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Abstract. The purpose of this paper is to establish the boundedness for some multilinear
operators generated by Marcinkiewicz operators and Lipschitz functions on Hardy and
Herz-Hardy spaces.

1. INTRODUCTION

As the development of singular integral operators T, their commutators and mul-
tilinear operators have been well studied(see [2, 3, 4, 5, 6, 7]). From [3, 4, 5, 6, 7],
we know that the commutators and multilinear operators generated by 7' and the
BMO functions are bounded on LP(R™) for 1 < p < oo; Chanillo (see [1]) proves
a similar result when 7' is replaced by the fractional integral operator. However, it
was observed that the commutators and multilinear operators are not bounded, in
general, from HP(R") to LP(R") for 0 < p < 1. But, the boundedness hold if the
BMO functions are replaced by the the Lipschitz functions(see [2, 10, 12]). This



70

show the difference of the BMO functions and the Lipschitz functions. The purpose
of this paper is to prove the boundedness for some multilinear operators generated by

Marcinkiewicz operators and Lipschitz functions on Hardy and Herz-Hardy spaces.

2. PRELIMINARIES AND RESULTS

In this paper, we will consider a class of multilinear operators related to Marcinkiewicz
operators, whose definitions are following.

Fix 0 < v <1 and A > 1. Suppose that S™! is the unit sphere of R"(n > 2)
equipped with normalized Lebesgue measure do = do(z'). Let © be homogeneous of
degree zero and satisfy the following two conditions:

i) Q(x) is continuous on S™~! and satisfies the Lip. condition on S™7 !, i.e.
v
Q") = Q)| < Ml2' =", 2’y € S"7h

(ii) fgnr Qa')da’ = 0.

Let m be a positive integer and A be a function on R". Set

Ry (452,9) - > DO‘A —y)°

|a\<m

and

LD AW )

Qm+1(A§x>y) = Rm(A;$ay) - Z

jal=rm
We also denote that I'(z) = {(y,t) € R : |z —y| < t} and the characteristic

function of I'(x) by xr(z). The multilinear Marcinkiewicz operators are defined by

i =[]
0= [, o]

t " ayar] "’
pA () () = {/ fr (H‘x_y‘) |Ff<f><x,y>\2t§4 ,

and
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where

A _ Qz —y) Rys1(A;z,y)
FOW= [ ale a1 -

f(y)dy

and
Q(y - Z) Rm-l—l(A; x, Z)

<t ly — 2P | — 2™

FA(f)(,y) = /| F(2)d.

The variants of u3, us and u3 are defined by

o 1/2
e = | [TIR |
1/2
@ = [ [P
" t "o ayat] "’
PR (a) = {/ /. (H‘x_y‘) |Ff<f><x,y>\2t§4 ,
where
RO = [ e W e gy
and
N e B e T O
Set

R =

ly—zl<t |y — 2|1

f(z)dz.
We also define that

() = ([ |Ft<f><x>\2f§)l/2,

1/2
s (f) () = ( /1. \Ft<f><y>\2fff§)

nA 1/2
a(f)(x) = (//Rz“ (H\:z—y\> \Ft(f)(y)\szit) ,

which are the Marcinkiewicz operators(see [16]).

and

Note that when m = 0, ug, ua and p4 are just the commutator of Marcinkiewicz

operators (see [16]), while when m > 0, they are non-trivial generalizations of the
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commutators. It is well known that multilinear operators are of great interest in
harmonic analysis and have been widely studied by many authors(see [2, 3, 4, 5, 7,
11]). In [2], authors obtain the boundedness of multilinear singular integral operators
generated by singular integrals and Lipschitz functions on LP(p > 1) and some Hardy
spaces. The main purpose of this paper is to discuss the boundedness properties of
the multilinear Marcinkiewicz operators on Hardy and Herz-Hardy spaces. Let us
first introduce some definitions (see [8, 13, 14, 15]). Throughout this paper, M(f)
will denote the Hardy-Littlewood maximal function of f, () will denote a cube of R"
with sides parallel to the axes. Denote the Hardy spaces by H?(R™). It is well known
that H?(R")(0 < p < 1) has the atomic decomposition characterization(see[9]). For
B > 0, the Lipschitz space Lipg(R") is the space of functions f such that

|y = sup  [f(z +h) = f(2)|/|h]” < oo
z,h € R"
h+0

Let By, = {ZL‘ € R": |CL’| < 2’“},Ck = By \ Bi_1,k € Z. Denote Xk=XC, for k € Z

and xo=Xpn,, Where xg is the characteristic function of the set E.

Definition 1. Let 0 < p, g < 00, a € R.
(1)  The homogeneous Herz space is defined by

KgP(R") = {f € L (R"\{0}) : || fll gor < o0},

where
. 1/p
1115 = [ > 2’W||ka||fzq] ;
k=—o0

(2) The nonhomogeneous Herz space is defined by

KgP(R") ={f € Lige(R") : [|fllxg» < o0},

loc

where
o0 1/p

11l = 132 21 Xl o + 11 X0l
k=1
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(8) The homogeneous Herz type Hardy space is defined by
HEZP(R") = {f € S'(R") : G(f) € K"(R")},
where

A ier = 1G] goors

(4)  The nonhomogeneous Herz type Hardy space is defined by
HEGP(R") ={f € S'(R") : G(f) € K"(R")},

where
HfHHK{;"p = HG(f)HKg‘vP;

where G(f) is the grand mazimal function of f.
The Herz type Hardy spaces have the atomic decomposition characterization.

Definition 2. Let a € R, 1 < g < c0. A function a(x) on R™ is called a central
(cv, q)-atom (or a central (a,q)-atom of restrict type), if

1) Suppa C B(0,r) for some r >0 (or for somer >1),

2) lallue < [BO,r)|~/",

3) [a(@)erde =0 for |n] < [a —n(1 - 1/q)].

Lemma 1. (see [14]) Let 0 < p < 00, 1 < ¢ < o0 anda > n(1—1/q). A temperate
distribution f belongs to HKg’p(R”)(or HKXP(R™)) if and only if there exist central
(o, q)-atoms(or central (cv, q)-atoms of restrict type)a; supported on B; = B(0,27)
and constants \j, ; |\j|P < 0o such that f = 332 Ajaj(or f = 3520 Nja;)in the

j=—00
S'(R™) sense, and

1/p
[l Cor [1Fllcs o) ~ (Zw) .
J

Now we can state our results as following.
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Theorem 1. Let 0 < 8 < 1, max(n/(n+ 5),n/(n+7),n/(n+1/2)) <p <1 and
1/p—1/q = B/n. If D*A € Lipg(R") for |a| = m. Then s, us and pit all map
HP(R™) continuously into LY(R"). O

Theorem 2. Let 0 < < min(1/2,v). If D*A € Lips(R") for |a] = m. Then
pé, i and it all map HY P (R™) continuously into L'(R™). O

Theorem 3. Let 0 < f < min(1/2,v). If D*A € Lipg(R") for |a] = m. Then
pé, ps and pit all map HY P (R™) continuously into weak L*(R™). O

Theorem 4. Let 0 < f<1,0<p<oo, 1 <q,q <o, 1/t —1/q = F/n
and n(1 — 1/q) < & < min(n(1 — 1/q1) + B,n(1 = 1/q) +7,n(1 — 1/q) + 1/2). If
D®A € Lipg(R"™) for || =m. Then ufy, pg and pit all map HK(‘;‘I”’(R”) continuously
into Kg;’p(R"). 0

Remark. Theorem 4 also holds for the nonhomogeneous Herz type Hardy space.

3. SOME LEMMAS

We begin with some preliminary lemmas.

Lemma 2. (see [5]) Let A be a function on R" and D*A € LY(R"™) for |a| = m
and some q > n. Then
Z 1 1/q
otz < Cla—al” 3 (5 [ ivacas)
|a|=m |Q(l’,y)| Q(zy)

where Q(x,vy) is the cube centered at x and having side length 5v/n|x — y|. O

Lemma 3. Let 0 < f<1,1<p<n/B, 1/¢g=1/p—(/n and D*A € Lipz(R")
for |a| =m. Then ud, u4 and pi' all map LP(R™) continuously into LI(R™).

Proof. By Minkowski inequality, for ug, we have
/2
Uz —y)|| R 1 (As 2, 9)| oo dt\’
@ < [ SETESEERI [ F) e

|Rm+1 (A§ z, y)

R o=y

c | Fw)ldy:
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For pi4, note that |z — 2| < 2t, |y — 2| > | — 2| —t > |x — 2| — 3t when |z — y| < ¢,

ly — z| < t, we obtain

w5 (f)(x)

1/2
2y — 2)l| Rms1(A; 2, 2)[| £ (2)] ) dydt
< z 7t d
- /Rn [/ /|l‘—ySt ( |?J - Z|n_1|$ —z[m Xy )t"+3 :
A A A 1/2
Rn |z — z|m le—yl<t (|T — z| 3t)2n—2
c of [BnaAz2)lf(2)] [ dt v
- Rn |z — z|mt3/2 w—z)/2 (|o — 2| — 3t)2n—2
m Aa 9
< ¢f [Bmaldiz.2) | £(2)|dz;

Rr |z — z|mtn
For u3, note that |z — 2| < #(1 + 2FF1) < 282¢ |y — 2| > |z — 2| — 28+3¢ when
|z —y| < 2¥ and |y — 2| < t, we have

1A (f) (@)
1/2

t "YUy = 2)|[Roner (A, )| f ()] dydt
//Ri“<t + |z — yl) ( ly — 2" Ha — 2™ >XF(Z)(y’ s | &2
|Rpi1(As 2, 2)|| ()]

Rr |z — 2|™

nA 1/2
/ > / t Xre)(y,t)  dydt)
0 Jz—yi<t \t + |z —y| (|z — 2| — 3t)2n=2 ¢n+3
|Rint1(A; 2, 2)||f(2)]

<
Rn

<C

+C
Rr |z — 2™
00 n\ 1/2
/°° 3 t Xr() (¥, t) dydt|
0 = Jokt<la—y|<2e \ 4 |7 — g (|x — z| — 2k+3¢)2n=2 ¢n+3
<C | Rni1 (As 2, 2)[| £ (2)] /OO dt v dz
—  Jrn |z — z|m+1/2 lo—z)/2 (|x — 2| — 3t)?"
| Rini1 (A 2, 2) [ f(2)]
C
+ Rn |z — z|m+1/2

2kt 1/
2= knA 2kt ntfn d
[Z/z 2=Fk|z—z| ( ) (|JJ — Z| - 2’“"’325)2”] §

Bz DS, o[ R (i, 2)I1F2)

R N P

<C

g
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’Rm-&-l(A; L, Z)’
pum— d .
c f, Bttty
Thus, the lemma follows from [2]. O

4. PROOFS OF THEOREMS

Proof of Theorem 1. To be simply, we denote that T4 = u or pg or pil. It

suffices to show that there exists a constant C' > 0 such that for every HP-atom a,
174(a)||s < C.

Let a be a HP-atom, that is that a supported on a cube Q = Q(z¢,7), ||a||z~ < |Q|7Y/?
and [ a(z)z"dx = 0 for |n| < [n(1/p—1)]. We write

‘/ T4 (a) de—-<éQ t[my) [TA(a)(2)|%de = T + 11

For I, taking 1 < p; < n/f and ¢ such that 1/p; —1/¢; = 3/n, by Holder’s inequality

and the (LP', L%)-boundedness of T"(see Lemma 3), we see that
I < O (a)l[fa 2Q" " < Clal|}n Q)™ < C.

To obtain the estimate of 11, we need to estimate T(a)(x) for z € (2Q)°. Let
Q = 5ynQ and A(z) = A(x) — Ylajem ai(D*A)gz®. Then Ry, (A;z,y) = Ry (A;x,7)
and D*A(y) = D*A(y) — (D*A)o.
For p§, we have, by the vanishing moment of a,
[ (a)(2)]
/ Qz —y)| Qz — x0)
Rn

+

IN

Xr(@) (Y 1) R (A; 2, y) [Ja(y)|dy

’3; _ y’ner*l ’$ _ xO’nerfl

Xr() (Y, 1) |2z — 20)|
R" |z — xo|7tm1

R (A;7,y) — Ru(A; 2, 20)|a(y)|dy

Q(z — x0) R (A; 2, 20)
T 7t - T 7t
] e 00) = e om0 2 S

/ Qz —y)(z —y)*D*Ay)
I'(z)

|z —y[rrmt

a(y)dy|

1

a(y)dy|

= L+ 1L+ 1135+11,.
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For 11, by Lemma 2 and the following inequality, for b € Lipg(R"),

1
|b(z) — bl < M/Q||b||Lip5|x = ylPdy < |Ibl|zip, (|2 — @o| +1)7,

we get
[R(As 2, ) < D0 1D Allig, (J2 = y| + 1),

|a|=m

on the other hand, by the following inequality (see [16]):
Qz —y) Qx — o)

r r7
‘JJ _ y‘n+m—1 |.’IJ _ :Co|n+m—1 — <|l’ _ $O|n+m + |3} _ x0|n+m+’7—1>

and note that |z — y| ~ |z — x| for y € Q and = € R™ \ @), we obtain, similar to the

proof of Lemma 3,

(9) 1/2
(/ \Hl]th/t?’)
0

r rY
o . _ m+03
< ¢ Rn <|$ _:L»Oln—&-m—i-l + |£L’ _:L.O|n+m+—y> Z ||D AHLZpﬂlI .I'0| |a(y)|dy

la|=m
N |Q|B/n+1—1/p ‘Q"y/n—s—l—l/p
< CHZ ||D A||Lipg< o — ol +|:17—a:0|”+’7*5 .

For 1, by the following equality (see [5]):
Ry(A:z,y) — Ry(A; x, 1) =Y R —p (D" A;xo,y)(x — 20)"

|n\<m

we obtain

0o 1/2
(/ |I[2]2dt/t3)
0

ly — ao|m A1
< Claz 1D All i, / (n%jm — oo ) @)y
N |Q|B/n+1fl/p
< CX D Allips = o
lal=m ZL‘0|

For 115, we have

9] 1/2
(/ |I[3|2dt/t3>
0
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| R (A; 2, 20) || aly \‘ X J[1/2
C / oy, 1)t 1 / o(zo,)dt/8|d
- Rn |x — x0|n+m 1 XF y / XF( xO ) / Y
< o |BulAizzllaly)llr - ol o,
RN |l’ — x0|7’b+m+1/2

Q|11 Cn)=1/p
|z — x()’n—‘rl/Q—B;

< C > ID*AllLip,

|a|=m

Similarly,

S 1/2
( | |II4|2dt/t3>
0

N Q B/n+1-1/p Q 1+v/n—1/p Q 1+1/(2n)—1/p
< C X (|l (1 4 19 + 1@l |

|a|=m ‘l’ - Q:0|n |.T - x0|n+7_ﬁ |33 — LE()’”'H/Q_B

For ;i4, we write

|[F () (2, y)]
/ Qy —2) Uy — o)
Rn

ly — z[" "o — 2™ |y — wo[ntmt

xr (@0, )20 — o)l 5 )
oy —zorrt (A2 2) = (A3, 30 a(2)|d2

IN

Xr(y) (2 8) | Bn(As 2, 2)a(2)|d2

Qy — o) Rn(A; 7, 20)

|y _ moln-‘rm—l

a(z)dz‘

+ ‘/Rn (Xp(y)(z, t) — XT'(y) (‘TOa t))

1

/ Qy — 2)(x — Z)aDaA(Z>a(z)dz
ry) ly

Z’n_1|33 _ Z‘m

= IL+1L+115+ 11,

We obtain, similar to the proof of Lemma 3 and 4,

1/2
[ / / \Hly?dydt/t”*?’]
I(x)

T rY
fe% o m+ﬁ
C/Rn <’l’ _:C0|n+m+1 + ’%’ _:Co‘n+m+'y> Z HD AHszglx -1'0‘ ‘CL( )‘dy

la|=m

<|Q|B/n+1—1/p |Q|'y/n+1—1/p )
+

|z — " |z — zo|nt7=F

IA

IN

C Y [ID*AllLips

laf=m
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and

1/2
1L dydt /13

N |y — ao|™ o1
S Clz ||D A||L2pﬂ/ (|§<: x0|n+m ET |a(y)|dy
N |Q|ﬁ/n+1—1/p
< CX |Ip A||Lipg|—n;
laf=m — ol

For 113, note that |[x+y — z| ~ |xo+y — 2| for z € Q and z € R™\ 2Q), we obtain,

similar to the estimate of Iy,

1/2
l / / |]]3|2dydt/t”+3]
I(z)

A 2 1/2
a(z (U, )| R (A z, o i
SCR(LHM<>umxyM ( (mwmﬂaﬂ_m@@mm]@ﬁﬁ+ﬁdz

|y _ Z.O‘nerfl

<O [ |Rn(Aiz.20)]a(2)]

X1y (2, t)dydt // X1 () (To, )dydt| i
la—y|<t \y

z—y|<t ’y_x0|2n+2m 2 — gq[2n+2m—2

\
gCLJRAAwwMM@N

1 1 , 1/2
: - dydt /t"* dz
<//$—y|§t7|y§t |y 4+ 2 — xo|2nt2m=2  |y|2n+2m—2 ydt/ )
1/2
I(]’ 3
<C/ (i, zo)laz // & dydt [t dz
’ H ( lz—y|<t,|ly|<t ]y—|—z 0‘2n+2m71 Y /
; |12

<C | Ry (A; 2, 20)||a(2)|| 2 — 0] n
N Rn |x _ I0|n+m+1/2

. |Q|1+L/@r)=1/p
<C Z ID AHLimlx_xO‘nH/z—B

la|=m

and

I, < C ) ||D*AllLips

|a|=m |ZL’ - IO‘H ‘LE - xO‘TH—V_B |I — $0|n+1/2—ﬁ

<|Q|/3/n+1—1/p |Q|1+’y/n—1/p ’Q|1+1/(2n)—1/p >
+ .
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For p4, similarly,

|Q|ﬁ/n+1fl/p |Q|'y/n+lfl/p |Q|1+1/(2n)71/p

4 < D*Al|Li
px(a)(z) < C|aZ:mH || Lips lz — o[ + |z — o[t * |z — 20|12
Thus
11
< 1d
Z gl T @@

<C ( Z |’DQA’|Lz‘pB) Z [qun 1p=(n+B)/n) | okqn(1/p=(ntv)/n) 4 gkqn(1/p—(n+1/2)/n)

|a|=m k=1

q
C ( Z HDO‘AHL@B) )

|a|=m
which together with the estimate for I yields the desired result. This finishes the
proof of Theorem 1. O

Proof of Theorem 2. We only give the proof of ij and omit the proof of fi§
and fi3! for their similarity. It suffices to show that there exists a constant C' > 0 such

that for every H™("*%_atom a supported on Q = Q(zg,r), we have

(@)l < C.

We write
/ fi(a)(x)dx = [/ + ] fia(a)(x)dx = Jy + Jo.
" 2Q  J(2Q)°

For Jy, by the following equality
1
Quir(A;2,y) = B (Asz,y) = > — (o —y)*(D*A(z) — D*A(y)),
la)j=m

we have, similar to the proof of Lemma 3,

@)@ < @@+ Y [ lDaA<|w> — DA(y)

jal=m z —y|"
thus, i3 is (L?, L9)-bounded by Lemma 3 and [10], where 1 < p < n/8 and 1/q =
1/p — B/n. We see that

lay)ldy,

Jr < CllRd@)1al2Q17 < Cllal o] Q[0 < ClQ|H /1 a=tme)/n,
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To obtain the estimate of .J,, we denote that A(z) = A(z) — Ylaj=m 2 (DA)aqa®.
Then Qun(A:;z,y) = Qm(A;z,y). We write, by the vanishing moment of a and
Qm+1 (A7 Z, y) = Rm(A7 z, y) - Z\a|=m i(l’ - y)aDaA(x)7 for x € (2Q>C7

FMa)(x) ) )
_ Qo —y)Rn(Ai2,y) Qz —y)D*A(z)(z — y)*
N /F(w) Z

|z —y|r () |z —y[rrmt

a(y)dy

o
/[XF(I)(yﬁg(x_y) nw(Ai2,y)  Xrw (o, 1)Q (x—xo)Rm(fl;x,xo)} o(y)dy

‘ZE— ‘n—i—m 1 |I_$O|n+m—1

B XT(2) y, Q( — )@ —y)* X (@0, )Q(x — o) (z — 930)‘1]
a|z: o / [ y|rtm—t |z — xo|™

XD“A(x)a(y)d%

thus, similar to the proof of Theorem 1, we obtain, for = € (2Q))°

i (@) ()]
1/n 1/(2n) v/
/m @l Q| Q| Q|
< C|Q| Z [HD AHLZP,B (\x _ xo‘nJrlfﬂ T ’x — xolnﬂ/zfﬁ T \x — x0|n+77ﬁ

|a|=m
QI Qe QP )

DA
+| (z)] <|x_x0|n+1 + ‘x_x0|n+1/2—ﬁ + |2 — wo| Y

so that,

Jo <C Z [[D“ Al|Lip, Z {Qk(ﬂ D) 4 ok(B-1/2) Qk(ﬁ—w)] <C,
laj=m
which together with the estimate for .J yields the desired result. This finishes the
proof of Theorem 2. O

Proof of Theorem 3. We only give the proof of u3. By the following equality

Ripi1(A;2,y) = Quir (A2, y) + Z —y)*(D*A(z) — D*A(y))

laf=m

and similar to the proof of Lemma 3, we get

W) < )+ o Y [ PR =m0,

o —y
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from Theorem 1 and 2 with [10], we obtain

{z € R": up(f)() > n}|

< Nz e R": i5(f)(x) > n/2}]
{x eER": Y / ’DQA D:A(y)| |f(y)|dy > Cn}‘
o — |
< O fll gnscssy -

This completes the proof of Theorem 3 a

Proof of Theorem 4. We only give the proof of ui. Let f € HK®?(R") and
f(x) =332 Ajaj(r) be the atomic decomposition for f as in Lemma 1. We write
1186 oo

IA

k-3 P o0 s !
> zkap(z |Aj|||u3<aj>xk||LqZ) + Y 2( > |Aj|||ué<aj>xk||m)
k=—o00 j=—00 J

k=—o00 j=k—2
Ly + Lo.

For Ly, by the (L%, L%) boundedness of 15 (see Lemma 3), we have

o0 [ee] p
Ly < C Y Qka}?( 3 |M|||%‘||Lq1>

k=—o00 j=k—2
O35 o NP (Ziﬁoo 2(’“‘”‘1”) , 0<p<l1
oy 2

=Nl (Zi:%oo Q(k—j)ap/2) (Zg;{oo
<= C Z (A7 < CIISIT

LD
= HEK,

2(k—j>ap’/2)p/p,, p>1

For Lq, similar to the proof of Theorem 1, we have, for x € Cy, j < k —3

i (az) (@)

C |Bj‘ﬂ/n + ‘lel/(2n) |B ’7/71 /|a |d
mn ’x‘nﬂ/zw ’m‘n+'y B J Yy

< C <2J(5+n(1 1/q1)—a |:E|

123(1/24n(1=1 /) =) | 8=n=1/2 | 9i(rn(1-1/ar)~

al 7).
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thus

12 () x| e
< Qarhe (QURGR-1/m)=0) | gG=h0/2en0-1/m) =) L 9(-Rln(1=1/m)=)

and

Ly
k-3

<C i ( Z |)\j| (2(j—k)(ﬁ+n(1—1/q1)_a)

k=—00 j=—00

2R 2n0=1/m)=0) | 9=k rn(1=1 /)=o) )P

CEX o NP 45 (2079601 a)0)
+2(jfk)(1/2+n(171/q1)7a) + Q(jfk)('ern(l—l/ql),a))P’ 0 < D S 1

IA

CY2 NPy (2(j—k)p(ﬁ+n(1—1/q1)—a)/2
49U—k)p(1/24n(1-1/q1)~a)/2 4 Q(j*k)P(VJrn(l*l/(h)*a)/Q) ., p>1

<C 3 NP
j=—o00

< ClIIE o

This finishes the proof of Theorem 4. O
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