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A NOTE ON A NEW SHARP RESULT IN SPACES OF
PLURIHARMONIC FUNCTIONS AND RELATED PROBLEMS

ROMI SHAMOYAN1

Abstract. We provide a new sharp result in Bergman spaces of pluriharmonic
functions related to the trace operator, extending previously known assertions. Re-
lated new estimates for other pluriharmonic spaces in product domains will be also
discussed.

1. Introduction

Let n ∈ N and Cn = {z = (z1, . . . , zn) : zk ∈ C, 1 ≤ k ≤ n} be the n-dimensional
space of complex coordinates. We denote the unit polydisk by

Un = {z ∈ Cn : |zk| < 1, 1 ≤ k ≤ n}

and the distinguished boundary of Un by

T n = {z ∈ Cn : |zk| = 1, 1 ≤ k ≤ n} .

We define Lusin cone in a usual manner as follows

Γα(ξ) = {z ∈ U : |1 − zξ| < α(1 − |z|)} , where α > 1, ξ ∈ T.

We use m2n to denote the volume measure on Un and mn to denote the normalized
Lebesgue measure on T n. Let H(Un) be the space of all holomorphic functions on
Un. When n = 1, we simply denote U1 by U , T 1 by T , m2n by m2, mn by m. We
refer to [4, 5, 13] for further details.
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The Hardy spaces, denoted by Hp(Un), 0 < p < +∞, are defined by

Hp(Un) =
{

f ∈ H(Un) : sup
0<r<1

Mp(f, r) < +∞
}

,

where
Mp

p (f, r) =
∫

T n
|f(rξ)|p dmn(ξ), M∞(f, r) = max

ξ∈T n
|f(rξ)| ,

r ∈ (0, 1), f ∈ H(Un).
As usual, we denote by α⃗ the vector (α1, . . . , αn).
For αj > −1, j = 1, . . . , n, 0 < p < +∞, recall that the weighted Bergman space

Ap
α⃗(Un) consists of all holomorphic functions on the polydisk satisfying the condition

(see [4, 5, 13])

∥f∥p
Ap

α⃗
=

∫
Un

|f(z)|p
n∏

i=1
(1 − |zi|2)αidm2n(z) < +∞.

Let
Zn

+ = {(k1, . . . , kn) : kj ∈ Z+ = N ∪ {0}} ,

Zn
− = {(k1, . . . , kn) : kj ∈ Z−, j = 1, . . . , n} .

If u is n-harmonic (harmonic by each variable), then as usual

u(r1e
iφ1 , . . . , rneiφn) =

+∞∑
k1,...,kn=−∞

Ck1,...,kn

n∏
j=1

r
|kj |
j eikjφj .

We define a fractional derivative of order α of an n-harmonic function in a usual
way as follows

Dαu(r⃗eiφ⃗) =
+∞∑

k1,...,kn=−∞
Ck1,...,kn

Γ(α + |k| + 1)
Γ(α + 1)Γ(|k| + 1)

n∏
j=1

r
|kj |
j eikjφj ,

where
Γ(α + |k| + 1)

Γ(α + 1)Γ(|k| + 1) =
n∏

j=1

Γ(αj + |kj| + 1)
Γ(αj + 1)Γ(|kj| + 1) , αj > −1.

Let further

hp(α⃗) =
{

u is n-harmonic:
∫

Un

n∏
k=1

(1 − |zk|)αk |u(z1, . . . , zn)|p dm2n(z) < +∞,

0 < p < +∞, αk > −1, k = 1, . . . , n
}

.

Note that it is easy to check that Dαu is n-harmonic if u is n-harmonic.
We will call a function u pluriharmonic if u = Re(f), f ∈ H(Un), and we denote

h̃p(α⃗) = {u is pluriharmonic: ∥u∥hp(α⃗) < +∞}.

If 1 ≤ p < +∞, j = 1, . . . , n, both hp(α) and h̃p(α⃗) are Banach spaces, for
0 < p ≤ 1, j = 1, . . . , n, hp(α) and h̃p(α⃗) classes are quasinormed spaces.
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Some interesting results for pluriharmonic functions can be found in [8–13]. Some
results on related plurisubharmonic functions can be seen in [6, 7].

Throughout the paper, we write C (sometimes with indexes) to denote a positive
constant which might be different at each occurrence (even in a chain of inequalities)
but is independent of the functions or variables being discussed.

The notation A ≍ B means that there is a positive constant C, such that B
C

≤ A ≤
CB. We will write for two expressions A ≲ B if there is a positive constant C such
that A < CB.

2. Main Results

Let us remind the main definition.

Definition 2.1 (see [1–5]). Let X ⊂ H(U),Y ⊂ H(Un) be subspaces of H(U) and
H(Un). We say that the diagonal of Y coincides with X if for any function f, f ∈ Y,
f(z, . . . , z) ∈ X, and the reverse is also true: for every function g from X there exists
an expansion f(z1, . . . , zn), f ∈ Y such that f(z, . . . , z) = g(z).

Note that when diag(Y) = X, then ∥f∥X ≍ infΦ ∥Φ(f)∥Y, where Φ(f) is an arbitrary
analytic extension of f from the diagonal of the polydisk to the polydisk. The study
of the diagonal map and its applications was first suggested by W. Rudin in [1–5].
Later several papers appeared in which the complete solutions were given for classical
holomorphic spaces such as the Hardy, Bergman classes see [1–5] and references there.
Recently, a complete answer was given for so-called mixed norm spaces in [1–5]. For
many other classes, the answer is unknown. The goal of this note is to add various
new results in this research area.

Theorems on the diagonal map have numerous applications in the theory of holo-
morphic functions. Analogues of the diagonal map problem so-called trace problems
in various functional spaces in Rn are well-known (see, for example, [1–5]).

Note that, very similarly, the definition of the diagonal map (Definition 2.1) can
be extended to spaces of pluriharmonic functions in the unit polydisk. In this case,
the restriction of such a function to the diagonal (z, . . . , z) is an n-harmonic function.
Moreover to the following sharp result is valid.

Theorem 2.1. Let 0 < p < +∞, αj > −1, j = 1, . . . , n. Then,

diag(h̃p(α⃗)) = hp
( n∑

j=1
αj + 2n − 2

)
, n ≥ 1.

Remark 2.1. Since h̃p(α⃗) classes contain holomorphic Bergman spaces in polydisk,
Theorem 1 can be considered as an extension of the theorems on the diagonal map in
Ap

α⃗(Un) - Bergman classes in the polydisk (see [1–5]).

Proof. The proof of Theorem 2.1 almost repeats the corresponding proof for the
classical Bergman classes in the polydisk (see, for example, [1–5]). We add few
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remarks that are needed. For every harmonic function v such that

∫
U

|v(z)|p (1 − |z|)αdm2(z) < +∞, α > 1, 0 < p < +∞,

where

v(z) = C(β)
∫

U
v(w)(1 − |w|2)n(β+2)−2Re

( 1
1 − ⟨w̄, z⟩

)n(β+2)
dm2(w),

we put

u(z1, . . . , zn) = C(β)
∫

U
v(w)(1 − |w|2)n(β+2)−2Re

 1∏n
k=1 (1 − ⟨zk, w̄⟩)β+2

dm2(w).

Note that u(z, . . . , z) = v(z), z ∈ Un, and u is a pluriharmonic function. Indeed to
prove the last assertion we have

v(w) =
+∞∑

k=−∞
Ckρ|k|eikθ, w = ρeiθ, z = reiφ,

u(z1, . . . , zn) =C(β)
∫ 1

0

∫ π

−π

+∞∑
k=−∞

Ckρ|k|eikθ(1 − ρ2)n(β+2)−2

×
∑

(k1,...,kn)∈Zn
+∪Zn

−

Γ(β + |k| + 2)
Γ(β + 2)Γ(|k| + 1)r

|k1|
1 · · · r|kn|

n

×
n∏

j=1
eikjφj ρ|kj |e−ikjθρ dρ dθ

=C(β)
∑

(k1,...,kn)∈Zn
+∪Zn

−

Ck
Γ(β + |k| + 2)

Γ(β + 2)Γ(|k| + 1)

n∏
j=1

r
|kj |
j eikjφj

×
∫ 1

0
(1 − ρ2)n(β+2)−2ρ

2
(∑n

j=1|kj |
)

+1
dρ

=
∑

(k1,...,kn)∈Zn
+∪Zn

−

Ck1,...,knr
|k1|
1 · · · r|kn|

n eik1φ1 · · · eiknφn ,

hence u is pluriharmonic (see, for example, [1–5]). □

The rest is a repetition of the arguments in the proof of the well-known theorem on
traces in classical analytic Bergman spaces in the unit polydisk. We refer the reader
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to [1–5] for this∫
T

sup
z1∈Γt(ξ)

· · · sup
zn∈Γt(ξ)

|f(z1, . . . , zn)|p dξ,

∫
T

∫
Γr(ξ)

· · ·
∫

Γr(ξ)
|f(w)|q

n∏
k=1

(1 − |wk|)αkdm2(w1) . . . dm2(w2)dm(ξ),

∫ 1

0

∫
|z1|<r

· · ·
∫

|zn|<r
|f(z)|p ·

n∏
j=1

(1 − |zj|)αj dm2n(z)


q
p

(1 − r)βdr

(we consider only q = p case for this quazinorm below).
The proofs of these assertions, as in the case of Bergman spaces which were consid-

ered above, are the similar to the proofs for analytic function spaces cases provided
earlier in [3].

We denote last two spaces indicated in the polydisk by M̃p,α⃗ and Ñp
α⃗,β of plurihar-

monic functions.

Theorem 2.2. 1) We have

hp
|α|+2n−1(U) ⊂ diag(M̃p,α⃗)(Un),

where |α| = ∑n
k=1 αk, 0 < p < +∞, α = (α1, . . . , αn), αj > −1, j = 1, . . . , n.

2) We have
hp

β+|α|+2n−1(U) ⊂ diag(Ñp
α⃗,β)(Un),

where 0 < p < +∞, αj > −1, j = 1, . . . , n, β > −1.

Related problems on the diagonal can be considered for Bergman-Sobolev type
function classes of n-harmonic functions, that is, for spaces of n-harmonic functions
with finite quazinorms

∥∥∥Dβf
∥∥∥

Ap
α

with some restrictions on the parameters p, α and β.
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