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Abstract. It is obtained estimates of stability with respect to perturbation of operator for
solution of the first- and second-order differential-operator equations. For two- and three-
level operator-difference schemes with weights similar estimates holds. Using the obtained
results we construct the estimates of coefficient stability for one-dimensional parabolic and
hyperbolic equations as well as for the difference schemes approximating the corresponding
differential problems.

1. INTRODUCTION

Abstract problem Au = f is called stable if its solution u continuously depends
on input data f, i.e., there exists value p > 0 independent of solution and input data

such that for all f and f form certain admissible set the following inequality holds

!This work was supported by the Belarusian Republic Basic Research Foundation under grant
F05-083.
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1a = ullo) < ollf = fllq,

where 4 is the solution of similar problem with perturbed input data A = f; || - |lo
and || - ||; are certain norms.

When we define a problem we set not only right-hand side but operator A as well.
If, e.g., A is differential or difference operator then the coefficients of corresponding
equation have to be defined. Naturally, the solution of abstract problem should be
continuously depended on perturbations of both right-hand side and operator A (e.g.,
coefficients of differential or difference equation), i.e., the following estimate should

holds
i@ — ullo) < oillf — Fllay + o2/l A — Al @),

where u is the solution of the problem with perturbed operator and right-hand side
Ai=f; |- || (2 is certain operator norm. In this case the problem becomes nonlinear
even if operators A, A are linear, and values gy, depend on u, u.

In [13, 16, 18, 20] it is obtained a priori estimates, expressing continuous de-
pendence of the solution of stationary problems (first-kind operator equations) with
respect to perturbation of right-hand side and operator, Similar results for time-
dependent problems with unbounded operators are derived in [9, 12, 11, 15, 17, 19,
23, 24].

In this paper we survey and develop some results concerning stability with respect
to perturbation of operator obtained in [1, 2, 5, 6, 7].

The paper is organized as follows. In Section 1 the results concerning stability
of solution of the first-order differential-operator equation with respect to perturba-
tion of operator. In Section 2 similar estimates are obtained for two-level operator-
difference schemes. In Sections 3 and 4 the estimates of stability with respect to
perturbation of operator for solutions of the second-order differential-operator equa-

tions and three-level operator difference schemes, respectively.
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2. STABILITY OF SOLUTIONS OF THE FIRST-ORDER
DIFFERENTIAL-OPERATOR EQUATIONS WITH RESPECT TO
PERTURBATION OF OPERATOR

This section is devoted to analysis of stability of solution of the first-order diffe-
rential-operator equation with respect to perturbation of operator. The estimates of
perturbation of the solution are obtained in energy Hilbert spaces as well as in the

integral with respect to time norms.

2.1. PROBLEM DEFINITION

Consider the Cauchy problem for the first-order differential-operator equation

‘Ci;; +Au=ft), t>0, u(0)=u, (1)

where A is linear operator (generally it is unbounded) acting form normalized space
¢ to normalized space ¢, u(t) is unknown function taking interval (0, 00) (or (0,7))
to S, f(t) is the given function taking interval (0,00) (or (0,7)) to ¥, ug is the
given element of the space 7.

Together with (1) we consider the problem with perturbed operator
du -

% + .Aa = f(t)a t> Oa fL(O) = Uo, (2>

where A : S — 9 is linear operator. We say that the solution of the Cauchy problem

(1) is stable with respect to perturbation of operator if the following estimate holds:
a@(t) — u(t)||r < M||A— Al sr—g- (3)

Below we shall assume that 2 = ¢ is separable Hilbert space with the inner
product (-,-) and the norm || - ||, A is self-adjoint positive definite operator with

everywhere dense in . domain Z(A), i.e.,

(Au,u) > mlul]? ue 2(A), >. (4)
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In the standard way we introduce the inner product (u,v)4 = (Au,v) and corre-
sponding energy space 4 C J¢. At the same time JZ,- = J} is adjoint space
to 4. The inner product (u,v) can be continuously extended on - x %, and
operator A can be extended to the map A : 7y — - [22]. Naturally, operators
Ay — Koy, A Ay — H or A: A — H,- are bounded. Actually, for
k=0,1,2 we have

||| a2 = | A2 Aul| = |42 = ful ar,

whence

14|

= s Mullae
TARTEAE e o [|ull e

Let us introduce Lebesgue space La((a,b); 5) (see [10]) of functions u = u(t), map-
ping interval (a,b) C R to ¢, with the following inner product and norm:

b
1/2
(U, V) La((a)r) = /a (u(t), v(®)) dt,  |ull Loy = (W W) o pyn-

Also, we shall use the spaces Ly((a,b); u; 7) and L,((a,b); #°) with corresponding

norms and semi-norms [21, 10].

2.2. STABILITY IN THE CASE OF SELF-ADJOINT OPERATOR

Let in problem (1) A be self-adjoint positive-definite linear operator in J#, Z(.A)
be domain everywhere dense in J#. Also, let operator of perturbed problem (2) A
satisfies the same conditions and, moreover, Z(A) = 2(A).

Taking inner product of (1) with 2u, we get

Taking into account (4) and trivial relation 2(f(¢), u(t)) < || f(¢)[|%-1 + [Ju(t)]|%, from

(5) we get the following inequality:

WO ¢ o < 1701
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From here and the Gronwall inequality for the solution of problem (1) we obtain the

estimate
t
a1 < e (luoll + [ ™1 (s)]vds). (©
Similar estimate holds for the solution @ of problem (2) with perturbed operator.

Acting on problem (2) by the operator A"/ and using inequality (6), we get

e < e (Juoly+ [ emls(s)lPds). Y

We obtain also the estimate of the solution of problem (1) in the norm of the space
Lo((0,t); e™; 7). For that, we take inner product of (1) with 2e™u. Taking into

account the relation
du d
2 (emtu, > = — (emtu, u) —me™ (u,u),

we obtain the following energy identity:

d m m m
< (et ) — me™|Jul]? + 26 ul% = 2¢™ (u, f).

dt
Hence, using Cauchy—Schwartz inequality, e-inequality and (4), we get

3

d —1
(e™lull?) + e fful} < ce™ | fl5n Ve > 0.

dt
Setting ¢ = 2 and integrating the last inequality with respect to t, we obtain the

estimate
t t
/o emSHu(s)Hi‘ds <4 (HUOHQ +/0 emst(s)Hilds) . (8)

note that similar estimate in space Ly((0,t);e™®; 7,) holds for the solution @ of
problem (2) with perturbed operator. Acting on problem (1) by the operator Al/2

and using inequality (8), we get the following estimate:

t . t
e das)ds < 4 (Jluolls + [ emilfs)lds) (9)
The obtained estimates we shall use to prove the following theorem.

Theorem 1. Letug € 5, f € La((0,t);e™; 54-). Then the solution of problem

(1) is stable with respect to perturbation of operator and the following estimate holds:

la(t) — u@®)|* < Mie™™ | A — All%,_se,_, (10)
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where My = [[al|? o premesreyy < 4 (lol* + g €[ £ ()% ds).
Let ug € 7y, f € La((0,t);e™; 7). Then the solution of problem (1) is stable

with respect to perturbation of operator and the following estimate holds:
~ 2 “mtn i
la(t) = u(t)|y < Mae™™ | A = All%, — s (11)

where My = ||&||%2((0,t);em8;%”A) <4 (HUo“i{ + J t mst( )HQdS)'

Proof. For perturbation du = 4 — u we have the Cauchy problem

%JFA(;U—(A A)i, t>0, ou(0)=0. (12)

For the solution of problem (12) it is fulfilled estimate (6), whence
t .
lou(t)]* < efmt/o " |[(A—A)a(s)|h-rds < e ™ | A=Al 0, / e™||a(s) | ds.

Hence, taking into account inequality (8), we obtain desired estimate (10).

For the solution of problem (12) the estimate of the form (7) holds:
¢ . . t .
lou(®) 1% < e_mt/o ™| (A = A)a(s)||*ds < e™™|| A ~ A”?}&—»ﬁ”/o e Au(s)|*ds.

From the last inequality using (8), we get desired estimate (11).

Let us obtain the estimates of stability if the solution of equation (1) with respect
to perturbation of operator in time-integral norms. For that we need corresponding
estimates of stability with respect to initial data and right-hand side. Taking into
account the equation f = du/dt + Au, for the right-hand side of identity (5) we have

2(f,u) = 2(A 1fAu)_2(A- Au>+2\|uHA—

du
| g2
o (G )

2

dul]?
th1

dul?
thl

ﬂw&{ =wmqﬂw&{

Substituting this in (5) and integrating the result with respect to ¢, we obtain the
following energy identity

WLW+/OW|M

2

du(s)
dt

)wZWW+[W@muw

A—l
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From this identity it follows, in particular, the known Hadamard inequality [22, . 403]

[ <Hu(s)|!?4 q

Acting on problem (1) by the operators A2, A~'/2 and using inequality (13), we get

du(s)

) ds < ol + [ IS Ends.  (13)

Afl

the corresponding estimates:

[ (\|Au<s>n2 q
[ (||u<s>||2 L)

These estimates are also well known.

du(s) |

dt

) ds < luoll4+ [ 1) P, (14)

)d5<HUoHA1+ [t s@lds. 0s)

To construct the estimate in integral semi-norm of the fraction order with re-
spect to time variable ¢t we use (similarly to [5]) Fourier series by cosine and sine
for the function u(t) : [0,7] — J: u(t) = ao/2 + X532, ajcos(jnt/T) wu(t) =
3521 bysin(jmt/T), where a; = a;[u] = (2/T) Ji u(s) cos(jms/T)ds, b; = b;[u] =
(2/T) f u(s)sin(jms/T)ds, and integrals are Bokhner integrals [22, .384]. It can
easily be checked that

/0T||u<s>||2ds=o.5T(o.5||ao ||2+Z||a] ||2)—05TZ||b Wiz (1)

Similar results holds when we substitute the energy space ), for 7.

Multiply both sides of equation (1) by sin(knt/T) and integrate the result with
respect to ¢ from 0 to T'. Using expansion du(t)/dt = — 3232, a;[u](j7/T) sin(jnt/T)
and orthogonality of sines on (0,7"), we get the equality (kw/T)ay[u] = Abx[u] — bg[f].
Taking the inner product of the last identity with ax[u] and summing the result with
respect to k, we have

>~ Hloulul” = 3= (Abefloufu) = 3 (bl acf]) <

k=1

’ﬂ\ﬁ

i_ol (110w [ 112 + 2l anfw] 1% + [bel 1)
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Using (16), we obtain inequality
2 1 T 2 2
Z kllarul]|” < ;/0 Bllu®) 2 + 1£ @) -1)dt. (17)

Consider expression J; = [T [T |lu(t) — u(t — s)||?dsdt. Suppose that u(t) has
even extension outside of interval [0,7]: u(t) = u(—t), t € [=T,0], u(t) = u(2T —t),

t € [T,2T)] etc. Using periodicity of u(t) and cosine expansion, we obtain

J“:/T[/T@@%—u@+8f+mdﬂ—u@—s»ﬁ]@::

)
- /_7; /_i (%2M +§:1aj[ sin j;t :1 ax[u] (— cosw + 2cos% _
_COSW>>dt¢9:

_/ / ( ol Zaj sin - 24% sin %co k;t>d @:

k7rs ds

_4T§ymmk||/

Taking into account

/T o kmsds / o ks ds km (T Sin20d6 < km [ sinQQde kn?
sin? —— = = sin? —— = = — i 0 = 2
-7 2T s2 0 2T s2 T Jo 0?2 — T Jo 2 2T’
we get
Jp < 272 Zk”ak ||2 (18)
k=1

Using (17), (18) and trivial inequality

T _ t/ 2
J_//”“ WO 4y g < 0.5,
12

we obtain the estimate Jo < 7 [ (3]|u(t)||%+| £ (t)]|%-1)dt. Hence, taking into account
(13), we get

2o (ol + 17O (19

Note that similar estimates derived in [10, . 2, . 83-90] by means of Fourier transform.
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From inequalities (13) and (19) it follows that

[ ol < 01 (JuolP + 17O 20

From (15) we obviously have

T 2 2 r -1
| a2t < JuollZes + [ 147 (0t (21)

We need the obtained estimates to prove the following theorem concerning stability
of the solution of the differential-operator equation (1) with respect to perturbation

of operator.

Theorem 2. Let ug € 4 and f € Ly((0,t); 7). Then the solution of problem

(1) is stable with respect to perturbation of operator and the following estimate holds:

t 5 |[dou(s) ?
/ (nAau(s)n e

where My = ||| Lyo.00) < lluoll% + Jo [1f(s)]1%ds.
Let ug € 7€ and f € Ly((0,t); 74-). Then the solution of problem (1) is stable

) ds < M3||./Zl — Al ey — s (22)

with respect to perturbation of operator and the following estimate holds:

du(s 2 .
[outeias+ [ [P = sy <A Al @

where My = M [ o000 < M (|[uol® + f3 11/ (5)[1%ds).
Let ug € 74~ and f € Lo((0,t); 4-). Then the solution of problem (1) is stable

with respect to perturbation of operator and the following estimate holds:

[ 15u(s)Pds < MyllA = AL, (24)

where My = [|@l| ,(o.0:0r) < lluoll% + Jo 1 (9)]% 2ds

Proof. Applying estimates (14), (20) and (21) to the solution of the Cauchy
problem for perturbation (12) we prove the theorem.
Sometimes, operator norms in (10), (11), (22)—(24) can be replaced by more simple

norms. Thus, for example, if || A — Allgy—,. < 6 < 1 then the corresponding
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norms [[ufl 4 and [[uf 5. [[ufla-s and [full z-v. A~ Al i |4~ Al zir, and

IA — Al s, are equivalent and the following inequalities holds:

1
1—9dl|ulla < u|l 1 £ V14 9||u||a, u < |u < u
V1—=dfulla < ullz < V1+d|ulla ﬁll la-r < Jlull g FII a1,

1 3
\/i”A_AHWA—’JfA— < HA AHJfA—’ Ay = \/1T”A A”JfA—’«ff -
el Al < M= Al < sl A Allyor,
Also, if || A — A, < 6 < 1 then the following inequalities holds
1 1

(1= lullae < lull z2 < (1 +0)[|ull 2, [ulla-z < flull z-» < [[f].a-2,

1496 1—-6
(1= DA~ Al < 1A = Alsgamre < (1 +)A = Al
(1-0)A~ Al

jf—n}fA77§ “'/éI - A|

sty < (140)A— A

H—Hy— -

The same inequalities is fulfilled under the assumption ||A — Al A, <0< 1.

2.3. STABILITY IN THE CASE OF NONSELF-ADJOINT OPERATOR

We construct the estimates when A and A are nonself-adjoint positive -definite
operators. We represent the operator A in the form of A = Ay + A;, where Ay =
0.5(A + A*) is symmetric part of the operator A and A; = 0.5(A4 — A*) is skew-
symmetrical part of the operator A. It follows that A4, = Aj, A1 = —Aj, and,
consequently, (Aju,u) = 0 for all u € 7 (recall that the space .7 is real). Similar
presentation holds for the operator A.

Suppose Ay and A, are positive definite operators, i.e., they satisfy condition (4).

Taking inner product of (1) with 2u and taking into account that (Au,u) =
(Aou, u), we obtain the following energy identity:

wgﬂU+4Wmm;:2g@ﬂm»sHﬂma,+mmmz. (25)

Hence, using (4) and Gronwall inequality, for the solution of problem (1) we obtain

Ju(®)P < e (ol + [ e 5)ds ) (20)
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Similarly to derivation of (8) we can obtain also the estimate of the solution of

problem (1) in the norm of the space La((0,t);e™; %)

t t
e uts) s < 4 (ol + [ em14(s) ) 1)
The following theorem concerning stability with respect to perturbation of oper-

ator is fulfilled.

Theorem 3. Let ug € 5 and f € Lo((0,t);e™*;54-). Then the solution
of problem (1) is stable with respect to perturbation of operator and the following

estimate holds:

~ 2 e
la(t) — u(®)|]” < Mie™™ || A = All%, e, (28)
where M, = ||ﬂ||%2((07t);ems;j&) < (HUOH2 + J; t e™ | f(s )||i~‘51d8>.

Proof. For the solution of problem (12) with nonself-adjoint positive definite

operator A it is fulfilled estimate (26), whence, we have
t < . ¢
Jou(t)* < e [ (A= A)als) | ads e A= Al [ e ()], ds

Combining this with inequality (27) we get the desired estimate (28).
Similarly to estimate (13), taking into account (25), we obtain the following energy

inequality:
2

du(s)
dt

2 t 2
ds < uoll* + [ () ads (29)

At
Also, as in derivation of (20), we obtain the estimate of integral semi-norm of fraction

order in time variable t for nonself—adjoint opeator A

/ lu(s HAods+// IIu 8/|2 Hstds’gM(Hu0|‘2+/0tHf(s)HAEld:s). (30)

Using estimates (29) and (30) for the solution of problem for perturbation (12),

we prove the following statement.

Theorem 4. Let ug €  and f € Lo((0,t); 7#4-). Then the solution of problem

(1) is stable with respect to perturbation of operator and the following estimate holds:

Su(s) — Su()I? .
[ iouizas+ [ [ PIZA gy 4 < A A - Ao, 3Y)

|s — s'|2
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where Ma = il o) < M (ol + 5 17 (5) % s )
2.4. EXAMPLE

Consider the initial-boundary value problem for the one-dimensional heat equation

%:a% <k(x)%> + f(z,t), O0<xz<l1, t>0, (32)
u(0,t) =u(l,t) =0, t>0, (33)
u(z,0) =up(x), 0<z<Ll (34)

We can write problem (32)—(34) in the form of (1) assuming = Z,), Au =
-2 (k’(x)%) If k() is continuously differentiable function (k(z) € C1[0,1]) satisfy-
ing conditions 0 < m; < k(x) < may, |K'(z)| < ms, then operator A mapping the set
2(A) =4 (,b)NI(,) to Ly(0,1). Tt can easily be checked that the inverse operator
A~1is defined by

1
k(x")

* ( | %) ( 5 kf%) [ oy e ae

The following inequalities holds (see [8])

(A ') (z)=— /Ox /Ox/ v(2")dx" dx'+

1
mol|vllFr o1y < (Av,v) 2/0 k(@) (@)*de < mol|vllEney, v €H(0,1),  (35)

ol
mal[vllfren < MollL01) < msllvllfeer, vee (0,1)nH(0,1),  (36)

where my = my7?/(1+7?), and constants my and mj are independent of my, my and
ms. Thus 4 =6 (,), #a- =6 (,) and A4 =6 () NA(,).
Together with (32)—(34) we consider perturbed initial-boundary value problem

ou 9 (- | 0u
a_%</g(x)%>+f(x,t), O<z<l1l, t>0, (37)

@(0,) = a(1,t) =0, t>0, (38)
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(z,0) =up(x), 0<z<lLl (39)

Suppose that coefficients of the perturbed problem satisfy the following conditions:
k(z) € CY0,1], 0 < my < k(x) < 1y, |K(x)| < fg. Similarly to non-perturbed
problem we define At = -2 (/;(x)%)

The following inequalities holds:

1A = Al < Ml = Ellcpo, (40)
1A = Al < M = Kleroa) )
A = Al < MIIE = Kllcrp, (42)

where M is a certain constant.

Indeed, inequality (40) follows from the relations

; A= Afa (A= Ao,

|A— Al gy, = Sup Tolla =S )
) o (k(x) = k(2))|v'(x)|*dz|

I Jy k()| (z)2da

and the properties of coefficients k(z), k().
Inequality (41) follows from (36) and the equalities
1A — Al o 1((B(x) = k(z)'(2))[2de|

A—Alyyow = sup 221 — su
A= Allrmr = s 0] P k@) @) P

Hl
v€o (0,1)NH?2(0,1)

Inequality (42) follows from definition of the norm of operator

. A A- A AN A~ A,
HA_AHﬁfH%’A— = sup “ ( )UH = sup ” ( )UHL (0,1)’
et o]l veLa(0,1) 0[] (0,1)
presentation
105 B l;(x’) — k(z') [ I%’(:v’) —K(x) K2 (k(z") — l;(x’)) N
AT (A= A== / et ) v(a')da'+

Rl e
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and the properties of coefficients k(x), k(x) and their derivatives.
Thus for the perturbation of the solution of problem (32)—(34), using Theorems 1

and 2 we obtain the following estimates of coefficient stability:
0) —mait||]
16u(t)1Z,0.1) < MV e[k — k0,1

0) —m1t||1.
lou@®lly < M"e™ E = lizag

t ddu(s) ?
/0 (||5u( )Ho (0,1)NH2(0, 1)+H dt

L2(0,1)

t du(s -
[isutsniy, ase [ [ 100 400 < P~ 12,
0 0,1 |5 — §|? ’

-
[ 18 anyds < MOE = Klajes)

<0t (Jualiaon + UG s

0 t
M < (w&%mn+A€mW@mimﬂsy

.
)@SAAMk—wému

where

0 t
MO <0 (Illy 4 [ 17O ds).
o (0,1) 0
0) 2 ! 2
M < M (ollaon + [ 1F G- ds).

0 t
MY <M (IIuOlli—l +/ 1 ()15 ) dS)-
o (0,1) 0 o (0,1)NH~2(0,1)

3. STABILITY OF THE SOLUTIONS OF TWO-LEVEL
OPERATOR-DIFFERENCE SCHEMES WITH RESPECT TO PERTURBATION
OF OPERATOR

For two-level operator-difference schemes it is fulfilled the results, which is similar

to results obtained in Section 1.
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3.1 PROBLEM DEFINITION

Let H be a finite-dimensional Hilbert space supplied by inner product (-,-) and

norm || - ||, A be linear operator in H. Define uniform grid in time by
or=w, U{T}=A{t|t,=nr, n=0,1,...,Ng, Nor=T}.

Consider the following two-level operator-difference scheme with weight

n

— +A(0yn+1+(1_0)yn) :Spna n20717"'7N0_17 y0:y07 (43>

-
where o is weighting parameter, 1, is given element of space H, ¢" = ¢(t,) is given
function and y™ = y(t,) is unknown function on time-level ¢ = t,, with values in H.
Together with (43) we consider the following difference Cauchy problem with
perturbed operator:
~ntl _ mn

) )

- + oA+ (1 —0)) =¢", n=0,1,....No—1, °=wo. (44)

As in the case of differential-operator equation we set the problem to estimate the

value of perturbation of solution dy"™ = ¢ — y" via perturbation of operator 0A =

A— A,
3.2. STABILITY IN THE CASE OF SELF-ADJOINT OPERATOR

Let in problem (43) A be self-adjoint positive-definite operator. Let perturbed

operator satisfies the same assumption. By H,4 denote the space with the inner

product (u,v)a = (Au,v) and the norm |jul|4 = /(Au, u).

In [14, 16] it is proved the following estimate of asymptotic stability

™ < e (uyoué + Zremt“l\iso’“l\i—l) 7 )
k=0

where B = E 4+ o7 A, m = m(r, ||A]]).
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To prove the difference analogue of inequality (8) we take the inner product of

equation (43) with 27e™n+1y™. Taking into account the identity

yn—f—l _ yn
oy (L=o)y" =y" + (0 = T,

nll2

yn—‘rl -y
T

yn—l—l _ yn
T

27eMin+1 <y", R
R

> — er’ntn+1Hyn+1H?% - emt"Hy”HQR—l—Tzemt”“

—eMn (1 — e_mT)Hy"H%%, R=FE+(c—-1)TA=R",
we obtain the following energy equality

mr e [y, — ey | 4+ e |2 — e (1= )yt

R

-
+2e™n ||y |13 = 2re™ (Y™ o).
Hence using Cauchy—Schwartz inequality, e-inequality, relation 1 —e™™" < /1, and

positive definiteness of the operator A, we get

e(l—(c—1)1)—

o ey ey <

e

<ere™ "G Ve >0

Under conditions o < 14 (1+¢)/(e7), summing the last inequality in £ =0,1,...,n,

we obtain

anmmW&ﬁw@w@+Zﬂ”“W”*9’ N
Z k=0

where a positive constant M depends on € only. Similar estimate holds for the solution
§j of perturbed problem (44). Acting on equation (44) by the operator A'/? and using
inequality (46), we get the following estimate:
>~ remes LA < M (Al + 3 ree ot ). )
k=0 k=0

The obtained estimates we shall use to prove the following statement.

Theorem 5. Let 1 — (7||A|) ™' <o <14 (1+¢€)/(er). Then the solution of two-
level operator-difference scheme (43) is stable with respect to perturbation of operator

and the following estimate holds:

15" =y g < Mye ™ | A — Allg (48)

A—L?
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where My = S 7emen |41 5 < M (Jlgoll% + Sp_y rem et oH%,)
If1—(1—¢)/(7]|All) <o <14+ (14¢€)/(eT), then for perturbation of the solution

of two-level operator-difference scheme (43) the following estimate holds:
15" = y" M4 < Maem ™| A = Al g4y, (49)
where My = Sj_g re™ s+ | AGH|? < M (A 2go]l%, + Sig e |o¥]12).

Proof. Consider the problem for perturbation of solutiondy™ = " — y"

5yn+1 . (Syn . R .
"+ A(ody" + (1 = 0)0y") = (A= A)(og" + (1 — 0)7"). (50)

T

For the solution of problem (50) it is fulfilled estimate (45), whence it follows that

6y 5 < em ™ 37 re™ i (A = A)(og 4 (1= o)) |G <
k=0

n
< e A = Al YT ot (1 - o) <
k=0

n
< Me Mt A — A||HA—>HA,1 Z TeMH ”ng%
k=0

Hence taking into account inequality (46) we obtain the desired estimate (48).
Moreover, acting on equation (50) by the operator A'/?, using estimate (45) and

1—(1—¢)/(7]|A|l) <o <1+ (1+¢)/(eT), we get the inequality

oy % < 7™ Yo mem e [(A = A)(ogtt + (1= 0)g")|* <
k=0

< A= Al jpn Y- 7 AT (1 - o)) <
k=0

< Me ™ | A = Al Yo me™ | A
k=0
Hence using (47) and upper bound of weight o, we obtain the desired estimate (49).

Using the method of energy inequality for o > 0.5(1 +¢) — (7]|4]|) ! it is easy to
construct the grid analogues of a priori estimates (13), (14) and (15) (see [7]):

k+1 k
—Y

n n—1
YorlAYIP+ YT
k=0

k=0

Y

2 No—1
< M (Hyolli + 7l Ayoll* + > T||90k||2) , (51)
k=0
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k=0

y No—1
Z 7|y HA+Z Z TH —, |‘l < Ms (Hyo||2+7||yoll?4+ > TH@OkHi—l), (52)
l;ék

and

n No—1
> Tyt < My (II’yollil +7llyol* + > TIIA_ISO'“HQ) ; (53)

k=0 k=0
where Y7_, v = 00/2 + o ok 4 oMo /2,
The following theorem holds.

Theorem 6. Let 0 > 0.5(1+¢) — (7]|A]|)~". Then the solution of problem (43)

1s stable with respect to perturbation of operator and the following estimates holds:

n_ n=1 || soE sk ||? R
S A5 + ZHH < MA- Al (54)
k=0 k=0
y — 0y ~
Z T||5y ||A+ Z Z TH t|2H < M6||A_A||HA—>HA717 (55)
k=0 =
and
S rlykIP < Mal|A = Al ., (56)
k=0
where

N()*l - - Nofl
Mz = Y 7l AG*I* < My | llyoll5 + 7l Agoll* + > = 7ll™* ),

k=0 k=0
No—1 No—1

Ms= > 7lg"15 < Ms | llyoll® + rllwollz + > 7lle®I5 |
k=0 k=0

JVO_1 No—l ~
Mz= 3 7171 < Ma { llyoll-+ + Tllyoll® + > 7] A7 "2

k=0 k=0

Proof. Estimates (54)—(56) follows directly from estimates (51)—(53), which is
applied to the solution of problem (50).
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3.3. EXAMPLE

Consider the difference approximation of the initial-boundary value problem (32)—

(34). On interval [0, 1] we introduce the uniform grid
op =wpU{0,1} =w U{0} =w;, U{1} ={x | z; =ih, i=0,1,...,N, Nh=1}.

By y! denote the value of the grid function y at the node (z;,t,) of the grid w,, =
wp, X w,. For difference derivatives we use the following notation:
no_ Y T YR e YTV
yl‘,l h ) ya;’z h .
On the grid @y, we approximate problem (32)—(34) by the following difference
scheme with weight

n+1 n

u ( (O-yg_‘_l—’—(]' J)y ))$Z+(pz? i:1a27"'7N7 n:0717"'7N07 (57)
yo=yn =0, n=0,1,..., Ny, (58)
W =ug(zy), i=1,2,...,N—1, (59)

where a; and @' are certain stencil functionals approximating coefficient k(x) and
right-hand side f(z,t) of equation (32), respectively. For example, a; = k(z;_1/2),
o = f(@istnt1/2), Ticos = 2, — h/2, tyi10 = t, + 7/2. Problem (57)-(59) can be
reduced to the form of (43), where H is the space of grid functions that is given on
wp, and vanish at = 0 and = = 1; (y,v) = >N, hy;v; and (Ay); = —(ayz).i. The
inverse operator A~! is defined by

Z Zhvp (%aﬁ)_ (ZZ: j) (ih]ihvp)~

=1 % p=1 j=1%j j=1 =1 % p=1

The following inequalities holds (see [3])

N

m6||v||§{1(wh) < (AU,’U) = Zhai|vzi,i|2 < m7||v||§{1(wh)7 IS Hu (6())
=1

mgl[vlTr ) < [Av]l < mollvllie,), v e H. (61)
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where the discrete Sobolev norms are defined by the following way:
[V ) = 017+ (lvsl )% Molze,) = 1o + (lvall)? + lvs .

||U$|| Zh|ymz|2

Together with (57)-(59) we consider the perturbed problem

gn—&-l gn

Z T : :( (U?J;LH—F(l J)y ))mz""gpzv 1= 1727"'7N7 n:0717""N0’ <62>
gg:@%:[]’ n:O,l,...,No, (6?))
gzo = UO(xi)v 1= 1727"'aN_ ]'7 (64)

which can be written in the form of (44) with the operator (A7y); = —(a¥z) .-
The following inequalities holds:

1A = Allig o, < M= alle, = M max |6 - ail, (65)

14 = Al o < Mla — aller o = M (v ;= ool + max fas; — asil ) . (66)

0<i<

1A = Al o < Ml = allorepy. (67)
In fact, inequality (65) follows from relation

i A— Al s A-A
WA= Al = sup MAZ Al (A= Aoyl
UEHA ||U||A UEHA ||U||A||U”A

- SN b — ai)vf?|

= R 172 1/2
Vet (ZiNz1 h|aivf,z‘|> (ZiNﬂ h|aivf,z‘|)
and the properties of coefficients a a.

Inequality (66) follows form (61) and equality

: A= Aol S8 AI((G — as)os)esl?
A—Allyg., g = su = == _ =
1A= Al = sup =2 SV bl (Gavs)ual?

Inequality (67) follows from definition of the norm of operator

~ -1 ~—
A~ Al = sup 1A

vel o] ’
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presentation
~ i—1 ~ ~
(A—l</~l . A)U)z _ a; aZU’L . Zz:h lax,j — Oy a:}c,j(aj — aj)] v+
a : a; a;a;
% j=1 J+1 gWi+1

(o — oy Ooj(d; — a;)

N h -1 i h N-1
+ — — h [ ] v
jz::l a; J; a; J; @jt1 Ajj+1 ’
and the properties of coefficients a;, a; and their difference derivatives.

Thus for the perturbation of the solution of problem (57)—(59) using Theorems 5

restrictions on the weighting parameter o we obtain the

and 6 under corresponding
following estimates of coefficient stability:

l6y™ 1> < Mie™ ™ — allog,),

n 0) —mt, ~
10y™ 1) < M €™ 1@ — al (g,

Suk T — ok 2 )
W0 < MO - allor o,

n n—1
> oy ) + 2T

k=0 k=0
2
n_ n—l/ n—l/ 5yk — 5yl ~
> 10y i + 22 T . |tk_tl|2H < M~ dallcg,),
k=0 k=0 =0
I#k

n , 0 ~
> 7)l6yE]1? < M@ — al| oy

k=0
with corresponding constants Ml(o), MQ(O), Méo), Méo) M7(0), depending on initial data

ug and right-hand side ¢.

4. STABILITY OF THE SOLUTION OF THE SECOND-ORDER

DIFFERENTIAL-OPERATOR EQUATIONS WITH RESPECT TO
PERTURBATION OF OPERATOR

In this section we investigate the stability of the solution of the second-order

differential-operator equations with respect to perturbation of operator.



80

4.1. PROBLEM DEFINITION

Consider the Cauchy problem for the second-order differential-operator equation

d*u du(0)
ﬁ‘{‘AU:fa 0<t§T7 U(O):UO, dt = U, <68)

where A is unbounded self-adjoint positive-definite operator mapping the Hilbert
space . to Hilbert space ¢, u(t) is unknown function taking interval (0,00) (or
(0,7)) to o, f(t) is given function taking interval (0, 00) (or (0,7)) to ¢, ug, u; are
given elements of the space J¢.

Together with (68) we consider the problem with perturb operator A

i i du(0)
cp TAI=f 0<t<T, a@(0)=up, — = =u, (69)

where A : ## — ¢ is unbounded self-adjoint positive-definite linear operator.
4.2. STABILITY ESTIMATE UNDER PERTURBATION OF OPERATOR A

Let us obtain the stability estimates under perturbation of operator A : 7 —
with domain of definition Z(A), which is everywhere dense in 7. For that we need
the corresponding estimates of stability with respect to initial data and right-hand
side. Let the operator A satisfies the same conditions, which is fulfilled for operator
A of the non-perturbed problem, and 2(A) = Z(A).

Taking the inner product of (68) with 24%

7> we get the energy identity

2

%(\ e +||u<t>||?4>=2(f<t>,dﬁ;f)), (10
whence
2 9 1/2
%(\%—? +|ru<t>u?4)sz\dzf>Hrrf<t>|\s(|dz—§” +Hu(t)Hf4) T

Integrating the last inequality in ¢, we obtain the estimate

(\

2

du(t)
dt

1/2 .
+Hu<t>||i) < (sl + lwoll2) "+ [ 5)lds. (70
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Moreover from (70) we have

d (| du@®)| 2| _ o df (0, ut)) _, (df(t)
¥ (| s ||u(t)|!,4) =2=— 2 (clt’u(t)> ’
and
% ‘dﬁt) + [Ju(®) % = 2(u(t), f(£) + (£ )15

=2 (dfd—?,Alf(tO —2 (%@,u(t)) =2 (ﬂd—(:),Alf(t) - u) :

Whence we obtain

2

d (|| du(t) 1 5 df (t) —1
ﬁ( A +M@—A,ﬂmu)s4|ﬁkﬂmw—A £l
) 1/2
SQWQ?Al(Vg” +w@—Aﬂﬂm&)

Integrating the last relation in ¢, we get

(\

Similar estimates holds for the solution % of the problem with the perturbed opera-

tor (69).

2

du(t)
dt

1/2

1/2
+mmm) < (e P+ o ll2)

+wwm1+wwm“+AWﬁ@mum

(72)

Theorem 7. Let ug € 7y, uy € H, f € Li((0,t); ). Then the solution
of problem (68) is stable with respect to perturbation of operator and the following

estimate holds:

Ja(t) = u(t)lla < Ml = Allaoor, (73)
1/2
where My < lluoll 5+ (¢+ 1) (((Jur” + uol) ™ + J3 17(5) s ).

Proof. For perturbation of solution du = @ — u we have Cauchy problem

d? du
dt?

d ou(0)
dt

+Abu=(A-Aa, 0<t<T, 6u(0)=0, =0. (74
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For the solution of problem (74) it is fulfilled estimate (72), whence

(H““ ||5u<t>ui) N

< (A = A)alt) s + (A = Aol + [ (A= A)a(s)]a-rds
< A= Al (IO + 7ol + [ 17(5)]L4ds)

Taking into account (71) from the last inequality we obtain desired estimate (73).

4.3. EXAMPLE

Consider initial-boundary value problem for the second-order hyperbolic equation

02 9] 9]
8—;;:%@( )8z>+f(xt) O<zx<l, t>0, (75)
u(0,t) =u(1,t) =0, t>0, (76)
u(z,0) = up(x), 8u§;’ 0), 0<z<l (77)

Defining # = Z,), Au= -2 (k(m)%), we reduce problem (75)—(77) to the form
of (68). If k(x) is continuously differentiable function (k(z) € C1[0,1]) satisfying
conditions 0 < my < k(z) < ma, |K'(x)] < mg, then the operator A map the set
PD(A) =3 ()N A(,) to Ly(0,1).

Together with (75)-(77) we consider the perturbed initial-boundary value problem

a0 (-, 0u
4(0,8) = a(1,6) =0, ¢>0, (79)
w(z,0) = up(x), 0u(axt, O), 0<z<l (80)

Suppose that the coefficient of the perturbed problem satisfies conditions l;:(:v) €
C0,1], 0 < 1y < k(x) < 1, |K'(x)] < fg. Similarly to non-perturbed problem we
set Atl = -2 (l%(x)%)
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For the perturbation of operator 6.4 = A — A estimate (40) holds (see Subsection

1.4), whence using Theorem 7 we obtain the following estimate of coefficient stability:
la(t) = u®lly < 3”1k = Kllopy

with constant

1/2 .
(0) 2
M1:M(Wﬂ%m¢@+n(@mmmm+wmgmj +Anﬂﬂmmwa).

5. THREE-LEVEL OPERATOR-DIFFERENCE SCHEMES

Now we pass to construction of estimates for three-level operator-difference sche-

mes which is similar to the estimates obtained in Section 3.
5.1. PROBLEM FORMULATION

Let H be finite-dimensional Hilbert space supplied the inner product (-,-) and
the norm || - ||, A be linear operator in H. On the uniform time-grid w, we consider
three-level operator-difference scheme with weights

yn+1 _ Qyn + yn—l

72 +A(Ulyn+1 + (1 — 01 — UQ)?J” + 02?/n_1):S0na n:]_’ 27 ) NO_]-7

(81)

1 0

0 _ Y Yy
Yy =%, ———— =Y,
T
where o1, 09 are weighting parameters, g, y; are given elements of the space H,
©" = p(t,) is given function and y" = y(t,) is unknown function on time-level t = ¢,
with values in H.
Together with (81) we consider similar Cauchy problem with perturbed operator

gn—l—l _ an + gn—l

= +A(o " + (1= 01— o) + 00" ) =¢", n=1,2,... No—1,

(82)
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P—7

gO = Yo, Y1-

As in the case of differential-operator equation we set the problem to estimate

the value of perturbation of solution dy™ = ¢" — y" via perturbation of operator

SA=A— A

5.2. ESTIMATES OF STABILITY WITH RESPECT TO PERTURBATION OF
OPERATOR

Let in problem (81) A be self-adjoint positive-definite operator. Let perturbed

operator satisfies the same assumptions. By H4 denote the space with inner product

(u,v)4 = (Au,v) and the norm ||ul|4 = /(Au, u).

Take the inner product of (81) with (y™™! — y"~!), we obtain the energy identity

n+l _ . n n+l _ ,n 2 n __ ,n—1 n+l _ ,n
(Ry vy y>+ _(Ry vy y>+
T T N T T

yn-i-l + yn
2

2

+ (01 — 09)T
A

2

= (p, "™ —y") + (o, y" —y" ),
A

yn—l—l _ ,mn—1

Y
2T

yn + yn—l
2

+ |

where R = E + ((01 + 02)/2 — 1/4) 72A. Hence, estimating the right-hand side as
in [4], under the conditions o1 > 09, 01 + 09 > (1 +¢)/2 — (72||A]]) 7!, € > 0 we get

the discrete analogues of estimates (71) and (72)

2

n+1 n |2 n+1 n 2 ‘
y —y Y —|—y 2 2 1/2
’7 —l—’i §(||y1HR+T2A/4+”yOHA) +Z7'H90k|’R—1. (83)
T R 2 A k=1
il nll2 nal n 12 1/2
y -y vy 2 2\V2 Ly e
( . ) < (lynllsreasatlwolls) ™+ le"llamr+
— . , (34)
n Spk_sok_l
Hla + YT
k=1 T AL

Similar estimates holds for the solution ¢ of problem (82) with perturbed operator.

Theorem 8. Let weighting parameters satisfy the following conditions: o5 = 0,

op=02>0,0>(1+¢)/2— (2| A|)~*. Then the solution of problem (81) is stable
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with respect to perturbation of operator and the following estimate holds:

Hé‘yn—H _ 5yn

9 S M2||AA~_A||HA—>HA717 (85)

A

where

1/2 "
Mo (o + vl + (o4 1) ( (e + ol) ™+ Sl ) )
k=1

Proof. For the perturbation of solution " = § — y we have the Cauchy problem

5yn+1 _ 25yn + 6yn—1

+A(esy™ ! + (1 — 0)dy™)

T2
= (A= A)(og" + (1= 0)§"), n=1,2,..., No—1, (86)
s =0, W Wy
) T )

For the solution of problem (86) it is fulfilled estimate (84), whence we get
5yn+1 + 5yn 2
+

| ‘ ‘

R A

1/2
5 n+1 _5 n _ . .
(Hiy — ) < (A - Ao + (1~ o)) s

A= A7 + (1= 0)llas + Y 7 = D07t + (1= )it a-)

<A = Al (g™ + (1= )34

+llyolls + orllyalla+ > 7oy + (1 - U)ﬂkHA)-
k=1

Using (83) from the last inequality we obtain to desired estimate (85).
5.3. EXAMPLE

On the grid @y, (see Subsection 2.3) we approximate problem (75)—(77) by the
following three-level difference scheme with weight o
yitt = 2yr + !
2

= (a(angrl+(1_U)y2)>$,1+90?7 1= 17 27 <o 7N7 n= 07 17 R 7N07
(87)
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yo=yn =0, n=0,1,..., Ny, (88)
y.l_y(.)
y?:uo(l‘z>’ QZTH(IZ'), 1=1,2,...,N —1, (89)
T

where a; and @' are certain stencil functionals approximating coefficient k(x) and
right-hand side f(x,t) of equation (32), respectively. For example, a; = k(2;_1/2),
o = f(xi,tn), Ticos = @ — h/2, thi1j2 = t, + 7/2. In addition, @ (x;) is certain
approximation of the second initial condition. Problem (87)—(89) reduced to the form
of (81), where H is the space of grid functions which are given on @y, and vanish at
r=0and z =1, (y,v) = XN ! hyv; and (Ay); = —(ayz)a.

Together with problem (87)—(89) we consider the perturbed difference scheme

gt —2gr + g

= (a(ogt +(1=0) ) eitel, i=1,2,...,N,n=0,1,..., Ny,

7-2
(90)
gy =9ynv=0, n=0,1,..., Ny, (91)
g.l _gO
?J?:u()(xi), 2t =ay(xy), i=1,2,...,N—1. (92)
T

For perturbation of operator A = A — A estimate (65) holds. Therefore from

Theorem 8 we get the estimate of coefficient stability
~n n 0) )~
17" =y o < Ms”lld = allo,

with a constant MQ(O) depending on initial data ug, #; and right-hand side .
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