f ® g € H; ® Hy — {0 ® 0} and by Fubini’s theorem we have

[ (£ © 9. Fi(@) © Fa(wa)) (Gi(w1) © Galaa), f @ ) d

=/<f7 Fi(21)), (Gi(21), f), dlh/(% Fy(22))y (Ga(x2), 9), dpta-

Xo
Therefore, for each f ® g € H; ® Hs, (3.1) can be written as
AR 0l < [ (B, (G 1), i [ (g o), (Galea) )

X1 X2
2 2
< By gl

Since f and g are non-zero and therefore
/(f7 Fi(z1)), (Gi(21), [y dﬂh/<97F2(~’U2)>2<G2($2)79>2 dps
X1 X2

are non-zero. Thus, from the above inequality, we can write

Al 2 o

TG G Gy e VI = [ U3 (G i
Bl -
— [ {9 F2(5E2)>2 <G2(x2),g>2 d iy L

X2

Thus, for each f € H; — {0}, we have

ASIE < [ (R @0), (Gala). £y dpn < By
X1

where

. Alg)
A = f
7 getlglh=t { I {9, Fa(wa))y (Ga(2), 9) dpiz

Xo

and

Bi= sw Alglls '
gEHs,|gll2=1 ;J (9, Fa(x2)), (Go(22), g) dpto

2
This shows that (F},Gy) is a continuous biframe for H; with respect to (X, u1).
Similarly, it can be shown that (Fy, G2) is a continuous biframe for Hy with respect
to (XQ, [LQ)
Conversely, suppose that (Fj,G;) is a continuous biframe for H; with respect
to (Xi, 1) having bounds A, B and (F,, G) is a continuous biframe for Hy with
respect to (X, p2) having bounds C, D. By the assumption it is easy to verify that
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(F,G) = (F1 ® Fy,G; ® (i) is weakly measurable on H; ® Hy with respect to (X, u).
Now, for each f € H; — {0} and g € Hy — {0}, we have

AR < /<f7 Fi(z1)), (Gi(21), f)y dm < BIfII}
X1

Clally < [ 9 Fa(@2)y (Ga(w2)., )y diiz < B gl
X2

Multiplying the above two inequalities and using Fubini’s theorem we get
ACNf @gll* < [(F @ g, Filwn) @ Fa(a2) (G1 (1) ® Galaz), f @ g) d
X

<BD|f®g|*,

for all f ® g € H; ® Hy. Thus, for each f ® g € H; ® H,, we have

AC|If 9 gl < [{f ©9.F @) (G(a). f © ) du < BD||f © gl
X

Hence, (F,G) = (F] ® Fy,G1 ® G3) is a continuous biframe for H; ® Hy with respect
to (X, u) having bounds AC' and BD. This completes the proof. O

Ezample 3.1. Let {ez}:;of be an orthonormal basis for H; and (X7, p1) be a measure
space where i is o-finite. Then we can write X; = UL ;, where {Qz}j:of is a
sequence of disjoint measurable subsets of X; with u (€;) < +00. Suppose

{fi :;Of = {ej,e1,6e1,69,€3,...},

{gl ;i_:olo = {0761761762763, .. } .

For each z; € X;, we define the mappings F} : X; — H; by Fi(z;) = ——~—f; and
\/ 1(24)
G, : Xy — Hy by Gi(x;) = ﬁgi, for 1 € Q;. Then, by Example 2.2, (F},Gy) is

a continuous biframe for H Wi’&hoobounds 1 and 2.
On the other hand, let {e;}l ) be an orthonormal basis for Hy and (X3, p2) be a
]:
“+o00
measure space with y, is o-finite. Then, Xy = ;¥ 0, and {Qg} ) is a sequence of
]:

disjoint measurable subsets of Xy with p (Q;) < 400. Suppose

—+00
{f]/} 1 = {561,362,263,264,...},

“+o00

{g}}jzl = {07 07 3617 0, 262, 263, . } .
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NOW, we define Fy - X2 — H2 by FQ(I’Q) = \/17‘}(']/ and G2 : X2 — H2 by GQ(SL’Q) =
n())

\/ﬁg;-, for z, € Q). Now, for f,g € Hy, we have
p (€Y

[ i) Galan). £y dea = - [ (£.12) () £)

X2 jilﬂg
= <f761> <el7f> +2<f,€1> <61,f> +2<f,€2> <62,f> 4+ ...
= [(fe)P+21(f e P+ 2/ e)]* + -

= [(f,en)” + 2 fII*.

Thus, (F»,Gs) is a continuous biframe for H with bounds 2 and 3. Thus, by the
Theorem 3.1, (F,G) = (F1 ® F3,G; ® G3) is a continuous biframe for H; ® Hy with
respect to (X, 1) having bounds 2 and 6.

Let (X,p) = (X1 x Xa, 11 ® p2) be the product of measure spaces with o-finite
positive measures 1, po. Let L? (X, p) be the class of all measurable functions ¥ :
X — H; ® H, such that

J @) dp= [ ller@n)llydin [ llea(@a)ly drez < +oo,
X X1 X2

for o, € L? (X1, p1), w2 € L2 (Xs, pi2), with the inner product
¥ 1 K 2

(0, @) 2 = [ (¥(a), () dp

X

:/@01(951),1/}1(@))1 dﬂ1/<@2(x2),¢2(x2)>2 dpis

Xl X2
= <(2017,¢1>L% <¢27¢2>L% )
where U = 1 ® @a, ® = 1)1 @ thy € L? (X, p), for 1,91 € LT (Xy, 1) and @a,1hy €

L3 (Xs, p1o). The space L? (X, i) is complete with respect to the above inner product.
Therefore, it is an Hilbert space.

Definition 3.2. Let (F,G) = (F: X — H, ® H,,G : X — H; ® Hs) be a continuous
biframe for H; ® Hs with respect to (X, ). Then, the operator Spgg : Hy ® Hy —
H, ® H, given by
Sesc(F © 9) = [ (£ © 9, F(@) Glx)dp
X
is called continuous biframe operator.

Theorem 3.2. Let (F,G) = (F1® F,,G1®Gy) =F, G: X - H ® Hy is a
continuous biframe for H; @ Hy with respect to (X, u) having continuous biframe
operator Sgec. Then, Svec = Sk ¢ @ Sky.c,, Where Sp, ¢, and Sg, ¢, are continuous
biframe operators of (F1,G1) and (Fy, Gs), respectively.



1404 P. GHOSH AND T. K. SAMANTA

Proof. For each f ® g € Hy ® H,, we have
Srec(f ®g) = / (f ® g, Fi(z1) ® F3(22)) (G1(21) @ Ga(22)) dp

- (gf<f,facxo>lc¥mzu>dul @>(g/<g,f6($2»2<?ﬂﬁa)duz

- SF1,G1f ® SF27029 = (SF17G1 ® SF27G2) (f ® g)'
Thus, Spee = SFl,Gl X SFQ,GQ- ]
Lemma 3.1. Let (Fy,G1) be a continuous biframe for Hy with respect to (X1, 1)
having bounds A, B and (Fy, G3) be a continuous biframe for Hy with respect to
(Xa, u2) having bounds C, D. Then, ACIg, o, < Svec < BDIy,on,, where Iy, om, is

the identity operator on Hy ® Hy and Sp, ¢, Sr,.c, are continuous biframe operators
of (F1,G1), (Fy, Gy), respectively.

Proof. Since S, ¢, and Sp, ¢, are continuous biframe operators, we have
Alg, < Sp g, < Bly,, Cly, <Sp.a, < Dlpy,,

where [y, and Iy, are the identity operators on H; and Hj, respectively. Taking
tensor product on the above two inequalities, we get

AC (IHI ® ]H2) < (SF1,G1 ® SFhGl) < BD (IH1 ® ]H2)

implies AC[H1®H2 S SF@G S BD[H1®H2'
This completes the proof. 0

Theorem 3.3. Let (Fy,Gy) be a continuous biframe for Hy with respect to (X1, p1)
and (Fy,Gs) be a continuous biframe for Hy with respect to (Xa, po). Then, A =
(T ®@T3) (F1 ® Fy), (Th @ Ty) (G ® Ga)) is a continuous biframe for Hy ® Hy with
respect to (X, ) if and only if Ty ® Ty is an invertible bounded linear operator on
H1 &® HQ.

Proof. Let (Fy,G1) be a continuous biframe for H; with bounds A, B and (F», G2) be
a continuous biframe for Hy with bounds C, D. First we suppose that T} ® T5 is an
invertible bounded linear operator on H; ® H,. Then, by Theorem 1.2, T} and T3 are
invertible bounded linear operators on H; and Hs, respectively. Now, by Theorem 2.3,

(T\F1,T1G4) is a continuous biframe for H; with bounds A HT{I‘ _2, B|Ty|? and
(TL F», T5G5) is a continuous biframe for Hy with bounds C' HT2_1H_2, D ||T||>. Hence,
by Theorem 3.1, the pair

(T Fy @ TyF2, T'G1 @ ThGy) = (T @ Tn) (F1 @ Fy) , (Th @ Ty) (G @ G3))

is a continuous biframe for H; ® Hy with bounds

AC _ AC _ AC S = AO H(Tl 2 T2)_1H—2

[l e Jmeny|
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and BD ||T1|* | T2|* = BD||Ty @ Ty||*.

Conversely, suppose that A is a continuous biframe for H; ® Hy with respect to
(X, u). Let Sp g, and Sk, g, be the continuous biframe operators of (Fi,G;) and
(Fy, G), respectively. By Theorem 3.1, (T1Fy, T1G1) and (TyFy, ToGs) are continuous
biframes for H; and Hs, respectively. Now, for f € Hy, we have

/<f7 T Fi(21)), T' G (21)dps =T (Y/ (I7 f, Fi(21)), Gi(zy)dp | = TiSk 6, T7 f-

X1

This shows that 71Sg, ¢, 17 is the corresponding continuous biframe operator of
(T F1,T1G4). Thus, T1 Sk, ¢, 17 is invertible on Hy and hence T} is invertible on Hj.
Similarly, it can be shown that T5Sp, ¢, 75 is the corresponding continuous biframe
operator of (TyFy, ToGs) and hence T; is invertible on H,. Therefore, T} ® T is an
invertible bounded linear operator on H; ® Hs. This completes the proof. 0

Now, we would complete this section by introducing the idea of a continuous biframe
Bessel multiplier in H; ® H.

Definition 3.3. Let (F,F) and (G, G) be continuous biframe Bessel mappings in
H, ® Hy with respect to (X, 1) having bounds By and By, respectively and m : X — C
be a measurable function. The operator M,,, 5 : H1 ® Hy — H; ® H, defined by

(3.2 Mnzalf @9) = [ m(z)(f © g, F(x)) Gla)dn,

for all f ® g € Hy ® H,, is called continuous biframe Bessel multiplier of ' and G
with respect to m.

Remark 3.1. Let Fy,Gy : X1 — H; be continuous biframe Bessel mappings in H;
with respect to (X1, p1) and Fy, Gy : Xy — Hs be continuous biframe Bessel mappings
in Hy with respect to (X, pe) and my : X7 — C, ms : X5 — C be two measurable
functions. Suppose M,,, ¢, : H1 — Hy be the continuous biframe Bessel multiplier
of Fy and G with respect to my and M,,, r, G, : H2 — Hs be the continuous biframe
Bessel multiplier of Fy and Gy with respect to ms. Now, by Theorem 3.1, F = F} ® Fy,
=G, ®G,: X - H ® Hy are continuous biframe Bessel mappings in H; ® H,
with respect to (X, u). Also, m(z) = mq(x1)me(z2) is a measurable function. From
(3.2), for each f ® g € H; ® Hy, we can write

Muza(f ©9) = [ m(a)(f © g, F() Gla)du
= /ml(Il) (fs Fi(x1)), Gl(xl)dul®/m2($2) (9, Fa(w2))y Ga(x2)dps

- m17F11G1f & Mm2,F2,G2g = (Mml,FhGl ® Mm2,F2,GQ) (f ® g)'
Thusa Mm,]F,(G = Mml,FhGl & Mmz,FQ,GQ'
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Remark 3.2. Following the Theorem 2.4, the continuous biframe Bessel multiplier of
F and G with respect to m is well defined and bounded.
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