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APPROXIMATION RESULTS BY CERTAIN GENUINE
OPERATORS OF INTEGRAL TYPE

VIJAY GUPTA! AND DEEPIKA AGRAWAL?

ABSTRACT. In the present article we propose genuine Lupas-Beta operators of
integral type. We establish quantitative asymptotic formula and a direct estimate in
terms of second order modulus of continuity. Finally we consider the Bézier variant
and obtain the rate of convergence for functions having derivatives of BV.

1. INTRODUCTION

Convergence estimates concerning linear positive operators is an active area of
research among researchers in the last few decades. It is easier to construct new
operators, but every time it is not straight forward to get their convergence estimates.
In the year 1977 Pethe and Jain [8] proposed a general family of linear positive
operators while generalizing Szasz-Mirakjan operators. After three decades in the
year 2007, Abel and Ivan [1] studied these operators in slightly different form and
considered the following form of operators to establish complete asymptotic expansion.

For ¢ =¢, > 3, n=0,1,..., the operators discussed in [1] are defined as
> k

(1.1) M:(f,x) = Z lox(x) f (n) , x>0,
k=0

where [, ; () is given by

Z,k(w) = (1 _T_ C)”“ k'(gci)z)k’
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where (a)y is the rising factorial given by (a)r = a(a+1)(a+2)---(a+k —1). These
operators are well-defined, for all sufficiently large n, since the infinite sum in above
form is convergent if n > A/log(1 + ¢) (the case ¢ = 1 provides the Lupas operators
[9]) provided that |f(t)] < Ked*(t > 0), that is f € E. These operators as such
can not be utilized to approximate integrable functions. In order to approximate
integrable functions several hybrid Durrmeyer type operators have been considered
in [3-7] with different weight function.

In the year 2008, Mihesan [10] proposed another form of general operator, which
include some of the well known operators as special cases. The operators discussed
in [10] for = € [0, 00) is defined as

(1.2) Mo (f,x) Zmnk T, Q) <k>

n

where

@ (2)
k! <1+M)a+k

M i(x, ) =
(07

We observe here that the forms of the operators (1.1) and (1.2) are same, if we put
c¢=a/nx in (1.1), we may get at once the operators M (f,z). We propose below the
integral modification of the operators (1.2), by taking weights of Beta basis functions
in the following way

) 1),

(13)  M°(f ) Zmnk 2, ) / bn,k(t)f(t)dtJr(

a + nx
where m,, x(x, ) is given by (1.2) and

1 1

bn ) = ’ ’
7k( ) B(?’L+ 17]{) (1 +t)k+n+1

where B(m,n) being the Beta function. It is observed that these operators preserve
linear functions. For different values of o, one may get different special cases. Some
of the special cases are indicated as below.

(i) In case if &« — oo, we obtain the Szasz-Beta operators, which are defined by

ME(f,2) = zmnkx 00) [ bua()f ()t + e f(0),

where

nx)*

k!

M (2, 00) = e_”x(

and by, () is as defined in (1.3).
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(ii) When a = n, we obtain the Baskakov-Beta type operators, which for x > 0
are defined by

M) = Y maalen) [ bus( SO+ (1+2) 1 (0)

where

(n) a® _(nt+Ek—1 a®
kU (z+ 1)tk k (x + 1)nth’

and by, () is as defined in (1.3).
(iii) If we take oo = nx, the operators (1.3) will reduce to the Lupag-Beta operators,

M k(x,n) =

defined as
M7, ) = S sl [ buadt) S0t +2771(0),
where :
My (T, nE) =27"" %ﬁ;’f :
and b, x(t) is as defined in (1.3).
Remark 1.1. When o = —n, then the basis m,, (z, —n) will reduce to the Bernstein

basis function defined as
My (T, —n) = <Z> (1 — z)" ",

As the operators (1.3) are defined on positive real axis, while the Bernstein basis
function takes the valves in the interval [0,1]. So it is not often to consider such
hybrid operators as this case.

In the present article, we establish quantitative asymptotic formula in terms of
weighted modulus of continuity and a direct result in terms of second order modulus
of continuity. Finally we consider the Bézier variant and obtain the rate of convergence.

2. MOMENTS
In this section we find moments using the concept of Hypergeometric functions.

Lemma 2.1. For the monomial M (e,,x), e,(t) =", r > 0, the r-th order moment
satisfy the following relation

rl(n —r)!
My (e, x) = Wzﬂ <a +1,1—7;2; —"5) :
Proof. Obviously using I'(r + k) = (r)g.I'r, we have
k
o = (o) (%) Blk+rn—r+1)
M (erm) =30 = - T B L E)
k=1 ) (1 + Z) )
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(=)

(o)

[0}

(n—r)! I'r 2 (@)r(r)e
n! '(H%)O‘ ',;k;!(k;—m

_ (n—r)! Ir i ar(a+ 1)g(r+ 1) (%x)kﬂ
n! (1 N %)a P EN2)k (1 N %>k+1

I(n —7r)!
_ a.rl(n 7‘)& < nx >2F1 <Oz+1,7“—|—1;2; nx )
n!(1+%’fﬁ) a+nx nr + a

Using o F1(a, b;c;x) = (1 —x) % F) (a, c—b;c; ﬁ), the result follows immediately.
This completes the proof of the lemma. 0J

Remark 2.1. By simple computation from Lemma 2.1, the first few moments are given
by

My (eo, x) =1,

My (e1, ) =z,

M (eq, ) :x[n:cflozg_l)l;r 20} ,

M%(es, z) e f)(n ) [n*2*(a +1)(a + 2) + 6naz(a + 1) + 6%,
M%(ey, z) = 24e [n32%(a+ 1)(a +2)(a +3)

a3(n—1)(n—2)(n—3)

+ 12n*2%a(a + 1) (o + 2) + 36nza®(a + 1) + 24043},
x

My (es T) = Ty T D 3 =) [z (0 + 1)@ +2)(a + 3)(a + 4)
+20n*z%a(a + 1) (a + 2)(a + 3) + 120n*z%a® (o + 1) (a + 2)
+240nz0® (o + 1) + 12007]
and
M (eq, z) R R [n°2®(a +1)(a +2)

x (a4 3)(a+4)(a +5) + 30n*r*a(a + 1)(a + 2)(a + 3)(a + 4)
+300n° 2% (a + 1) (a + 2) (o + 3)
+1200n%2%a%(a + 1)(a + 2) + 1800nza’ (a + 1) + 72007 .

Remark 2.2. If pg, (v) = M7 ((t — x)™, x), then by simple computation using Re-
mark 2.1, we have

:ug,l(x) :Oa
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z[z(n + a) + 2a]
a(n—-1) 7’

(o) = :

P\ =030 — 1) (n — 2)(n — 3)

+an®(n +8) + 2n*) + 12a2*(a®(n + 1) + an(n + 4) + 2n?)

+ 12a27*(a(n + 6) + 3n) + 2404%}

M%,z(x) =

[31’4(&3(71 +6) + 2a*n(n + 1)

and
1
T ad(n—1)(n—2)(n—23)(n—4)(n—>5)
X [xG [5a°(3n? + 86n + 120) + 15a*n(3n? + 86n + 120)
+ 5a°n*(9n” 4 284n + 480) + 15a°n®(n* + 46n + 120)
+ 10an*(13n + 72) + 120n°] + 2°[30a° (3n + 8n + 120)
+ 60a*n(3n? + 86n + 120) + 30a*n?(3n? + 112n + 240)
+ 60a’n®(13n + 60) + 720an*] + 2*[60a°(3n? + 861 + 120)
+ 180a*n(n? + 33n + 60) + 60a’n?(31n + 120)
+ 1800a°n?] 4+ 2°[120a° (n* 4 33n + 60) + 720a*n(3n + 10)
4 2400a*n?] + 2°[3600° (3n + 10) + 1800a*n] + 7200451;} :

3. DIRECT ESTIMATES

Let Cp2 [0,00) = C'[0,00) N B,z2 [0,00), where B,2 [0,00) be the set of all functions
f defined on R* satisfying the condition |f (x)| < M} (1 + 2*) with some constant
M, depending only on f, but independent of z by C% [0, 00), we denote subspace
of all continuous functions f € B,z [0, 00) for which xh_}rgo ﬁié is finite. The weighted

modulus of continuity €2 (f,d) defined on infinite interval R* (see [2]) is defined as

_ |f(@+h) = f(z)|
2(£,9) _|h|<§,u£€R+ (14 h?)(1+22)

for each feC,2[0,00).

Now, some elementary properties of Q (f,d) are collected in the following lemma.

Lemma 3.1. If f € C% [0,00), then

(i) Q(f,0) is monotonically increasing function of &, with 6 > 0;
(ii) for every f € CK, [0, 00), (lsin%Q (f,0)=0;
—)

(iii) for each X\ > 0, we have Q (f,A0) <2 (1 4+ \) (1+6*) Q(f,0).

We now estimate the following quantitative Voronovskaja-type asymptotic formula.
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Theorem 3.1. Let f” € C¥ [0,00) and z > 0 with the condition a = a(n) — oo as

n — 00. Also with this condition, we have hm ( =1[. Then, we have
’n + (2* + 22)a\ ,,
M — —
R L e e

<C(14+22) Q") [ 1a(x) +0° wlg(@)]

where pu5, o(x) and pg o(x) are given in Remark 2.2 and C is certain constant less
then 8.

Proof. By Taylor’s expansion, we have

M (f x) = fle) = M ((f(t) = f(z),x)

=g (im0

5 f"+h(tz)({t—z) a:)

where

" R/
b0y o= L0 =170)
and h is a continuous function which vanishes at 0 and 7 lies between x and . Using
Remark 2.2, we get

M (fx) = f2) =

2 aln —1) < Mg (|h(t2)] (t - 2)° 7).

1" (x) <x2n + (2% + 2x)a>

To estimate last inequality using Lemma 3.1 and the inequality |n — x| < |t — z|, we
can write that

< (1) () (1 50) 0 ) 0
Also,

hito)| < 2(1+22) (1+6%)°Q(f",9), It —a| <4,
(1+@E—2?) 0+ 1+ 5 @+ (f,0), |t—a]>0.

Now choosing § < 1, we have
t—x)* 2
b (t, o) <2 (1+2?) <1+( 54”’7) )(1+62) Q(f",9)

<8(1+2%) <1+(t;x)4>9(f" 5) .

Using Remark 2.2, we deduce that

" [ 1 «
Mg (I (k) (¢ = )% ) =8 (1+7) Q5" 8) { o) + spplo) |
Choosing § = ﬁ the result follows. 0
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Our next direct result is in terms of modulus of continuity, we first define some
class. By Cg[0,00), we mean the class of all real valued continuous and bounded
functions f on [0, 00). We denote the norm || f|| = sup,¢(o o) | f(2)]. For f € Cp[0,0)
and d > 0, the m-th order modulus of continuity is defined as

wm(f,6) = sup sup  |AFf(2)],

0<h<d zthep(x)€[0,00)

where A is the forward difference. In case m = 1, we mean the usual modulus of
continuity denoted by w(f,d). The Peetre’s K-functional is defined as

Kof.0)= _inf {IlF =gl +0llg"l] - g € C[0,00)}

where

C%[0,00) = {g € Op[0,) : ¢, ¢" € Cp[0,00)}.
Theorem 3.2. Let f € Cp[0,00) and x € [0,00), then

z[z(n + a) + 2q]
a(n —1) ’

| M3 (f,x) = f(z)] < Cuws (f\l

where C' is a positive constant.

Proof. Let g € C3]0,00) and z,t € [0,00). By Taylor’s formula, we have
g(t) = g(x) + (t —x)g +/t—u "
Hence,
22 (0,2) — gt = Mg (| [/ (¢ = wy"(wpea,

< Mg ((t - )%, 2)lg"]]
[x(n+a)+24], ,
- et el

)

Now using operator (1.3), we have

M) € Y mastr o) [ bl + () 150)
< 11l

Therefore
| My (f, @) = f(o)] < [MZ(f = g,2) = (f = 9)(@)| + [M7(g,2) — g(2)]
a(n —1) '
Lastly, taking infimum over all g € C%[0,00), and using the inequality Ky(f,d) <
Cwa(f,V/9), 6 > 0, we get the desired result. O

<|[lf —gll+
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4. RATE OF CONVERGENCE OF BEZIER VARIANT

For 5 > 1 the Bézier variant of the operators (1.3) is defined by
(4.1) M (fo) = [T K () f (0t

where the kernal K 5 w(x,t) is given by
K} (1) = gx%kxa () + Q5 ()3 (1),

d(t) being the Dirac-delta function and Qn k(:p a) = [Jon(z, @) = [Ty psr (2, )]° with
Jnp(z, ) = 3252, my p(z, ). Clearly if 8 = 1, then the operators MeP(f, z) reduce
to the operators M2 (f, z).
Let D,(R*), p > 0, denote the class of all absolutely continuous functions f defined
n [0,00), having a derivative f’ equivalent with a function of bounded variation
on every finite sub-interval of [0,00) and |f(¢)] < Mt”. The functions f € D,(R")
possess a representation

f@)= [ gttt + 5(0).

where g € BV[0,0), i.e., g is a function of bounded variation on every finite sub-
interval of [0, 00).

Lemma 4.1. For a fized x € (0,00) with the condition « = a(n) — oo as n — oo
and lim % =1, then for sufficiently large n, we have

(a) & o (2y) = J§ KE (w, t)dt < Belallz2l o
(b) 1 €8 ,(x,2) = [ K2 (o, t)dt < Sl

Using Remark 2.2, the result follows immediately.

y)2,0§y<x,
2

]__1
(z—x)2>

r <z <oo.

Theorem 4.1. Let f € D,(R*"). Then, for every x € (0,00) under the conditions of
Lemma 4.1 for sufficiently large n, we have

M (f,2) = f()]

3/2
55 ) |\/ zn+_11+2 B[z (étll ) +2] | Z‘é”f/;f
TTX ! l !
+v_%2ﬁuw+5ﬁ;§”jahﬂ ¥) ~ f(@) - o (a+)]

Iy 2
8O, 0m.x) 15| Bl + 1) + 2

_|_
nr T n—1

)



APPROXIMATION RESULTS BY CERTAIN GENUINE OPERATORS OF INTEGRAL TYPE 343

where VP f(x) denotes the total variation of f(x) on [a,b] and f is defined by

fT) flle=), 0<t<uz,
ﬁ@){

(4.2) t=ux,

f’() fllx+), x<t<oo.

Proof. Since M®P(1,x) = 1, using (4 1), for every z € (0 00) we get
M*P(f, x) / k z,t)( — f(x))dt

(4.3) = /0 Kfj,k (z,1) / f'(u)dudt.
For any f € D,(R"), from (4.2) we may write

B41 2 f+1
where
o ={y 12T

From (4.3) and above expansion of f’'(u), we get

MYP(f,x) — f(z) = /0 > K7 (1) /: lfﬂ/c(u) N f’(x—k)ﬁ—:_ﬁlf/(:r—)

f'at) = fla—) B-1
+ 5 : (sgn(u — )+ 5“)
() [f’(U) ~ f'at) ;r f/(:v—)] du] it

=AYP(fl, ) + BEP(fh,x) + Ay + Ay + A,

o= (o
BYA(f! x) = (/f du) )

0=/
a- )
/ </f%% ' ><%Mu—@+g;1>w>ﬁ
s )

(/ ( xﬂ;f/( )>6x(u)du> KY (x,t)dt.




344 V. GUPTA AND D. AGRAWAL

Using Remark 2.2, we get

_ f'at) + B (a=) >
A= i /0 (t — ) K2 (o, )t
@D B sy

Also using Remark 2.2, for sufficiently large n, we get

o0

A= | K (2,t) ( ) 5 (sgn(u — )+ ng> du) dt
_ i) ; f'(z—) [ N /0 </t“” (Sgn(u —x)+ g;) du> KP (w, t)dt

n /:’ </: (sgn(u )+ gﬂ) du) K2 (, t)dt]

<G 17w = o) [l ol Kl
=5fi1u%x+>—f%x—ﬂwmﬂ0t—mLx>

(3/2 z(l+1) +2
P - ey LD

Obviously, A3 = 0. Thus our problem is reduced to calculate the estimates of the
terms A%P(f!,x) and B>P(f!,z). Since [ dtfﬁk(x, t) <1 for all [a,b] C [0, 00), using
integration by parts and applymg Lemma 4.1 with y = x — x/+/n, we have

|@ﬂmm=Mﬂfﬂwmﬁﬂmm*{[$Mme4
< [ 1ROl Ol + [T 1Ll .0l

< DTV E2] g (= t) a4 V()

. Bal ::11” / V() () 2dt+\fﬁvf_z/\/ﬁ<f;)

_ Bafz (fzt1)+2] /O”/fvtx(f;)(z_t)2dt+fﬁ%x_x/ﬁ(fé)
éﬁ[%ti+2zmgm ) Vel )
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Finally, using integration by parts in B*?(f’, r) and applying Lemma 4.1 and Cauchy-

Schwarz inequality, we have
[ () o) ey

[ ([ st - fﬁya(x,t))|

[T 00 - @)

x

| BP(fr2)| <M

+

<

| [ R i

2x
| [ fdu|1 € (,20)

_I_

[ g - €t

<

[ oK) 150

xT

[ st

00 1/2
U@l ([ = 02K, )
N Br[z(l+1) + 2] /:m((f’(u)) e

n—1
+ / e f;(t)dt’
Balz(l+1) +2]| = o g
+ R /M/ﬁ(t ) fgc(t)dt‘.

We see that there exists an integer r, 2r > p, such that f(t) = O(t*"), as t — oc.
Now proceeding in a manner similar to the estimate of A%#(f/, x), on substituting

x?

t =2+ ¢ and in the last step using the Remark 2.2 and Lemma 4.1, we get

B ()| <M | [ w4 1@ [ K ()t

Iy 2

A 2o  f1a) - af o)

Sy
n

NG
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N Balz(l+1) +2)

s AP DU
SBC(n;ﬁ,r, ) N |f(xx)| 5[x(<il+_1i)+ 2]
e \/ﬁx l+1)+2]
AT ]\f(2x> — (@)~ f )
+ VL)
N Brlr(l+1) + 2] Z yrialk(p

n—1

Collecting the estimates A; — Az and A%P(f! x) and B&P(f!,z), we get the required
result. This completes the proof. U

5. GRAPHICAL REPRESENTATION

The convergence of the operators M2(f,z) for the functions f(z) = * + 2z + 7
(Figure 1 and Figure 2) and f(z) = 2% + 42* + 3z + 8 (Figure 3 and Figure 4) are
indicated below.

25000
20000
15000 -
out[10)=

10000 -

5000 -

FIGURE 1. Convergence of the operators M2(f,x) for the functions
flx)=2*+2x+7, a=1,n=5

From the above figures, we conclude that for large values of a and n, M2(f,z)
converges more rapidly to the function f(x).
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10000 [

8000 -

6000 -

out[10)=

4000

2000 -

FIGURE 2. Convergence of the operators MY (f,x) for the functions
f(x) =2*+2x+7, a =100, n = 1000

-

20 40 60 80 100

FI1GURE 3. Convergence of the operators MS(f,x) for the functions
flx)=2*+42> +3x+8, a=1,n=5

1%10° -
800000 -
600000 -
400000 [~

200000 -

FIGURE 4. Convergence of the operators M%(f,x) for the functions
f(x) =2® +42® + 3x + 8, a = 100, n = 1000
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