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OSCILLATION CRITERIA FOR SECOND ORDER IMPULSIVE
DELAY DYNAMIC EQUATIONS ON TIME SCALE

GOKULA NANDA CHHATRIA®

ABSTRACT. In this work, we study the oscillation of a kind of second order impulsive
delay dynamic equations on time scale by using impulsive inequality and Riccati
transformation technique. Some examples are given to illustrate our main results.

1. INTRODUCTION

Consider a class of second order impulsive nonlinear dynamic equations of the form:

[r(t) (22 ())]A + q(t)x(o(t) —6) =0, t€Jp:=1[0,00)NT, t# 7k, t>tg,
(E) {(r) = Myp(z(m)),  22(7f) = Nu(2®(7), k€N,
r(td) =z, 22() =25, to— 9 <t <ty

under the following hypotheses.

(A1) v > 1 is the quotient of odd positive integers, T is an unbouned above time
scale with 0 € T and 7, € T satisfying the properties 0 <t)p < < < --- <
Tk, limy o0 T = 00,

z(r) = hli>r()n+ x(mx + h), xA(T,j) = hli}rglJr :L‘A<Tk + h),

which represent the right limit of x(¢) at t = 75 in the sense of time scale. If
7}, is Tight scattered, then x(7) = z(7.), 2 (77) = 2°(7). Similarly, we can
define x(1 ), z2(73,).

(Ag) 0 eRy, 0(t) =6 €T, r(t) >0, q(t) € Cra(T, [to, 0)T).
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(As) Mg, Ny : R — R are continuous functions, My (0) = 0 = N, (0) and there exist
numbers ay, aj, by, b; such that aj < Milw) < ag, by < N’“T(“) < bg, u # 0,

k € N. h

In this work, our objective is to extend the work of [15] to the second order impulsive
delay dynamic equations (E). About the time scale concept and fundamentals of time
scale calculus we refer the monographs [6] and [7].

Oscillation theory of impulsive differential/difference equation has brought the
attention of many researchers, as it provides a more adequate mathematical model
for numerous process and phenomena studied in physics, biology, engineering and to
mention a few. In the literature, most of the results obtained for difference equations
is the continuous analogues of differential equations and vice versa. Hence it was an
immediate question to find a way for which one can unify the qualitative properties of
both equations. In 1988 Stefen Hilger introduced the concept of time scales calculus,
which unify the continuous and discrete calculus in his Ph.D. thesis [12]. The study of
impulsive dynamic equations on time scales has been initiated by Benchora et al. [4].

In [15], Huang has considered the second order impulsive dynamic equation of the
form

[r(E) A2 + f(ty7 () =0, teTp:=[0,00)NT, t £, t>to,
m) =gk(m), ¥ (n)) = h(y(m)), keN,

and improved the results of [13] and [14].

To the best of the author’s knowledge, there is no such results for the impulsive delay
dynamic equations on time scales. Hence, in this work an attempt is made to study
the impulsive dynamic equations (E) and from which we can find the corresponding
results for impulsive differential /difference equation. In this direction, we refer the
reader to some works ([2], [13]-[19]) and the references cited there in.

AC'={z : Jr — R is i-times A-differentiable, whose ith delta derivative A s
absolutely continuous}, PC' = {z : Jr — R is rd-continuous at the points 74, k € N for
which z(7;,), z(7i"), 22 (7 ) and z2(7;7) exist, with z(7, )=x (1), 22 (75, )=2° (1) }.

Definition 1.1. A solution of z(t) of (£) is said to be regular if it is defined on some
half line [7,, 00)r C [to,00)r and sup{|z(t)| : t > t,} > 0. A regular solution x(t) of
(E) is said to be eventually positive (eventually negative), if there exists t; > 0 such
that z(t) > 0 (z(¢) < 0) for t > t;.

Definition 1.2. A function z(t) € PCNAC?*(Jr \ {1, 72, ... },R) is called a solution
of (F) if:
(I) it satisfies (E) a.e. on Jr \ {7}, k € N;
(I) for t = 7, k € N, 2(t) satisfies (E);
(I11) for any t € [tg — d,to), z(t) = &(t), z(t) = zo, (1) = x5
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Definition 1.3. A nontrivial solution z(¢) of (E) is said to be nonoscillatory, if there
exists a point o > 0 such that x(¢) has a constant sign for ¢ > ¢y. Otherwise, the
solution x(t) is said to be oscillatory.

For completeness in the paper, we give the time scale concept and some fundamen-
tals of time scale calculus in Section 4.

2. BAasic LEMMAS

We need the time scale version of the following well known results for our use in
the sequel.
Lemma 2.1 ([1]). Lety, f € Crq and p € R. Then y>(t) < p(t)y(t) + f(t), implies
that for allt € T

90 < ylto)egltita) + [ eplt a(s) F(5)0s,

Lemma 2.2 ([15]). Assume that

(i) me PCNAC*(Jr \ {m.},R);
(17) for k € N and t > to, we have

m?(t) < p(t)m(t) +v(t), teIJr=1[0,00)NT,¢t#m,
m(r) < dpym(my) + ey

Then the following inequality holds

m(t) <m(to) [[ dkep(to,t)+/t: IT deey(t.o(s))v(s)As

to<T<t s<TE<t

+ 2 < 11 djep@ﬁk))%i = to.
to<T<t Tk<T]'<t
Lemma 2.3. Suppose that (A1)-(A4s), ax, b > 0, k € N hold. Furthermore, assume
that there exists T > to such that x(t) > 0 fort > T and
(A4> fTOO #(S) HT<Tk<S % As = oo.
Then x2(1;7) > 0 and 22(t) > 0 for t € (T, Trga)r and 73, > T.

Proof. Let x(t) be an eventually positive solution of (E) for ¢ > t,. Without loss of
generality we assume that x(t) > 0 and z(t — ) > 0 for t > ¢; > to+6. From (F), we
get [r(t)(x2 ()] = —q(t) f(x(t — §)) < 0. Therefore, r(¢)(x>(t))? is monotonically
decreasing on [ty, 00)T,ty > t; + 0. Assume that 7, > t5 for k£ € N. Consider the
interval (74, Ter1]r, & € N. We assert that 2°(7,) > 0. If not, there exists T, >ty
such that z2(7;) < 0 and hence #2(7;") = Ni(22 (7)) < bja® () < 0. Let 22(7}") =
—a, a > 0. Now for t € (15, 7j11]r, we have r(7j:1) (22 (1551))” < r(7)(x2(7))7,

that is, ) 1 ’
A (7 r(7;) ;IA + :_fOZ(T(Tj))”
< (i) w0 = ba(2) <o
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If ¢ < (Tj+1, Tj+2]'[[‘, then

22 (Tj42) < <T<Tj+1)> ! 22 (1) = (rmﬂ)) ’ N (z(7541))

7(Tjt2) r(Tjt2)

1
r(T; g
Sb;+1 ( ( ]H)) xA(TjH);

r(Tj42)

that is,

2=

xA<Tj+2) S —b;b;-JrlOé <W> < 0.

(Tjs2)

Hence, by the method of induction

2=

* 7% * * ~h
22(Tj4m) < ~03051bj4z Dy (Miﬂii))

_ ( T(TJ) ) ( b;ﬁ) a <0,
7(Tj4n) i=1
fort € (TjJrn,l, TjJrn]']l'-

Now, we consider the following impulsive dynamic inequalities

() L FOESONI° <0 i>mt A k=41 +2,. .
! 22 () < biat(m), k=j+1,7+2,...

Let m(t) = r(t)(z*(¢))", then (E;) becomes

ma(t) <0, t>7t+mk=j+1,7+2,...,
m(r") < () m(m), k=j+17+2,...,
and, by Lemma 2.2, it follows that

m(t) <m(r) [ (01),

T <Tp <t
that is,
)\ )\
r(T; v r(7. Y
(2.1) 2 (t) < ( ] > 2 (1) by = —oz( J ) by
o) o e Gey) L
For k=j+1,j+2,..., we also have z(1;") < axz(73). By (2.1) and since x(7;") <

agr(ty), k =7+ 1,7+ 2,..., it follows from Lemma 2.2 that

o(t) <x(r) ]I ak_/f I a [Oé<7’(fj>>i M o

T <1<t T s<mp<t T@) T;<TE<S
S

tf1 0\ b
- %k pg
A (r< >> N

As

2=

< II a [x(Tf) —a (r(7))

T <Tp <t
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— —oo0 as t — oo.

Due to (A4), a contradiction to the fact that z(¢) > 0 eventually. Hence, our as-
sertation holds, that is, 22(7,) > 0 for 7, > T and hence x2(t) > z®(r7). Since
[r(t)(2(t))"]* < 0 for any ¢ € (7, Te1a]r, 7 > T, then

22 (1) > (T(:Efgl))%ﬁ(%) >0, t€ (T Tl

Therefore, 22(7;7) > 0 and z2(t) > 0 for t € (7, Tesi)|T, t > to, and the lemma is
proved. 0

Remark 2.1. If x(t) is an eventually negative solution of (E). Then, using (A;)-(As),
it is easy to prove that z2(7;7) < 0 and 22(t) <0, for t € (7, Tes1]r and 7, > T > to.

3. SUFFICIENT CONDITIONS FOR OSCILLATION

Theorem 3.1. Let all conditions of Lemma 2.3 hold. Furthermore, assume that

(A5) ft?)o Hto<’rk<s éq(S)AS =0
Then every solution of (E) oscillates.
Proof. Suppose on the contrary that z(¢) is a nonoscillatory solution of (E). Without
loss of generality, assume that z(t) > 0, z(o(t) — ) > 0 for ¢ > ¢;. Hence, by Lemma

2.3, there exists t, > t; such that 2®(t) > 0 for t € (74, Trsa)T, k¥ € N and 75, > to.
Indeed, 22(t — 6) > 0 for t > t3 >ty + . Let

r(t)(=2 (1)
(3.1) w(t) = HE=0)
Then w(r;") > 0 and w(t) > 0 for 7, > t3. From (3.1), for t # 75, we have
WA () = [r()(@2 ()] (t = 0) — r(o(®))(@2(0 (1)) 22 (t — 5)
(t = 0)x(o(t) —0)
[r@®) @))% (o) (@ (o)t - 9)

S COED) 2t — 0)a(o(t) — )
< —q(t),
that is,
(3.2) wi(t) < —q(t), t# 7
We note that
w(rt) = r(n) @ (7)) _ br(m) (22 (7)) — Blw(n).

o(rf —6) x(1 — )
Now, we have the following impulsive dynamics inequalities
wi(t) < —qt), t#m
w(r) <bjw(n), keN,
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and, by Lemma 2.2, it follows that

t) <w(ts) [ b — / As

ta<ti<t t3 s<7'k<t

§H57[t3 /

ta<T <t t3 t3<T <58

mq 5)As

— —o0 as t — oo.

Due to (As), a contradiction to the fact that w(t) > 0 for t € (7%, 7k41]T, £ € N. This
completes the proof of the theorem. O

Theorem 3.2. Let all conditions of Lemma 2.3 hold. Furthermore, assume that
Te+1 — Tk = 0 and

(A6) S Tlig<r,<s iq(S)As = 00,

where
b?a ifk =1,
= b
=1 g ifk=2,3,...,

* )

Qg1
hold. Then every solution of (E) oscillates.

Proof. Proceed as in the proof Theorem 3.1 to obtain that #2(t) > 0 and z(7;7) > 0
for t € (74, i1, b € N, t > ty. Indeed, 22(t —6) > 0 for t > t3 > to + 6. Deﬁne
w(t) as in (3.1), we get (3.2) holds for 7, > t3 and t # 7. Now, if k = 1 we have

w(rty TR Brn) (@A)

r(r —0) z(m —9)
If = 2,3, ... then

o EDEAE)) )@ ) ) @ )
W) =T T8 S alnia —8) S ae(n —0)

bur (i) (22 (1))
= i ya(m - 0)

= dlw(ﬁ).

Consider the following impulsive dynamic inequality

wA(t) < —q(t), t# Tt >t
w(ﬂj) Sdkw(Tk), k € N.

Therefore, by Lemma 2.2, we get
) <w(ts) ] di —/ Il dra(w)Au
t3<T <t 3 u<Tp <t

Then proceeding as in the proof of Theorem 3.1 and using (Ag), we get a contradiction
to the fact that w(t) > 0 for t € (7%, Tk4+1]T, & € N. This completes the proof of the
theorem. ]
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Corollary 3.1. Let all conditions of Lemma 2.3 hold. Assume that there exists a
positive integer ko such that aj > 1, by <1 for k > ko. Furthermore, assume that

(Ar) 2 a(s)As = o0

holds, then every solution of (E) oscillates.

Proof. Without loss of generality, we assume that ky = 1. Since b, < 1, then > 1.

Therefore,
—q(s)As > /
/to to<Tp<s bﬂy
Letting t — oo and in view of Theorem 3.1, We get every solution of (E) is oscillatory.
This completes the proof. O

Corollary 3.2. Let all conditions of Lemma 2.3 hold. Assume that there exists a
positive integer ko and a positive constant o such that aj, > 1 and i > (T’;—:l) for
k > ko. Furthermore, assume that

(As) [ s%q(3)As = oo
holds, then every solution of (E) oscillates.

Proof. Without loss of generality, we assume that kg = 1. Now

/t 1

n Tit1
bvq s)As =2 ]I bj’/ q(s)As
0 to<TL <58 Ti

=1 t0<Tk<Ti+1 k

Ti+1
Z 7,+1 /
7-1 i= 1

Ti+1
A

1 Tn+1
= — s%q(s)As.
,7_104 1 ( )
Letting t — oo and in view of Theorem 3.1, we get every solution of (F) is oscillatory.
This completes the proof. 0]

Corollary 3.3. Let all conditions of Lemma 2.3 hold. Assume that there exists a
positive integer ko and a positive constant o such that aj > 1 and é > (T’;—:l) for
k > ko. If (Ag) hold, then every solution of (E) oscillates.

Proof. The proof of the corollary can be be follows from Corollary 3.2 and Theorem 3.2.
Hence, details are omitted. [l

Next, we present some new oscillation criteria for (E), by using an integral averaging
condition of Kamenev type.

Theorem 3.3. Let all the conditions of Lemma 2.3 and by, > 1 hold. Furthermore,
assume that



538 G. N. CHHATRIA

(Ag) limsupy_,. o= Jur 7' (t — 5)™q(s)As = o0,

0
then every solution of (E) oscillates.

Proof. Proceeding as in the proof of Theorem 3.1, we get
w?(t) < —q(t), fort# 7.

Multiplying (¢ — s)™ to both side of the preceding inequality and integrating from 7y
to Ti+1, we get

[ st sds < [ - st s

k Tk

Indeed,
/ kH(t — 8)"w™(s)As
Tk
—(t = sy u() = [ (= ™A w(s)As
Tkl m—1 k m m +
= [l = sy () As 4 (0= ) () = (¢ 7)),
Tk
because ((t — s)™)2 = —m(t — s)™ L. As a result,
/TkH(t — 8)™w?(5)As > —(t — 7)™ w(T)).
Tk
Therefore,
/Tk+1(t —35)"q(s)As < — /Tk+1(t — 5)™w™(s)As
Tk Tk
< (t = 7)"w(7y)
S bk(t - Tk)mw(Tk),
that is,
1 Th+1 m t—T1\"
—/ t—s)"q(s)As < by ( > w(Ty),
tm ) t
and hence,
1 T)
lim sup —/ kH( —5)Mq(s)As < o0,
k—ro0 Tk
a contradiction to (Ag). This completes the proof of the theorem. U

4. APPENDIX: TIME SCALE PRELIMINARIES

We will briefly recall some basic definitions and facts from the time scale calculus
that we will use in the sequel. For more details see [2,3,19]. On any time scale T, we
define the forward and backward jump operators by

o(t)=inf{se€T:s>t}, p(t)=sup{seT:Vs<t},
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where inf¢ = sup T, sup¢ = inf T, and ¢ denotes the empty set. A nonmaximal
element t € T is called right-dense if o(¢) = t and right-scattered if o(t) > t. A
nonminimal element ¢t € T is said to be left-dense if p(t) = ¢ and left-scattered if
p(t) > t. The graininess p of the time scale T is defined by pu(t) = o(t) — t.

A mapping f : T — X is said to be differentiable at t € T, if there exists f2(t) € X
such that for any € > 0, there exists a neighborhood U of ¢ satisfying

L/ (@(®) = f()] = Ao (t) = s]| < e|o(t) — s,
for all s € U. We say that f is delta differentiable (or in short: differentiable) on T
provided f2(t) exists for all ¢ € T.

A function f : T — R is called rd-continuous provided it is continuous at right-dense
points in T and its left-sided limits exist (finite) at left-dense points in T. The set of
rd-continuous functions f : T — R will be denoted by C,4(T,R).

The derivative and forward jump operator ¢ are related by the formula

fla(t)) = () + u(t) 2 ().
Let f be a differentiable function on [a,b]r. Then f is increasing, decreasing, non-
decreasing and nonincreasing on [a, b]y if f& > t, f& < t, f&4 >t f2 <t for all
t € [a,b)T, respectively. We will make use of the following product fg and quotient g
rules for the derivative of two differentiable functions f and g

(f9)® =f2g+ f79° = fg* + [2¢°,
(f)A e

g 99°
where f7 = foo, gg” # 0. The integration by parts formula reads

[ 12000 = s0als - [ g0

Chain Rule. Assume g : T — R is A— differentiable on T and f : R — R is
continuously differentiable. Then fog : T — R is A— differentiable and satisfies

(Fog)> (@) = { [ £(a0) + ()0} )

Regressive. A function p : T — R is said to be regressive if for all t € T, 14u(t)p(t) #
0.

The set of all function p : T — R, which are regressive and rd-continuous will be
denoted by R. We define the set R of all positively regressive elements of R by

T={peR:1+pu(t)p(t) >0 forall t €T}

Exponential Function. If p € R, then general exponential function e, on T is
defined as

afts) e [ Ml) log(1 -+ p(2)p()A2),
with p(z) # 0 and s,t € T.
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5. EXAMPLES

FExample 5.1. Consider the impulsive dynamic equation

1 1 1
PR+ —a(t— ) =0, t>_,t#T7,
5_1) t 2 2
( k+1
z(r) = z x(), a2(rH) =2%(m), keEN,

where y =1, 7(t) = 1,0 =3, ¢(t) =1 >0, a} = a) = 5, b = by = 1, 7, = 3k,

Tkt1 — Tk = 3 > 2, k € N. Then, from (Ay)

[e%S) b*
/T H Qg As

T<T<s
_/ 11 ds
2<Tk<8k+1
—/ 11 —As+/ 11 —Aer LN
2< TR <58 " 2< Ty <s S 2< Ty <sk+1
1 1 2 1 2
5(7’1-2) 2Xg(TQ—Tl)—l-gXgXZ(Tg—Tz)—I—"'
1 1 1 1
=— X2+ -X3+-%x3+-=-x3 .
g ey XXty xat
1 1 1 1 > 1
>7 — — e — —_ =
=2 3tats” 21 >
and from (As)
oo 11 1
/ H —=—As = ~As = 00
2 l<7k<sbk5 2 S

Therefore, all conditions of Theorem 3.1 are satisfied and hence (5.1) has an oscillatory

solution.

FExample 5.2. Consider the impulsive dynamic equation

1
T2 (L) + t—gx(t —1)=0, t>1,t#mn,
k—1
(5.2) o) = T a(m), kENk> ko
1
xA(T,j) = EwA(Tk)’ ke N k> ko,

wherey=1,0=1,7(t) =1,qt) = %5 >0, a} =a, = 52, b = b, = 1, T
Tpi1 — Tp = 3> 1, kGN k > ko = 1. Clearly, from (Ay) we

00 bk
/]1 H ;k As

T<tp<s
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A

1<7’k<5
T4 1

_/ 11 —As—k/ 11 —As+ [ —As+-

1< <s S 1<y, <s S 1<y <sk_1
(m ) h X () b X s () +

T2 9 T3 — T2 9 3 Ty — T3

1 1 1 1
=24+ - x4+ - x-xB+-x-x-x2

+2 +2 3 2 3 4 +

1 1 1 1
>4+ -4+ =-4+—-4+---=1 - = o0.
2ltg+gt T +§Z 00

Let a« = 1. Then

Also, from (Ag) we have

/100 s%q(s)As = /100 33813As = /100 As =00

All conditions of Corollary 3.2 are satisfied for (5.2) and hence, (5.2) has an oscillatory
solution.
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