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Abstract. In this paper, we prove a sharp inequality for the multilinear commutator of
strongly singular integral operator. By using this inequality, we obtain the weighted LP-
norm inequality for the multilinear commutator.

1. INTRODUCTION AND RESULTS

As the development of singular integral operators, the commutators of the singular
integral operators have been well studied (see [5, 6, 7, 8].) In this paper, we will study
the multilinear commutator of the strongly singular integral operator as following.

Let 0 < b < 1 and 6(§) be a smooth radial cut-off function on R"™ such that
6(&) =1if [{] > 1 and §(§) = 0 if || < 1/2. The strongly singular integral operator
is a multiplier operator which is defined by

. pilel?

(TUYY(E) = 06 ez ©)
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The kernel K for T is very singular. Roughly speaking, it looks like
K(z) = 19(x)e"|x|7b//|x]”, where b = b/(1 —b) and supp ¥ C {z € R" : |z| < 2}.

In fact, we know that

T(f)w) = po. [ K@=y )y

and for |z| > 2|y| (see[1])
K (@ —y) = K(2)| < Clylla] "

Let b;(j = 1, ...,m) be the fixed locally integrable functions on R™. The the multilinear

commutator related to T is defined by

L)) = po. |

Rn

ﬁ (b () - bj<y>>] Kz — ) f(y)dy.

Note that when by = --- = b,,, T} is just the m order commutator (see [3, 7]). The
strongly singular integral operator has been studied by several authors (see[l, 2, 10]).
In [3], the weighted norm inequality for the commutator of strongly singular integral
operator is obtained by using a sharp estimate. In [8], Perez and Trujillo-Gonzalez
prove a sharp estimate for the multilinear commutator of singular integral operator.
The main purpose of this paper is to prove a sharp inequality for the multilinear
commutator of strongly singular integral operator. As the application, we obtain the
weighted LP-norm inequality for the multilinear commutator.

First, let us introduce some notations. Throughout this paper, ) will denote a
cube of R™ with side parallel to the axes. For any locally integrable function f, the

sharp function of f is defined by

1
f#(x) =§1€18|Q|/Q|f(y) — faoldy,

where, and in what follows, fo = |Q|™" [, f(z)dz. It is well-known that (see [4, 9])

f*(z) = sup inf @ [ 110) = cldy.

zeQ c€C
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We say that f belongs to BMO(R™) if f# belongs to L*(R") and ||f||symo =
|| f#|| L. Given functions b;(j = 1,...,m) and 0 < r < oo, denote that

G ) = sup o [ TT o) = b 170l

T€Q
we write CF (f) = Cy(f) if r = 1. Let M be the Hardy-Littlewood maximal operator
defined by
M(f)(w) = sup QI [ 1)y,

we write that M,(f) = (M(f?))Y? for 0 < p < co. Given a positive integer m and
1 < j < m, we denote by C7" the family of all finite subsets o = {o(1), -+, 0(j)}
of {1,---,m} of j different elements. For o € CJ", denote that o¢ = {1, - -, m} \ 0;
For b = (by, -+ by) and o = {o(1),- - -,0(j)} € O, denote b, = (by(1), - -, bo(j));
by = o1y -+ * by and ||by||pao = ||b0(1)||BMO - ||bo(jyllBMO-  We denote the

Muckenhoupt weights by A, for 1 < p < oo(see [4]).
We shall prove the following theorems.

Theorem 1. Let b; € BMO(R"™) for j =1,---,m. Then there exists a constant
C > 0 such that for any f € C§°(R"), 1 <r < oo and x € R,

(T3(N)* (=)
f[ 195115310 M. (£) () +M((C5 (1 £7)) ) (x) Z > bsllzao Mi(T; . (£)(2)

j=1 O'EC;-”

Theorem 2. Let b; € BMO(R") for j =1,---,m. Then Tj is bounded on LP(w)
forany 1l <p <oo and w € A, that is

1T (Dzrw) < Cllfllzrw)
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2. PROOF OF THEOREMS

To prove the theorems, we need the following lemmas.

Lemma 1. ([1]) Let T be the strongly singular integral operator. Then T is
bounded on LP(w) for w € A, and 1 < p < 0.

Lemma 2. ([1]) Let 0 < b < 1,0 =0b/(1 =b), 1 <p < o0, 1/p+1/p =1,
(24+V)/p<1and

eim—b’
r) = || +2)/p

Then
K flle < C|If]] -

Lemma 3. ([4]) Suppose that 1 <r <p < oo andw € A,. Then

M ()| oy < ClIS e )

Lemma 4. ([3]) Suppose that b; € BMO(R")(j = 1,...m), 1 < r < oo,
l<p<ooandw € A,. Then

G (o) < ClIf ] 2o (w)-

The proof of Lemma 4 is similar to the proof of Theorem 2.3 and 2.4 in [3], we

omit the detail.

Proof of Theorem 1. It suffices to prove for f € C§°(R") and some constant

Co, the following inequality holds:

@ [ @) - Colda

< C Mr(f)(l‘)+M((C£(|f|’">)1”)(f)+§: > bollzaro Mo (T; . (£)(@)

j=loeCy®
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Fix a cube Q = Q(zo,d) such that & € Q. Let dy be a positive number satisfying

4dy = 1/(1+b . Q = Q(z,dV/(H¥)) We first prove the case m = 1, we only prove
that

T / IT5(f) (@) = Coldz < C'[M,()(x) + M((CF(|F))(E) + Mo(T(f))(@)] -

Consider the following two cases:

Case 1. d < dy. We write, for fi = fxag, fo = fXQ\4Q and f3 = fXRn\Qa
1
i /Q IT(f) (@) = Ty(fs) (20)| da
1
< |Q,/ b(@) = baol| T(f) (@) ldar + |Q,/ T((b = bao) ()l de

17 (O = baa) @)+ 5 [ T(b = bag) () = (b= bag) (o)

= L+ 1L+ I3+ 14

Now, let us estimate I, I, I3 and Iy, respectively. First, by the L"-boundedness of
T(Lemma 1), we obtain, by Hélder’s inequality,

1/r 1/r!
hos o frowre) (g [ b - blas)
< COl|bllmo M (T(f))(Z):

For I5, by the LP-boundedness of T for 1 < p < r, we get

b o [ - aseepe)

1§
1 ) 1/p
< (i f, o) = ballre) s
1 )" _ pr/(r=p) x) i
< (g L1t >|d) (|2Q|/ bl
< C||bl|Bmo M, (f)(Z);

For I3, following Chanillo’s argument(see [1]), assume that (24 0')/r" < 1, we write
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T((b = bxq) f2(x)

= d(a — )l
" Jr

1 1
0o — gy @/ <‘:1: — y[ni- @+b) /1) |zg — y|n(—(2+0)/r )>

X (b(y) — b2q) f2(y)dy

[ s

X (b(y) — bag) fa(y)dy
= LY@+ B (@);
Note that |bag — bar+1g] < k[|b||Brro. Then
|f§”< )
Y *’f|2k+1Q| i 12) = baal £ (1) dy

k=1

1/r
1
k T
2 (gt g PO ) (g3 g ) —

1 1/r
—k r
Clblanio 32027 (ki [ G0 20)

< CO|bl|prmo M (f)(7);

Taking ko such that 2F0d < d'/(+) < 2%+l by Lemma 2 and Minkowski’

5 |1 @l

r r i/r
Y [b(y) — bae[" fo(y)]

IN

IN

IN

we get

IN

1 1
|z — [ <| —yPO=@) T [y — y|n(1- 2+b'>/r>>

1/r
v dm)

inequality,

1/r
R ey 1 . i
< clelr (Z (2" ) Hb)m 2k+1Q|f(y)| [b(y) — bag| d?/)
< e
R (o (- 1(14) | L 1 , ,
<\ et 501 oo 5G] Lo FON 1) = b(2)

< CM((G(IFI"N)Y)(@);

1r " 1/r
dz] )



Thus

For I4, note that |z — y| ~

I < C [[Ibllaro Mo (@) + MUCE(SIN@)]:

condition of K,

I

1 |z — 0]
< 101 T o h 1 —
B C|Q| /Q/” |:L‘0 — |n+b’+1 ’f3<y)’|b(y) bQQ’ddej

IN

022*’“ !

k=0 ’2’?@’ HQ\ZQ

IN

|f()[[b(y) — bagldy

1
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lzo — y| for € Q and y € R™\ Q, we obtain, by the

,CE()‘
O o2 fovaa o S 10) = ol

< oo [ (i [l - ool d:

k=1

< CM(C(If1)(@).

Case 2. d > dy. We do not subtract the constant Cy. Let [ = 4d; " and f; = fxio,
by the location of the support of K, we have Tj(f) = T;(f1), thus

i Jy e

Dlde < 2 [ ) bl () @)l + 5 [ 1T(
= J1 + Jo;

Similar to the proof of I; and I, for Case 1, we get

Ji

J

<

IN

IN

IN

IN

IN

IN

1 SN\ §
(g fyirara) (g [ bl ae)

1 ) 1/r 1 . 1/r
(g [ 1rras) (i [, o) ~ ' ac)
Cl|bl|smo M, (f)(Z);

¢ <Kl?\ /Rn 1 T((b —big) f1 (x))(:c)\pcﬂ) :

(g1 i, o) - bz@\\fl(w))(w)lpd:v)l/p

1/r 1
- r - _ pr/(r—p)
¢ (,l@ [ 15 da:) (‘ZQ‘ [ 16@) ~ g dx)

C|[bl|pao M. (£) (@),

1/r

— big) f1(x)|dz

(r—p)/pr
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which proves the case 1.

Now we turn to the case m > 2. Also consider the following two cases:

Case 1. d < dy. Following [8], we write, for fi = fxaq, fo = [Xp\uq: f3 = [Xrmo

and b = (by, ..., by),

Ty(f)(x) = / [ﬁ(bj(x) - bj(y))] K(z —y)f(y)dy

= (01(x) = (b1)2q) - - - (bm () = (bm)2) T (f)(2)
H(=)"T((0r = (b1)2q) -+ - (b = (bn)2@) f) (@)

FYY 1) — ) [ () — b)) K — u)f(5)dy

j=1 oeCr
= (bi(z) = (b1)2q) - - - (bin(@) = (bin)20)T'(f) ()
F(=1)"T((br = (b1)2q) - -+ (b — (b )20) f) ()

+Z > cmi(b(x) = (0)20)o Ty (f)(),

j=1 aeCm

thus
W;|/ IT5(f) (@) = T((b1 — (b1)2q) - * (b — (bin)2q)) f3)(w0)|d
: IQ|/ [(01() = (B1)2g) - -+ (b (@) — (bm)2@) T () (x)]d
i Zl Zcm! )s0)oT,. () (x)d
|Q|/ T((0r = (b1)2q) - - - (b = (bim)2) 1) (%) |dx
|Q| / T((br = (br)2q) « -+ (b — (bm)2q) f2) ()| dw
@/QIT L= (51)20) - (b — (b)20) f3) (@)
—T((by — (bl)zQ) c o (b = (bm)20) f3) (z0)|dx
= Li+Ly+ L3+ Ly + Ls;
Similar to the proof of m = 1, we get, for 1 < py,- - \pm < 00, 1 < p < 1,

1<q, - qm<oo,l/r+1/p1+---+1/pp=1and p/r+1/¢ + --
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Ly

IN

1/101
<|Q’/ T(f |dx> <|Q’/ b1 () — (b1) ZQ,pldQC)
1/pm
o (12@1/ o ”'pm‘”>

CH 1011 Brro My (T (f))(Z);

=1

Ly < € S |ollsnoM(T, (£)(@):

7=1 UEC"."’

L < (|Q,/ (0~ (1))~ B D)

IN

IA

1/p
¢ (17 fo (@) = (bl - |m<x>—<bm>m|rf1<x>|>pdx)

1/PQ1
C<|2@|/ US > <|2@r/ o1(@) = (h) ”‘pqldgf)
1/pgm
o (12@1/ () = QQ'pqmd”c)

< CTT bl oM (/) (@)

Jj=1

Similarly, for Ly, we get, for 1 < pq,-- -, pm <oc and 1/r+1/p1+---+ 1/p, =1,

we b

x| TT(05(y) = (b))2q) fa(y)|dyda

IA

x — )il yl=° 1 1
/R" |m_y|n (2+0") /7’ |:L._y|n 2+b’)/7“) |IE0 _y|n (2+4b)/r")

j=1
1 Wz — y)ei\l’—y\’b/ 1 ]
+§ 0 /R" ‘x — y‘n(2+b/)/r/ ‘x _ y‘n 2+ /r) |.fC() — y‘n @+0) /)
H bj)20) f2(y)|dydx
= d
< OX 2 g /WQ T 11,) = ()all )y

m r 1/r
™ IT7% 165 (y) — (b)20!"| f2(y)]
+C|Q ( oo — g dy
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00 1 1/r
Z_:l <|2k+1Q| 2k+1Q| ()] dx>

1/pj
H <|2k+1Q‘ 2k+10Q) |b (33) - (b])2Q’dex>

[ hoo 1
—-1/r k n\n(r— b /r
+C1QI™ (Z@ A" 1G] e O H|b biaol"dy| !

k=1

m 0o 1/r
mo— 1 r
< le;[l HijBMOkz::lk 27" <‘2k+1Q| S |f ()] di”)

ko

1/r
+C|Q|—1/r/ (Z(2 d)nr 1)( 1+b)>

k=1

. . . 1/r r\ 1/r
X ({QQ 20 <|2k+1Q| 2k+1Q 1;.[ ()" d?/) dz] )

<C (ﬁ 1511 Baro My (£)(2) + M((Ci"(!f\’"))l/r)(f)) :

Jj=1

For Ls, we get

1 |z — o] m
Ly < Oi/ T nab el b, — (b dud
© = TRl o Jr e —y |n+b+1‘f3<y>‘}}1\ 5(4) — (by)eqldyda
.To|
: o — g to+1 b;( dyd
B |Q! /QZ/Z’“HQ\%Q |0 —y|n+b+1 ’H‘ bj)aqldydx
1
= CZ 2 vl H 1b;(y bj)aq|dy

i 12+ 2'““@\2“9

ok L 1 T b (o) — b

< OM(G([f1)(@).

Similarly, for

Case 2. d > dy, we get

o @ < Tl @ 0SS oM 5, (1))

j=1 j=1 JGC]T”
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These complete the proof of Theorem 1. O

Proof of Theorem 2. We choose 1 < r < p in Theorem 1, and by using Lemma

3, 4 and induction on m, we get

TN o) < CIHT) o) < ClS o).

This finishes the proof. O
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