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Abstract. The existence of an operator that maps rational number 1/2 into the array of
Farey tree is proven. It is shown that this operator can be represented by combinatorial
compositions of two simple real functions: f: [0, 1] — [1/2, 1], which is (0, 1)-rational and
o : [0, 1] — [0, 1], which is linear. Then, another operator, mapping rational r € (0, 1) into
the branch of the Farey tree emanating from the node characterized by r is described.

1. INTRODUCTION

The Farey tree is a collection of sets (called levels) FT = {Ty, T, Ts, ...}, where
Ty = {r1 = 1/2} is called root of the tree. The n-th level T,, = {ron, ... rons1_1},

n=0,1,2,...,is the decreasing sequence of rationals r; € (0, 1), like 77 = {ry =
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2/3,r3=1/3}, Ty = {ry = 3/4, r5 = 3/5, r¢ = 2/5, r; = 1/4}, .... One can identify
FT with the infinite binary graph which set of vertices is isomorphic with Q[0, 1],
the set of rationals from the segment [0, 1]. In set-theoretic notation, Farey tree is

collection of sets

FT = {{1/2}, {1/3,2/3}, {1/4, 2/5, 3/5, 3/4}, (1)
{1/5,2/7,3/8,3/7, 4/7,5/8, 5/7, 4/5},
{1/6,2/9, 3/11, 3/10, 4/11, 5/13, 5/12, 4/9, 5/9,
7/12, 8/13, 7/11, 7/10, 8/11, 7/9, 5/6}, ...}

Farey tree (1) plays an important role in Chaos Theory. For ex., it contains all
quasi-periodic routes to chaos. In fact, if a dynamic system contains two periodic
oscillators with different frequencies, f; and fo, (fi < f2), the regime in the system
tries to preserve the state where the ratio f;/fs is the simplest rational number, say
1. Then, f; : fo = 1 : 1 which is called optimal resonance or 1 : 1 mode-locking
regime. If this is not possible, the system ”jumps” to the "reserve” mode-locking
state, f1/f2 = 1/2. If, by some reason, this state is not possible, the system passes
to the next simple mode-locking possibility, f1/f> = 2/3 (or fi/fs = 1/3), and so
on, along the Farey tree. Among others, Farey tree contains the quickest route, so
called golden route to chaos, the sequence of ratios of consecutive Fibonacci numbers
converging to famous golden mean ¢ = (/5 —1)/2.

Let ag, ... ,ax denote coefficients in continuous fraction expansion (partial quo-

tients) of a rational number r

1 1 1
r=lag, a1, ... 0 =— — ... —, a; €N a>2 2
[0, @1 d a+ ar+ 4 a ¥ @)
Using expansion (2), Cvitanovié¢ [1] gave the following formal definition of the

Farey tree level:

Definition 1. The n-th Farey tree level T, is the monotonically increasing se-
quence of 2™ continued fractions [ag, a1, ... ,ag] whose entriesa; > 1,1 =0, 1, ...  k—

1, ar > 2, add up to n + 2.
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For example,

T, = {[4], 2, 2,1, 1, 2], [1, 3]} = {1/4, 2/5, 3/5, 3/4},
5 = {[5],[3,2],[2,1,2],[2 3], [1, 1, 3], [1, 1, 1, 2], [1, 2, 2], [1, 4]}
= {1/5,2/7,3/8,3/7,4/7,5/8,5/7,4/5},

etc.

The Farey tree can be split into two sub-trees ([2], [3]). One of them, denoted
by FT° (”0-subtree”) has the root in 1/3 and contains all rationals from the open
interval (0, 1/2); Another, F'T" (”1-subtree”) has the root in 2/3 and contains all
rationals from (1/2, 1). It is proved in [3] that elements of FT° have continued
fractions of the form [ag, ay, ..., ax], ap > 2, while elements from F'T" have the form
[ag, a1, ..., ag], ag = 1. The k-th level of F'T" will be denoted by T}, i = 0,1, and it
represents "i-half” if of the level T}.

2. FAREY TREE OPERATOR

Lemma 1. If in (2) all ax € N, and k > 1, then r € (0, 1).

1 1
Proof. Consider partial "sum” s; = PRI (0 < j < k). Obviously,
Af—j Q.

so=1/ay € (0, 1) for all ay > 2 and s = 1 for ay = 1. Then, s; = 1/(ax_1+ 1/ay) €
(0, 1), and by induction s; € (0, 1). Thus, s, = r € (0, 1), except if £ = 0 (and
ap = 1) which is excluded by supposition. O

Lemma 2. The simplest difeomorphism

lag, ..., ar] — [1, ag, ..., ag), ax €N,

15 given by

frx—

I+
and it maps [0, 1] to [3, 1].
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1

Proof. The proof follows by definition [1, ay, ..., ag] = and by
1+ [a07"'7ak]
Lemma 1, x = [ag, ..., a;] € (0, 1). O
Lemma 3. The simplest difeomorphism
lag, a1, ..., ag] — [ao+ 1, ay, ..., ag
15 given by
- (4)
CT—
g T
and it maps [0, 1] to [0, 3].
Proof. Let = = [ag, ..., a;] € (0, 1]. Then
1 1 1
[1+a0,a1,...,ak]: ’ . :1+ 1 If(;),
1+&0+<a+ e a) lao, ..y ak]
where f is given by (3). Setting g(x) = f(1/x) for  # 0 gives (4). O

Note that composition g o f~1 yields (g o f~')(z) = g(f*(x)) = 1 — x. Denote
o(z) =1 —a. Then, by 0 = g o 71, it follows g(z) = (o o f)(x). Let Q[0, 1]

denotes partition set of Q[0, 1]. Consider the following four set valued operators

QDo, 11— @D, 11
F = {U © f7 f} )
F2:{00f007f}7 (5)
Fy,={oofoo, foo},
Fy={oof, foo}.

Note that mappings in (5) have the form F' = {¢, ¢}. Here ¢ : [0, 1] — [0, 1/2] is
one of two functions: (oo f)(z) =z/(x+1)or (0o foo)(x) = (x—1)/(x—2). On the
otherside, ¢ : [0, 1] — [1/2, 0] is ether f(z) = 1/(z+1) or (foo)(x) = 1/(2—=z). Also,
the inverse operators to (5) can easily be established provided that the conventions

Fi(0) = 0, and

E({Tl’ <o 7Tk}) = {@(Tl)v cee Qo(rk‘)7 77/)(’/‘1), cee ¢(Tk)}’ (6)
are adopted. Namely, F; *(0)) = ), and

F’i_l({31,...,Sk,Sk_’_l,...,SQk}) = (7)
{90—1(51)’ SR 90_1<3k)7 w_1<3k+1)7 SRR ¢_1(52k)}'
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Theorem 1. Neighbor levels of FT map one to another by any of the operators (5)
or their inverses. More precisely, Fy(T,) = Tny1 and F; Y(Tpy1) =T, n=0,1,....

Proof. Consider the operator Fy. Suppose that r, = |ag, ..., ax] € T,. By
definition, and convention (6), Fy({rx}) = {g(rx), f(rx)}, and by use Lemma 2 and

3 we conclude that

Fy({r}) = Fi({lao, -, a]}) = {g(lao, ..., ax]), f(lao, -- -, ar])}

={lao+ 1, a1, ..., agl, [1, ag, ..., ax]}.

Then, Fy({rx}) = {rp, 4}, and by Definition 1, r,, r, € T,4;. Since any of 2"
rationals from 7;, has one-to-one unique expansion in continued fraction, the operator
F; applying on them produces 2" expansions that define exactly 2" new rationals

from the upper level T,,, ;. Since the mapping o just reverse the order, i.e., Fy(x) =

{91 =), f(2)}, F3(x) = {9(1 — ), f(1 — )} and Fy(z) = {g(z), f(1 — z)}, we
conclude that F;(T,) = T,+1 (n =0, 1, ...) for ¢ = 2,3 and 4. The inverse mapping

F7 ' (7) maps Tj,41 — T,. The similar reasoning applies to other Fj’s from (5). O

The immediate consequence of Theorem 1 is that (F; o F})(1,) = 1,9, for any

i, j € {1, 2, 3, 4}. This leads to the main result of this note.
Theorem 2. Let G be any composition of mappings in (5)
Gp=F,o0F,o0 -0k, i;€{l,2, 3,4}, meN. (8)
Then,

Gm({1/2}) = Thn. (9)

Proof. Now, note that difeomorphism f given by (3) is bijective mapping of

the level T,y onto T ”"1-half” of the level T,,. For any r = [ag, ay, ..., ax] €
To1,a;, > 1,9 =0,1,...,k—1, ap > 2, and by Definition 1, > a; = n + 1.
Also, f(r) = [1, a9, a1, ..., ai], with the sum of partial quotients 1 + > a; = n + 2.

Therefore, f(r) € T,. Further, the first partial quotient of f(r) is 1 making it the

member of the ”1-subtree”or f(r) € T)}. Similar reasoning may be applied on g given
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by (4), which maps T;,_; onto T? bijectively. Suppose that r € T,_;. Then, by
Definition 1, r = |ag, a1, ..., ax], where a; > 1,4 =1,2, ..., k=1, a > 2, and
Y a; =n+ 1. Since g(r) = g([ao, a1, ..., ax]) = [ao + 1, a1, ..., ai], then the sum
of partial quotients is 1 + > a; = n+ 2, so g(r) € T,,. Further, the first coefficient in
the continued fraction expansion of g(r) is > 2, which guarantees that g(r) belongs

to the ”0-subtree”. This gives g(r) € T?.

By similar argument and in the previous proof, we have
(Fi o F;)(Th-1) = Tnpa,
for any ¢, j € {1, 2, 3, 4}, and therefore
GoTy) = (F; 0 Fy)(Ty) = (Fy o F)({1/2}) = T,
Thus, (9) follows by induction. O

Definition 2. The operator r — H,,(r), given by

m

Hy(r)=J Ga({r}). reQ, 1] (10)

n=1
will be called partial Farey tree operator.

The following two statements are consequences of Theorem 2:

Corollary 1. If in (10) m — oo, the Farey tree (without root) is obtained as an

image of a single rational number, r = 1/2. Namely,

Hoo(1/2) = [ Ga({1/2}) = FT\ {1/2}.

By using F™ to denote n-th auto-iteration of the operator F', with usual conven-
tion that F© is identity, we may state a short definition of the Farey tree, given as

Corollary of Theorem 2.

Corollary 2. FT = | J F™({1/2}), where F € {F\, F5, Fs, Fy}.

n=1
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Here, we restricted ourselves on the first operator in (5). Of course, others are

applicable as well.

3. BRANCH OPERATOR

Schroeder in [4] gives the simple algorithm for indexing rationals from Farey tree.
In fact, for any n € N,

rn = [ag, a1, ..., ag], a; € N,

the sequence of partial quotients (ag, a1, ..., ax) represents cardinal numbers of sub-
sets of successive units or zeros in the sequence (bg, by, ..., b1, bm, by), Where
(bo, b1, ..., bm), by € {0, 1}, by = 1 is the sequence of binary digits making the
binary expansion of n.

Let a and 3 represent the following simple mappings of rationals from (0, 1):

a:lag, ay, ..., ay) — [ag, a1, ..., a, — 1, 2], (11)
B :lag, ai, ..., ay] — lag, a1, ..., a, + 1] ’

In [1], the following statement is proven.
Lemma 4. The “children” of the Farey tree element vy, (k=1,2,...) are
Tokr1 = (rg), Tox = B(1k), if kis even;

Tokt1 = B(Tk),  Tor = a(ry), if kis odd.

It is known ([2], [3]) that k-th rational rj from FT belongs to the level Tjiog, x|,
where |z | stands for ”entire part of ”. Having in mind that |log,(2k)| = |log,(2k +

1)] =n+1, it is clear that ry € T,,, implies rox, rox+1 € Ty 1. For instance,

1/2 = 2] —{[3], [1, 2]}, 1/3 = [3] = {[4], [2, 2]},

2/3 =11, 2] —A{[1, 1, 2], [L, 3]}, 1/4=[4] — {[5],[3, 2]},

2/5= 12,2 v {[2,1,2,[2.3]},  3/5=[1,1,2] — {[1.1,3],[1,1,1,2]},
3/4=[1,3] — {[1,2,2],[1,4]},

ete.
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Upon the Lemma 4, we construct the following operator @ : [0, 1] — [0, 1]*:

1\
o) = b0, g0y + 600, 0,

(12)
T € TUongJa k e N.

Let n denote the n-th iteration of the type ®? = ® N, &3 = (dNP) N (PN D),
etc. If BRy denotes the branch of FT emanating from the element 7y, then operator

(12) may be used for defining this branch, in accordance with the next theorem.

Theorem 3. The branch of Farey tree, emanating from the element ry is given
by

Tim J®'(r) = BB, k € N.

Proof. By Lemma 4 and relation (12), for even k, one has ®(ry) = {rogr1, roxr}
By induction,

O (re) = {T2i(ht1)—1, T2i(ht1)—2s - - - T2i(er1)—2 } -
If rj, € T, then n = |log, k|, so the elements of ®*(r;,) belongs to T),.;, since
[log>(2'(k +1) = 1)] = [logy(2'(k+1) —2)]
= |log,(2(k+1) —2) =i+ |logy k| =i +n.
On the other hand, ®‘(r;) contains all 2° descents of element 7} that belong to T},

and, consequently U ®'(r),) contains all 277! —2 descents of element rj, up to the level
i=0
Thyi- When n — oo,

Uq)i(rk) = {{rhs {rars1, ra},

{raes1)—15 Ta(er1)—2, Ta(kt1)—3, Ta(ks1)—a}, - -} = BRy.

Since BR; is the whole Farey tree, one has

Corollary 3. FT = lim UCDZ 1/2).

n—oo
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It is interesting to compare Corollaries 2 and 3. Both give Farey tree in the process
of forming an infinite set level by level. But in the case of operators F', in spite of
simple mappings f and g, levels are forming disorderly. On the contrary, the operator
can not be described by simple functions, yet levels of descents are forming orderly.
To be convinced of the complexity of operator @, it is enough to examine mappings
a and [, given by (11), for the case when rational number r has a simple continued
fraction expansion, say
1 1 1 1+4+yz

=— x,y,2€N, 22> 2

r=le, Z]:E+§+Z T+ 2+ 1yz

2 —y+2yz
—14 22+ 22z — xy + 2xyz

and

Now, according to (11), a(r) = [z, y, 2 — 1, 2] =

1+y+yz

B<T) = [I7 Y, Z+1] - 1
+r+z+xy+ayz

of z, y and z that can not be expressed by some simple mapping of (1+yz)/(z+ 2+

. Both «(r) and 3(r) are rational functions

xyz).

4. CONCLUSION

The authors aim was to demonstrate that one so complex structure as the Farey
tree, can be defined by iterating some simple mappings such as f and g given by (3)
and (4) respectively. There are four combinations of these mappings that give the
same result, the Farey tree as an image of its root, 1/2. But, the sequence of rational
numbers, obtained in each iteration is not ordered naturally. On the other hand, two
other mappings « and 3, given by (11) although very complicated still yield ordered

levels in building the Farey tree.
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