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Abstract. In this paper, we give a necessary and sufficient condition on Hardy’s integral
inequality: ∫

X
[Tf ]pwdµ ≤ C

∫

X
fpvdµ ∀f ≥ 0 (1)

where w, v are non-negative measurable functions on X, a non-negative function f defined
on (0,∞),K(x, y) is a non-negative and measurable on X×X, (Tf)(x) =

∫∞
0 K(x, y)f(y)dy

and C is a constant depending on K, p but independent of f . This work is a continuation
of our recent result in [9].

1. INTRODUCTION

In the early twenties, G. H. Hardy proved the following result:

Theorem 1.1. Let 1 < p < ∞ and let f be a non-negative measurable function

defined on (0,∞). Then,

∫ ∞

0
x−p

(∫ x

0
f(t)dt

)p

dx ≤
(

p

p− 1

)p ∫ ∞

0
f(x)pdx (2)
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holds.

For a proof (see [3]).

It has wide applications in differential and integral equations, Laplace transforms

and Fourier series (See [1, 2, 4, 5, 8, 10] and [11]) for related works. Recently, B.

Mucheuhoupt [7] raised the question that given the weight w, under what condition

will there exist a weight function v, finite µ−almost everywhere on X such that the

inequality (1) holds. In their attempt to simplify this problem, R. Kerman and E.

Sawyer [6] provided partial solution to his question and two new open problems were

generated. In [9], the proof of the following theorem, among others, on weighted norm

inequalities for positive sublinear operator was established:

Theorem 1.2. Let 1 < p < ∞ and suppose w is a weight on X. Define the

sublinear operator T by T (f + g)(x) =
∫
X K(x, y)(f + g)(y)dµ(y) then, there exists a

weight function v, finite µ−almost everywhere on X such that
∫
X [T (f + g)]pwdµ ≤

C(K, p)
∫
X(fp + gp)vdµ holds, for all f, g > 0, if and only if there is a positive

function Φ and θ on X with
∫
X(TΦ)pwdµ < ∞ and

∫
X(Tθ)pwdµ < ∞ or equiva-

lently Φ1−pT ∗((TΦ)p−1w) < ∞ and Φ1−pT ∗((Tθ)p−1w) < ∞ respectively, C(K, p) =

max [C1(K, p), C2(K, p)] is a constant independent of f and g.

The proof is exactly as in [9]. Thus, we omit it.

This theorem is known to have provided partial solution to the open problem

number one in [6]. The aim of the present paper is to extent our recent result in [9] to

the case when T is a special integral operator and to consider the case of interchanging

non-negative weight functions w for which there are non trivial v ’s. These provided

partial solutions to the second open problem in [6].

Throughout this work, we let (X, ζ, µ) be a σ−finite measure space, K(x, y) be a

non-negative and measurable on X ×X. Also, set (Tf)(x) =
∫∞
0 K(x, y)f(y)dy and

(T ∗f)(x) =
∫∞
0 K(y, x)f(y)dy for non negative functions f .

Furthermore, let p
′

denotes the conjugate index of p, p 6= 0 and is defined by

1
p

+ 1
p′ = 1 with p

′
= ∞ if p = 1.
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2. STATEMENT OF RESULTS

In this section, we state and prove our main results by induction and show that

for all n ∈ ℵ, the nth partial sum of the left hand side of the inequality (3) is less

than or equal to the nth partial sum of the right hand side.

Theorem 2.1. Let 1 < p < ∞ and suppose v is a weight on X. Then there is a

weight w, finite µ−almost everywhere on X, such that the weighted norm inequality:

∑

n∈ℵ

∫

Xn

[Tf ]pwdµ ≤ ∑

n∈ℵ

∫

Xn

fpvdµ (3)

holds, for all f > 0, if and only if there is a positive function Φ on X with

∫

X
[T ∗Φ]pv1−p

′
dµ < ∞ (4)

or equivalently,

Φ1−pT ∗ [
(TΦ)p−1w

]
< ∞ (5)

µ−almost everywhere.

We noted that the weighted norm inequality (3) holds with v equals to the weight

in (5).

Proof. Suppose that
∫
X [T ∗Φ]pv1−p

′
dµ < ∞, where 1

p
+ 1

p′ = 1. Since X is a

σ−finite measure space. X = ∪∞n=1Xn with Xn ∩Xm = ∅, n 6= m and µ(Xn) < ∞.

We shall determine a necessary and sufficient condition on v such that the in-

equality (3) holds. But,

∫

X
[Tf ]pwdµ =

∫

∪∞n=1Xn

[Tf ]pwdµ =
∑

n∈ℵ

∫

Xn

[Tf ]pwdµ

and ∫

X
fpvdµ =

∑

n∈ℵ

∫

Xn

f pvdµ

Thus we need to show that

∑

n∈ℵ

∫

Xn

[Tf ]pwdµ ≤ ∑

n∈ℵ

∫

Xn

fpvdµ
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Let n = 1, we have

∫

X1

[Tf ]pwdµ =
∫

X1

[∫
K(x, y)f(y)dµ(y)

]p

wdµ

=
∫

X1

[∫
K(x, y)

1
p f(y)Φ

− 1

p
′ K(x, y)

1

p
′ Φ

1

p
′ dµ(y)

]p

wdµ

≤
∫

X1

[
(
∫

K(x, y)f(y)pΦ
− p

p
′ dµ(y))

1
p (

∫
K(x, y)Φdµ(y))

1

p
′
]p

wdµ

By Holder’s inequality

=
∫

X1

[
(Tf pΦ1−p)(TΦ)p−1w

]
dµ

By a property of an inner product

=
∫

X1

fpvdµ

Hence, valid for n = 1.

Next, assume n = k > 1, we have

k∑

n=1

[Tf ]pwdµ =
∫

∪k
n=1Xn

[Tf ]pwdµ

=
∫

X1

[Tf ]pwdµ +
∫

X2

[Tf ]pwdµ + . . . +
∫

Xk

[Tf ]pwdµ

≤
∫

X1

fpvdµ +
∫

X2

fpvdµ + . . . +
∫

Xk

f pvdµ

By Holder’s inequality and using the above argument for n = 1

=
∫

∪k
n=1Xn

fpvdµ

Then, for n = k + 1, we have

k+1∑

n=1

∫

Xn

[Tf ]pwdµ =
∑k

n=1

∫
Xn

[Tf ]pwdµ +
∫
Xk+1

[Tf ]pwdµ

≤
k∑

n=1

∫

Xn

fpvdµ +
∫

Xk+1

[Tf ]pwdµ

by assumption when n = k

≤
k∑

n=1

∫

Xn

fpvdµ +
∫

Xk+1

f pvdµ

since µ(Xk+1) < ∞ and by the proof of k = 1. On the other hand, let us assume that

(3) holds for some v < ∞ µ−almost everywhere on X. By using the σ−finiteness of

µ, we can find a positive function Φ such that
∫
X Φpvdµ < ∞ and (4) holds.
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Finally, suppose (4) holds and let v denotes the weight in (5) then

k+1∑

n=1

∫

Xn

Φpvdµ =
∫

X1

Φpvdµ +
∫

X2

Φpvdµ + . . . +
∫

Xk+1

Φpvdµ

=
∫

X1

Φp
[
(Φ1−pT ∗(TΦ)p−1w)

]
dµ +

∫

X2

Φp
[
(Φ1−pT ∗(TΦ)p−1w)

]
dµ

+ . . . +
∫

Xk+1

Φp
[
(Φ1−pT ∗(TΦ)p−1w)

]
dµ

=
∫

X1

[
ΦT ∗ [

(TΦ)p−1w
]]

dµ +
∫

X2

[
ΦT ∗ [

(TΦ)p−1w
]]

dµ

+ . . . +
∫

Xk+1

[
ΦT ∗ [

(TΦ)p−1w
]]

dµ

=
∫

X1

[
(TΦ)(TΦ)p−1w

]
dµ +

∫

X2

[
(TΦ)(TΦ)p−1w

]
dµ

+ . . . +
∫

Xk+1

[
(TΦ)(TΦ)p−1w

]
dµ

=
∫

X1

[(TΦ)pw] dµ +
∫

X2

[(TΦ)pw] dµ + . . . +
∫

Xk+1

[(TΦ)pw] dµ

⇒
∫

X1+X2+...+Xk+1

[(Tf)pw] dµ =
k+1∑

n=1

∫

Xn

[(TΦ)pw] dµ < ∞

by (5).

We conclude that the result in (3) is valid for all n = 1, 2, . . . and the proof is complete.

2

Remark. If we set n = 1 with X1 = X in (3), then our result yields Theorem 1

obtained by Kerman and Sawyer [6].

Theorem 2.2. For X ∈ < and 1 < p < ∞. Let f(t) ≥ 0 and g(t) ≥ 0 and also

let

h(t) =

{
f(t) if t > 0
g(t) if t < 0

and zero otherwise, also suppose T is a completely arbitrary integral operator, then

∫

<
[Th](t)pdµ ≤

∫

<
fpv1dµ +

∫

<
gpv2dµ (6)

If and only if there exists a positive function Φ on t with

v1 =
∫

X
[TΦ]pdµ < ∞ (7)
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and

v2 =
∫

X
[T ∗Φ]pdµ < ∞ (8)

or equivalently,

v1 = Φ1−pT ∗(TΦ)p−1 < ∞ (9)

and

v2 = Φ1−pT (T ∗Φ)p−1 < ∞ (10)

Proof. Suppose Tf =
∫∞
0 f(t)dt and T ∗ is the dual of T .

Let

I = Th(t)

Then,

I =
∫

<
h(t)dt

=
∫

<
[f(t) + g(t)] dt

=
∫ x
0 f(t)dt +

∫∞
x g(t)dt

Therefore,

∫

<
[Th](t)pdµ =

∫

<

[∫ x

0
f(t)dt +

∫ ∞

x
g(t)dt

]p

dµ

≤
∫

<

[∫ x

0
f(t)pdt +

∫ ∞

x
g(t)pdt

]
dµ

By Minkowski’s inequality

=
∫

<
(Tf)pdµ +

∫

<
(T ∗g)pdµ

≤
∫

<

[
(Tf pΦ1−p)(TΦ)p−1

]
dµ +

∫

<

[
(T ∗gpΦ1−p)(T ∗Φ)p−1

]
dµ

=
∫

<

[
fpΦ1−pT ∗(TΦ)p−1

]
dµ +

∫

<

[
gpΦ1−pT ∗∗(T ∗Φ)p−1

]
dµ

By definition of inner product

=
∫

<
f pv1dµ +

∫

<
gpv2dµ

Conversely, we can assume that (6) holds for some v < ∞ µ−almost every-

where. By using the σ−finiteness of µ, we can obtain a positive function Φ such

that
∫
X Φp

1(v1)dµ < ∞ and
∫
X Φp

2(v2)dµ < ∞, then (7) and (8) holds.
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Finally, suppose (7) and (8) holds and let v denotes the weight in (9) and (10)

then we can use the method of theorem 2.1 to show that
∫

<
Φp

1(v1)dµ +
∫

<
Φp

2(v2)dµ =
∫

<
[Th](t)pdµ

There is a similar result for the dual operator. This completes the proof of the

theorem. 2

3. CONSEQUENCE OF OUR MAIN RESULT

The next thorem treats the case of a convolution operator with radially decreasing

kernel on <+.

Theorem 3.1. Let 1 < p < ∞ and suppose that Φ, w(x) ≥ 0 are locally integrable

with respect to Lebesque measure on <+ and that Φ(x) = Φ(|x|) is non-increasing as

a function of |x|. Define the convolution operator T by

Th(x) = (Φ∗h(x) =
∫ ∞

0
Φ(x− s)ϕ(h(s))dµ(s) (11)

Where ϕ is a scalar function and h(x) is as defined in Theorem 2.2. Then, there

exists a weight function v(x) finite µ−almost everywhere on X and C ≥ 0 such that:
∫

X
(Th)pwdµ(s) ≤ C(K, p)

∫

X
hpvdµ(s) (12)

if and only if for all s ∈ <+

∫

X
Φ(x− s)pw(x)d(x) < ∞ (13)

Proof. Equation (11) can be transformed into linear form:

Th(x) =
∫ x

0
Φ(x− s)U(s)dµ(s) (14)

and a nonlinear element

U(t) = ϕ(h(s)) t ∈ <+ (15)

The proof follows readily from the proof of theorem 3.1 in [9] and Theorem 3.2, if we

set K(x, y) ≡ Φ(x− s) and also theorem 2.2 of the current paper. 2
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