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SOME REFINEMENTS OF THE NUMERICAL RADIUS
INEQUALITIES VIA YOUNG INEQUALITY

Z. HEYDARBEYGI' AND M. AMYARI**

ABSTRACT. In this paper, we get an improvement of the Holder-McCarthy operator
inequality in the case when r > 1 and refine generalized inequalities involving powers
of the numerical radius for sums and products of Hilbert space operators.

1. INTRODUCTION

Let (X, (-,-)) be a complex Hilbert space and B(H) denote the C*-algebra of all
bounded linear operators on H. Recall that for A € B(H), W(A) = {(Az,z) :
r e H, |z = 1}, w(A) = sup{[A] : A € W(A)} and [[A] = sup{[|Az] : [lx]| = 1},
denote the numerical range, the numerical radius and the usual operator norm of A,
respectively. Also an operator A € B(H) is said to be positive if (Az,x) > 0 for each
x € H and, in this case, is denoted by A > 0.

It is well-known that W (A) is a convex subset of the complex plane that contains
the convex hull spectrum of A (see [4, p. 7]). It is known that w(-) defines a norm on
B(H), which is equivalent to the usual operator norm || - || [4, Theorem 1.3-1]. For
A € B(H), we have

(1) AL < w(4) < 4]

The inequalities in (1.1) have been improved by many mathematicians, (see [2,7, 10,
13,17-19)).
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Kittaneh in [7,8] showed that if A € B(3), then
1 1 s
(12 w(A) < LAL+ 1400 < S0+ 14213),
where |A|*> = A*A, and
1 1
(1.3) Z||A*A+AA*|| <w?(A) < §||A*A+AA*||.

He also obtained the following generalizations of the first inequality in (1.2) and the
second inequality in (1.3):

(1.4) wT(A) < ; H‘APM 4 ’A*’2(17)\)r
and
(1.5) w? (A) < [NAP+ (1= )| A,

where 0 < A < 1, and r > 1 in [9, Theorem 1, Theorem 2], respectively.

In Section 2 of this paper, we get an improvement of the Holder-McCarthy operator
inequality in the case when r > 1 and refine inequality (1.4) for » > 1 and inequality
(1.5) for r > 2, see ([3,12,16]). In addition, we establish some improvements of norm
and numerical radius inequalities for sums and powers of operators acting on a Hilbert
space in Section 3. For recent work on the numerical radius inequalities, we refer the
reader to [13-15,18].

2. REFINEMENTS OF THE HOLDER-MCCARTHY OPERATOR INEQUALITY

In this section, we obtain an improvement of Holder-McCarthy’s operator inequality
in the case when r > 1 and get some improvements of numerical radius inequalities
for Hilbert space operators. The following lemmas are essential for our investigation.
The first lemma is a simple consequence of the Jensen inequality for convex function
f(t) =t", where r > 1.

Lemma 2.1. ([13, Lemma 2.1]). Let a,b >0 and 0 < A < 1. Then
b < Aa+ (1= Nb< (Aa + (1= \)r,  forr>1.
The second lemma is known as a generalized mixed Schwarz inequality.

Lemma 2.2. ([8, Lemma 5]). Let A € B(H) and x,y € H be two vectors and
0<A<1. Then
(A, y) P < (AP, 2) (| ANy, y).

The third lemma follows from the spectral theorem for positive operators and the
Jensen inequality and is known as the Holder McCarthy inequality.

Lemma 2.3. ([13, Lemma 2.2]). Suppose that A is a positive operator in B(H) and
x € H is any unit vector. Then

(i) (Az,z)" < (A"z,x) forr > 1;
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(i) (A"x,x) < (Az,z)" for 0 <r < 1.
The last lemma is an improvement of Holder-McCarthy’s inequality.

Lemma 2.4. ([6, Corollary 3.1]). Let A be a positive operator on H. If x € H is a
unit vector, then

(Az,x)" < (A"z,x) — (|JA — (Ax,x)|"x, x), forr > 2.
The next theorem is a refinement of inequality (1.5) for r > 2.
Theorem 2.1. I[f A€ B(H),0< A <1 andr > 2, then
w? (A) < MAP + (1= N)]A7]| = inf ¢(x),

llzll=1

where
Cx) = (A|AP = (JAPz, 2)| + (1= X) [|A*2 = (|42, 2)| ) @, ).
Proof. Let x € H be a unit vector.
Az, 2)|> < (JA/P 2, 2) (|A* PNz, z)  (by Lemma 2.2)
< (JAPz, 2)M{|A* Pz, 2)' ™ (by Lemma 2.3 (ii))
< (M|APz, )" + (1 = \)(|A*?z,2)")7  (by Lemma 2.1)
< ( (AP, z) = {||A = (A2, 2)| 2,2))
+u—m«m%www«wmﬂwmwa@]awn

(by Lemma 2.4).

Hence,
Az, 2) < A ((|AP"z,2) = (||AP = (| APz, 2)| 2, 2))
+ (1= N (A Pz, 2) = (A = (AP, 2)| 3,2)).
By taking supremum over x € H with ||z|| = 1, we get the desired relation. O

Recall that the Young inequality says that if a,b > 0 and A € [0, 1], then
(1—Na+ b > a0

Many mathematicians improved the Young inequality and its reverse. Kober [11],
proved that for a,b > 0

(2.1) (1=Na+M<a 0+ (1 =N a— Vb2 A>1.
By using (2.1), we obtain a refinement of the Holder-McCarthy inequality.
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Lemma 2.5. Let A € B(H) be a positive operator. Then

(2.2) (Az, z)? (1 +2(A—1) (1 - m>) < (Arz, x),

for any A > 1 and x € H with ||z|| = 1.

Proof. Applying functional calculus for the positive operator A in (2.1), we get
(1—Nal + A < a' A+ (1-\) (af + A —2/aA?).

The above inequality is equivalent to

(2.3) (1= Na+MAz,z) < a' MNAz,2) + (1= A) (a+ (Az,2) — 2V/a(A?x, 7)) ,

for any x € H with ||z|| = 1. By substituting a = (Az,x) in (2.3), we get

(Az, )z
By rearranging terms, we get the desired result (2.2). 0

(Az,x) < (Az,2)" " MA e, 2) + 2(1 — \)(Az, z) (1 — M) .

1
Note that by the Holder-McCarthy inequality, 1 > 1 — % > 0. Hence, the
x,x)?2

following chain of inequalities are true:

(Az, 2)* < (Az, x)* (1 +2(\—1) (1 — M)) < (Arz, ),

where A is positive and A > 1. One can easily see that

1—<Am’xZinf{l—w:xeﬂ{,ﬂxl\:l}.

<Ax,x>% (Az, )2

So,

(2.4)

1+2(A—1) (1—M) >1+2(A—1) inf{l—wrxe%\lﬂcllzl}-
(Az, )2 (Az,z)®

If we denote the right-hand side of inequality (2.4) by ((z), then from inequality (2.2),
we get

(2.5) (Az, 2)* < 2<Akx,x>, A> 1

The following theorem is an improvement of inequality (1.4).

Theorem 2.2. Let A € B(H) be an invertible operator, 0 < X < 1 and r > 1. If for
each unit vector x € H

((z) = <1+2(T—1)<1—m>>
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and 1
(A" Ve, z) ))
x)=(14+2(r—1)(1— - 11,
)= (12001 GRS
then
r 1 2\r *|2(1=A)r
w'(A) < 5o [l + 4] ,

where ¢ = inf)y=1((), v = infjz=17(z) and p = min{¢,v}.
Proof. Let x € J{ be a unit vector. Then

(2, ) < (|4, 2)* (AT )

< (<’A|2)\x7x>T X <A*2(1>\)1’,Q}>T)71“

2

r

1(1, 1) \
< (2 <§<|A|2 ’\x,x>—|—§<|A 2 /\)x,x> )) .

1 .
(A 2)" < 57 (AP + APz, ).

Hence,

By taking supremum over z € H with ||z|| = 1, we get the desired relation. O

3. INEQUALITIES FOR SUMS AND PRODUCTS OF OPERATORS

In this section, we recall that some general result for the product of operators
from [5].
If A, B € B(H), then

w(AB) < 4w(A)w(B).

If A is an isometry and AB = BA, or a unitary operator that commutes with another
operator B, then

w(AB) < w(B),

(see [4, Corollary 2.5-3]). Dragomir in [1, Theorem 2| showed that for A, B € B(3H),
any A € (0,1) and r > 1

(3.1) |(Az, By)|*" < M(A"A)5z,2) + (1 = A){(B"B) ™7y, ),

where z,y € H, with ||z| = |ly|]| = 1.
Let A, B € B(H). The Schwarz inequality states that

|(Az, By)|* < (Az, Az)(By, By), forall x,y € 3.
We get the following refinements of inequality (3.1) for r > 2.
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Lemma 3.1. For A, B€ B(H),0<A<1andr>2

1

(A, By)[" <M(A*A)5z,2) — A([(A"A)> — (A" A3z, )| @, 2) + (1 - X)
(3:2) X (B'B)™xy.) — (1= N ([(BB)™ — (B"B)™w.0)| v.w).
for any x,y € 3, with ||lz|| = [ly| = 1.

Proof. For any unit vectors x,y € H, we have

{(B*A)z, y)|* <((A*A)x,2){(B*B)y,y) (by Schwarz inequality)
=(((A"A)% )z, 2)((B*B)T%)' "y, y)
<((A*A)>z,2)M(B*B)™xy,y)"  (by Lemma 2.3)
<M(A*A)3z,2)" + (1 — N{(B*B)™5y,y)")* (by Lemma 2.1)

T
x, x>

< (A((A*A)Xx,@ — A {|(A"A)x = (A" A) ¥z, 7)

+ (1= X((B"B)™y.y)

- 0= (@ () ) )y e 24
Therefore,
(Az, By)[r <A(A"A)3z,2) — A (|(A"A)% — ((A"A)rz, 2)
+ (1= A){(B*B)™ %y, y)
— (=N {|[(BB)y= = (B'B) =y, 9)| v.y),
for any x,y € H, with ||z|| = [|y|| = 1. d

.
a:,x>

Theorem 3.1. Let A,B € B(H),0< A< 1andr >2. Then
(3.3) IB*A[IP" < A(A*A)[| + (1 = N)|(B*B)T=|| — inf ¢(x) — inf {(y),

llll=1 lyll=1

where

=

C(x) =A(|(A"4)
C(y)

— <(A*A)%.CE,£E> Tas,:v>,
(1= N {|(B*B)™ — ((B*B) ™y, )| y,y).

In addition,
(34)  w'(BA) < NA"A)E + (1 - N (B BT - inf (a),

llzll=1
where
(@) = ((A|(A4*A)> = (A" A)3z, )|

+ (1= ‘(B*B)ﬁ — ((B*B)ﬁx,@’?“) a:,x> :
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Proof. By taking supremum over z,y € H with ||z|| = |ly|| = 1 in inequality (3.2), we

get the required inequality (3.3).
Putting # = y in inequality (3.2), we obtain the numerical radius inequality (3.4).
0

Corollary 3.1. For A,B € B(H), 0 < A < 1 and r > 2, the following inequalities
hold:

Az, y)[r < M(A*A)Sz, ) — A (|(A"A)Y — (A" A) 3z, 2)|
(A%, ) [ < M(A"A) 5z, 2) — A([(A"A)Y — (A" A3z, 2)| @, 2)
+ (1= A{(AA) 5y, y) — (1= ) (|(A4) = — (A4 =y,0)| vy),
where z,y € 3, ||z]| = ||y = 1.

Corollary 3.2. For A)B € B(H), 0 < A < 1 and r > 2, the following norm
inequalities and numerical radius inequalities hold:

() I[P < AI(AA)X] + (1= X) = inf ¢(2);

[lz]|=1
() 142 < M(A" )3+ (1= AJI(AA) 7S]~ inf C(0) — inf G0
(iii) w? (A) < [|MA*A)5 + (1 — N — Hiﬂlilg(a:), where
C(x) =2 (|(A*A)x — (A" A)3z,z)| @,7),

Cy) =1 = 1) {[(AA) ™ = (A4S y,0)| wy);
(iv) w? (A2%) < [[MA*A)T + (1 — \)(AA") T — |\§:I||1£1C(I)’ where

C(x) = ((M(A"A)> = ((A"A)>z, )

We are going to establish a refinement of a numerical inequality for Hilbert space
operators. We need the following lemmas. The first lemma is a generalization of the
mixed Schwarz inequality.

‘ T

+ (1= N)|(A4") ™= — (A4 =z, )| ) 2,).

Lemma 3.2. ([17, Lemma 2.1)). Let A € B(H) and f and g be nonnegative functions
on [0,00) which are continuous and satisfy the relation f(t)g(t) =t for allt € [0,00).
Then

[(Az, )| < [f(AD=lg([A"Dyll,
forall x,y € H.

The next lemma is a consequence of the convexity of the function f(t) =", r > 1.

Lemma 3.3. ([17, Lemma 2.3]). Let a;, 1 = 1,2,...,n, be positive real numbers.
Then

n

n T
(Za,) < nT_IZa;’, forr > 1.
i=1

=1
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The following theorem is a generalization of the inequalities (1.3) and (1.4).

Theorem 3.2. ([17, Lemma 2.5]). Let A;, X;, B; € B(H), i =1,2,...,n, and let f
and g be nonnegative functions on [0, 00) which are continuous and satisfy the relation
f(t)g(t) =t for allt € [0,00). Then

n . nr—l

i=1

n

D ((BIAIXB)" + (Arg*(1IX7DA))|

i=1

r>1.

We refine the above inequality for » > 1 by applying a refinement of the Holder-
McCarthy inequality. To achieve our next result, we utilize the strategy of [17,
Lemma 2.5].

Theorem 3.3. Let A;, X;, B; € B(H), i = 1,2,...,n, be invertible operators and
let f and g be nonnegative functions on [0,00) which are continuous and satisfy in
f(t)g(t) =t for allt € [0,00). Then, for allr > 1,

r—1 n

(B FAIX)B:) + (A7 g2 (1 X7 ) A"

=1

?

where p = min{¢, v}, C:inf{l—i—Q(r— 1) (1 — <(B S ET >%>) | = 1}

((By f2(1X:]) Bi)=,
- (gD A b
andy=inf{1+2(r—1)(1— x|l =1¢.
((Arg2(1X7)Ai,z)
Proof. For every unit vector x € H, we have
> ((ArX;B;)z, z)

i=1 =1

(f:\ A*XBx,x>|>T = (f](XiBix, Aix>|>r

i=1 =1

(z (X)) Bz, Bix)

=1

(by Lemma 3.2)

S

n T

S
[N

<92<|X;‘|>Aix,Aix>%>

<n ! Z <B;‘f2(|X,~|)Bix, ZL‘> <A;k92(|Xi*|)Aix, ZL‘>
i—1

(by Lemma 3.3)

Tli(sz\X]Bas@)

i=1

1
2

[N

(<A:g2<1Xﬂ>Aw,x>’“)

(s ( (57 P B+ (A D)

=1

by AM —
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< (3 (g @By na) + XAy

i=1
by (2.5))
7"*1 n
<" Z<( (B PXDBY + (A (X DAY Yo )
o=
n'" S r * * r
(3 (B 0xBy + (DAY Yoo
i=1
Therefore, by taking supremum over z € H with ||z|| = 1, we have the desired
relation. O

If we assume that f(t) =t and g(t) = t'=*, 0 < A < 1, in Theorem 3.3, then we
get the following corollary.

Corollary 3.3. Let A;, X;, B; € B(H), i =1,2,...,n, be invertible operators, r > 1
and 0 < A< 1. Then

n r—1
1%

i=1

D (B[P By)" + (A7 X7 POV A

i=1

where p = min {(, v},

< B X:[*B;) 2x,x>
C=inf{1+2(r—1) T |z =1,
<<B*\X|2’\ )x:x>2
1
<A*|X|2(1 N 4 )Zx,x>
y=inf<1+4+2(r—1) T ||| =
<(A*|X\2(1 A)A)JL‘,:C>2

In particular,

1 n
B > (BF|Xi|Bi + Af| XA

=1

Setting A;, = B;=1,i=1,2,--- ,n, in Theorem 3.3, the following inequalities for
sums of operators are obtained.

Corollary 3.4. Let X; € B(H), i =1,2,...,n, be invertible operators and f and g be
continuous nonnegative functions on [0,00), such that f(t)g(t) =t for allt € [0,00).

Then, forr > 1,
w" Xz S
i=1 2p

n

X + g (X)),

=1
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where p = min{(, v},

i <f<\Xir>x,x>), - }

C=imfyla2ir=1 (1= P lell=1,

{ ( (P21 X))z, )2

7=inf{1+2(r—1) (1— g (X7
(g%(

In particular,

n v n'= 1
w” i <
(2 > 24

where p = min{¢, v},

A
g:inf{1+2(r—1) (1—W) ] 21}7
(IXi]A2, )
#[(1=2)
v=inf{14+2(r—1)[1- (e $x> llell =10
(X POV, )2

If A= % in above inequality, we get

( n X) nr—l
w" i <
; 2p

where p = min{¢, v},

Czinf{1+2r—1( <<|X‘xm>>):\!x!|=1},
Vsz{uw_l( <<rxrx:c>5>):”$”:1}'

Letting n = 1 in inequality (3.3), we obtain

Z ’Xi|2)\r + |X;<|2(17)\)r

i=1

NI

DX+ X7

i=1

r>1,

l\J\»—A

1
TX <7 XT X*T
wr(X) £ o IXT+ T,
where = min{¢, v},

C:mf{lw(“l( <<| |m>>) ”x”zl}’
7:mf{Hz ( <<|X*|ac w>>) . ”_1}

Next, we present some numerical radius inequalities for products of operators. Put
X, =1,1=1,2,...,n,in Theorem 3.3, to get the following.

M\»—‘
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Corollary 3.5. Let A;, B; € B(H), i =1,2,...,n, be invertible operators and r > 1.

Then B
A* BQr AQT’
(z ) e PO E
where p = min{¢, v},
B
C=inf{1+2(r—1) 1—M el =1,
(IBilz,x)?
A
y=inf{14+2(r—1) 1—W):vall=1}‘
(|Aiz, )2

In particular,

ZBB+A* Dll-

i=1

Remark 3.1. If we set n =1 in Corollary 3.5, then

W (A*B) < ZluH(B*B)T 4 (ATAY

where p = min{(, v},

Y PR (o T A BT
(B*B)x,z)?
y=inf{1+2(r—1) 1—<(A*Am’$> el =1
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