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Abstract. In this paper, the weighted boundedness for the multilinear Marcinkiewicz
operators on certain Hardy and Hardy-Block spaces are obtained.

1. INTRODUCTION AND DEFINITIONS

Fix A > 1. Suppose that S" ! is the unit sphere of R"(n > 2) equipped with
normalized Lebesgue measure do = do(z’). Let {2 be homogeneous of degree zero
and satisfy the following two conditions:

(i) Q(z) is continuous on S™! and satisfies the Lip., condition on S* (0 < v < 1),
ie.

) - Q)| < Ml —yP', oy e 5"

(ii) fons S(a')dz’ = 0.
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Let m be a positive integer and A be a function on R". We denote I'(z) =
{(y,t) € RT*" : |[x—y| <t} and the characteristic function of I'(z) by Xr()(y,t). The

multilinear Marcinkiewicz operator is defined by

nA 1/2
W) () = [ [/ (M) A ) PR
where
RO = [ e e ey
and
Ro(i.2) = Ale) = 52 DA —0)"
> Qz —y)

R(f)) = [ f()dy.

le—y|<t |2 —y["!
We also define that

nA 1/2
(£ (a) = ( [ e— \E(f)(y)\?f,i’ff) ,

which is the Marcinkiewicz operator(see [10]).

Note that when m = 0, uf is just the commutator of Marcinkiewicz operator
(see [10]). It is well known that multilinear operators, as a non-trivial extension of
commutator, are of great interest in harmonic analysis and have been widely studied
by many authors (see [2, 3, 4, 5]). The main purpose of this paper is to study the
weighted boundedness of the multilinear Marcinkiewicz operators on certain Hardy
and Hardy-Block spaces. Let us first introduce some definitions (see [1, 2, 3, 4, 5, 6]).

Throughout this paper, B will denote a ball of R™. For a locally integrable function

f,set fz=|B|™" [, f(x)d.

Definition 1. Let A, w be the functions on R, w € A; (that is M (w)(z) < cw(x)
a.e.) and m be a positive integer. A bounded measurable function a on R™ is said to
be a (w, D™A)-atom if

i) supp a C B = B(xg,r),

i6) Nlallzeu) < w(B)™,
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i) Jgn aly)dy = [pn aly) D*A(y)dy = 0 for |af = m;
A temperate distribution f is said to belong to Hpm4(w), if, in the Schwartz

distributional sense, it can be written as
fz) =" Njay(),
=1

where a;’s are (w,D™A) atoms, \; € C and ¥32,|\| < oo.  Moreover,

., 2252 (A

D™MA

Definition 2. Let w € A;. A function f is said to be in the weighted Block H*

space Hy(w) if f(x) can be written as
fla) =2 Na;(x),
i=1

where a’;s are the w-atoms, that is all a’s satisfy conditions i) i) in Definition 1 and
the following condition

ii1)” [pn a(y)dy = 0 and X\; € C with

> 1
>l <1+log+ |>\|> < 00,
J

=1

moreover, || f|lay () ~ 2521 [A1(1 4 log™ (3, [Xi)/1A1)-
2. THEOREMS and PROOFS

We begin with some preliminary lemmas.

Lemma 1. [4] Let A be a function on R" and D*A € LI(R") for |a| = m and

some q¢ > n. Then

1 1/q
R, (A z,y)| < Clr—y|™ —— [ D*A(z)|%dz ,
Rl < Clo—y" T (o [ ieae)pa:)

|lal=m

where Q is the cube centered at x and having side length 5v/n|z — y|.
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Lemma 2. [8] Let w > 0 and {gx} be a sequence of measurable functions satis-

Jying
||9k||L}l;°° <L

Then, for every numerical sequence {\}, we have

1D Awgrllee < O Il (1 +1og (X [N/ 1Aw]))-
k k

J

Lemma 3. Let w € Ay, 1 < p < oo and D*A € BMO(R") for |a| = m. Then
ps is bounded on LP(w), that is

(Dl <€ 32 1D°Allpasoll Flzrer

|a|=m

Proof. Note that |z —z| < 2t, |[y—2z| > |t —2z|—t > |xr— 2| — 3t when |z —y| < ¢,
ly — 2| < t, and |z — 2| < (1 +2MY) < 282 jy — 2] > |2 — 2| — 2873t when

|z —y| < 28, |y — 2| < t, we have, by Minkowski inequality,

s (f)(x)
11/2

ni 2
t 1y — 2)|| R (A; 2, 2)[| f(2)] dydt
< oyt d
" e [/ Jo <t+\x—y\> ( T e R e B

N -1/2
|Rnsa(As 2, 2)|1f (2) Y xre(yt)  dydt
<C dz
Rr |z — z|™ lo—y|<t \t + ]x -yl ) (Jz — 2| — 3t)?n=2 ¢nt3

| Bt (A; 2, 2)[1f (2)]

<C

Rn |z — 2z|™
X/Z ( ) XF(Z)yk,:%sz:s dz
0 Do <yl \t+ |z —y| ) (o — 2| — 28322 et
- Jme |z — z|m+1/2 le—z)/2 (|z — 2| — 3t)2n
/2
|Rm+1(A z, 2)||.f () knA ok 2tdt '
¢ / 97knX(Qhgyngn d
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. . 00 1/2
cof Bonlz G, |, o Bl 0, lzwwl

Rn |z — z|mtn Rn |z — z|mtn =

|Rm+1<A’ T, Z)

R |z — zmtn

£ )ldz,

thus, the lemma follows from [5]. O

=C

Theorem 1. Let w € Ay, D*A € BMO(R") for |a] = m. Then u4y is bounded
from Hpm 4(w) to L' (w).

Proof. By a standard argument, it suffices to show that there exists a constant

C > 0 such that for every (w, D™A) atom a,

pa(a)|prw) < C.

Let a be a (w, D™A) atom supported on a ball B = B(xq,r). We write
[ @) @w(@)de

= [ @@+ 13 (a) () () da

|z—z0|>2r

= I+1I

For I, taking p > 1, by Hélder’s inequality and the LP(w)-boundedness of y4(see

Lemma 3), we get
I < Ol (@) sy (2B) 7 < Cllallgsguyo(B) 7 < C.

To obtain the estimate of I, we need to estimate pj(a)(z) for x € (2B)°. Let
B=5ynBand A(z) = A(z) — ¥ L(D*A)p - 2*. Then R, (A;z,y) = Ry (A;z,y)

a|l=m

and D*A = DA — (D*A)q for all a with |a] = m. We write, by the vanishing

moment of a,

Fa)(z,y) = /Rn [Xr(z)(y,t)Q(y —2) _ xre(®: )y — 7o) Ro(A;z, 2)a(2)dz

ly — 2" Mo — 2™y — ol — o™

+ /R X)W O = 20) 70y R (A o) a(z)dz

n |y — xo|"Ha — xo|™

. Z Olé' i XF(Z)(y’t)Q(y_Z)(x_Z)aDafl(z)a(z)dz,

la|]=m ly — z[""Ha — 2™
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then
p3 (a)(x)
Xr() (U Uy — 2)  Xre) (¥ D)UY — 20)

X
</R ly — 2" Ha — 2™ |y — xo|" o — o™

/ /Ri“ <t+|ﬂi—y|>n

2 dydt)1/2

tn+3

IR(&waM@W%

_|_

2y — o)

1/2
PR T

2
~ dydt
| R (A; z, z)Ha(z)\dz) e

‘XF (2) ya XF(m0)<y7 t)

(e
/] e <t+ |$t—y|>n
(U

2
Xr(ffo Q(y — Tp) i i dydt 1/2
m 7 9 - m 7 9 d
n |y_x0|n llx_x0|m|R (A;7,2) — Rin(A; 3, 20)|a(2)|dz i3
¢ ni
+ //R+ <t+|$_y|>
v
9 1/2
1 Xre) (Y, )y — 2) (7 — 2)* dydt
— DA dz| ——
ey A

=1L+ 1L+ 115+ 11,
By Lemma 1, we know, for 2 € B and x € 281 B\ 2B,

]Rm(fl;x,zﬂ < Cklz — 2™ Z [|D*Al|ymo;

laf=m

By the condition of €2, we get that |2] < C and (see [10])

_ N %
< C( |z — o] N |z — x| ) |
‘y_$0|n ‘y_mo‘nflJr’y

noting that |x — z| ~ |z — x| for z € B and x € R™\ 2B, similar to the proof of

Qy—2z)  Qy—m)

ly — 2"ty — x|t
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Lemma 3, we obtain

r r'y ~
mo<cf Lx_mmmﬁm_mmw] R, 2)la(2) 2

r r7
< k|B DA
- ¢ <| - —$0|n+7> | |U) Z || ||BMOa

T — 1’0|"+1 |.I‘ o

For I1,, similar to the proof of I1; and Lemma 3, we obtain

11,
nA 1/2
IR (A; 2, 2)||a(2) t o, T3 dydt
<c|, S Lo Grpa) e =l s )
|[L’ _ $O|m R"+1 t+ |[L’ y| |XF( XF 0) | |y - l‘o|2n72 <

|Ron(As 2, 2)[a(2)]

|z — zo|™

<C

"3 dydt

. 1/2
t A 3 dydt t —n—
X // 2n—2 _// 2n—2
re \t+lz—yl) |y— ro) \t+ ]z —yl) |y — w0l
_ —n—3 1/2
<C’/ | Ry (A; z, 2)||a(2) // |z — ot dydt &
|z — xo|™ le—y|<t|ly|<t |y + 2z — xo|?" 1

|Ron(A; 7, 2)||a(2)|]z — @[/
SC/ |z — zo|mHnt1/2 dz

dz

172

SCWMBW S |IDYAllBwmos
la|=m

For I1I3, by the formula (see [3]):

- 1 -
Ry(4;2,2) = Rp(A;2,20) = ) —‘Rm,w(DﬁA; 2, x0)(x — x0)°
1Bl<m pl
and Lemma 1, we get
|Rn(A;2,2) = Rn(A;2,20)] < C 300 37 w0 — 2™ Wz — o] D* Al | Baso,

[Bl<m |a|=m

so that

II; < C’/ |7 — @[T 3T ‘R _18(DPA; 2, 2 ‘|x—xo|lm|a( )|dz

[B]<m
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< C/ @ = @70 37 Jag — 2"z — w7 ||D* Al ol alz)ldz

|6\<m la|=m

Y |IDaA||BMo/ o gt xlnﬂ la(2)|dz

|al=m

< C 3 |ID*Allgyola — wo| MBI w(B) T

|al=m

IN

For 11, , we write, by the vanishing moment of a,

Qy — —2)% Lo g
X )My = )@ = 2) pa gy
R |y _ Z|n_1|l‘ _ Z|m

_ Xr) (Y, D)y — 2)(T = 2)* X (¥, 1)y — m0)(z — xo)"‘] o Al vl Vs
Je l ly— 2"z 2" y -z — | D A=)

_ [ xee@ D= 2)” lﬂ(y—Z) B Q(y—xo)] TRV
O e T [ PR )

+

Xr() (Y, )2y — x0) l(w N G fo)al D*A(2)a(z)dz

Rn |y — x|t |z — 2™ B |z — xo|™

2y - 350)1(:1: — ) Dafl(z)a(z)dz,
ly — xo|" " — x0|™

+/Rn(XF(Z)(y,t) — XF(xo)(y7t))

similar to the estimates of I[and 115, we obtain

11,

C r ~ r DA DA d
< o _ (7
- |Oz|z=:m |z — |t " |z — o[t " |z — o[ t1/2 /B’ (2) = (D% A)slal2)ldz

r r7 ri/2
< C DA Blw(B)™! .
= lalz::mH HBMO| |w< ) <|x_x0’n+1 + |x_x0|n+'y + |x_x0|n+1/2>
Therefore, note that if w € Ay, then
w(By) |Bi] <c
|Ba| w(B1)

for all balls By, By with By C Bs(see [7]), we obtain

I < Z /2k+13\2k3 (a)(2)w(z)dz

<cy | S° 1D Allparok
k=1

2k+t1B\2kB | "
|a|=m
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|B|1+1/n |B|1+1/2n |B|l+’y/n w(x)
X X
(\1’ — x|z — x|t o —$0|”+”> w(B)
> _ _ B |B| w(2**1B)
< C ID“A||paro >k (27F 42772 4 27k
|Q|Z::m kZ::l ( )w(B) 2F1 B

< O3 ID*Allpuo Yk (278 + 2752 4 274)

|a|=m k=1

< C,

which together with the estimate for I yields the desired result. This finishes the

proof of Theorem 1. O
Theorem 2. Let w € A; and D*A € BMO(R") for |a| = m. Then pf is

bounded Hy(w) to LL>(R™).

Proof. By Lemma 2, it suffices to show that there exists a constant ¢ > 0 such

that for every w-atom a,
113 (@) 2102wy < C
Let a be a w-atom supported on a ball B = B(xy, 7). We write, for n > 0,

w({r € R+ pi(a)(2) > n}) < w({z € 2B : 15 (a)(z) > n})
+w({z € 2B) : uy(a)(x) >n}) = J + JJ.

For J, by the LP(w)-boundedness of 4 for p > 1(see Lemma 3), we obtain

J < s @) ey < O |18 (@) oy w(B) 1P
< CnYlal|pryw(B) P < o

For JJ, similar to the proof of Theorem 1, we obtain, for z € (2B)¢,
B 1+1/n B 1+1/2n B 14+v/n
([ 5] L

|:L‘_J;O|n+1 |[E-l’0|n+1/2 |x_x0|n+7

pa(a)(x) < C Y7 |IDAllpaok

|la|=m

thus

7l o< i / (@) () (z) de

k+1B\2kB
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< on! / D*A||parok
< O 5 [y 177l
|B|1+1/n |B|1+1/2n |B|1+’y/n w(l,)
X dz
(|x —x|" | — o[ o — $0|”+7> w(B)
00 B| w(2k+lB)
< ot DA k(27 + 2742 1 gh)
S O 2 I Ao k(74 274 27) L e
< C«n—l Z ||DaA||BMO Z L (Q—k + 2—k/2 + 2—1@7)
|al=m k=1
< Cnh
Combining the estimates of J and JJ, we obtain
w({z € R : p(a)(x) > n}) < O™,
This complete the proof of Theorem 2. O
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