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LUKASIEWICZ ANTI FUZZY SUBALGEBRAS OF
BCK/BCI-ALGEBRAS

JEONG GI KANG! AND HASHEM BORDBAR?

ABSTRACT. The subalgebra of BCK/BCI-algebra using Lukasiewicz anti fuzzy set
introduced by Jun is studied in this article. The concept of F.ukasiewicz anti
fuzzy subalgebra of a BCK/BCl-algebra is introduced, and several properties are
investigated. The relationship between anti fuzzy subalgebra and f.ukasiewicz anti
fuzzy subalgebra is given, and characterization of a Lukasiewicz anti fuzzy subalgebra
is discussed. Conditions are found in which a Lukasiewicz anti fuzzy set is a
Lukasiewicz anti fuzzy subalgebra Finally, conditions under which <-subset, Y-
subset, and anti-subset become subalgebra are explored.

1. INTRODUCTION

In [1], Biswas introduced the concept of anti fuzzy subgroups of groups. Modifying
Biswas’ idea, Hong and Jun [3] applied the idea to BCK-algebras. They introduced
the notions of anti fuzzy subalgebras and anti fuzzy ideals of BCK-algebras and
investigated several properties. Using anti fuzzy notion and the idea of Lukasiewicz
t-conorm, Jun [7] constructed the concept of Lukasiewicz anti fuzzy sets and applied
it to BE-algebras. He introduced the notion of Lukasiewicz anti fuzzy BE-ideal and
investigated its properties. He discussed the relationship between anti fuzzy BE-ideal
and Fukasiewicz anti fuzzy BE-ideal and provided conditions for Lukasiewicz anti
fuzzy set to be Lukasiewicz anti fuzzy BE-ideal. He also gives three types of subsets
so called <-subset, T-subset, and anti subset, and then he considered the conditions
under which they can be BE-ideals.
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We would like to study the subalgebra of BCK/BCI-algebra using Lukasiewicz
anti fuzzy set introduced by Jun. We introduce t.ukasiewicz anti fuzzy subalgebra
of a BCK/BCl-algebra and investigate several properties. We give the relationship
between anti fuzzy subalgebra and fukasiewicz anti fuzzy subalgebra. We discuss
a characterization of a fukasiewicz anti fuzzy subalgebra. We find conditions for a
Lukasiewicz anti fuzzy set to be a Lukasiewicz anti fuzzy subalgebra. We finally find
the condition that <-subset, T-subset, and anti subset become subalgebra.

2. PRELIMINARIES

This section lists the known default content that will be used later.

A BCK/BCl-algebra is an important class of logical algebras introduced by K. Iséki
(see [5] and [6]) and was extensively investigated by several researchers.

We recall the definitions and basic results required in this paper. See the books
[4,8] for further information regarding BCK-algebras and BCl-algebras.

If a set X has a special element “0” and a binary operation “ % ” satisfying the
conditions:

(1) (Ya,b,c € X) (((a %)+ (a+c)) +
(I5) (Va,b e X) ((a* (a*b))*xb=0);
(I3) (Va € X) (axa=0);
(1) (Va,be X) (axb=0,bxa=0 = a=0»b),
then we say that X is a BCl-algebra. If a BCl-algebra X satisfies the following
identity:
(K) (Va € X) (0%a=0),
then X is called a BCK-algebra.
The order relation “<” in a BCK/BCl-algebra X is defined as follows:

(cxb) =0);

(2.1) (Va,be X)(a<b < axb=0).
Every BCK/BCl-algebra X satisfies the following conditions (see [4,8]):
(2.2) (Va € X)(ax0=a),
(2.3) (Va,b,ce X)(a<b = axc<bxc,cxb<cxa),
(2.4) (Va,b,c € X) ((a*xb)*xc=(ax*xc) D).
Every BCl-algebra X satisfies (see [4]):
(2.5) (Va,b e X) (ax(ax*x(axb)) =axb),
(2.6) (Va,be X) (0% (a*xb) = (0xa)*(0xD)).

A subset K of a BCK/BCl-algebra X is called a subalgebra of X (see [4,8]) if it
satisfies:

(2.7) (Va,b e K)(axb e K).
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A fuzzy set g in a set X of the form

(2.8) g(b) = { h o Z;Z

is called an anti fuzzy point with support a and value s, and is denoted by ¢. A fuzzy
set g in a set X is said to be non-unit if there exists a € X such that g(a) # 1.

For a fuzzy set g in a set X, we say that an anti fuzzy point ¢ is said to

(i) beside in g, denoted by ¢ < g (see [2]) if g(a) < s;

(ii) be non-quasi coincident with g, denoted by ¢ T g (see [2]) if g(a) + s < 1.

If <gor 2Tg (resp., ¢ <gand ¢7Tg), we say that ¢ <VT g (resp., ¢ <ATg).
Given 8 € {<, T}, to indicate %Bg means that % 3 g is not established.

A fuzzy set f in a BCK/BCl-algebra X is called

e an anti fuzzy subalgebra of X (see [3]) if it satisfies:

(2.9) (Va,b € X)(f(axb) < max{f(a), f(b)});
e an anti fuzzy ideal of X (see [3]) if it satisfies:

(2.10) (Va € X)(f(0) < f(a)),

(2.11) (Va,b € X)(f(a) < max{f(axb), F(5)}).

Let € be an element of the unit interval [0, 1] and let g be a fuzzy set in a set X. A
function £ : X' — [0,1], z = min{1, g(x) + €}, is called a Lukasiewicz anti fuzzy set
of g in X (see [7]).

Let L be a Lukasiewicz anti fuzzy set of a fuzzy set g in X. If ¢ = 0, then
Fi(z) = min{l, g(z) + ¢} = min{1,g(z)} = g(z) for all z € X. This shows that if
€ = 0, then the Lukasiewicz anti fuzzy set of a fuzzy set ¢g in X is the classical fuzzy
set g itself in X. If ¢ = 1, then ¥i(z) = min{1,g(z) + e} = min{l,g(z) + 1} =1
for all z € X, that is, if € = 1, then the hLukasiewicz anti fuzzy set is the constant
function with value 1. Therefore, in handling the Lukasiewicz anti fuzzy set, the value
of € can always be considered to be in (0, 1).

Let g be a fuzzy set in a set X and € € (0,1). If g(x) + & > 1 for all x € X, then
the Lukasiewicz anti fuzzy set Lj of g in X is the constant function with value 1,
that is, £ (x) = 1 for all ¥ € X. Therefore, for the Lukasiewicz anti fuzzy set to
have a meaningful shape, a fuzzy set g in X and e € (0, 1) shall be set to satisfy the
condition “g(x) + ¢ < 1 for some x € X

Given a Lukasiewicz anti fuzzy set L of a fuzzy set g in X and s € [0, 1), consider
the sets:

(b5, s)« ={ye X [Y<bi} and (b, s)y:={ye X[LTL},

which are called the <-subset and T-subset of Lg in X'. Also, we consider the following
set

Anti (1) == {y € X | L5 (y) < 1}
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and it is called the anti subset of L; in X. It is observed that

Anti (Bf) ={y € X | g(y) +e < 1}.

3. LukasiEwicz ANTI Fuzzy SUBALGEBRAS

In this section, let f and v be a fuzzy set in X and an element of (0, 1), respectively,
unless otherwise specified.

Definition 3.1. A Lukasiewicz anti fuzzy set 1.7 in a BCK/BCl-algebra X is called
a Lukasiewicz anti fuzzy subalgebra of X if it satisfies

(3.1) (Va,y € X)(Vsq, 8 € [0,1)) (si <bj L<b} = o< L}) .

max{sa, Sp}

Ezample 3.1. Let X = {0,by,bo, b3, by} be a set with a binary operation “x” given by
the Cayley table:

* 0 b1 b2 bg b4
0 0 0 0 0 0
by b1 0 b1 0 0
by by by 0 0 0
bs bs bs bs 0 0
by by bs by by 0

Then X is a BCK-algebra (see [8]). Define a fuzzy set f in X as follows:

0.24, if z =0,
0.31, if o= by,

f:X =101, z~—2< 037, if z=by,
0.43, if = = by,

0.58, if = b.

Given v := 0.58, the Lukasiewicz anti fuzzy set L} of fin X is given as follows:

0.82, if 2 =0,

0.89, if z = by,

Ly X —[0,1], x4 095 if z=by,
100, if v = bg,

1.00, if = by.

It is routine to verify that L.} is a Lukasiewicz anti fuzzy subalgebra of X.

Theorem 3.1. If f is an anti fuzzy subalgebra of a BCK/BCI-algebra X, then it’s
tukasiewicz anti fuzzy set L} in X is a tukasiewicz anti fuzzy subalgebra of X.

Proof. Assume that f is an anti fuzzy subalgebra of a BCK/BCl-algebra X. Let
z,y € X and s, s € [0,1) be such that & <L} and £ < Lj. Then, Lj(z) < s, and
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L3 (y) < s. Hence,
Li(z *y) = min{l, f(z * 2) + 7} < min{1, max{f(z), f(y)} + 7}
= min{1, max{f(z) +7, f(y) + 7}}
= max{min{1, f(z) + v}, min{1, f(y) + 7}}
= max{L}(a:), L}(y)} < max{$q, Sp},

which implies that ﬁ <Lb}. Therefore, L} is a Lukasiewicz anti fuzzy subalgebra

of X. O
The following example shows that the converse of Theorem 3.1 may not be true.

Ezxample 3.2. Let X = {0, by, bs,bs,bs} be a set with a binary operation “x”

Then, X is a BClI-algebra (see [4]). Define a fuzzy set f in X as follows:

0.28, if x =0,
0.32, if z = by,
f:X =101, z~—< 039, if z=by,
043, if v = bg,
0.61, if = by.
Given v := 0.58, the y-Lukasiewicz fuzzy set L} of f in X is given as follows:
0.86, if x =0,
0.90, if z = by,
L X —[0,1], x4 097, if z=by,
1.00, if z = b3,
1.00, if z = by.

It is routine to verify that L} is a fukasiewicz anti fuzzy subalgebra of X. But f is
not an anti fuzzy subalgebra of X because of

f(by*b3) = f(by) = 0.61 £ 0.43 = max{ f(bs), f(b3)}
We explore a characterization of a Lukasiewicz anti fuzzy subalgebra.

Theorem 3.2. Let f be a fuzzy set in a BCK/BCl-algebra X. Then its Lukasiewicz
anti fuzzy set L} in X is a tukasiewicz anti fuzzy subalgebra of X if and only if it
satisfies

(3.2) (Va,y € X)(E} (2 *y) < max{L}(z),L}(y)}).
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Proof. Suppose that L} is a Lukasiewicz anti fuzzy subalgebra of X. Let x,y € X.
Since % <L} and % < L7, it follows from (3.1) that m < L}. Hence,
E}(x +y) < max{L}(x), E}(y)}.
Conversely, assume that ¥.; satisfies (3.2). Let ,y € X and s,, s, € [0, 1) be such
that > <L} and £ <L}, Then L}(z) < s, and L}(y) < sp, and so
Li(z xy) < max{b}i(z),L}(y)} < max{s,, sy}

Thus, max?% < L7, and therefore, L7} is a Lukasiewicz anti fuzzy subalgebra of
as b} f f

X. U

Lemma 3.1 ([7]). If f is a fuzzy set in a set X, then it’s Lukasiewicz anti fuzzy set
L} satisfies

(3.3) (Vo,y € X)(f(x) = f(y) = Ly(x) = E5(y)).

Lemma 3.2. If f is an anti fuzzy subalgebra of a BCK/BCI-algebra X, then it’s
tukasiewicz anti fuzzy set L} satisfies

(3.4) (Vo € X)(E7(0) < Ei(w)).
Proof. 1f f is an anti fuzzy subalgebra of a BCK/BCl-algebra X, then

f(0) = flaxx) <max{f(z), f(z)} = f(z),
for all # € X. It follows from (3.3) that £.}(0) < L}(z) for all z € X. O

Proposition 3.1. If f is an anti fuzzy subalgebra of o BCK/BCI-algebra X, then it’s
tukasiewicz fuzzy set L} satisfies:

(3.5) (Vz,y € X) (L}(x) = £}(0) & Ej(z+y) <L}()).

Proof. Let f be an anti fuzzy subalgebra of a BCK/BCl-algebra X. Then L} is a
Lukasiewicz anti fuzzy subalgebra of X (see Theorem 3.1). Assume that L.;(x) = £3(0)
for all z € X. Then,

L (2 +y) < max{Lj(z), Lj(y)} = max{L;(0), L;(y)} = Ej(y),

for all x,y € X, by Theorem 3.2 and Lemma 3.2.
Conversely, suppose that Lj(z * y) < Li(y) for all z,y € X. Using (2.2) induces
Li(z) = L}(2x % 0) < E}(0), and so L}(z) = £7(0) for all z € X, by Lemma 3.2. [

Proposition 3.2. If f is an anti fuzzy subalgebra of a BCl-algebra X, then its
tukasiewicz fuzzy set L} satisfies

(3.6) (Vo € X)(E3(0xz) < Li(x)).
Proof. 1f f is an anti fuzzy subalgebra of a BCI-algebra X, then

f(0xx) <max{f(0), f(z)} = f(x),
for all z € X. Hence, L}(0* x) < L}(z) for all x € X, by Lemma 3.1. O
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Proposition 3.3. If f is an anti fuzzy subalgebra of a BCl-algebra X, then its
tukasiewicz fuzzy set L'} satisfies

(3.7) (Va,y € X) (V50,5 € [0,1)) (£ <L}, L <k} = 200 J<1}).

max{sa,Sp}

Proof. Let z,y € X and s,,s, € [0.1) be such that T < L} and S% < L}. Then,
bi(r) < s, and B3 (y) < sp, and thus,

Li(z* (0xy)) = min{l, f(z * (0xy)) + 7}

< min{1, max{f(x), f(0*xy)} +~}

< min{1, max{ f(z), max{f(0), f(y)}} +~}

(@), f(y)} +7}

= min{1, max{f(x) +~, f(y) + 7}}

= max{min{1, f(x) +~}, min{1, f(y) + 7v}}
= max{L}(z), L3 (y)}
< max{sq, sp}-

= min{1, max{f(z

Hence, —=00)_] < b O

» max{Sa,Sp}

We give conditions for a Lukasiewicz anti fuzzy set to be a Lukasiewicz anti fuzzy
subalgebra.

Theorem 3.3. Let f be a fuzzy set in a BCK/BCl-algebra X. If it’s Lukasiewicz
anti fuzzy set L} satisfies

(38)  (Va,y€ X)(¥sp,5.€[0,1) (2 <w, L <k}, 2 <b} = <L),

max{sp,Sc}

then L} is a tukasiewicz anti fuzzy subalgebra of X .
Proof. 1t is straightforward by (I3) and (3.8). O

Proposition 3.4. Let f be a fuzzy set in a BCIl-algebra X. Then every Lukasiewicz
fuzzy subalgebra L} of X satisfies

(3.9) (Vo,y € X)(Vsa, s € [0,1)) (£ < B}, £ <} = 200 <L)

max{sq,Sp}
Proof. Let x,y € X and s,,s, € [0,1) be such that T < b} and i < L}. Then
bi(z) < s, and L} (y) < 5. Using Theorem 3.2 and Proposition 3.2, we have
L7 (2 (0xy)) < max{bp(z), Lp(0+y)} < max{bi(z), br(y)} < max{s,, s},

zx(0%y) « L} [

and so, ax{sa5]

Corollary 3.1. If f is an anti fuzzy subalgebra of a BCI-algebra X, then its Lukasie-
wicz fuzzy set L.} satisfies the condition (3.9).
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Theorem 3.4. Let L} be a Lukasiewicz anti fuzzy set of a fuzzy set f in a BCK/BCI-
algebra X. Then the <-set (L.},s)< of L} is a subalgebra of X for all s € [0,0.5) if
and only if the following assertion is valid

(3.10) (Va,y € X) (min{L}(z *y),0.5} < max{L}(x), L}(y)}).

Proof. Assume that the <-set (L}, s)< of L.} is a subalgebra of X for all s € [0,0.5).
If the condition (3.10) does not hold, then

max{L;(a),L}(0)} < min{L}(a*b),0.5},
for some a,b € X. If we take s := max{L}(a),L.}(b)}, then s € [0,0.5), ¢ <L} and
%<L7, ie.,a, b€ (L}, s)< Since (L}, s)< is a subalgebra of X, we have axb € (L}, 5).
But “T”‘Z’ZL} implies a * b ¢ (L}, 5)<, a contradiction. Hence,

max{L}(z), L}(y)} > min{L}(z * y),0.5},
for all z,y € X.

Conversely, suppose that L.} satisfies (3.10). Let s € [0,0.5) and z,y € X be such
that = € (L}, s)< and y € (L}, 5)<. Then L}(x) < s and L}(y) < s, which imply from
(3.10) that

0.5 > s > max{bL}(z), L}(y)} > min{k}(z xy),0.5}.

Hence, =¥ < L}, ie., x xy € (L}, 5)<. Therefore, (L},s)< is a subalgebra of X for
s €[0,0.5). 0
Theorem 3.5. Let L} be a Lukasiewicz fuzzy set of a fuzzy set f in a BCK/BCI-
algebra X . If f is an anti fuzzy subalgebra of X, then the Y-set (L},S)T of L} s a
subalgebra of X for all s € [0,1).

Proof. Let s € [0,1) and v,y € (L}, s)y. Then £ T L} and £ T 1}, that is, L} (z)+s < 1
and L}(y) + s < 1. Hence,

Li(zxy) +s <max{bi(z), L}(y)} + s = max{L}(z) + s, L}(y) + s} < 1,

by Theorems 3.1 and 3.2. Thus, “* T L}, and so, v *y € (L}, s)y. Therefore, (L}, s)y
is a subalgebra of X. O

Theorem 3.6. Let [ be a fuzzy set in a BCK/BCI-algebra X. For a Lukasiewicz anti
fuzzy set L} of fin X, if the T-set (L}, s)y is a subalgebra of X, then L} satisfies

(3.11) (Yo, y € X)(Vsa, s € (05,1]) (EZTE}, LTE} = 2~ <1}).

min{sq,sp }

Proof. Let x,y € X and s,,s, € (0.5, 1] be such that = TL} and sy—bTL} Then
v € (B}, sq)r C (B}, min{s,, sp})r and y € (L}, s5)r C (B}, min{s,, sp})r. Hence,
rxy € (L}, min{s,, sp})r, and so,

Pi(zxy) <1 —min{s,, sp} < min{s,, s},

since min{s,, s,} > 0.5. Therefore, r¥— < L. O
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Theorem 3.7. Let L} be a Lukasiewicz fuzzy set of a fuzzy set f in a BCK/BCI-
algebra X . If f is an anti fuzzy subalgebra of X, then the anti subset Anti (L}) of L}
is a subalgebra of X.

Proof. Let z,y € Anti (L}). Then f(z)+~ < Land f(y) +v < 1. If f is an anti fuzzy
subalgebra of X, then L} is a Lukasiewicz anti fuzzy subalgebra of X (see Theorem
3.1). It follows from Theorem 3.2 that

L (ax y) <max{bp(z), bp(y)} = max{f(z) +7, f(y) + 7} < L.
Hence, z * y € Anti (L}), and therefore, Anti (L}) is a subalgebra of X. O

Theorem 3.8. Let [ be a fuzzy set in a BCK/BCI-algebra X. If a Lukasiewicz anti
fuzzy set L} of f in X satisfies

(3.12) (Va,y € X)(Vsa, 5 € [0,1)) (£ <1}, L <L} = 2= TL}),

min{sa,sp}
then the anti subset Anti (L}) of L} is a subalgebra of X.
Proof. Assume that L} satisfies the condition (3.12) for all z,y € X and s,,s;, € [0,1).
Let x,y € Anti(L}). Then f(z) +~ < 1 and f(y) +v < 1. Since 75 < L} and

Li(2)

!

L%(y) < L7, it follows from (3.12) that
f

. wxy g
(3.13) THER MR

If 2+ y ¢ Anti (L}), then L}(x *y) = 1, and so,
L}(z * y) + min{L}(z), L}(y)} = 1 + min{L}(z), L} (y)}
=1+ min{min{1, f(z) + 7}, min{1, f(y) +~}}
=1+ min{f(z) +7, f(y) + 7}
=1+ min{f(z), f(y)} +7

>1+v>1,
which shows that (3.13) is not valid. This is a contradiction, and thus, z*y € Anti (L}).
Hence, Anti (L}) is a subalgebra of X. O
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