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Abstract. We examine the geodesic mapping of an almost Hermitian (almost para-
Hermitian) manifold using the holomorphic curvature tensor and show that, if such manifold
allows the geodesic mapping, then, besides the classical projective curvature tensor, there
are two more invariant tensors.

1. INTRODUCTION

Let (M,g) and (M,g) be two Riemannian manifolds, dim M = dimM = m
with the metrics g and g respectively. If we consider the mapping f: M +— M,
both manifolds can be assigned to the coordinate system, general with respect to the
mapping. This is the coordinate system in which the corresponding points p € M
and f(p) € M have the same coordinates {z!, x2, ...,2™}. Thus we can write (M,7)
instead (M, ).

The diffeomorphism transforming all geodesics into the geodesics is said to be the
geodesic mapping. It is well known that the necessary and the sufficient condition for

the geodesic mapping of (M, g) onto (M,g) is
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Tt t t
Pz’j = Fij + 5;% + 5%/’]‘ ) (1)
where I and I" are the Levi-Civita connections with respect to the metrics g and g

respectively, and 1); is the gradient vector field. As for the curvature tensors R and

R, they are related as follows
F;‘hl = R}y, + 0jhin — 05 (2)
where
Yin = Vjitbp — Y0,
and V is the operator of the covariant derivative with respect to I'. Also, it is well

known that the projective curvature tensor
1
Wi, = Riyn — m@ﬁpij — 8pin) (3)

where p;; are the components of the Ricci tensor, is invariant with respect to the
geodesic mapping.

If in the relation (1) ¢); is identically zero, the geodesic mapping is said to be trivial.
For example, the geodesic mapping of a Kahler manifold onto the Kahler manifold
preserving the complex structure, under some additional conditions, is trivial. For
such manifolds, also, the holomorphically projective mapping is defined.

A vector V at a point of a Kahler manifold and the vector J(V'), where J is
the complex structure, are mutualy orthogonal and, consequently they are linearly
independent. For a para-Ké&hler manifold, if V' is not a null vector, V' and J(V') are
also linearly independent. The plane element determined by V and J(V) is called a
holomorphic section. A curve of a Kéhler (para-Kéhler) manifold is a holomorphically
planer curve if and only if the holomorphic sections determined by its tangent vectors
are parallel along the curve itself. The diffeomorphism transforming all holomorphi-
cally planer curves into holomorphically planer curves, is said to be the holomorphi-
cally projective mapping. It is the natural generalization of the geodesic mapping.
Such mappings were investigated by many authors and considered in many mono-

graphs and reviews (see, for example [5] and [9] and the references therein). Here we
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remind only that the necessary and the sufficient condition for the holomorphically
projective mapping of a Kéahler (para-Kéhler) manifold, preserving the structure J,
is

™t t t t a t a

Ty =T 4 010 + 00, + < (J{0a T} + J10aT7) |
while the curvature tensors are related as follows

Ezhz = Rj’hl + fﬁejh - 5263‘! o 5(erja<]lg - thﬂja‘]la o 2‘];6“‘]1&) ’ (4)

where

Qij = VJHZ — 019] + Qaeinanb )
g; is a gradient and ¢ = —1 (¢ = +1) for the Kéhler (para-Kéhler) manifold. The
holomorphically projective curvature tensor

1
81 pjn — Onpjt — (i paj i — Jhpjadi — 2T pnadit) |, ()
)

t t
Eon = o = 5+ 1)

J

where 2n = m = dim M, is invariant with respect to the holomorphically projective
mapping. ( [10], p. 265 for e = —1, [6] for e = +1 ).

In this note, we examine the geodesic mapping of an almost Hermitian (almost
para-Hermitian) manifold, using the holomorphic curvature tensor. In the section 3,
we obtain the corresponding invariant tensors. As a consequence, we get that for the
Kahler (para-Kéhler) manifolds, the tensor (5) can be obtained either as the invariant
tensor with respect to the holomorphically projective mapping using the curvature
tensor, or as the invariant tensor with respect to the geodesic mapping using the
holomorphic curvature tensor. In the section 4, we give an example. In the section 5,
we consider the holomorphically projective curvature tensors for an almost Hermitian

(almost para-Hermitian) manifold satisfying the Rizza’s Bianchi-type identity.

2. PRELIMINARIES

Let (M, g, J) be an almost Hermitian (almost para-Hermitian) manifold with met-

ric g and the structure J, that is such that

JP=cld., g(JX,JY)=—eg(X)Y), e=41,
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for all X,Y € T,(M), where T,(M) is the tangent vector space of M at p € M.

If e = —1, J is the complex structure and (M, g, J) is an almost Hermitian
manifold.

If e = 41, J is the product structure and (M, g, J) is an almost para-Hermitian
manifold.

In both cases, M is an even-dimensional orientable manifold. We put dim M = 2n.
In the case € = +1, the signature of M is (n,n).

If VJ =0, (M,g,J) is a Kdhler (para-Kéhler) manifold. As a consequence of
VJ = 0, the Riemannian curvature tensor R(X,Y, Z, W) satisfies the condition

R(X,Y,JZ,JW) = —eR(X,Y, Z,W) . (6)

If VJ #0, (6) does not hold in general. Nevertheless, there exists for any almost
Hermitian (almost para-Hermitian) manifold the algebraic curvature tensor, satisfying

the condition of type (6). It is ( [1], [7] )

(HR)(X.,Y,Z,W) = %{3 [R(X, Y,Z,W) —eR(X,Y,JZ,JW)
—eR(JX,JY,2,W) + R(JX,JY, ] Z,JW)|
+e|R(X, Z,JW,JY) + R(JX, JZ,W,Y)
+R(X,W,JY,JZ) + R(JX,JW,Y, Z)
—R(JX,Z,JW,Y) — R(X,JZ,W,JY)
~R(JX,W,Y,JZ) = R(X,JW,JY, Z)|}.

Namely, it is easy to see that

(HR)(X,Y,Z,W) =—(HR)(Y,X,Z,W)
= —(HR)(X,Y,W, Z) (8)
= (HR)(Z,W,X,Y),

(HR)(X,Y,Z, W)+ (HR)(Y,Z,X,W) + (HR)(Z,X,Y,W) =0, (9)
and that it also has the following properties

(HR)(X,Y,JZ,JW) = —(HR)(X,Y, Z,W) , (10)



101

(HR)(X,JX,JX,X)=R(X,JX,JX, X) . (11)

If (6) holds, then
(HR)(X,Y,Z,W) = R(X,Y.Z, V) (12)

The relation (11) shows that the holomorphic sectional curvatures with respect to
R and HR are the same. This is the reason to name (7) the holomorphic curvature

tensor.
Let {e;} be an orthonormal basis of T,,(M). We define the Ricci tensor, associated
to HR in the following way:

p(HR)(X,Y) = S (HR)(es, X, Y, 1) .

=1

In view of (8),(9) and (10), we have
p(HR)(JX,JY) = —p(HR)(X,Y),  p(HR)(X,JY) = —p(HR)(JX,Y) .

Of course, in the case (12), we have

2n
i=1
With respect to some local coordinates, (7) can be expressed as follows
W6(HR)ijm = 3 [Rijnt — €RijanJf TP — e Rapa JET? + Rapea T2 T2 T T
e | Rinas T2 + Rag T2} + Raar S8 TE + Ry J TP
Rt JE T = Riais T ! — Raign I T} — R I Y]

such that, transvecting with ¢*, we have

J

16(HR)., = 3[Rl — Rl JiJP + e Ry JLI — e JLTL T
te| Rhy 0 J? — Ry JUTh + Rl JOJh — Ry, JLTY (13)

+ Ry Jod? — Ry JiJY + Riy JoJp — RthJlaJﬂ-
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3. GEODESIC MAPPING

Let
f:(M,g,J) — (M,g,J) (14)

be the geodesic mapping. Thus, we suppose that the mapping preserves the structure.

For the manifold (M,g, J), the tensor (13) is

=t

— —=t a —a -_a c
6(HR)y = 3 | Ry — eRjopJiJ? + Ry J0T! = Ry JLIL T T
e Ry T T} = Ry o Th + Ria T T — Ry oI (15)
+ Ry JL I — szlb‘]}?‘]]b + EZ'()JEJ}? - EthJlanl"} :

J

Substituting (2), we get
8(HR)j, = 8(HR)jp + 6,Qin — 6,Qj1 — J;Quj Tyt + €J4QjaJ} + 26 T, QnaJi',  (16)

where
Qij = wij - €¢ainaJ§) )
Thus
QujJi" = tajJi — YiaJ}

and in view of 1;; = 1j;, we have
Qij = Qji Qo i = _QaiJg(‘l :

Contracting (16) with respect to t and [, we obtain

4

G

(p(HR)jn — p(HR);1) - (17)
Substituting (17) into (16), we find
(HlW)éhl = (HI{V);hl

where

(HKV)E'hl = (HR)ju — ﬁ WP(HR)M — 0pp(HR)j (18)

—<(Jfp(H R)julf; = T p(H Rl = 2T p(HR)na )|
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and the tensor H1W is constructed in the same way, but with respect to the tensor

HR.
With respect to the geodesic mapping, W;hl =W}, ie.

J
1
1 (&Ejh - 52Ejz) (19)

-5t
Ry — R;‘hl T on—1

J
where
Ejn = Djn = pin » (20)

Substituting (19) into the expression for

16(H§)§hl — 16(HR)§M ,

= 6} (Ejn — eBap 3T} ) = 01,(Ej — eEw J0J})

—eJ(Ejadf — BnaJ?) + et (Ejadf — BiaJ?) + 2604 (EnaJf — EwalJft) -
This relation, in view of (20), can be rewritten in the form
(HR)py — m [5f (ﬁjh - Epab‘]]q‘]il;) — 4} (ﬁjl - 5ﬁabJ§Lsz)
—eJH(Piadt = Prad?) + €T (Pia i = Diad?) + 26T (Pra i — Dral) |
= (HR>§'hl - ﬁ {55 (Pjh - 5pab<];'l(]2) — (le - 5Pab<]f<]zb>
~eJ{ (piadf = pnad§) + i (piadt = prad) + 2205 (pnadit = )|
But this means that the tensor
(HVQV)ﬁm = (HR)E'hl - m {5; (Pjh - 5PabJ;JilZ>
—0}, (sz - €PabJ}1sz> —eJj (Pjajﬁ - pha(];) (21)
+edf (pjaJl“ — Plan) + 2¢J} (phaJl“ — planL‘ﬂ
is invariant with respect to the geodesic mapping (14). Thus, we can state:
Theorem. If an almost Hermitian (almost para-Hermitian) manifold (M, g,

J) allows the geodesic mapping (14), then there are, besides (3), two more invari-

ant tensors: (18) and (21).
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The tensors (18) and (21) are constructed using the holomorphic curvature tensor
(7). Thus, it is reasonable to name them the first and the second holomorphically

projective curvature tensors, respectively.

For the Kéhler (para-Kéhler) manifold, HR = R, p(HR) = p because of which
(18) reduces to (5). So we have

Proposition. For the Kéhler (para-Kéhler) manifold, the holomorphically pro-
jective curvature tensor (5) can be obtained either as the invariant with respect to the
holomorphically projective mapping, or as the invariant with respect to the geodesic

mapping, but using the holomorphic curvature tensor (7).

Remark. For the Kéhler (para-Kéhler) manifold, the tensor (5) is also invariant
with respect to the holomorphically projective mapping using the holomorphic cur-
vature tensor. Namely, substituting (4) into (15) and proceeding as before, we get

(5).

For the Kéhler (para-Kéhler) manifold, we shall write

t _ t t t _ t
(HI/lI/)]hl = Pjhl - _lpjhl ) (Hg/)]hl - 2.F)jhl .
Because of
—5,0ab(];-lj}lz = Pjn pja(]g - _pha‘];'l ’

(21) becomes

2Pt-hl = Ry — 1= |91Pin — Ohpjt — €(Jztﬂjajﬁf — Jipjadf — QJ}PhaJl“)} - (22)
J

4. EXAMPLE

Let us consider the manifold M endowed with the metric
ds? = (dz*)? + (1) Gapdrda’ (23)
agaﬁ

? axl

M. From now on we shall use the tilde (~ ) to mark the objects of M. The Levi-Civita

where §a5dxadx5 =0, a,0,7,0 = 2,...,2n is the metric of a Sasakian manifold
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connection of the metric (23) has the components
Filzri\zlzr?l:()?
Fl . re _i(sa re _fa
op = T Gap pL= 1% By T By
Let (¢, €, 1, §) be the Sasakian structure on M and let us put

1
=0, = Jo=—whe, J5=v5

Then JiJ] = —6} and V.J = 0, that is (M, g, J), where g is the metric (23), is a Kéhler
manifold. Mikes ([2], [3], [4]) proved that this Kéhler manifold allows the geodesic
mapping onto the conformally Kéhler manifold (M, g, J), where g is the metric

ds? = L[(dz")? + (2")?Gapdz®da”] (24)

and

We shall show that

W;hl = W;hl ) {Dzhl = (le)z'hl ) QP;M = (H2W)§'hl ) (25)
where the bar (—) denotes the objects with respect to the metric (24). The objects
with respect to the metric (23) will be without any mark.

First we note that the components of the curvature tensor R, and the Ricci

tensor p;; of the metric (23) are all zero except
5 s 5~ 5~
Ropy = Rogy = (0590 = 039ar)

Pas = Pap = 2(n = 1)gas -

As for the metric (24), different from zero are the components

e of the curvature tensor:

=1 - —$ P
Rso1 = PGsa R = _(x1)25g )

7T

Rsop = Rgaﬁ +(P = 1)(52@504 —04,358) ;
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e of the Ricci tensor:

_ 2n —1 _ ~ ~ ~
P11 = (x1)2 P, Pap = Pop = 2(n = 1)gap + (20 — 1) Pgag ;

e of the holomorphic curvature tensor (13):
(HR)jo1 = % (G50 + 3057a)

bop = F {957(7704‘?5 Nael) + 205Gy
HR)jon = — 5255 (57 + 3670)

(HR)
(HR)
(HR)3o1 = 121 (G5402E™ — 0015 — 2057a)
(HR) . = 17 (9205 = ©5la — 267 Jan'0h)
(HR)j,5 = ééaﬁ (05960 — 05,955)+

+2 (5050 — 0nGss + hGacP5 — PLGsEH — 20500c5) ;

p(Hﬁ)u - RTH : (xllj)z )

p(HR)éa = ﬁ&x - 2(” - 1)§5a + nT—HP§6a )

where

We also note that for the Sasakian manifold M:
rank (90?3) =2n—-2, {"Ma.=1, @%fﬂ =0, @gna =0,
O30 = =05 +EN8 . Gapl’ = 1a,
~ 57 _ = ~ 5~ 5
957900[305 = Gas — Nall3 ga&@ﬂ = —0986Pq >
E"/,@aﬂ'¢?¢§ = R’yﬁa)\ + gwagﬁk - gwkgﬁa - %e@iﬁﬁuﬁ + g“/éfspigﬁﬂ(pg )
ﬁagwggof = Pov — 2(n — 1)1y PacPf = —PBoPa-

Then, after some calculation, we find the following components different from zero

e for the projective curvature tensor (3):
What = Wgar = g [Pap — 2(n = Dias] .

Wgﬂw = W Raﬁv ﬁ {5g (ﬁaﬁ + gaﬁ) - 5?3(/700/ + goc’y)} ;
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e for the first holomorphically projective curvature tensor:

{D;al = (HW)5a1 = —ﬁ[ﬁaa —2(n — 1)Gsa]
{Dzaﬁ - <H1W)§aﬁ = (n+1) [(Wﬂa 77&90%)(/555 —2(n— 1)555)
=205 (Pa = 20 = 1)3a)] -
P = (HW ) = =gt 92 (os = 200 = i)
f;aﬁ - <H1W)Taﬁ = méﬂog (ﬁw —2(n — 1)§m) ,
{D(;Ta,g = (le)gaﬁ = Rgag - m@gﬁ(sa — 5;ﬁ5ﬂ) — %H((Ség(sa _ 5;@%)

— sy | (9595 — @225) (Pos — 2(n = 1)7is)

_2§0§§0g(ﬁ0a - 2(” - 1)&0&)} )

e for the second holomorphically projective curvature tensor:

P = (H )i = 5oy [psa = 2(n = 1)
Py = W sas = 1oty | (1595 = 105) (Pos — 2(n = 1)Gis)
—277590%(ﬁm —2(n — 1)§m)} ,
%D;n = (HQW)gal = —mgs@g (,50—5 —2(n— 1)%5) :
5;5 = (HW)ias = 5@z s 5 (Poa — 2(n = D)ioa) |
52&5 - (HQW)EQB = Ry - 2(2" 1 (%950‘ _5a955) (2n ) (%péfx 5a56ﬂ)

— 155 | (955 — 0125) (Bos — 2(n — 1)Gas)

=255 (Poa = 2(n = 1)goa) | -

5. MANIFOLDS SATISFYING THE BIANCHI-TYPE IDENTITY

If an almost Hermitian (para-Hermitian) manifold does not satisfy the condition
HR = R, the holomorphically projective curvature tensors (18) and (21) do not
reduce to the forms (5) and (22) respectively. But in some cases, the tensors (18)
and (21) can be expressed using the tensors (5) and (22). To show this, we consider

(M, g, J) satisfying the condition
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R(X,Y,JZ,JW) + R(X,Z,JW,JY) + R(X,W, JY, JZ) o)
26
+R(JX,JY,Z, W)+ R(JX,JZ,W,Y) + R(JX,JW,Y,Z) =0 .

This condition was introduced by G. B. Rizza [8] and was called the Bianchi-type
identity by him.
Putting into (26) JX, JY instead of X, Y respectively, we find

R(JX,JY,JZ,JW) +eR(JX,Z,JW,Y) + eR(JX,W,Y, JZ)

(27)
YR(X,Y, Z, W)+ eR(X,JZ,W,JY) +eR(X,JW,JY,Z) =0 .
In view of (26) and (27), (7) becomes
(HR)(X,Y, Z,W) = HR(X, Y,Z,W) —eR(X,Y,JZ, JW)
(28)

—eR(JX,JY,2,W)+ R(JX,JY, ] Z,JW)|.

It is easy to check that (28) satisfies the identities (8) and (10), while it satisfies
the Bianchi identity (9) if and only if (26) holds.

For an (M, g,J), besides the Ricci tensor p(X,Y) = ¥ R(e;, X,Y, e;), we con-
sider also the * -Ricci tensor

XY = 22_2 Rles, X, JY, Jer) = ; iR(Jei, e X, JY)
Then, putting X = W = ¢; into (27) and summing up, we obtain
p(Y, Z) = ep(JY,TZ) = (" (Y, Z) + p(Z,Y)) . (29)
On the other hand, putting into (28) X = W = ¢; and summing up, we find
PHR)Y, 2) = (oY 2) = 0" (2,Y) = 9" (V. 2) = p(JY, 7))
which, in view of (29), becomes
p(HR)(Y, 2) = (oY, 2) ~ oY, 1 2)) (30)

From (30), it follows

p(HR)(Y,JZ) = ;(MY, JZ) = p(JY,Z)) . (31)
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The relation (18) can be rewritten in the form
(HW)(X.Y. Z,U) = (HR)(X.Y,Z,U)
— s [9(X, U)p(HR)(Y, Z) — g(X, Z)p(HR)(Y,U)
—e(g(X, JU)p(HR)(Y, JZ) — g(X, JZ)p(HR)(Y, JU)
~29(X, JY)p(HR)(Z,JU))| ,
such that, using (28), (30) and (31), we get
(HW)(X.,Y, 2,U) = HR(X,Y,Z,U) - eR(X,Y, ] Z, JU)

~eR(JX,JY, Z,U) + R(JX,JY, ] Z,JU)|

4(n+1)

g0 [o0v.2) - pt7,2)

~9(X. 2)|p(Y.U) = ep(JY, JU)] (32)
—eg(X, JU)[p(Y. JZ) = p(JY, Z)]

+eg(X. JZ) [p(Y. TU) = p(JY,U)]

+2e9(X, JY)|p(2, JU) = p(J 2,U)] }

On the other hand, (5) can be rewritten in the form
P(X,Y,Z,U) = R(X,Y, Z,U) = qileqy (9(X, U)p(Y. Z) = g(X. Z)p(Y.,U) -

—eg(X, JU)p(Y, JZ) +eg(X, T Z)p(Y, JU) + 2e9(X, JY )p(Z, JU)),

from which we obtain
F(X,Y,Z, U) —5{3(X, Y, JZ,JU) — 61P(JX, JY,Z U)+ {D(JX, JY, JZ, JU)

= R(X,Y,Z,U) —cR(X,Y, JZ,JU)
—eR(JX,JY, Z,U) + R(JX,JY, JZ,JU)
— 2 [9(X,0) (oY, 2) — 2p(IY, T 2))
—9(X, Z)(p(Y,U) = ep(JY, JU))
~eg(X, JU)(p(Y. T Z) = pl(IY. Z))
+2g(X, JZ)(p(Y, JU) = p(JY,U))
+2e9(X, JY)(p(Z, JU) = p(JZ,U))).
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The relations (32) and (33) show that

(HW)(X,Y,Z,U) = A P(X.Y.2,U) = <P(X.Y. 2, JU)

(34)
~eP(JX,JY. Z,U) + P(JX, Y, ] Z, JU)).
In a similar way we can see that
(HW)(X.Y, Z,U) = 3y P(X,Y,Z,U) = eP(X.Y.JZ,JU)
(35)

~eP(JX,JY,Z,U) + P(JX,JY. ] Z, JU)).

2

Thus, we can state

Theorem. If an almost Hermitian (almost para-Hermitian) manifold satisfies the

Rizza’s Bianchi-type identity (26), then (34) and (35) hold.
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