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Abstract. In this paper, the continuity for Littlewood-Paley operators and its commutator
on Herz type Hardy spaces are obtained.

1. PRELIMINARIES AND THEOREMS

Let € > 0 and ¥ be a fixed function which satisfies the following properties:
(1) Jpn ¥()dx =0,

(2) ()] < O+ [al)=*),

(3) [z +y) —v(@)| < Clyl*(1 + |2])~"**9) when 2Jy| < |z|.

Let b be a locally integrable function. The commutator of Littlewood-Paley oper-

ator is defined by

/ s dydt]"?
* _ — ) IR 2 >1
gu,b(f)(x) [//1%i+1 <t+ ‘l‘-y‘) | b,t($7y)| t1+n ) H




where
Frala,y) = [ vy = 2)f(2)(b(x) = b(=)dy,
and Y, (z) =t ™ (x/t) for t > 0. We also define

dydt]""”

0@ = | [ (=) o]

which is the Littlewood-Paley operator ([15].) As well known, the operators is of

great interest in harmonic analysis ([7, 8, 15]).

Theory of Herz type Hardy spaces have been recently developed ([4, 9, 10, 11]).
Lu and Yang studied the boundedness of commutators on Herz type Hardy spaces
([12]). The main purpose of this paper is to consider the boundedness of Littlewood-
Paley operator and its commutator on Herz type Hardy spaces. We will work on R",
n > 2. Let us first introduce some definitions ([5, 10, 11]).

Let B, = {x € R" : |z| < 2"}, Ay = By \ By_1,k € Z and yx=xa4, for k € Z,

where Y is the characteristic function of the set E.

Definition 1. Let 0 < p, ¢ < 00 and o € R.
(1) The homogeneous Herz space is defined by

Kg? = {f € LL(R"\{0}) : [|fllzs(an) < 00},
where

. 1/p
111y = [ > 2’mp||ka||ﬁq] ;

k=—o00

(2) The nonhomogeneous Herz space is defined by
K((;’p(Rn) = {f € L?oc<Rn> : HfHKg‘p(R") < 00}7

where
o0

1/p
f | ker(rmy = [Z 25| f e + foBoHﬁq] :
k=1

Definition 2. Let 0 < p, g < oo and o € R. For k € Z and measurable function
fon R, mp(\, f) = {x € Ax - |f(x)] > A}|. Fork € N, mg(\, f) = my(A, f) and
mo(A, f) = {z € By : [f(2)] > A}



(1) The homogeneous weak Herz space is defined by

WEESP(RY) = {f : || fllwiceram < o},

where

o0

1/p
HfHWK(‘;’P = filllg)\ [ Z 2k°‘pmk()\’ f)p/q] ;
>

k=—0o0

(2) The nonhomogeneous weak Herz space is defined by
WEFP(R") = {f : [|fllwrkgr@rn < oo},

where

0 1/p
[ fllwkar(rny = sup A [Z okeP i, (A, f)p/q] '
A>0 k=0

Definition 3. Let a € R, 1 < g < o0 and b € Lj,.(R"). A function a(z) on R"
is called a central (a, q,b)-atom(or a central («, q,b)-atom of restrict type), if

1) Suppa C B(0,r) for some r >0 (or for somer > 1),

2) lallze < [B(0,7)[7/,

3) [gna(x)dr = [pna(z)b(z)dx = 0.

A temperate distribution f belongs to HK:LP(R”) (or HKJV(R™)), if f = 252 o Aja;
(or f =332 Aja;) in the S'(R™) sense, where a; is a central (., q,b)-atom (or a cen-
tral (a,q,b)-atom of restrict type) supported on B(0,27) and Y52 | AP < oo(or
S0 Nl < 00). Morcover, 1 lluseey or (I lszy) ~ (55 obr)”

Our main results are following theorems.

Theorem 1. Let 0 <p < oo, 1 <g<oo,n(l—1/q) <a<n(l—1/q)+¢c and
p > mazx(n/2,n/q). Then g, is bounded from HK(‘;"”(R") to f(;“’(R”).

Theorem 2. Let0 < p<1<g<oo,a=n(l—1/q)+¢c and pn > maz(n/2,n/q).
Then g, is bounded from HKSP(R") to WKSP(R").

Theorem 3. Let b € BMO(R"), 0 <p<oo, 1 <g<oo,n(l—1/q <a<
n(l —1/q) +¢ and p > max(n/2,n/q). Then g, is bounded from HK:;?(R”) to
fer(RY).



Theorem 4. Let b € BMO(R") and 0 < p<1<g<oo,a=n(l—1/q) +¢
and p > max(n/2,n/q). Then, for any A >0 and f € HK_7(R"),
o0 1/p

> 2% (A, gi ()] < C)lefHHK;f(Rn) (1 + 10g+<)‘71’|f“HKzf(R"))> :
k=0

2. PROOF OF THEOREMS

Proof of Theorem 1. Let f € HK,?’p(R”) and f(x) = 352 Ajaj(z) be the

atomic decomposition for f([9]).

g2 (Nggr < C

00 k-3 P 1/p
S gker ( >N ||9;(aj)Xk||Lq) ]

k=—00 Jj=—00
. - p11/p
+o |y 2’”’3( |)‘j|||9:(aj)Xk||Lq> ]
k=—00 j=k—2

By the boundedness of g;; on LI(R"), when p > max(n/2,n/q)([15]), we have

oo o p11/p
L, < C Z 2kap( Z ’)‘j‘ H%Hm) ]
J 2

| k=—00 j=k—

oo o pq1/p
> 2( 5 mzm) ]

_k:—oo j=k—2

C
{ Cls 2y, 2] o< p<t

IA

171/p
)p/p] Cps1

€ SR 277 (S5 I P2 7702 (552, 27070

C 5 NP (22 20-0e) [ o< p <t

k=—o00

IN

C [Z;')i—oo I\ [P (Zj+2 2(kfj)ap/2>}1/p’ p>1

k=—o0

j=—o0

o 1/p
< C( > |)\j|p) < Ol f g ier mmy-

Notice that for j < k — 3 and = € Ay, by the vanishing moment of a;, we gain for I



- 9 1/2
(@) < [//R i) (=2 - sl ) jfy‘“]

" /8 2 1/2
e (=) U e ) 5 ]

IN

C

J

I4e/n—a/n—1/ t e o i
C| B, | e/n—a/n=1/q // dydt
Bl l <t+|x—y|> (7 [y ]

np 1/2
C|B,|1+s/n—a/n—1/q /OO t_n/ l dy tdt '
” o ' e \tF T =yl) @ e

Let M(g) be the Hardy-Littlewood maximal operator of g. Notice that, for a locally

IN

IN

integrable function g,

= (t)"“g<y>dy < CM(g)(x)

t+ |z —yl

and

o0 tdt
—C —2(n+a)‘
/0 (t+ ’x|)2(n+1+5) |£L'|

We can conclude

o tdt 2
9;(%‘)(37) < C|Bj’1+5/nia/nil/q (/0 <t+|x|)2(n+1+€)>

< CZjn(l%s/nfa/nf1/q)fk(n+s) )

Starting with the fact that n(1 —1/q) < o <n(l —1/q) + ¢, we get

. h3 py1/p
Z 2kap (Z |)\j|2jn(1+a/n—a/n—1/q)—k(n+s)+kn/q> ]

k=—o00 j=—00

L < C

00 [e’¢) |—k)(n(1— - 1/p
C [Zj:—oo I\ |P (Zk:j+3 9(i—k)(n(1=1/q)+e )pﬂ L 0<p<l1

IN

C [Zzo:—oo (Zi;ioo |)\j|p2(jik)(n(lfl/q)Jre—a)p/Q
11
. (Zég;ioo Q(j*k)(n(lfl/q)JrE,a)p//Q)p/p :| /p . ,

j=—o0

o 1/p
< C( > |)‘j|p) < Ol flgier mmy-

This completes the proof of Theorem 1. O
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Proof of Theorem 2. Let f(z) = 352 | Aja;(z) be the atomic decomposition
for f

0o k—3 r/a
g5 (Nlwieargny < CsupA| D5 25Pmy (A/Q,lz IAjIQZ(aj))

A>0 k=—o00 Jj=—00

1/p

A>0 k=—00

- o p/q
+ CsupA | Y 2FPmy ()‘/2’9:( > |/\j|aj|>)
j=k—2
= Ji+ o

Similar to I, we have for J,

B < C| Y gk

| k=—00

Y A

j=k—2

[ Jj+2 1/p
< C| X P\j|p< > 2(k])ap)] < Ol g mny;

j=—00 k=—o00

J

p 11/p

L

. 1/p
> o
—k—2

5 oo

k=—o00

Notice that & = n(1 — 1/q) + . Similar to the proof of Theorem1, we have for .J;
i) (x) < CHONDE-0) Kk y-hinte)
Thus

1/p

[e¢) o p/q
Ji < CsupA | Y 2k, (A/2,02k<”+€> > |Aj|)

A>0 k=—o00 j=—00

If for a fixed A > 0,

{x € Ay : O MmO YR I\ /\/QH £ 0 then

2k(n+5) SC}\fl Z ’)\]‘

j=—o00

If K, is the maximal integer k which satisfies this estimate, then

A>0 \ oo A>0

1/p
Ky
Ji < CsupA ( Z Qk(a+n/q)> < C'sup A9 EA (nte)

. o 1/p
< C > PV\SC( > P\j|p) < Cl|fllarear@m-

j=—o00 Jj=—00

This completes the proof of Theorem 2. O
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Proof of Theorem 3. Let f € HKZ;?(R”) and f(r) = X532 Aja;(z)) be the

atomic decomposition for f

ng,b(f)HK;“’p(R”) <

i, 3 py1/p
dp> QW(,Z A Hg;,bwj)xknm)]
O:O ’ - py1/p
ol 2@(2 \Ajrug;b(aj)xknm)]
k=—o0 j=k—2
K+ K.

By the boundedness of gy , on LY(R"), we have for K,

J

K <o XI%W(

| k=—00

. pq1/p
> |Aj|||aj||m) ]
=k—2

oo ~ pq1/p
> 21““1”( > |Aj|2—j°‘) ]

}Up, O<p<l1

)p/p’] 1/p

© |/\j‘p2—jap/2) (Z?ik_Q 9—jap'/2 p>1

k=—o00

<

_szoo j=k—2
<

clsz
<

C
{ O[S0 o 2 32 N P27

C [Zgo‘i—oo |)\j|p <2j+2 Q(kfj)ap)r/p’ 0<p<l1
C 55 _ IIP(SE2  2en2) P s

. 1/p
< C( > |>\j|p) §C||f||Hz‘<;gJ(Rn)-

j=—c0

Let b; = |B;|™! [, b(z)dx with the properties of BMO(R") by the vanishing moment

of a; where x € A; and j < k — 3. Similar to the proof of Theorem 1, we have for K

Gup(a;)(x)

=

([, 1t =2 = sl - o) 4

? dydt

1/q
< Qo) [|b($)—bj|2j(€+n(1_1/Q)_a)+2j(€_a) </ Ib(y)—bjlq'dy> }
B;

< 9kt |:2j(5+n(171/q)7a)|b(x) — by| + (k — j)2j(5+"(1*1/q)’a)||bHBMO} .

] 1/2
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Therefore
) k—3 ' 1/q p71/p
Ko< 0] 5 o[ 5 ppresancicimen ([ e - pr)
k=—o00 j=—00 Br
. p71/p
+C Z Qkap( Z |)\| k(n+e)+j(e+n(1—1/q)—« )an/quHBMo) ]
k=—o00 j=—00
. p71/p
< O Y 2 ( > Ik B)e+n(l- Uq”) ] |16/ Brro
k=—o00 j=—00

s 1/
C|bl|sro [Z;i—oo I\ [P (Zzgj+3(k _ ])2(Jfk)(s+n(171/5)*a)p)] P D<p<l1
Cllbl[syo [Z?‘i—oo (Zk——oo AP (k — j)P2u~ )(EM(I_I/(’)_O‘)/Q)T/IJ p>1

o 1/p
< C( > ’)\j\p> < Cllf ko mmy:

Jj=—00
This completes the proof of Theorem 3. a
Proof of Theorem 4. Let f € HK/y(R") and f(z) = X532, A\ja;(w) be the

atomic decomposition for f

N 1/p 5 1/p
[Z zkapmk(%gz,b(f))p/q] < C [Z 24P\, g0 (f ))p/q]

k=0 k=0

. 3 p/q] /P
+C > kP, ()\/27 > Mjlg,ib(aj)) ]
k—4

j=0
[ o p/q| /P
+C | 2P, ()\/Q,gl’;’b ( > Ajaj)) ]
k=4 j=k—2
= L+ Lo+ Ls.

By the boundedness of g;;, and 0 < p < 1, we have for L; and L3

3 1/p

1/p (%s)
o< ox [zzwumgq] <ont (Zwuajuiq)
7=0

k=0

. 1/p o 1/p
D P2 < ONTH DD P
§=0 §=0

< CX7Y|f] Ry (rm),

IN
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M oo oo p 71/p o - 1/p
Ly < CXT'|D 2k \ja; SOXNTH| D2k N2
| k=4 j=k—2 Ia k=4 j=k—2
j+2 1/p 00 1/p
< OX! ZIA Py 2t <o (le)
k=0 j=0

< oxt Hf||HK;;f(Rn)-
Similar to the proof of Theorem 1, we have for L,
Gupla;)(x) < C27H 9 ([b(x) — by| + K| [bl| 5aro),

Therefore
1/p

L, < C

p/q
Zz’mpmk (A/4 C27H0F9) | p( —bk|2|)\ |) ]

k=4

o o p/a] /P
L C Z Qkapfnk ()\/4, CQ*k(n+6)]gHbHBMoz ’)\j‘) ]

k=4 §=0

= LM+ LY.
By using John-Nirenberg inequality ([15]), we gain for Lgl)

0o ne p/q
) ko C2k+e) ) ) ;m)
L < C 28 | exp | — 2
- 2 < P ( |16l Baro 2520 [N

=

1/p

[ oo O \Qk(n+e) 1/p
< C 2R +DP exp (— — )1

_Igl ||b||BMOZj:0|)\j|

[ roo )\.CE 1/17
< C / 2Pl ex ( ¢ ) 1

o P\ TlTmwr0 S50 ]

p
= O bllsao S A ( / tpletdt)
§=0 0

~ 1/p
< COX! (Z ])\j\p) < C)\_leHHKj;f’(R")'
=0

If there exists u > 1, such that 2*/x < w for £ > 3, then 2% < cu log™ u. By using
this fact, we have for Lg) that if

{x € Ay : C27 kbl paro 31N > A/4H £0

J=0
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then

1 < 260 H)/kte) — O 1b] | saso >IN
§=0

Therefore
2k(n+6) < C/\_l Z |)\]| 10g+ (}\—1 Z |)\j|) ’
=0 §=0

If K, is the maximal integer k which satisfies this estimate, then

LY

IN

K l/p
C (Z QkaPanp/q) < 2K (n+e)

k=4

IN

CA™1 Y [Ajllog” (Alz |>‘j|)
j=0 Jj=0
1/p

IN

o0 1/p oo

CATH DI ] Tog™ [ ATH D NP
j=0 j=0

< O M| fllaxe g log™ (AN llxepwn)

Now, summing up the above estimates, we have

1/p
< C/\_IHf“HZ’bp(R") (1 + log™ <)‘_1||f||HK;’bp(R"))) :

o0

> 2k (A, g, ()P
k=0

This completes the proof of Theorem 4. O

If we relax the condition of b in Theorem 4, then we get the following result.

Theorem 5. Letb € L®°(R"),0<p<1<g<oocanda=n(l—1/q)+ 1,u>
max(n/2,n/q). Then, g, is bounded from HKZf(R”) to WKg"p(R").
Proof. Let f € HKZ;,”(R”) and f(r) = X272 Aja;(x) be the atomic decompo-

sition for f.

. - 3 p/q
S 2k g, ()P = Y 2kery, (A/Z > |Aj|g;’;b(aj))

k=—0c0 k=—0o0 Jj=—00

. . p/q
+C > 2y, (/\/Q,Lq;,b ( > Ajaj>)
j=k—2

k=—o0c0 j

= M, + M.
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By the boundedness of g;;, and 0 < p < 1, we have for M

(o) o0

My < C > 28PxP N NP las[Fa
k=—oo0 k-2
j+2

< C’APZ]AV’ZQ’”

j=—00 k=—o00

< OXPIIAI

HKa P Rn)?
Similar to the proof of Theorem 1, we have for M;
Grplag)(x) < C27H b e,

and if

{x € Ay, : C27H+e)||b]| 1o Z?;ioo I\ > /\/2}‘ # 0 then

M < ONTHIBl [ DO [Nl < O ( > IAjlp) :

j=—00 Jj=—00

If K, is the maximal integer k£ which satisfies this estimate, then

K
M, < C i QkOcPQk‘np/QSCQK/\(n'*‘E)P

k=—0o0

< COAF Z A7 < ATPIAIT

j=—00

HEKP (R
This finishes the proof of Theorem 5. O

Remark. Theorem 1, 2, 3 and 5 also hold for nonhomogeneous Herz-type space.
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