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Abstract. We show that generalized plane wave manifolds are complete, strongly geodesi-
cally convex, Osserman, Szabd, and Ivanov—Petrova. We show their holonomy groups are
nilpotent and that all the local Weyl scalar invariants of these manifolds vanish. We con-
struct isometry invariants on certain families of these manifolds which are not of Weyl type.
Given k, we exhibit manifolds of this type which are k-curvature homogeneous but not lo-
cally homogeneous. We also construct a manifold which is weakly 1-curvature homogeneous
but not 1-curvature homogeneous.

1. INTRODUCTION

We begin by introducing some notational conventions. Let M := (M, g) where g
is a pseudo-Riemannian metric of signature (p, ¢) on smooth manifold M of dimension

m:=p-+q.
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1.1. GEODESICS

We say that M is complete if all geodesics extend for infinite time and that M is
strongly geodesically convez if there exists a unique geodesic between any two points
of M; if M is complete and strongly geodesically convex, then the exponential map

is a diffeomorphism from TpM to M for any P € M.

1.2. SCALAR WEYL INVARIANTS

Let V¥R be the k' covariant derivative of the curvature operator defined by the

Levi-Civita connection. Let x := (x1, ..., z,,) be local coordinates on M. Expand

valjl

)0

~~~vazjl R(aﬂfil ) a:v T T Ri1i2i3i4;j1-~jzaﬂfi4 (1.&)

)

where we adopt the Einstein convention and sum over repeated indices. Scalar in-
variants of the metric can be formed by using the metric tensors ¢g* and g;; to fully
contract all indices. For example, the scalar curvature 7, the norm of the Ricci tensor

|p|?, and the norm of the full curvature tensor |R|? are given by
7= g" Ryy",
‘:0‘2 = giljlginQRkiljlleizjzla and (1b>

2. g1 0202 40803, P, . AP Ja
|R| =g g~g gz4g4RZ1ZQ13 Rjuwg .

Such invariants are called Weyl invariants; if all possible such invariants vanish, then
M is said to be VSI (vanishing scalar invariants). We refer to Pravda, Pravdové,

Coley, and Milson [25] for a further discussion.

1.3. NATURAL OPERATORS DEFINED BY THE CURVATURE TENSOR

If ¢ is a tangent vector, then the Jacobi operator J(§) and the Szabd operator S(§)

are the self-adjoint linear maps which are defined by:

J():x— R(z,6)¢ and S(§):x — VeR(x,€)E.
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Similarly if {e1, es} is an oriented orthonormal basis for an oriented spacelike (resp.

timelike) 2-plane 7, the skew-symmetric curvature operator R(r) is defined by:

R(m):x — R(ey,er)x.

1.4. OSSERMAN, IVANOV-PETROVA, AND SZABO MANIFOLDS

We say that M is spacelike Osserman (resp. timelike Osserman) if the eigenvalues
of J are constant on the pseudo-sphere bundles of unit spacelike (resp. timelike) tan-
gent vectors. The notions spacelike Szabd, timelike Szabo, spacelike Ivanov—Petrova,
and timelike Ivanov—Petrova are defined similarly. Suppose that p > 1 and ¢ > 1
so the conditions timelike Osserman and spacelike Osserman are both non-trivial.
One can then use analytic continuation to see these two conditions are equivalent.
Similarly, spacelike Szab6 and timelike Szabd are equivalent notions if p > 1 and
q > 1. Finally, spacelike Ivanov—Petrova and timelike Ivanov—Petrova are equivalent
notions if p > 2 and ¢ > 2. Thus we shall simply speak of Osserman, Szabo, or
Tvanov—Petrova manifolds; see [8] for further details.

We shall refer to [6, 8] for a fuller discussion of geometry of the Riemann curvature
tensor and shall content ourselves here with a very brief historical summary. Szabd
[27] showed that a Riemannian manifold is Szabé if and only if it is a local symmetric
space. Gilkey and Stavrov [14] showed that a Lorentzian manifold is Szabé if and
only if it has constant sectional curvature.

Let M be a Riemannian manifold of dimension m # 16. Chi [2] and Nikolayevsky
[18, 19, 20] showed that M is Osserman if and only if M either is flat or is locally
isometric to a rank 1-symmetric space. This result settles in the affirmative for m # 16
a question originally posed by Osserman [24]. Work of Blazi¢, Bokan and Gilkey [1]
and of Garcia—Rio, Kupeli and Vazquez-Abal [5] showed a Lorentzian manifold is
Osserman if and only if it has constant sectional curvature.

Work of of Gilkey [7], of Gilkey, Leahy, Sadofsky [10], and of Nikolayevsky [21]

showed that a Riemannian manifold is Ivanov-Petrova if and only if it either has
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constant sectional curvature or it is locally isometric to a warped product of an
interval [ with a metric of constant sectional curvature K where the warping function
f(t) = Kt*+ At+ B is quadratic and non-vanishing for ¢ € I. This result was extended
to the Lorentzian setting for ¢ > 11 by Zhang [28]; results of Stavrov [26] provide

some insight into the higher signature setting.

1.5. NILPOTENCY

The picture is very different when p > 2 and ¢ > 2 and the classification of
Osserman, Ivanov-Petrov, and Szabdé manifolds is far from complete. The eigenvalue
0 plays a distinguished role. We say that M is nilpotent Osserman if 0 is the only
eigenvalue of J or equivalently if J(£)™ = 0 for any tangent vector &; the notions

nilpotent Szabo and nilpotent Tvanov—Petrova are defined similarly.

1.6. HOLONOMY

Let v be a smooth curve in a pseudo-Riemannian manifold M. Parallel trans-
lation along v defines a linear isometry P, : T, yM — T,yM. The set of all such
automorphisms where 7(0) = (1) forms a group which is called the holonomy group;

we shall denote this group by Hp(M).

1.7. GENERALIZED PLANE WAVE MANIFOLDS

Let x = (x1,...,2,,) be the usual coordinates on R™. We say M := (R™,g) is a

generalized plane wave manifold if

vazi a'Ej = Zk>max(i,j) Fijk(xlv ) Ik—l)amk .



117

Let 7 be the nilpotent upper triangular group of all matrices of the form:

1 *
0 1 *
T_ 0 0 1 *
0O 0 O 1 =

]
]
=]
(e}
—

Theorem 1.1 Let M be a generalized plane wave manifold. Then:

1. M is complete and strongly geodesically convex.

2. Vo, Vo, R(0s,.0s,)0

o 2iy ) O
= Zk>max(i1,z'2,i3,j1,...j,,) Ri1i2i3k;j1---ju($17 ey T1) Oy -

3. M s nilpotent Osserman, nilpotent Tvanov—Petrova, and nilpotent Szabo.

4. M is Ricci flat and Einstein.

5. M is VSI

6. If v is a smooth curve in R™, then P,0,, = Oy, + Zj>i a’ 0,

7. HP(M) cT.

'R

We shall establish Theorem 1.1 in §2. Since all the scalar Weyl invariants vanish,
one of the central difficulties in this subject is constructing isometry invariants of such
manifolds. In the remaining sections of this paper, we present several other families
of examples with useful geometric properties and exhibit appropriate local invariants

which are not of Weyl type.

2. GEOMETRIC PROPERTIES OF GENERALIZED PLANE WAVE
MANIFOLDS

2.1. GEODESICS

We begin the proof of Theorem 1.1 by examining the geodesic structure. Consider

a curve y(t) = (1(t), ...,z (t)) in R™; v is a geodesic if and only

#1(t) =0, and for £ >1 we have

(1) + Yoo 1 (05 (T (@1, oy @) (£) = 0.
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We solve this system of equations recursively. Let v(¢; 7% 71) be defined by

r1(t) == 2 + 27t, and for k> 1

oi(t) == ah +apt — [ [ e £i(1)a; (M y* (1, oy wp ) (r)drds

Then v(0; 2%, 7') = £° while 4(0; 2% #') = #'. Thus every geodesic arises in this
way so all geodesics extend for infinite time. Furthermore, given P, () € R", there is

a unique geodesic v = ypg so that y(0) = P and (1) = @ where

=P, 21 =0Q,— P, and for k>1 we have
=Py, 1z} =Qp— P+ fo fo ij<k @ i (r)a (1) (@, ..., 21 (r)drds..

This establishes Assertion (1) of Theorem 1.1.

2.2. CURVATURE

We may expand

Rijkl = &cifjkl(m‘l, ceey .CCZ,I) — 8szikl(a:1, ceey 33171)
+Finl(x17 v x—) D" (21, oy 1)

—anl(l'l, ceey xl,l)Fikn(xl, ceny .Z'n,1) .

As we can restrict the quadratic sums to n < [, Rijkl = Rijkl(:cl, s, X1—1). Suppose
| < k. Then I';;! = T'y! = 0. Furthermore for either of the quadratic terms to be
non-zero, there must exist an index n with £ < n and n < [. This is not possible if

| < k. Thus Rijkl =0if [ < k. Suppose [ < i. Then
8xil“jkl(x1, ceey xl—l) =0 and 8mj1“ikl = 8%0 =0.

We have I';,! = 0. For the other quadratic term to be non-zero, there must exist an
index n so ¢ < n and n < [. This is not possible if [ < i. This shows R;;." = 0 if | <4;

similarly R;;x' = 0if I < j.
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This establishes Assertion (2) of Theorem 1.1 if v = 0, i.e. for the undifferentiated

curvature tensor R. To study VR, we expand

Riji"1 = ORiu" (21, ..., 2n-1)

N
3
=
.
>
=
%
8

n
z]k ARG P

To see R;j;"1 = (
1. i <r<mnin (2.b);
2. j<r<nin (2.c);
3. k<r<mnin (2.d);

4. r <nin (2.e).

s Tp1)
- ZT Rik™ (21, oy Tp_1)
— > Ry (w1, o 2n1)

— > Riji (@1, s ) D™ (1, oy 1)

(
Fljr(xl) ooy Tp—1
(

L (21,0, T

Zn_1), we observe that we have:

To show R;;x"; = 0 if n < max(i, j, k,[), we note that

1. 8lRijkn($1, ceny

2. n > max(r, j, k) and r > max(i,1) so n > max(i, j, k,[) i
3. n > max(i,r, k) and r > max(l, j) so n > max(i, j, k,1) i

) in (

( ) ( ) in (

4. n > max(i,,7) and r > max(k,[) so n > max(i, j, k,[) in (
( k) ( ) in (

5. n > max(l,r) and r > max(i, j,

Tp—1) = 0 if n < max(1, j, k,1) in (2.a);

n (2.b);
n (2.c);
2.d);

so n > max(i, j, k, 1) in (2.e).

2.a

(
(2.
(

[N [\
o

(

)
)
©)
2.d)

)

(2.e

This establishes Assertion (2) of Theorem 1.1 if v = 1 so we are dealing with VR.

The argument is the same for higher values of v and is therefore omitted.

2.3. THE GEOMETRY OF THE CURVATURE TENSOR

By Assertion (2) of Theorem 1.1,

J(£>al“z C Spank>i{aﬂﬁk}v
R(m)0y, C Spany.;{0s, }.

S(f)azz C Spank>z’{a’rk}?
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Thus J, R, and S are nilpotent which proves Assertion (3) of Theorem 1.1. Further-
more, because J(§) is nilpotent, p(§,&) = Tr(J(§)) = 0. This implies p = 0 which
completes the proof of Assertion (4) of Theorem 1.1.

2.4. LOCAL SCALAR INVARIANTS

Let © be a Weyl monomial which is formed by contracting upper and lower indices
in pairs in the variables {¢", gij, Ri iris*.j,..}- The single upper index in R plays a
distinguished role. We choose a representation for © so the number of g;; variables
is minimal; for example, we can eliminate the g;,;, variable in Equation (1.b) by
expressing:
|R]> = g7 g™ Ry ik’ Ryyji" -
Suppose there is a g;; variable in this minimal representation, i.e. that

i

0 = ginulugug ..

J
Ry vpvg” oo

Suppose further that ¢g“'** appears in O, i.e. that

uw )
O = 9i;9 ! lRuluzus

;...R’Ull}g’l}g,j;..."' .
We could then raise and lower an index to express
_ pwi . J _ . w1 J
@ - R uzu3];...R1}1v21}3 Jeeettr T R]ugug ;...R’U1’U2’U3 Jeeette

which has one less g variable. This contradicts the assumed minimality. Thus wu,
must be contracted against an upper index; a similar argument shows that us, us, vy,

Vg, and v3 are contracted against an upper index as well. Consequently

_ i j u1
@ - ginu1u2u3 ;...RU1U2v3J;...Rw1w2w3 HOREERE

Suppose w; is not contracted against an upper index. We then have

7 [

J
;...va’Ug’Ug ;...Rw1w2w3 R

w1
© = 9i59" "Ruyusus

_ . J T1 ul
- Ruwzusj%---RUlvws ;---R Waw3g ...ttt

Jees
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uU1Y1 ) 7 T1
g Ruluzugj;..‘va’Ugvg ,R WoW3YLjer**

_ Y1 ) J 1
= R U2U3J;-~-Rv1112v3 ;...R WRW3Y1 ;.-

_ . Y1 J 1
- Rju;guz ;...vavgvg ,R W2W3Y15.--
which has one less g;; variable. Thus w; is contracted against an upper index so

A ] u w
@ = ginu1u2u3 ;...vavgvgj;...Rwlwgw;g 1;...Rx1x2x3 Lo

Jeor

We continue in this fashion to build a monomial of infinite length. This is not possible.
Thus we can always find a representation for © which contains no g;; variables in the
summation.

We suppose the evaluation of © is non-zero and argue for a contradiction. To
simplify the notation, group all the lower indices together. By considering the pairing

of upper and lower indices, we see that we can expand © in cycles:

©=R.; "R ;. ".R L

[ PSS

By Theorem 1.1 (2), R_; ! = 0if I < j. Thus the sum runs over indices where

Iy < i1 < iy < ... <1i,.. As this is the empty sum, we see that © = 0 as desired.

2.5. HOLONOMY

Let X = )", a;(t)0,, be a vector field which is defined along a curve v = (1, ..., )
in R™. Then V;X = 0 if and only if

0= Zz ai(t)a:ci + Zi,j,k:i,j<k Fijk@)ai(t)"yj (t)axk :
Consequently, we can solve these equations by taking recursively
¢ .
ag(t) = ax(0) — fo Zm.<k Liif(ai(s), ..., ax_1(8))ai(s)7;(s)ds .

If a;(0) = 0 for ¢ < ¢, we may conclude a;(t) = 0 for all ¢ if i < £. Assertions (6) and
(7) now follow. This completes the proof of Theorem 1.1. O
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3. MANIFOLDS OF SIGNATURE (2,2 + k)

3.1. THE MANIFOLDS MY, »

Let (z,v, 21, ..., 2k, §, &) be coordinates on R**. Let F(y,2,...,2) be an affine

function of (21, ..., 2), i.e

F(y, 21, 26) = foly) + fi(y)zr + - + fuly) 2

Let M, p = (R, g0, p) where:

gg-{—k,F(a:ca ai) = gg+k7F(8y, 8@) = gg+k7F(8zi7 8ZL) —
gg«kk,F(a:m aw) = _QF(y, 21y eeny Zk:) .

Theorem 3.1 M2+k’F is a generalized plane wave manifold of signature (2,2 + k).

Proof. The non-zero Christoffel symbols of the first kind are given by

g4+kF(v8xaxva ) f6+21lezza
94+k F(V amv ar) = 92+k,F(Vazaya 33:) = —{f(l) + Zz fz-/Zi}7
g4+k F(v aﬂf)azz) = fi7

F(Va

aﬂ«“? 0x) = 92+I<:,F(v3182ia Or) = —fi.

Consequently the non-zero Christoffel symbols of the second kind are given by

Vo, 00 = {fo + 32, fiz:}05 + 3, fi0-,
Vo,00 = Vo,0y = —{fo + X2, fizi}0s,
Vazl, 830 — Vazazi — —flaj .

This has the required triangular form. O



123

3.2. k-CURVATURE HOMOGENEITY

Let M := (M, g) be a pseudo-Riemannian manifold. If P € M, let gp € Q*THM
be the restriction of g to the tangent space TpM. We use the metric to lower indices

and regard VFR € @4 *T*M; let V¥Rp be the restriction of V¥R to TpM and let
uk<M7 P) = (TPM7 ap, RPa ) kaP) :

This is a purely algebraic object. Following Kowalski, Tricerri, and Vanhecke [16, 17],
we say that M is k-curvature homogeneous if given any two points P and () of M,
there is a isomorphism Vp ¢ from U*(M, P) to U*(M,Q), i.e. a linear isomorphism
Vpo from TpM to ToM such that

\II}S’QgQ =gp and \I’*RQV”‘RQ =V'Rpfor0<i<k.

Similarly, M is said to be locally homogeneous if given any two points P and @,
there are neighborhoods Up and Ug of P and @, respectively, and an isometry ¢ pg
from Up to Ug such that ¢ypoP = Q. Taking Upg := (¢¥pg). shows that locally

homogeneous manifolds are k-curvature homogeneous for any k.

More generally, we can consider a k-model U* = (V,h, A, ..., A¥) where V is
an m-dimensional real vector space, where h is a non-degenerate inner product of
signature (p, ¢) on V, and where A* € @*™"V* has the appropriate universal curvature

symmetries. For example, we assume that:

A%(&1, 80,85, 81) = A%(&3,64, 61, &) = —A%(&2,&1,65,&)  and

3.
AO(£17£27£37§4) + AO(£27£37£17€4) + AO(£37£17§2>€4) =0. ( a)

We say that U* is a k-model for M if given any point P € M, there is an isomorphism
Up from U¥(M, P) to U*. Clearly M is k-curvature homogeneous if and only if M
admits a k-model; one may take as the k model U* := U*(M, P) for any P € M.
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3.3. THE MANIFOLDS Méyf

We specialize the construction given above by taking F' = yz; + f(y)z2. One sets
Mg ;= (R, g§ ;) where
gé,f<8$7 853) = gé,f(a?ﬁ a?}) = gé,f(azuazl) = gé,f<az27 822) =1, and

X (3.b)
g&f(ax? aﬂc) = —2<y21 + f(y)ZQ) .
3.4. AN INVARIANT WHICH IS NOT OF WEYL TYPE
Set
"(P
al(f, P) = — 2] (3.c)

L+ (f(P)?

Theorem 3.2 Assume that f” > 0. Then
1. Méj is a 0-curvature homogeneous generalized plane wave manifold.

2. IfUN (Mg 4, Pr) and U (Mg ;,, Po) are isomorphic, then

ag(fi. P1) = ag(fa, Po).
3. af is an isometry invariant of this family which is not of Weyl type.

4. /\/léf is not 1-curvature homogeneous.

Proof. We use Theorem 3.1 to see that M , is a generalized plane wave manifold.
Furthermore, up to the usual Z, symmetries, the computations performed in the proof

of Theorem 3.1 show that the non-zero entries in the curvature tensor are:
R(0z,0y,0y,0r) = ["20,  R(0y,0y,0,,0,) =1, R(0y,0y,0.,,0:) = [
We set
X = c1{0 — 396.4(0,0:)0:},

X = 01_1853,
Y = 02{8y - €1azl - 828Z2 - %(5% + 83)8@},
Y = ¢;'0y,

Zl = 03{821 + f/azg + (81 + fIEQ)ag}’
Ly = 03{3z2 - f,azq + (52 - flgl)ag} ’
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Since R(0,0y,0,,,0,) = 1 and R(0,, 0y, 0,,,0,) # 0, we may choose ¢1, 1, ¢1, c2,

and c3 so that

R(8,,8,,8,.0,) — 261R(D,,8,,0.,,8,) — 222R(D,,9,,0.,,8,) = 0,  (3.d)
R(D,,0,,0,,0,:0,) — 3¢3R (D2, 0,0, 0y: 0.,) = 0, (3.¢)
a1+ (f)) =1, (3.1)
c3(1+ (f)?)cier = 1, (3.8)
s BA ! = (3.h)

We show that Mé, s 18 O-curvature homogeneous and complete the proof of Assertion
(1) by noting that the possibly non-zero entries in these tensors are given by:
gé,f(XvX) = gé,f(Ya Y/) =1
gévf(Zl, Zy) = géjf(Zz, Zy) =1 [see equation (3.f)],
R(X,Y,Y,X)=0 [see equation (3.d)],
RX,)Y, Z;,X)=1 [see equation (3.g)],
R(X,Y,Z5,X)=0.

The possibly non-zero components of VR are:

VR(0y, 0y, Oy, 0y 05,) = VR(0y, 0y, 0s,, 053 0y) = f >0,
VR(a:maZﬂay?axy@ ) = /// 22 -

The possibly non-zero components of VR with respect to this basis are given by:
VR(X,Y,Y,X;Z) =VR(X,Y, Z,X;Y) = [ [see equation (3.h)],
VRX,) Y)Y, X;Y)=0 [see equation (3.e)],
VR(X,Y,Y, X;Z5) = VR(X,Y, Z5, X;Y) =1 [see equation (3.h)].
We shall say that a basis B = {1 X,'Y,17,,17,, ly, 15(} is normalized if the non-

zero entries in R and VR are

R(X,'Y,'Z,,'X) =1, and
VR(X, 'Y,V 'X;1Z,) = VR('X, 'Y, Z,,' X, 1Y) = 1.
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For example, B = {X,Y, Z, — f'Zy, Z5,Y, X} is a normalized basis. Let

ker(R) = {77 : R(£17£27£3777) =0 v51}7
ker(VR) := {n: VR(&1,82,&3,645m) = 0 and VR(E1,89,83,1m;84) =0 VEi}.

It is then immediate that
ker(R) = Span{Z,, X,Y} and ker(VR) = Span{Z, — f'Z,,X,Y}.

Let B := {!X,'Y,'Z,,'Z,,'Y ' X} be any normalized basis. Since 'Z; € ker(VR)
and 'Z, € ker(R), we may expand:

"Zi=a(Zy - ['Z:) + ax X + azY,
Yy = b1 79 + by X + b3Y .

Thus we may compute

T P T
|1zl| . |1Z2| (P) = —(P) — a(ls(f; P),

V1+(f)?

This shows af(f, P) is an invariant of the 1-model and establishes Assertion (2).

If Mé, s 1s curvature 1-homogeneous, then necessarily ag(f) is constant or, equiv-

alently, (f")? = ¢(1+ (f’)?) for some constant c. Since (f')? < (1+(f’)?), ¢ < 1. Thus

we can solve for (f’)? to see (f')? = —% is constant. This contradicts the assumption

1—c
f// # O D
3.5. WEAK CURVATURE HOMOGENEITY

We can weaken the notion of curvature homogeneity slightly. Let A° € @*V* be
an algebraic curvature tensor, i.e. A" has the usual symmetries of the curvature tensor
given in Equation (3.a). We say that M! is weakly 0-curvature homogeneous if for
every point P € M, there is an isomorphism ® : TpM — V so that ®*A° = R. There
is no requirement that ® preserve an inner product. The notion of weakly k-curvature

homogeneous is similar; we consider models (V, A°, ..., A¥) where A" € @**(V*) has
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the appropriate curvature symmetries. Since we have lowered all the indices, this
is a different notion from the notion of affine k-curvature homogeneity that will be
discussed presently.

The following is an immediate consequence of the arguments given above:

Corollary 3.3 The manifold Méf is weakly 1-curvature homogeneous but not 1-

curvature homogeneous.

3.6. AFFINE GEOMETRY

Let V be a torsion free connection on T'M. Since we do not have a metric, we can
not raise and lower indices. Thus we must regard V¥ as a (i + 2, 1) tensor; instead of
working with the tensor R; ;i we work with R;,;,:,.;,. . We say that (M, V) is
affine k-curvature homogeneous if given any two points P and () of M, there is a linear
isomorphism ¢ : TpM — TgM so that ¢*V'Rg = V'Rp for 0 < i < k. Taking V
to be the Levi-Civita connection of a pseudo-Riemannian metric then yields that any
k-curvature homogeneous manifold is necessarily affine k-curvature homogeneous by
simply forgetting the requirement that ¢ be an isometry; there is no metric present in

the affine setting. We refer to Opozda [22, 23] for a further discussion of the subject.

The relevant models are:

A¥(M, P) .= (TpM,Rp,VRp,...,.V*Rp), where
V'Rp € @ TpM* @ TpM .

In fact the invariant of is an affine invariant. We use note that:

R(X,Y)X = —Z,,
R(X,Z)X = -Y,

VLR(X, Y)Y = X,

R(X,Y)Z, = X,
R(X,Z,)Y = X,
VzRX, Y)Y = fX,

VaR(X,Y)X = [,

VyR(X,Y)Z, = f'X,
VyR(X, Z))Y = f'X,

(
VyR(X,Z))X = -,
(

VYR X, Y)X - —f’Z1 - ZQ.

VzRX,Y)X =Y,
VyR(X,Y)Z, = X,

VyR(X,Z,)Y = X,

VyR(X, Z5)X = Y,
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We define the following subspaces:

Wi : = Range(R) = Span{R(&, &)Es : & € R},

Wy : = Range(VR) = Span{V¢ R(&,&)6s - & € R,

Wy: = Span{R(&1, R(&,&)60)6s « & € R°Y,

Wi: = ker(R)={neR’: R(&,&)n=0V & € R%},

Ws: = ker(VR)={n € R®: V¢ R(&,&)n =0V & € R}

Lemma 3.4 We have
1. Wy =Span{X,Y, Z},
W, = Span{X,Y, f'Z, + Z»},
W3 = Span{X, Y},
W, = Span{X,Y, Z,},
Ws = Span{)N( Y, 7 — f'Zy}.
If AAMG 4, Pr) and AY(ME ;,, P») are isomorphic, then
ag(fr, P1) = agfa, P2).

S v e

Proof. Assertions (1) and (2) are immediate. We compute

R(X,R(X,Y)X)Y =R(X,-Z,)Y =X, so Span{X,Y}C W;.
We establish Assertion (3) by establishing the reverse inclusion:
R(&1, R(&. &)64)6 = R(&1,aZ) + 0X + V)& = R(dX, aZ))& € Span{X, Y}

It is clear W, C Span{X,Y, Zo}. Let n = aX +bY +cZy +dZy +eX + fY € Wy.
As R(X,Y)n =0, we have —aZ; +cX = 0soa=0and c = 0. As R(X,Z,)n = 0,
we have —aY +bX = 050 b= 0 as well. Assertion (4) now follows.

It is clear W5 C Span{X,Y, Z; — f'Z,}. Let 1) be as above. As V2, R(X,Y)n =0,
—aY +bX =0s0a=>b=0. Since VyR(X,Y)n =0, (cf' +d) =0 so d = —cf’; this
establishes Assertion (5).
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Suppose we have an isomorphism from A!(M§ 4 P1) to AN M o P,). We ignore
the X and Y variables. Then we have an isomorphism ¢ from R® to itself so that
o(Wi(f1, P1)) = Wi(fa, Py) for 1 < i < 5. We can work in the spaces W;/Wj3 to see

that we must have the relations:

O(Z1) =arZy, O(f1Z21+ Zo) = as(fyZ1 + Z),
¢(ZQ) = azZo, ¢(Zl - flzz) &4(21 - f§Z2) .

This ylelds alf{Zl + G3Z2 = agféZl + GJQZQ and (1121 — Clgf{ZQ = CL4Z1 — a4f§Z2. Thus

a; = a4 and ag = as s0 a1 f] = asfy and as f] = a; f3. Consequently,

a1@2f{f{ = azalfﬁfé .

Since the coefficients a; are non-zero, the desired conclusion follows. O

4. NEUTRAL SIGNATURE GENERALIZED PLANE WAVE MANIFOLDS
4.1. THE MANIFOLDS M3, ,

Let p > 2. Introduce coordinates (x1,...,Zp,y1,...,y,) on R??. Let 1(z) be a
symmetric 2-tensor field on R?. We define a neutral signature metric ggmb on R* and

a corresponding pseudo-Riemannian manifold /\/12p » by

ggp,¢(aﬁiv 81‘]) = 7701']' (gj)v g§p7¢(8xz’ 8 ) = 52']'7 and ggp7¢(ayz7 8 )
Theorem 4.1 ./\/lgp,w is a generalized plane wave manifold of signature (p,p).

Proof. The non-zero Christoffel symbols of the first kind are given by:

Thk = Gopp(Vo,, Onys 0n) = 5{00, ik + O, Vst — O, is } -

From this, it is immediate that:

Zerk( ) Yk *

We set z,1; = y; to see Mgw is a generalized plane wave manifold. O
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4.2. HOLONOMY

The manifolds M3, , present a special case. Let o(p) be the Lie algebra of the
orthogonal group; this is the additive group of all skew-symmetric p X p real matrices.

If A, is such a matrix, let Gs,, be the set of all matrices of the form

ow-(5 1)

The map A, — G(A,) identifies o(p) with a subgroup of the upper triangular matrices.
Lemma 4.2 Hp(M3, ) C o(p).

Proof. Let v be a closed loop in R?". Let H.,0,, = X; and H,0,, = Y. Since
Vo, =0,Y; =0,. Expand X; = _(a;;0; + b;;0,;). Since H, is an isometry,

G (Xin X5) = Vij. 93,5(X5.Y;) =65, and g3, (Y, Y;) =0.

The relation ggp,¢(X¢, Y;) = 0;; and the observation that Y; = 0,, shows that a;; = J;;.
Thus
ggp,w(sz X;) = ij 4+ bij 4+ bj; =1y .

This shows b € o(p). O

4.3. JORDAN NORMAL FORM

The eigenvalue structure does not determine the Jordan normal form of a self-
adjoint or of a skew-adjoint endomorphism if the metric is indefinite. We say that M
is spacelike (resp. timelike) Jordan Osserman if the Jordan normal form of the Jacobi
operator J is constant on the pseudo-sphere bundles of spacelike (resp. timelike) unit
vectors. These two notions are not equivalent. The notions spacelike Jordan ITvanov—
Petrova, timelike Jordan Ivanov—Petrova, spacelike Jordan Szabd, and timelike Jordan
Szabo are defined similarly. There are no known examples of spacelike or timelike
Jordan Szab6 manifolds which are not locally symmetric; S(-) vanishes identically if

and only if VR = 0.



131

4.4. THE MANIFOLDS M3, ,

Let f(z1,...,2,) be a smooth function on R? and let Mgp’f = (RQP’ggpjf) where
ggpvf is defined by t;; := 0, f - On, f, i.e.

Gop (00, 0y,) = 6ijs g3y (0, 0y,) =0, and
3, 100 0u;) = 0o (f) - 0u, (f) -

Let Hyi; := 0,,0,,f be the Hessian. We use Theorem 4.1 and results of Gilkey,

Ivanova, and Zhang [9] to see that:

Theorem 4.3 Assume that Hy is non-degenerate. Then
1. Mgpj 15 a generalized plane wave manifold which is isometric to a hypersurface
in a flat space of signature (p,p+1).
2. M3, ; is spacelike and timelike Jordan Ivanov-Petrova.
3. If p=2, then ./\/lgpyf is spacelike and timelike Jordan Osserman.
4. If p > 3 and if Hy is definite, Mgpj is spacelike and timelike Jordan Osserman.

5. If p> 3 and if Hy is indefinite, M%p,f 15 neither spacelike nor timelike Jordan

Osserman.
6. The following conditions are equivalent:

(a) f is quadratic.
(b) VR =0.

(¢c) M3, ; is either spacelike or timelike Jordan Szabd.

4.5. AN INVARIANT WHICH IS NOT OF WEYL TYPE

If Hy is definite, set
ad,(f, P) == {H}M HP? Hp H9 HPP R(ivigisia; is) R(j1jagsja js) }(P) - (4.a)

where H}] denotes the inverse matrix and where we sum over repeated indices. One

has the following result of Dunn and Gilkey [3]:
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Theorem 4.4 Let p > 3. Assume that the Hessian Hy is definite. Then:
1. Mgmp is 0-curvature homogeneous.
2. IfU(M3, ;,, Pr) is isomorphic to U(M3, ;,, P»), then
agp(flv Pl) = ()ng(fz, P2)

3. /\/lgp’f 18 not locally homogeneous for generic f.

4.6. THE MANIFOLDS /\/lif

Let (z1,%9,91,%2) be coordinates on R*. We consider another subfamily of the

examples considered in Theorem 4.1. Let f = f(x2). Let

gif<81'17 8331) = —2f($2), gif<a$17 ayl> = gi,f(a'rw 892) =1

define Mj ;. Results of Dunn, Gilkey, and Nikéevi¢ [4] show:

Theorem 4.5 Assume that f@ and f® are never vanishing. The manifold /\/lif
is a generalized plane wave manifold of neutral signature (2,2) which is 1-curvature

homogeneous but not symmetric. The following assertions are equivalent:
1. f@ = ae™ for some a,\ € R — {0}.
2. Mj ; is homogeneous.

3. Mj ; is 2-curvature homogeneous.

4.7. AN INVARIANT WHICH IS NOT OF WEYL TYPE

If f® is never vanishing, we set

f(p+2){f(2)}pfl
{foy

In the real analytic context, these form a complete family of isometry invariants that

oy, (f, P) == (P) for p=2,3,... (4.b)

are not of Weyl type. Again, we refer to Dunn, Gilkey, and Nikéevié [4] for:
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Theorem 4.6 Assume that f; are real analytic functions on R and that fi@) and fi(g)
are positive for i = 1,2. The following assertions are equivalent:

1. There exists an isometry ¢ : (M7}, P1) — (M3,, Py).

2. We have aip(fl)(Pl) = aip(fQ)(PQ) for p > 2.

4.8. THE MANIFOLDS M3

We consider yet another subfamily of the examples considered in Theorem 4.1. In-
troduce coordinates on R#*6 of the form (x,y, 20, ..., 2p, T, Y, Z0, .-, Zp). Let /\/lgp%’f =

(R0, gg’p +6.r) be the pseudo-Riemannian manifold of signature (p + 3, p+ 3) where:

ggp+67f(azi7 afj) - 62]7 ggp+6,f(ax7 83_3) = ]-7 ggp+6,f(ay7 a??) = ]-7

g§p+67f(axa 9:) = —2(f(y) + yzo + Yo+ .+ yszp) .

4.9. AN INVARIANT WHICH IS NOT OF WEYL TYPE

If fP+9 >0, set

f(k+p+3){f(p+3)}k71
{f (p+4) J
The following result follows from work of Gilkey and Nikéevi¢ [12, 13].

agp+6,k(f7 P) =

(P) for k>2. (4.c)

Theorem 4.7 Assume that f*+3) >0 and that f®* > 0. Then:

1. /\/lgp+67f is a generalized plane wave manifold of signature (p + 3,p + 3).

2. M§p+67f is p + 2-curvature homogeneous.

3. If k > 2 and if AMPTHMS, 6 1, P1) and ASPTY(MS ) o Py) are isomorphic,
then a3, 6. (f1, P1) = a3, 6. (f2, P2).

4. agp%’k is preserved by any affine diffeomorphism and by any isometry.

5. If f; are real analytic, if fi(p+3) > 0, of fi(p+4) > 0, and if for all k > 2 we
have that a3, ¢ .(f1, P1) = 3,6 1(f2, P2), then there exists an isometry ¢ from

Mgp+6,f1 to Mgp+6,f2 with f(Pl) = PQ.
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6. The following assertions are equivalent:

(a) M3, 6 is affine p 4 3-curvature homogeneous.
(b) a3,(f) is constant.

(c) fP+3) =aeN fora# 0 and X\ # 0.

(d) M3, is homogeneous.

5. GENERALIZED PLANE WAVE MANIFOLDS OF SIGNATURE (2s, s)
5.1. THE MANIFOLDS M§,

U= (Uy,...,us), t:=(t1,....,ts), and U:= (vy,...,05).

Let FF = (f1,..., fs) be a collection of smooth real valued functions of one variable.

Let M3, » = (R*, g8, ) be the pseudo-Riemannian manifold of signature (2s, s):

ggs,F<auw 8114) = _2{f1<u1) + ...+ fs(us) - ultl T e T usts}7
ggsf(auw avz) = ggs,F(avmauz‘) =1, and ggs,F(atw ati) =—1.

5.2. AN INVARIANT WHICH IS NOT OF WEYL TYPE

Define
a5 (F, P) = 30 e A f (wi) + 4ui 2 (P) . (5.a)

We refer to Gilkey-Nikcevi¢ [11] for the proof of the following result:

Theorem 5.1 Let s > 3. Then
1. ./\/lgst is a generalized plane wave manifold of signature (2s,s).
2. Mgsf is 0-curvature homogeneous.
3. Mgs’F 15 spacelike Jordan Osserman.

4. MgsyF 15 spacelike Jordan Ivanov—Petrova of rank 4.
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5. M§, p is not timelike Jordan Osserman.

6. MgsyF 15 not timelike Jordan Ivanov—Petrova.

7. IfUNMS, g Pr) and UN(MS, 5, P2) are isomorphic, then
af(F1, P1) = o, (Fy, P).

8. al, is an isometry invariant.

9. The following assertions are equivalent:

(a) fi(g)(uz‘) +4u; =0 for1 <i<s.
(b) Mg&p 1S a symmetric space.

(c) M§, p is 1-curvature homogeneous.
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