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Abstract. A system of linear reaction-diffusion equations with nonlinear singular own
sources is considered in this paper. Compatibility conditions provided sufficient regularity
of the solution are derived. A second order accurate immersed interface difference scheme
is constructed for the differential system of equations involving interfaces. The numerical
method is more accurate than the standard approach and does not require the interfaces
to be grid points. An algorithm for decoupling of the difference equations in nonlinear
part (with small number of equations) and linear part (with large number of equations) is
proposed. Numerical experiments are discussed.

1. INTRODUCTION

Many physical, biological, chemical and other problems lead to mathematical
models in which the input data (such as the coefficients of the differential equations,

initial conditions, source terms etc.) are discontinuous or even singular across one
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or several interfaces in the solution domain. These problems are called interface
problems and their solutions typically are non-smooth or discontinuous across the

interfaces.

Interface problems have attracted a lot of attention from both theoretical and
numerical point of view. Many numerical methods designed for smooth solutions do
not work for such problems. The standard discrete methods require the grid points
to lie along the interfaces. Another methods use Cartesian grid and avoid grid regen-
eration. Some commonly used methods for discontinuous coefficients problems are
the smoothing method that utilizes the smoothed Heaviside function, and harmonic
averaging method. Similar is the Steklov operator method developed in the papers

of Jovanovic, Vulkov [5, 6, 7].

Recently some new methods are developed to deal with interfaces with more com-
plicated geometry. Most of them are motivated by the Peskin’s immersed boundary
method [16], originally constructed for studying the blood flow in the heart. It uses
grid-dependent discrete Dirac d functions to distribute singular source to nearby grid
points and is first order of accuracy method. It was extended by Beyer and LeVeque
[1], were the combination of different discrete ¢ functions gives second order results,
but only for 1-D problems. In 1994 LeVeque and Li [9] developed the immersed inter-
face method (IIM) for elliptic equations. Later, it has been extended to many others

problems, see the review paper of Li [11].

The key idea of IIM is to incorporate the known jump conditions of a solution and
its derivatives into finite difference schemes in the neighborhood of the discontinuities
arising from the singular force. In [10] immersed interface finite element method is
presented for the case of homogeneous jump conditions. Cartesian grids are used and
then associated uniform triangulations are added on. Interfaces are not necessarily
aligned with cell boundaries. Using modified bases functions it is second order method
in maximum norm. In [23] an explicit jump immersed interface method for elliptic
problems is developed. It uses the jump conditions of higher order to decrease the

local truncation error of the finite difference schemes.

In this paper we consider another kind of conjugation conditions, see (5),(6),



153

which are specific and are not treated in the papers mentioned above. The solution
is continuous, but the jump of the flux depends on the solution at the active sites.
One of the difficulties appeared is the wider stencil to make IIM work. For the
one-dimensional case it needs 6-points on every time layer, while it needs 8-points
for the two-dimensional problems with line interface, parallel to one of the axis [13].
Some classical difference schemes for the scalar case (S=1) of the problem (1)—(3) and
single (R=1) site of reactions are examined in [3]. The IIM for one equation (S=1)
and many reactions is studied in [13] and for the parabolic system (1)—(3) with one
reaction (S=1) - in [22]. 2-D parabolic problems with more complicated interfaces are
considered in [14]. Boundary element approximations of (1)—(3) are derived in [17].
We propose a fast numerical method, which combines a second order IIM difference
scheme and an algorithm for solving the discrete equations. The layout of the paper
is as follows. The differential problem is stated in the next section. Existence and
uniqueness of regular solution of the problem formulated is also discussed. The IIM
difference scheme is derived in Section 3. An algorithm based on elimination of the
unknowns corresponding to linear equations is presented in Section 4. It essentially
decreases the computational work. Finally, numerical experiments are discussed in

the last section.

2. THE DIFFERENTIAL PROBLEM

In this paper we construct and analyze an IIM difference scheme for the system

of reaction-diffusion equations

oU 02U u
EZ:DEE_QU+Z¥%WWW—&) (1)

(2,8) €EQr=0x (0,T), Q= (-1,1), 0 <t < T,

U(z,0) =Uy(x), forx e, (2)

and
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Here U(z,t) = (ui(w,t),...,us(z,t))’ is a vector of concentration of S different
species, D = diag(D, ..., Dg) is a diagonal matrix of diffusion coefficients, Q =
(wij), 1,7 = 1,...,S is a matrix corresponding to adsorption-desorption linear pro-
cesses and Q,(U) = (Q1,(U), ...,Qs,(U))T is the r-th reaction term due to reaction
taking place at active site &.,r =1, ..., R.

These equations describe various physical processes with localized source terms.
For example, localized reactions occur at chemically active parallel line deflects on a
two-dimensional surface. Similar phenomena are also observed in biological systems,
for instance on chemically active membranes. The reader can consult [2, 17] for
physical derivation.

The additional motivation for our study comes from the parabolic problems with
interfaces. In [4] the authors study the well-posedness of a scalar diffusion equation
of the above type. Sufficient conditions are found to ensure global existence and
blow-up time. There are not such results for the system (1) in the literature. On
the other hand an effective numerical approach to (1)—(3) will help at studying of the
qualitative behaviour of the solutions.

With some assumptions for smoothness a solution of (1)—(3) is equivalent to a

solution of the following problem:

ou 02U
E—Dw—QU,xe(—1,1),$§££T,0<t<T, (4)
U, =U +0,t) —U(& —0,t)=0,0<t<T, r=1,..,R, (5)
oU
D[%]ér = _QT(U(£T7t>)7 0 é t S T7 r= 17 sy R7 (6)

subjected with initial (2) and boundary conditions (3).

This is a parabolic problem and if the input data are piecewise functions, the solu-
tion is also piecewise function. The discontinuities of the solution and its derivatives
propagates along the discontinuity lines x =¢&,., r =1, ..., R.

For construction of a second-order accurate IIM difference scheme that approxi-
mates (4)-(6), (2), (3) we need some regularity of the solution U(x,t). Let C° = C,

be the set of the Holder continuous functions with 0 < o < 1. For each & > 1 we
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introduce the following subspaces C*(Qr) of Cy(Qr), whose elements have Holder
continuous derivatives:
Oty

L g € C(Qr), 0<i+2j<k, ij-nonnegative integers}.

Ca(@r) = {u

In order the solution U to be continuous up to the boundary {(z,t) : © = —1,+1,
0 <t < T} and up to the interface 'y = {(z,t) :x =¢,, r=1,.., R, 0<t <T}it
is necessary to have the following conditions:

uso(—1) = ¢s5(0), uso =vs(0), [usol, =0, s=1,...5 r=1..R.

We call these relations compatibility conditions of order 0.
If we require the solution to have continuous derivatives OU/dt, 9*U/dz* up to

the boundary the following conditions are necessary:
@s(0) = ulo(—1), ©s(0) = uly(1), where s=1,..,5, -=d/dt, '=d/dx.

Differentiating the equality (5) with respect to t we get

Oou,
ot

Now, from (4),(5) and (7), one obtains

] =0,s=1,..,5 r=1,.. R (7)
&r

0%uy
DS lW‘|€ :07 5217"‘757 T:17"”R‘ (8)
Therefore,
DS |:u;/01|£ _07 S = 9 7S7 T:17 7R (9)

D, [U;OL = —Qu(Uo(&), s=1,..,5, r=1,..,R. (10)
Conditions (16), (17) are called compatibility conditions of order 1.
Next, differentiating (4) with respect to = we find

0%ug PP S ou;
=D, |—— — | — =1,.. =1,....R. 11
[atax‘| g'r ’ [ 83:3 ‘|€7‘ Z wsz l ax ‘| ’ ’ 7 ’ S’ ' ’ 7 R ( )

=1
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Differentiating the equality (6) with respect to ¢ we find expressions for [0%u,/9t0x],
s=1,..,8, r=1,.., R. With this, (11) becomes:

[83@3] 1 S < 1 0Q,, Ou;
& =

O3 D, “~\ D, du; ot

(2

+wsiQir> s=1,...,5 r=1,..,R. (12)
&r

Now, from (4), (7) and (12) it follows the compatibility conditions of order 2:

" _ 1 1 aQST D 5 U
[US,O} & - _H Z H Ous iui,0<51“) - 82::1 wisus,O(gr) + wsiQir ( 0(57")) )
s=1,...,5 r=1..R.

It was found that the compatibility conditions are not only necessary for the
continuity of the corresponding derivatives of U up to the boundary and the interface,

they are also sufficient. The following result for local existence and uniqueness of

solution holds [4, 8, 18].

Theorem 1. Let Uy € Co[—1,1]NC2(—1,0)NC2(0,1) has continuous derivatives,
o, ¥ € CL0,T] and Q(u) € CH(RS). Assume that the compatibility conditions of
order 0 and 1 are hold. Then the problem (1)-(3) has a unique solution u € Cyu(Qr)
N C%(Qr\I'r) and this solution also solves the problem (4)-(6), (2), (3).

If the compatibility conditions of order 2 are also hold, then u € C,(Qr) N
CHQAT).

3. CONSTRUCTION OF AN IIM DIFFERENCE SCHEME

We discretize (1)-(3) on the mesh @ = @y, x w,:

Wy = {.Z',L:Zh, z:O,l, M, .%0:—1, CCle},

Y

wWr = {tn+1 :tn+Tn+1 , n:071,...,N—17 t0:0, tN:T}

Let denote the solution matrix as U(t) = (Uy, Us, -+, Up)T, where U; = U(x;, t).
Define also U™ = (U}, Uy, -, Uy)*, where U = U(z;,t,).Our finite difference
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method described below produces the matrix Y (t) = (Yy(t), ..., Yar(£))¥, 0 < t < T,
that approximates U(t) and Y™ = (Y, ...,Y7)T for n = 0,..., N, that approxi-
mates U™ (superscript T denotes transpose). For simplicity, we may also write
YV,=Y", V=YY" i=0,..,M,n=0,..,N — 1.

On the mesh @y, x @, we shall use the standard notations, as in [20],

fz(%) = faz,z’ = (fz - fi71>/h7 fx(l‘z) = fz,i = (fi+1 - fi)/h’7

Let us fix the integer r, 1 < r < R and suppose that z; < & < x4,
2 < I, < M — 2. The vector function U(x,t) is smooth almost everywhere, except at
&, r=1,..., R, where its derivatives has a discontinuity of first kind. Therefore, the
question is how to approximate the derivatives 0%*u,(xy, ,t)/0x?, O*ugs(xy 41,t)/022,
s=1,...,5, r=1,.., R using the solution values at grid points. From the Taylor

expansion, we obtain a second order difference at a grid point z;, j = I, I, 11, as did

in [1]:
Dug(xj,t)
TZJ = Us 72 (T}, 1) (13)
sgn(&r — 1) <= 1 /.9 1) m [ 0™
2 (Wt = ey - €0)" [T

where dgl) is the Peskin’s discrete delta function, or “hat function” with support
(_h ) h)

Wy _ | (h=l2])/h% 2] <h,
d’(z) = { 0, otherwise.

It follows from (13) that to achieve second order accuracy, the solution u,(z,t),
s =1,...,.5, must have up to third order piecewise continuous derivatives. The dis-
continuity occurs at the interface I'y. The compatibility conditions require that the
initial data uso(z), s = 1,...,.S and the reaction terms f,, » = 1,..., R also to have
second order piecewise continuous derivatives.

Plugging (6), (8), (12) for [amus/axm]&, m=123s=1,..,5 r=1,..., R into
(20), we obtain the desired second order approximation. Now, the equations (4)—(6)

can be written in the form:
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Oug(x;,t)
ot
i=1,.,M—1,i#I, 1, +1, s:l,...,S, r=1,..R,

=D sUs za l’z, Zwskuk Tt + O(hQ) (14)

S
aUS(éZIMt) = Dsus,ix(l'l,,.,t) - Zwskuk(xlmt) + IT—H Sr QST( (gr’t))
k=1
¢ 286 () + o0, (15)
S
W = Dt zo(zr,41,1) — Y wern(Tr41,1) — Sr — 75 Qur(U(&1))
T k=1
- Sl Wi o), (16)
where
QST(U(éT')t)) - Z <D1 aacij: 85?3 wstkr) y § = 17 ) S’ r= 1’ Tt R.
&

Since in the IIM &, usually does not coincide with any of the nodes x;., z 11, we
need to interpolate us(&,,t) and dus(§,,t)/0t. We use the interpolation formula from

Lemma 4.2 in [1]:
@(fr) = hz Qp(xj>dh(xj - fr) + O(hp) (17>

Here ¢ is an arbitrary continuous function, Lipschitz continuous on each half interval,

p € C" ([ — Lh, &) U (&, & + Lh)), (18)

and dp,(x) satisfies:

dp(z) = 0 for |z| > Lh, L — integer;
m 1, m = O,
hZ(xj - &) dh(J:j — &) = Omo = { 0. m=1

7 ey D — 1. (19)

To preserve 0(h?) approximation in (15), (16) we apply (17) to dus(&,,t)/0t and

us(&,t). For this we need dg) and the following discrete delta-function:

(h — [} (b + Jal)(2h + [2]) /1 2l < b,
gy L] 20—l (br )@= e/, h<fa] <2n
P TR (- )@~ a3k - )/, 2k < el <3h,

0, otherwise.
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The condition (18) with df) applied to u(&,,t) requires the following restriction
on the mesh size:

3h < min (§—&-1), (20)

1<i<R+1
where §o = o, §ry1 = T
To approximate Q- (U(&,,t)) and 0Q,.(U(&,,t))/Oug, s,k =1,....S, r=1,..., R,

we apply the so called ”product approximation formula” [19]:

00 (UE 1) 0Qu (M3, Utz )l (z; — &) + O(h))

Ouy, Ouy,
0Qs (U(x;, t
= oy 200 o, g+ o)
J
a ST U r?t a ST U r 7t
N PLL4+1 © <81§:I ))+PIT @ <3(5k[ + )),

QST(U(&*, t)) = er (h Z U(xja t)d;lﬁ)(fljj o 51“) + O(hs))
= hY Qu(Ulay, 0)d (a; — &) + 0(h°)
J
~ leer(U(xIT—27 t)) + 62rer(U<'rL~—17 t)) + 93rer<U(xlra t))
+ 94TQ8T<U($IT+17 t)) + 05rer U($Ir+2a t)) + QGTQST(U("L’IT-I—& t))

6
— Z eirer(U<xL«—3+i7 t)) = Q5r7
i=1
where for r =1,..., R

pr, = (& — 1)/, pr.+1 = (Tr41 — &)/,
01 = pr,p1,+1(p1, +1)/2, Oor = —p1,pr,+1(p1, + 2),
O3 = pr.+1(pr, + 1)(pr. +2)/2, Ou = pr,(pr.41+ 1) (pr,41 +2)/2,
Osr = —pr1.pr+1(Pr,41 + 2), O6r = p1,p1,4+1(p1,41 +1)/2.

Now, we neglect high order terms of O(h?) in (14)-(16) to get the following semi-

discrete problem:
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(E = p1,nd, D7Q)Y1, — pr.dhD7'Q Y11
= Q1 (Y2, Y, 1, Y5, Y1, 41, Y1,42, Y1, 43)
= DYQ—;%]T — QY}T + 67«57, + d’rQD_léyw (2]‘)

_plr'f'lmrD_lG:"}./Ir + (E - plrmrD_la’lr‘)}/Ir‘i‘l
= Q1 (Y2, Y1, Y0, Y41, Y140, Y1, 43)
= DYips1— Wi +6.Q, +mQD'Q,,  (22)

Yi=DYs, —QY;, i=1,..M—1, i#L,I,+1, r=1,..,R, (23)
where F is the identity matrix of size S,

1 = ﬁp3 o PL m:ﬁpg g = P
T 6IT+17 T h ) T 6IT7 T ha

@T‘ = pIr“FlQT(}/}T) + pI’rQT(YIr“Fl)
_ 6
@r = Z eriQr (§/IT—3+1')

=1

Q. = pr+1Q.(Y1,) + pr,Q(Y1,41)
8er/aul .. ~8Q1r/8u5

aQSr/aul . 3Q5r/aus

Let denote
A1 Ao E— PI.+1er71@/ - PI.erA@/
A(Y7, Y, = ’ ’ = " — r " L
(Y1, Y1) H Ao Aroo —p1,41d,D'Q., E —p;d,D'Q.
(25)
The inverse matrix A~! is
P P,
A_l Y, ,Y _ r,11 £ 12 ’
r (Vi Vi) H Pro1 Proo
where
Proy = (A2 — Ar,21Ar_,111Ar,12)71, Prio = —Ar_,111Ar,12Pr,22,

1 _ -1 -1
Pr,?l = - r,22Ar,21Ar,117 Pr,ll = _Ar,ll - Ar,llAr,IZPrJl-
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Then we find the explicit form of the unknowns YIT, YIT+17 r=1,.. R:

YI = P®1+ P29y,

T

Yiin = Pooi®ri + Proa®o.

The semi-discretization (21)—(23) is an intermediate step in the derivation of a
fully discrete scheme. In this paper, we apply the semi-implicit Euler’s method (with
weight 0 < o < 1) to obtain the system of finite difference equations between time
level t" and "

Yo=Fy=0, Yy=Fy=0, (26)
AV +CYi—BYi =F, i=1..,M-1,i#L,I,+1,r=1,.,R, (27)
er - TU(Pr,llqA)r,l + Pr,12(i)'r,2) =7(l— U)(Pr,llci)r,l + Pr,12‘i’r,2) - er, (28)
Vi1 — TO_(PT,Qlci)r,l + Pr,22(i)r,2) =7(1—0)(Poo1 @y + Pro®r0) — V1,11,  (29)
where
A= (t0/hE, B;i=A;, Ci=E+2A,+71Q, F=Y,+7(1—- U)Ym,i.

It is obvious that the local truncation error of the weighted scheme (26)—-(29) is of

O(1™ + h?), where m = 1 if 0 # 0.5 and m = 2 if 0 = 0.5.

4. ALGORITHM FOR DECOUPLING OF THE NONLINEAR EQUATIONS

A three stage algorithm for solving the system (26)—(29) is proposed below:
e first, we eliminate all unknown vectors except )A/IT, EA/ITH, r=1,..,R;

e second, we solve er and YIMLI, r = 1,..., R using an iteration method for the

system of 2R nonlinear equations;

e third, find other unknown vectors using the exact recurrent formulas.
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We seek the mesh solution in the form
A R A~ A~
Vi=Z;+ Y (VIY, + VY 0), i=0,.., M, (30)
r=1

where Z; is a vector with S components and V', V™! are matrixes of order S.

It follows from this linear form:
Zo=Fy, Zy=Fu, Z;, =0, Z5,.1 =0, r=1,..., R;

‘/OL« — Vfr — ‘/()IT+1 — V]\{;—i—l _ O7

vl _ | Ei=1,, r=1,..,R,
i O,i:Ir+1, Ik,lk—i-l,k’#’f’,k:l,...,R;

plen _ [ Bi=Ll, r=1,...R,
v O,i:[r, [k,Ik+1,k7ér,k:1,...,R.

Plugging the relations (30) into (27), we get a linear system of equations for three
groups of unknowns {Z;}, {V;/"}, {V/"*'}. The unknowns {Z;} are found from the

systems:

ZO = F07
~AiZi 1+ CiZi — BiZi =F;, i=1,...,1; — 1,

Z[l = 0;

Zlk-i-l =0 )
—AiZi\+CiZi —BiZipn=F, i=Li +2,.. . 1,1 —1, k=1,..,R—1, (31)
ZIkJrl = 0,

Zrp+1 =0,
A 4 CiZs—BiZiiy = Fy i = In+2, . M —1,
Zn = Fyy.
We set Iy = —1, Ipyy = M. In order to find {V;*}, i=1,..M—1, k=1,..,R,

we solve the following linear systems with k =1,..., Randr=1,..., R+ 1,

_Az‘/;jfl + Cl‘/;lk — Bl‘/lﬁgl = O’ 7 = [7'71 —+ 2’ e [T‘ — 1.
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In a similar way can be determined the unknowns {V;*™}: for k = 1,..., R and
r=1,..., R+ 1 we solve the linear systems

I+1
Vit o,

V[k+1 . O,k#/f’—l,
Ll ™ B k=r—1,
— AV 4 o vt - By et

(33)
i =0, i=L+2,..,[, -1
Now, from (30), we get the expression for f/[,,_z, 3717.—1, 3717.+2, }/}]7,4_3:
Vi, o= 25 o+ ‘/}{,r:21+1}>[r_1+1 + ‘/I{»T—Q?}r?
Vi1 =Zna + Vi Y+ Vi Y, (34)
3A/IT+2 = Zr42+ VI{TQIY/ITH + V]{rleyhua

N e
Yii8 =243+ V5 Y11+

IT'+1 ¥
‘/I,n-i—?) Y}r+1 .

Inserting (34) in (28)—(29) we get a nonlinear system of 2R equations:

~

Grl (}/}T_l-l-la YYIM Yv[ri‘la YIT.H) = YVIT - TU(PT,H(I)T,I + PT,IQCDT,Q)

—7(1 — U)(Pr,llci)'r,l + ]57«,12&)7«,2) — YIT =0,

Gro(Y1, 01, Y1, Y1101, Y1) = Y100 — 70 (Pro1®py + Prox®;2)

—7(1 - U)(Pr,21(i)r,1 + Pr,zzci)m) — YITJrl =0

(36)

where Pnkl and énk, r=1,..,R, k,l =1,2 are obtained from P, y;, P, after the
substitution. Note that for r = 1, we have Y; 41 = Y{ and for r = R we have
Y., =Yu.

The most widely used iterative method for solving the nonlinear algebraic sys-

tem of equations, obtained from the finite difference discretization, is the Newton’s

method, see for example [15]. We apply the classical Newton’s method to (35), (36).
For shorter we rewrite the system in the form:

Grl = )A/L. - TU-Hr,l - T(]- - J)H 2 YIT' = 0’

(37)

Gro = ?IT+1 —TUﬁr,z —7'(1 - U)Hm _YIT+1 = 0.

(38)
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, +1 s+l
Let us denote the incremental §Y; = Y/ = § SYZ:sYZ — Ys'i, i=1, Iy, r=

2,...,R—1, where }?z is the approximate value of Y; at the s-th iteration. Then the

(s + 1)-th iteration can be written as follows:

—TLoy—19,—20Y7 41+ (E — TLop—19,-1)0Y7,
_TL2r—1,2r(5}/}r+1 - TLQT—1,2r+15Y}T+1 - — Grl (39>

_TL2r,2r725Y'IT_1+1 - TL27‘,27“716Y}T

+(E — 7Ly, )0Y1, 41 — TLor2r410Y7, ., = — Gra, (40)

where forr =1,..., R

aHrk
Li j — : )

i=2r+k—2 j=2r—22r—1,2r 2r+1, k=12 (41

is the Jacobian matrix of the vector function H,; by the components of the vector Y;.
This linear system of algebraic equations has a special form and we propose the

following factorization algorithm, which is a variant of Thomas-type algorithm [21]:

o Forward substitution:

63207 7825%:07

1

Q, = TO_D7~_11L27"—1,27’7 B = TO-D7~_11L27‘—1727‘7
vy = Dﬁl(ém +70Lor_12r—2%11),
B3 = D, (D33} — 70 Loy or11),
V=D~ CSJTQ +70 Loror—ovr_1 — Dia)),
where forr =1,..., R

Dy =E —710(Lar_120—23* + Lar_12,1),

D,y = Dr104i +FE —710Lyor, Dyz= _TO-(L2T,27“—2672=71 + Lopor—1).
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e Backward substitution:

iy, =6V =0,

and forr=R, ..., 1

5}/]7‘4‘1 - 5’[‘25}/IT+1 + 7’37 6)/[7" = aiéy}r“l‘l + /671‘6)/17‘+1 + ,y’f‘l

Therefore, given an initial data one could advance from n-th (n =0, ..., N—1) time
layer to the next one by the algorithm just described. This algorithm will converge,
if D,y and D,s are not singular matrix. A more careful analysis similar to those in

[13] gives us the following theorem.

Theorem 2. Suppose that the functions Q,.(U) have continuous derivatives up to
third order on a every bounded interval I C R*. If the solution of the finite difference
equation Y (Y1, ..., Yar) at n-th time layer satisfies
3
'
then for sufficiently small T there exists unique solution of the system (37), (38). New-

Cau (V) = max (max(|Qu(¥, )|, |Qu (V2 41)])) < (42)

ton’s method applied to the non-linear system of equations with initial approximation

YO =Y converges quadratically.

5. NUMERICAL EXPERIMENTS

Example 1. We start with a system of two equations (S = 2) and single active site
(R = 1) at which nonlinear reactions occur. On the domain Q7= {(z,t) : = € (0,2),

t € (0,T]} we consider the following problem:

d o>

5 = D%+ Qulun,ua)d(a — €),
) o

5;2 = Dy 8;22 + Q2 (u1, uz)d(z — &),

with initial and zero boundary conditions

ur(z,0) = ug(x,0) =1 — 1|1 — x|, x € (0,2),
Ul(—l,t) = ul(l,t) = UQ(—l,t> = ’LLQ(l,t) = O, te.
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In this problem we choose £ = 1 and a reaction terms @ = (Q1, Q2) associated with

the Lotka-Volterra system of ordinary differential equations:

Q1(u1, uz) = 4uy — 4ujug,

QQ(Ul, Ug) = —4u2 + 4u1u2.

The problem has two equilibrium study state solutions (0,0) and (1.5,0.5). It is
known that the solution (0,0) is not stable and the second one is stable.

In Fig. 1 we present the phase diagram of the solutions (u,us) at the active site
¢ =1 at final time T'= 5, N = 64, and M = 2000. As it seen for this initial and
boundary conditions the numerical solution goes to the stable solution (1.5,0.5). We
chose the parameter T' to be T'=5 and T = 50. We have no a closed form solution,
so in the numerical experiments we compare the computed solution at final time T°
with the study state solution. In Table 1 we present the error in maximum norm
errory = |y1(1,T) — 1.5] and the rate of convergency m. Mesh refinement analysis

confirms second order of accuracy of the method. Other results are discussed in [22].

Table 1: Mesh refinement analysis in maximum norm for the Ezample 1.
T=5 T =50
M N errory m M N errory m
32 | 400 | 1.4995e-02 | - 32 | 1000 | 9.8543e-02 | -
64 | 800 | 3.1748e-03 | 2.26 | 64 | 2000 | 3.0921e-02 | 1.67
128 | 1600 | 7.1371e-04 | 2.12 | 128 | 4000 | 9.3516e-03 | 1.73
256 | 3200 | 1.8564e-04 | 1.95 | 256 | 8000 | 2.5017e-03 | 1.90
512 | 6400 | 4.6748e-05 | 1.98 | 512 | 16000 | 5.9282e-04 | 2.07

Ezxample 2. We consider a system of two equations (S = 2) and two active sites
(R = 2) at which nonlinear reactions occur. On the domain Qr= {(z,t) : = € (0,2),

t € (0,T]} we state the problem:

ou 0%u
aitl = Dl%; + Qll(ul,ug)é(x — 51) + Q12<ula UQ)(S(IE - 52)7
8UQ 82152

ke D, 52+ Qa1 (u1, u2)d(x — &1) + Q2a(uy, uz)d(x — &),
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Figure 1: Phase diagram of the solution (ui,us) at the active site x = & = 1 for
Ezxample 1 at final time T'=5, N = 64, and M = 2000.

with initial and zero boundary conditions
ur(z,0) = ug(x,0) =1 — 1|1 — x|, x € (0,2),
Ul(—l,t) = ul(l,t) = UQ(_l,t> = Ug(l,t) = O, te (O,T]

In this problem we choose & = 1, & = 1.5 and the reaction terms (Q11,@21),
(Q21, Q22) to be

Q11 (ug, ug) = 4uy — 4ugus,

Q12(u1, us) = —4uy + 4ujus.

Qa1 (ur, ug) = 4uy + 4ugus,

QQQ(Ul, UQ> = 4U2 + 4U1U2.
In Fig. 2 we present the evolution of the solution u; on the left and us on the right.
The signs and the nonlinearity of the reaction terms at the active site &, lead to the

blow up solutions for u; and wus. It confirms the theoretical results in [4]. If the

reaction terms at the active site & are chosen similar to those at &;

Qa1 (U1, ug) = 4uy — 4uqus,

Q22(U1, UQ) = —4dus + 4dujus,
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then no blow up solutions occur.

Figure 2: Evolution of u; on the left and us on the right for Ezample 2 at final time
T =0.5112, N = 64, and 7 = 107°.

Acknowledgements: This work was supported by the National Science Fund
of Bulgaria under contract HS-MI-106,/2005.

References

[1] R.P.Beyer, R. J. Leveque, Analysis of a one-dimensional model for the immersed

boundary method, STAM J. Numer. Anal., 29 (1992), 332-364.

[2] K. Bimpong - Bota, A. Nizan, P. Ortoleva, J. Ross, Cooperative phenomena in
analysis of catalytic sites, J. Chem. Phys., 66 (1970), 3650-3678.

[3] I. A. Braianov, J. D. Kandilarov, On the realization and stability of difference
schemes for diffusion problems with localized reactions, Notes on Numerical Fluid

Mech., Vieweg Verlag, 62 (1997), 201-2009.

[4] J. M. Chadam, H.-M. Yin, A diffusion equation with localized chemical reactions,
Proceed. of Edinsburgh Math. Soc., 37 (1993), 101-118.



[5]

[13]

169

B. S. Jovanovi¢, L. G. Vulkov, On the convergence of finite difference schemes
for the heat equation with concentrated capacity, Numer. Math., 89, No 4 (2001),
715-734.

B. S. Jovanovi¢, L. G. Vulkov, On the convergence of finite difference schemes
for hyperbolic equations with concentrated factors, STAM J. Numer. Anal. 41, No
2 (2003), 516-538.

B. S. Jovanovi¢, L. G. Vulkov, Finite difference approximation of an elliptic in-
terface problem with variable coefficients, Lect. Notes Comput. Sci., 3401 (2005),
46-55.

O. A. Ladyzhenskaja, V.A. Solonnikov, N. N. Ural’tseva, Linear and quasi-linear

equations of parabolic tipe, Nauka, Moscow (1967), (in Russian).

R. J. LeVeque, Z. Li, The immersed interface method for elliptic equations with
discontinuous coefficients and singular sources, SIAM J. Num. Anal., 31 (1994),
1019-1044.

Z. Li, T. Lin, X. Wu, New cartesian grid methods for interface problems using

the finite element formulation. Numerische Mathematik, 96 (2003), 61-98.

Z. Li, An overview of the immersed interface method and its applications. Tai-

wanese J. of Mathematics, 7, No 1 (2003), 1-49.

J. D. Kandilarov, A second-order difference method for solution of diffusion prob-
lems with localized chemical reactions, Proceed. of Second Int. Conf. Finite Dif-
ference Methods: Theory and Applications, Minsk (1998) 63-67. Eds. A. A.
Samarskii , P. N. Vabishchevich , P. P. Matus.

J. D. Kandilarov, L. G. Vulkov, The immersed interface method for a nonlinear
chemical diffusion equation with local sites of reaction, Numerical Algorithms,

36, No 4 (2004), 285-307.



170

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[23]

J. D. Kandilarov, L. G. Vulkov, The immersed interface method for two-
dimensional heat-diffusion equations with singular own sources, Appl. Num.

Math., (to appear).

J. M. Ortega, W. C. Rheinboldt, Iterative solution of nonlinear equations in

several variables, Academic Press, New York (1970).

C. S. Peskin, Numerical analysis of blood flow in the heart, J. Comput. Phys.,
25 (1977), 220-252.

A. P. Pierce, H. Rabitz, An analysis of the effect of defect structures on catalytic

surfaces by the boundary element technique, Surface Science, 202 (1988), 1-31.

V. Rivkind, V. Ural’tseva, Classical solvability and linear schemes for approz-
imate solution of diffraction problems of quasilinear parabolic and elliptic type,

Math. Notes (1979), 69-111.

J. M. Sanz-Serna, L. Abia, Interpolation of the coefficients in nonlinear elliptic

Galerkin procedures, STAM J. Numer. Anal., 21 (1984), 77-83.

A. A. Samarskii, Theory of Difference Schemes, Nauka, Moscow (1989), (in Rus-

sian).

A. A. Samarskii, E. C. Nikolaev, Methods for Solving Difference Schemes, Nauka,
Moscow, (1978), (in Russian).

L. G. Vulkov, J. D. Kandilarov, Construction and implementation of finite differ-
ence schemes for systems of diffusion equations with localized chemical reactions,

Comp. Math. and Math Phys, 40, No 5 (2000), 705-717.

A. Wiegmann, K. P. Bube, The explicit jump immersed interface method: Finite
difference methods for PDE with piecewise smoth solutions, SIAM J. Numer.
Anal., 37 (2000), 827-862.



