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Abstract. This article presents second-order difference schemes of 2-D and 3-D elliptic
problems with intersecting interfaces. The discretization is made using new Marchuk iden-
tities. It possesses the typical for the method advantages as conservatism, second-order
accuracy even at low smoothness of the differential problem solution. The convergence and
accuracy are discussed theoretically and experimentally. Numerical tests show the feasiblity

of the schemes.

1. INTRODUCTION

We consider the equation

QD

u

Lu = _% (p(x,y)%) - a% (q(ﬂs,y)a—y +r(z,y)u (1)

= flzy) +0(x = Ko(y) +6(y —n)Ky(2), (,y) € 2=(0,1) x(0,1),
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where (§,17) € Q, 6(.) is the Dirac-delta function. We assume that the functions

D, ¢, K, K, are piecewise continuous and
p(z,y) > co >0, q(z,y) > co >0 on Q. (2)
We shall solve (1) subjected with the Dirichlet boundary conditions
u=g;(s)onS;, j=w,s,en, (3)
where 00 =5=S5,US85,US. US, :
Sw={(z,y) € S:x=0}, S;={(z,y) € 5:y=0},

Se=A(z,y) € S:x =1}, S, ={(z,y) € S:y =1},

g;(s) are functions defined on S;.

The equation (1) is equivalent to the following ones:

Ln= f(r.y), (o) €Q\T, ()
[U]Fz = u(§+, y) - u(f—, y) = 07 [U]Fy = u(x, 77+) - u(x, 77_> - O’ (5)
L M I LT R ©)

where I';, = {(z,y); 2 =& 0<y <1}, Ty ={(zr,y); 0 <2 <1, y =n}and
r=r,yr,.

Numerical solutions of second-order elliptic equations are often encountered in
modeling of processes in material sciences and fluid dynamics. This explains the
great interest in the recent years to numerical methods for such problems [1]-[8], [10],
[13], [15], [19], [19], [23].

Han [12] proposed an infinite element method for elliptic interface problems with
interface consisting of straight lines. In [8], [13], [23] for problems with continuous
fluxes (of type (1),(2) when K, =0, K, = 0), finite volume schemes based on coupled
discretization of fluxes, are derived and investigated, theoretically and numerically.

[l'in [13] derived integro-balance approximations with high order of accuracy (up



279

b/

P1=q P2=Q2

Q4 Q3 :

U

P-=Q2 P+=q:

Q. |

a) b)

T

"y

Figure 1: a) The Domain 2. b) Non-uniform mesh.

to three) for elliptic problems with a line interface. He showed that for the third-
order scheme the monotonicity of the difference equations system failed in the case of
strongly discontinuous (or called "wild”) coefficients p(z,y), ¢(x,y). At the end of his
paper [13], [IIin remarked that the construction and convergence analysis of approx-
imations to elliptic problems with self-intersected interfaces and Neumann boundary
conditions are interesting and difficulties open questions.

The famous Marchuk integral identity is a balance equation over a finite number of
control volumes [8]. Therefore, it is a modification of the finite volume method (FVM)
which starts in the works of Samarskii [22]. In the recent years the FVM which is
capable of producing accurate approximations of general triangular and quadrilateral
grids [7]. FEM formulation of the approximation obtained by Marchuk identity was
derived by Agoshkov [21].

In this paper we present a modification of the Mdrchuk identity method for con-
struction of second-order difference approximation of problem (4)-(6). The paper is
organized as follows. In Section 2, we present a discretization based on new Msrchuk
identities [21]. The convergence is discussed at assumptions for regularity of the dif-
ferential problem solution. Section 4 contains a generalization of the 2-D results to

the 3-D case. Numerical experiments in the last section support our claims.



280

2. CONSTRUCTION OF THE DIFFERENCE SCHEME

Let define the meshes:

W=wp Xwg, w=wNQ, 0=w\w, where

op={x0=0, z; =21+ h;, i=1,...,Ny—1, ayy, =2y, 1+h =&, Tn41 =
E4+h, v =z 0+ h, i=N+2,...,N, zy =1},

=AY =0,y =yj1+kj, j=1,....,Mi—1, ys, =9Ysr,-1 +h =1, Yar41 =
n+h, yy=yi—1+kj, j=M+2,...,M, yy =1}

Let V be a discrete function defined on @yx. By ||V||z,, = maxg,, |Vij|, we denote

the discrete maximum norm on wpy,. The finite-difference operators are defined in

standard manner by U(x,y):
Uz = Uz = (U(24,y5) — U(ziz1,95)) /hiy Up = Upi = Uz iz,

Uy = Uy; = (U(zi,y;) — Ui, y5-1)) /Ky, Uy = Uyj = Uy jsa,

1 h h
Us = Usi = (U(xit1,y5) — Ul y5))/Biy By = §(hz + hit1), ho = 31, hy = 7N,
g I
Uy = Uy = Ul yjn) — Ul y)) Ky, ks = 5(’%‘ +kj1), ko = 5 kv =5
1 1
Uz = Uzzi = ﬁ(Uzz —Us,i), Ugy = Uy s = ?(Uy,j — Uyj)-
7 7

Here V;; is any discrete function. Note that when it is clear that u(z, y) is a continuous

function, we shall sometimes use the notation w;; := u(x;,y;), while when it is clear

that V;; is a discrete function, we shall sometimes use the notation V' (x;,y;) == Vi;.
Let g(x,y) is a piecewise continuous function define in €.

hig(zi—,y) + hix19(xi+,y)
hi + hiyq

gz = Gz, (?J) =

)

kig(z,y;—) + kjrg(x, y;+)
kj + kj+1

9y = 9y; (.%) =

Y

Gy = Gra; = (9505, = (905, -

If hi = hiy1, then gz = {g}e,. Itk; = ki1, then g5 = {g},,.
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First we explain our idea for construction of the difference scheme to 1-d elliptic

problem. Setting in (1) p(z,y) = p(x), q(z,y) =0, r(x,y) = r(x), f(z,y) = f(z),

we have:

w(e) = p() 30, T v = (@), ¢ € (0.6 U(ED), M)
[ule =0, [w]e = K. (8)

Integrating the left equality in (7) first on (z;_1, ;) and next on (z;,x;41) and

subtracting the results, we get

I (uipr — uy U; — Ui—1
—— 9
m( ) ) (9)

Gloit) T Gl
1 1 Tiodw &(x) /““ dw &(x)
S 0 aw d aw dr ),
e — (/ e ), wa@n™
where .
xfl %ﬂcifl <z <a,

-, T < T < Tiga,
0, =& [Tio1,Tipl.
An application of the trapezoid numerical integration with accuracy O(h?) leads

to the equality:

h; h; 1 (i —u;  w; — uie 1
e e )~ alele 00D
where
Xy = d—w(ﬂfiz—) = r(zi—)u; — f(o;—), Xo= d_w(xl +0) = r(zit+)u; — f(:it+).
dx dx

Considering the last three relations as a system of three algebraic equations for

two unknowns X, X,, we find:

_ l <'LLZ'+1 — U; _ Ui — uil) hﬂ“(%z—) + hi+17“(33i+)u
hi \ &i(wit) &i(zi—) hi + hit
hif(vi—) + hipa f(zit) 1

_ 1 2
hi + hi+1 hz [Q,U]xz + O(h‘z)7

where [w],, = 0 for x; # £ and [w| = K. From here we get the difference scheme

%

_ (?{E)U) rau=fi - %[w]xi- (10)

T ()
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Now we turn to the two-dimensional case. For 1 <i < N -1, 1 <j< M —1 we

introduce the functions

T ¢y
dt ds
fl p(ty)’ Ti—1 S r < T, yfl a(z,9)” Yj—1 S Yy < Yj,
Tj— j—
Gi(wy) =9 " ni(zy) =9 " a
| sy m<w<zig, yf o Y <Y< i,
07 x ¢ ['T'i_l? mi"rl] ) L O, Yy ¢ [yj—l: yj-‘rl]

and the flows wl(x7y) = p(w7y)g_:7 wZ(Ivy) = Q(xvy)g_z

Also, we will use the functions:

1 <Uz‘+1(y) — ui(y) — Ui )

A ol S P S fz i)

1 1/ (% dw & Tit1
—[wl]xﬂr—(/ dw; &(fc,y))der/ w &G(wy)

N -1
h; hi \Js,_, dx §(zi—,y dr §z T+, y) 7

i

bi(x) = T

1 1 /y" dwy iz, y) /yj“ dwy n;(z,y) :
—[wa)y, + = dy + dy |, 7=1,..,.M — 1.
k:j[ 2ly kj ( s Ay (2, yi—) y Ay (@, yt)

Following the procedure described for the 1-d case, we find

1 (Tudwy

n;(, yj+) (z,y;—

jie) 1=
1(uj+1(a;)—uj(x) uj —ujl )

hH—l dwn
2 dx

piy;E) = [wila, (y;£) + (=, yj%) + ————(@t,y; )) +O(I),

(1)
) = oy (o) + - (G Gtg) + SRR k) ) + O,

! 5\ 2 dy 2 dy
(12)
Setting
dw1 dUJQ dw1 de
%(%—,yj—) = Xy, d—y(ivi—,yj—) =Y, %(ﬂfnﬂ% ) = Xo, d—y(iﬁﬂ',yg ) =Y5,
dwn dws dwn dws
e —(@i+,y;+) = X, @(lﬂwyj'i“) = Y3, %(Ii—ayj‘f') = Xy, E(% Yit+) =Yy

we obtain from (1), (11-12) the linear system of algebraic equations for the unknowns

Xia Yvia 1= 1727374:

Xy + Y1 = (ru— f)(wimy;=), Xo+ Yo = (ru— f)(zit,y,-),
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Xo+Ys = (ru— f)(zit+, y;+), Xa+ Y= (ru— f)(zi—y+),
hiXy 4 hip1 Xo = =2Qwn ], (y5—) + (hi + higa)pi(y;—) + O(R}),
hiXa+ hip1 Xz = =2[wis, (y;+) + (hi + higa)i(y;+) + O(),
kY1 + ki Ya = —2[waly, (wi—) + (k) + kja)(zi—) + O(kD),
kYo + kjaYs = —2[ws]y, (i4) + (k; + ki) (wirt) + O(KS).

Eliminating X;, Y;, i = 1,2, 3,4 we find the approximation in the mesh point (z;,y;)
of the equation (1) :

1 {( k; ks >(u-+1~—u-~)
2hik; |\ &i(zit,y;—) &zt y;+) T

(fz‘(wr,yj—) - & (wi—, y;+) (uij — uizyj)

i ( h; n hi1 ) (i — )
ni(xi— ) eyt ) 0T
hz hi+1 > -|
N + (g5 — wij—1)
(”f<xi—=yj—> nilwty—))

+hikjr($i—; Yi—) + ik (@it y;—) + higkjar (@it y+) + hikjor (@—, yj+)u~
(hi + hisa)(kj + k) N

_ hik; f(xi—,yj—) + hipak; f(zi+, yj—) + hiakjo f(@it, y;+) + hikj f(@i—, y;+)
(hi + higa) (kj + Kjya)

_Kjlwia (=) + B fwile, (g5 ) hilwaly, (2i=) + hop [waly, (2it) O+ ).
hi(kj + kjta) kj(hi + hit1)

From here we get the difference scheme

- <5(;’ V) Uw)ig - (@%) . + ragu = fay — h% ([wile,)y — % ([waly,),, (13)

where [wq],, = 0 for x; # € and [wy]e = K, (y), [wg}yj = 0 for y; # n and |[wy], =
Ky<37>~
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3. CONVERGENCE

Let introduce the scalar products and the corresponding norms:

N M
UV)y = DD haki(UV)sg,, U5 = (U, U),,

i=0 j=0
N—1M-1 B
UV)y = > > hiki(UV)ay,,
i=1 j=1
N M B
UV )tz = 2> hiki (V)i (U5 = (Us, Us) ot vy »
i=1 j=0
N M
UV )arewr = 2> hiks(UV)ag Ul = (Ug, Ug)y, s
=0 j=1
N M
(U V)bt = ZZ UV,
VU5 = HUa‘cHo"‘HUﬂHo: 111 = 11U15 + VU5,

where W1 = @y, Wy = Wg, @ = W1 X Wa, 0 = NN w.

It is well known that the rate of convergence of the difference schemes essentially
depends on the smoothness of the differential problem solution [9]. A corresponding
treatment for problem (1)-(3) is beyond the scope of this paper and we Will explain
this on the following example of R.B. Kellog [16]. Let Q; = {z € Q: “52= < p <
2 1 <i <4}, see Fig.l, where (r,¢) are polar coordinates. We con81der (4)-
(6), (1)-(3) in case of piecewise constant coefficients, Fig.1, and zero singular sources
K, = K, = 0 with zero Dirichlet conditions g; = 0,j = w, s,e,n. Then every weak
solution u € W (Q) of (4)-(6), (1)-(3) admits the following asymptotic expansion
near the intersection interface point I [17].

' ="t + 1" Y Car®valyp)
ae(0,1)
o € W22(Q,).

The sum extends over the eigenvalues « of related eigenvalue problem and functions

Here, ' is a cut-off function with respect I (see Fig. 1.a)
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v, are the corresponding eigenfunctions. The regularity of w is now given by the

smallest eigenvalue o, in the interval (0,1) [17] : for every € > 0

n'u

q, € Witamin=e2(Q)y,

For the special domain €2 introduced above and choice p; = p3 = 1 and p, = py =
p >0, it is shown [17] that a € (0,1) is exponent for the expansion [17] if and only
if

8p
(1+p)*
It follows from this relation that au,;, — 0 as p — 0 or p — oo and therefore the

cos(ar) =1—

regularity of a weak solution can be arbitrary low, i.e u|q, is from Wyt ¢ > 0 small.
This example shows that one can not guarantee a regularity of weak solution in a
space Wyt (€);) for fixed m > 0 without any further assumptions on the coefficients
p, ¢, 7, and the right hand side K, K,, f and the boundary condition function g.
Results in this direction for the case of one line interface, i.e. K, = 0 are obtained in
[11].
Theorem 1. Suppose that for the solution of the problem (4)-(6) u € C(£2)

N(NL, CHe(@) 22 € C (@ Um) N ([BUM), 2 € 0% ([GUT)
N C¥ (Q3UQ4). Then the truncation error of the scheme (13) is of order one. The
problem

AU = — (pUi‘)i‘gj - (QUQ)W +ryU =, Ulp =0 (14)
has unique solution that satisfies the estimate

1Ull < Cllgll-,

where

v
[ = sup 1Ol

v|,=0 ||U||1 ‘

Theorem 2. Suppose that the assumptions for smoothness in Theorem 1 are
fulfilled. Then for the error z;; = Uy — u(z;,y;) of the difference scheme (13) the
estimate holds

1211 < C ([[R?]lo + [I*lo) - (15)
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4. 3D INTERFACE PROBLEM

The results, obtained in the previous sections for 2-D problems can be generalized

to the 3-D case. Now we turn to the three-dimensional case. We consider the equation

0 ou 0 ou 0 ou
Lu = —— — | — = — | — = a
u . (p(x,y, Z)ax> o ((J(rc,y, z) ay> 5 (Q(x,y,z) ay> + s(z, y (1)

fz,y,2) +0(z = ) Kaa(y) +0(y — n) K, (2, 2)
+ 6(z — QOK.(z,y), (7,y,2) € 2= (0,1)%
where (£,7,() € Q, 6(.) is the Dirac-delta function. We assume that the functions

p, ¢, K, K,, K, are piecewise continuous and

p(z,y, 2), qlx,y,2), r(z,y,2) > co >0, s(x,y,2) > co >0 on Q. (17)
We shall solve (16) subjected with the Dirichlet boundary conditions
ulon = g(z,y, 2). (18)
The equation (16) is equivalent to the following ones:
(19)

Lu := f(x>yv 2)7 (x,y, Z) S Q\Fa

[U]Fx = u(é—h Y, Z) - u(§_7 Y, Z) -

= u(:c,77+, Z) - U([B,?]—, Z) = 07

=
=
<

|
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where I'y, = {(z,y,2); 2 =& 0<y <1, 0<z<1,}, Ty ={(z,y,2); 0 <z <
Ly=mn 0<z<1h T, =A(zy,2); 0<z<1l 0<y<l z=¢(} T =

r.yr,yr..

We descretize on the mesh
W=wWp XWXy, w=wNQ, 0=0\w,

where W, w;, were defined in Section 2 and
o ={20=0, =51+t I =1,...,P—1 2p =z2p_1+h=( zp =

C—i—h, Zl:Zl,1+tl, l:P1+2,...,P, ZNzl};

Us: = Uz = (U(zi,y5, 21) — Ui, y5,, 2-1)) /i, U = Uy = Uszpa,

1 o ot - tp
UZA:UE;:, = = UZ —Ug , tr = —(t t , t = —, t = —,
1 tz< 1 b= gttt o= 3, = 3

B _tg(w,y, =) + gz, y, 24)
9: = g5 (2,y) = - :

Fori<i<N—-1,1<j<M-—1,1<[< P —1 we introduce the functions

J g mST<a
Ti—1
i(r,y,2)] =4 "
z( ' I )| f p(tt,iyt,z)’ T, <x < Tit1,
> 0, x ¢ [$¢—17$i+1],
Yy
f q(xcfi,z)’ Yj—1 < y < Yj,
Yj—1
ni(@,y,2) =g Wi
T f q(acd,z,z)’ Yi <y < Yj+1,
\ 0, Y ¢ (Y1, Y1),
;2
J ﬁ» -1 < 2 < 2,
Z1-1
Glz,y,z) =4 ¢
o f r(chty,t)’ 2 <z S 2141,
K O’ Z é [Zl—17 Zl+1] )

and the flows w, (2,9, 2) = p(z,y, 2) 52, wa(x,y, 2) = q(,y, 2) §%, ws(w,y, 2) = r(z,y, 2) §2.



288

1 1 1
N U)oy (U
({(x,y,z) )i"gji (n(xayu Z) y>g:ﬁz (((m,y,z) >ZA5€Z‘7 i =

1 1

= fayr — E ([wl]l‘i)yé -7 ([wﬂyj);cz o

where [w1],, = 0 for z; # £ and [wi]e = K.(y, 2), [wa]y, = 0 for y; # 7 and [wy], =
K,(x,z), [ws], =0 for z; # ¢ and [ws)c = K,(z,y).

5. NUMERICAL TESTS

In this section, we test the difference schemes derived in sections 2, 4 for 2-D and
3-D problems, respectively. In the 2-D case on each subdomain €, s = 1,2,3,4 we

seek an exact solution in the form
B b—a2\" [(d—y\" r—a\ (d—y\"
wzy) = w (b—a) (d—c) +u2(b—a> (d—c)
r—a\’ [y—c\” b—a\" [(y—c\"”
+u3(b—a) (d—c) +u4(b—a) <d—c> ’

where, for example on ; (the same procedure for g, Q3, Q4) we take a = 0,

b=¢ c=0,d=mn,u =u0,0),us = u(&0),u3s = u(&,n),us = u(0,n) are given
real numbers and v, w, m, n are integers (see Tables 1-4). The Dirichlet boundary
condition, and the functions f, K,, K, are taken from the exact solution.

The maximum error order over all grid points,
1N lloo = max{ju (2:, y;) — Ui}

is presented, where Uj; is the computed approximation at the grid point (z;,y;). For
our schemes we give ||Ty||, the infinity norm of the local truncation error over all

grid points. We also display the ratios of the successive errors

TN |0
1 Tonloo”

NENloo
| Ean ||oo

ratio; = logs ratiop = logs

The computational results are displayed in Tables 1,2.
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In the 3-D case on each subdomain 2, s = 1,...,8 we seek an exact solution in
the form

v = (n () (22) e G20) (20)
e (520) () (=0 (7)) (=)
(oGm) (=) (=) (2
e (70) (55) e (2) (59) ) G=5)

The computational results are similar to those of the 2-D case, Table3.

Table 1: Equal coefficients ps = ¢s = 1; rs = 2, s = 1,2,3,4, £ = 0.5628, n =
0.4067, v =w = 4.

N=M N1 = M1 ||TN||oo TCLtiOl ||EN||oo TatiOQ
8 4 8.0760 - 0.0589 -

16 8 4.3459 0.8940 | 0.0137 | 2.1023

32 16 2.2499 0.9498 | 0.0033 | 2.0554

64 32 1.1442 0.9755 | 8.0853e-4 | 2.0300

128 64 0.5769 0.9879 | 1.9988e-4 | 2.0162

256 128 0.2897 0.9940 | 4.9674e-5 | 2.0086

Table 2: Large contrasts coefficients py = ¢ =p3 = q3 = 1072, po = o = ps = @4 =
104, ri =13 = 2.1072, 1y = 1y = 2.10%, £ = 0.5628, n = 0.4067, v = w = 4.

N=M | N, =M 1T ] oo ratioy | ||En|le | ratios
8 4 4.0380e+4 - 0.0575 -

16 8 2.1729e+4 | 0.8940 0.0134 2.1021

32 16 1.1249e+4 | 0.9498 0.0032 2.0525

64 32 5.7209e+3 | 0.9755 | 7.9143e-4 | 2.0283

128 64 2.8845e+3 | 0.9879 | 1.9574e-4 | 2.0155

256 128 1.4483e+3 | 0.9940 | 4.8713e-5 | 2.0066
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Table 3: Large contrasts coefficients pg; 1 = qoi1 = 1, poy = q2; = 10, ro; 1 =
1, ro; =2, 1=1,2,3,4; £ =0.5628, n = 0.4067, ( = .62, v =w = 4.

N=M=L|N =M=1, TN || oo ratio; | ||En|le | Tatios
4 2 76.4365 - 0.0660 -
8 4 34.4407 1.1501 0.0192 1.7814
16 8 15.8447 1.1201 0.0050 1.9411
32 16 7.5245 1.0743 0.0013 1.9434

Acknowledgements: This research is supported by Bulgarian National Fund
of Science under Project HS-MI-106,/2005.

References

[1] 1. Angelova, Error estimates of high-order difference schemes for elliptic equa-

tions with intersecting interfaces, Serdica, (in press)

[2] 1. Angelova, L. G. Vulkov. Singularly perturbed differential equations with dis-
continuous coefficients and concentrated factors, Appl. Math. Comput., V. 158
(2004), 683-701.

[3] 1. Angelova, L. Vulkov. Hight order difference schemes based on new Marchuck
integral identities for one-dimensional interface problems, J. Numer. Math., Vol.

13, No. 1 (2005), 1-18.

[4] 1. Angelova, L. Vulkov, High-order difference schemes for elliptic problems with
intersecting interfaces, Appl. Math. Comput. (in press)

[5] 1. Braianov, L. Vulkov, Numerical solution of a reaction-diffusion elliptic inter-

face problem with strong anisotropy, Computing, 71 (2003), 153-173.



[6]

[12]

[13]

291

J. E. Castillo, J. M. Hyman, M. Yu. Shashkov, S. Sleinberg. The sensitivity and
accuracy of fourth order finite difference schemes on nonuniform grids in one

dimension, J. Computers & Math. Applic, 30 (1998), 175-202.

Z. Chen, J. Zou, Finite element methods and their convergence for elliptic and

parabolic interface problems, Numer. Math., 79 (1998), 175-202.

R. Ewing, O. lliev, R. Lazarov, A modified finite volume approzimation of second
order elliptic equations with discontinuous coefficients, SIAM J. Sci. Comput.,

23, N4 (2001), 1334-1350.

B. Jovanovi¢, Finite difference method for boundary value problems with weak

solutions, Possebna izdanja Mat. Instituta 16, Belgrade (1993).

B.S. Jovanovi¢, L. G. Vulkov, Finite difference approzimation of an elliptic in-
terface problem with variable coefficients, Lect. Notes Comput. Sci., 3401 (2005),
46-55.

B. Jovanovié¢, Regularity and a priori estimates for solutions of an elliptic problem

with a singular source (submitted).

H. Han, The numerical-solution of interface problems by infinite element method,

Numer. Math., 39 (1982), 39-50.

V. P. Il’in, Balance approzimations with high accuracy for the Poisson’s equation,

Siberian J. of Math., 37, N1 (1996), 151-169 (in Russian).
P. Grisvard, Elliptic Problems in Nonsmooth Domains, Pitman, Boston (1985).

J. D. Kandilarov, L. G. Vulkov, The immersed interface method for two-
dimensional heat-diffusion equations with singular own sources, Appl. Numer.

Math, Available online 7 (August 2006).



292

[16]

[17]

18]

[19]

23]

[24]

[25]

R. B. Kellog, On the Poisson equation with intersecting interfeices, Appl. Anal.,
4 (1975), 101-129.

D. Knees, Reqularity results for quasilinear elliptic systems of power-law growth
1 nonsmooth domains - Boundary, transmaission and crack problems, PhD Tesis,

Institute fur Angew. Anal. and Num. Simulation, Univ. Stuttgart (2005).

O. A. Ladyzhenskaya, N. N. Ural’tseva, Linear and Quasilinear Equations of
FEliptic Type, Nauka, Moscow (1973) (in Russian).

R. J. Leveque, Z. L. Li, The immersed interface method for elliptic equations
with discontinuous coefficients and singular sources. STAM J. Numer. Anal., 31

(1994), 1019-1044.

Z. Li, An overview of the immersed interface method and its applications, Tai-

wanes J. Math., 7 (2003) , N1, 1-49.

G. I. Marchuk, V. I. Agoshkov, Introduction in Projection-Mesh Methods.
Moscow: Nauka, (1981) (Russian).

A. A. Samarskii, Theory of Difference Schemes, Nauka, Moscow (1989) (in Rus-
sian); English transl.: The Therory of Difference Schemes, Marcel Dekker, Inc.,
New York (2001).

A. A. Samarskii, V. Andreev, Difference Methods for Elliptic Equations, Nauka,
Moscow (1976) (in Russian).

V. V. Smelov, On generalized solution of two-dimensional elliptic problem with
piecewise constant coefficients based on splitting of a differental and using specific

basis functions, Siberian J. of Numer. Math. 1 (2003), 59-72.

G. Strang, G. J. Fix. An analysis of the finite element method, Prentice-Kall,
Englewood Cliffs, New York (1973).



