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Abstract. In the present paper we give some propositions about conditions for compactness
and condensation of the nonlinear superposition operator (1) in [, , spaces.

1. INTRODUCTION

Firstly, we recall some definitions and results. Nonlinear operator F' generated by

a real function f(s,u):
F(u)= f(s,u) , (ueR), (1)

is called superposition operator. By [,, (1 < p < oo) we denote spaces of functions

x: N — R (real sequences), for which norm

1%]lpo = (Z !w(S)\pU(S)> - (1<p<oo),

seN

makes sense and it is finite. Here o is a weight function. Note that linear space

lp is not normed space if 0 < p < 1. On the other hand the functional [z], =
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Y een [2(8)|Po(s) defines a p-norm at [,,, what makes the space l,, a complete p-
normed space. So that results given in this paper can be extended to the case of
0<p<l.

We suppose here that weight function satisfies the next condition:
(Vs e N) o(s) > 1
which is both necessary and sufficient condition that p < ¢ implies [, C l,,. By
By(r) ={z € lpo - [|2llps <7}

we denote the ball of the radius r, which is a closed and convex set in l,,. Pp is

multiplication operator by characteristic function of the set D, i.e.,
Ppx(s) = xp(s)z(s).

The L-characteristic L(F,P) of the nonlinear superposition operator (1) is defined
as a set of all pairs (I, 5, ;) spaces, such that I has some property P, as an operator

from [, , into [, see [4].

Theorem A 1 ([3]) Nonlinear superposition operator (1) maps l,, into l, . if and
only if there exist a function a € l,; and constants b > 0 and 0 > 0 such that the
estimate

£ (s,u)| < als) + boa (s)7 75 (s)|ult 2)

holds for all pairs (s,u) € N x R, for which is o(s)|ulP < 6.

Theorem B 1 (/3]) Nonlinear superposition operator F is bounded on l,, if and
only if for any r > 0 there exist a function a, € l,; and constants b, > 0 such that

holds

p

£ (s,0)] < ap(s) +bos ()75 (s)[uls , (a(s)ul” < 7).
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2. COMPACTNESS OF SUPERPOSITION OPERATOR ON [, ,

In [7] the property of absolute boundedness of sets in arbitrary ideal spaces has
been studied in detail. But as it is well known, those results does no cover the case
when assumption of measure continuity is missing. Clearly we are going to be held
up on general conditions of absolute boundedness of sets in spaces [, , and consid-
ering that, on the conditions of complete continuity (compactness) of superposition
operators (1).

Set M C l,, is called absolutely bounded ([1]), if

lim sup ||P.xl|;,, =0,

=0 geM
where is P,x = xpx an operator of multiplying with characteristic function of set
D ={n+1,n+2,...}. We see that notions absolute boundedness of set and its
precompactness are equivalent in our case. Consequently, an absolutely bounded
operator, i.e. the operator which is mapping bounded sets into absolutely bounded
sets, is nothing else but a completely continuous operator. We shall take later on an
example of the bounded set in [, ,, but no absolute bounded. The general conditions
of precompactness of sets in [,, spaces we will formulate as an analogous of well
known Vallee-Poussin theorem which applies to L,([0, 1]) spaces ([1]), and it is given

in following:

Lemma 1 Let 1 < p < 0o and ug(s) arbitrary positive function from l,,. Set M C
Lo is absolutely bounded if and only if there exists monotone increasing on [0, 00)

function ®(u) for which

o
lim ﬂ =00,
U—00 u
and
Iz
sup ||P U < 00 . (3)
zeM Up P,

Proof. Let set M C l,, is an absolutely bounded one. If we put

$(n) = sup <Z \x<s>rpa<s>>p 7

zeM son
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then lim,, . 1¥(n) = 0. Let (ng) is a subsequence of natural numbers 0 < ny < ny <
...ny < ..., such that series Y, (ny) is convergent. Denote by (J;) a monotone

increasing to infinity sequence of numbers which satisfies the condition
o0
> Grth(ng-1) < o0,
k=1

and let ¢ be a monotone increasing function for which ¢(ny) = 0, (k =1,2,...). It
is clear that the function ®(u) = u¢(u) (0 < u < oo) satisfies Lemma's conditions.

Further let
Sp ={s € N:ng_1up(s) < |z(s)| < nguo(s), uo(s) >0} , k=1,2,...

For x € M, we have

(o) vl

IN

pa<s>>; OO (Z o (L) g pa<s>);

3 (Z r¢<nk>rp\x<s>|pa<s>>p

k=1 SESK

S (Z |x<s>|pa<s>) p

sESk

5

|=

IN

IN

= Z(Skw(nk,l) <00 .
k=1

In other words, we have shown (3), or that Lemma‘s condition is necessary.
The condition is sufficient: let € > 0. For u > A (0 < A < 00) is u < e®(u) and if

U € Ly (up(s) > 0), we have:

=
kST
3 =

<Z|x<s>|po<s>>p < | X M| | X e

s>n s>n
p
a(s)

|z(s)|>Auo(s) lz(s)| <Aug (s)

< (APZ!Uo(s)!pa(S)>p " <apz o () unts)

s>n s>n

3=




177

S

< A (Z yu0<s)|pa(s)> +em<e(A4+m),

s>n

where is with m denoted the left side in (3). From the last sequence of inequations,

it is easy to conclude that

lim su x(s)|Po(s =0,
i sup (D (5) <>)

s>n

or that set M is absolutely bounded, by which the Lemma is completely proved. 0O

As a direct consequence of previous Lemma, we have:

Lemma 2 Let F is a superposition operator generated by function f(s,u), observed
as an operator between l,, and l,,, bounded on set A C l,,. For set FA C l,,
to be absolutely bounded, it is necessary and sufficient that operator ' generated by

function

F(s,u(s)) = uo(5) (M)

ug(s)
is bounded on A, where uy(s) is an arbitrary function from l,, and ® increasing on

[0, 4+00) function which satisfies the condition lim,_ % =00

From Lemma 1 and Theorem A 1, follows:

Theorem 1 Let 1 < p,q < oo and the operator (1) generated by function f(s,u) is
mapping l,, into l, .. Then this operator is completely continuous (compact) if and

only if for any r > 0 there exists a monotone increasing on [0,00) function ®,(u), for

which 1s
i B
and
£, w)] up(s) < a(s ca(s)ra(s)uld . (o(s)plul < r
e (LY o) < o) + bt S o <) @

where a,(s) € ly-, by > 0.
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Proof. The condition is sufficient. Let there for every r > 0 exists the function
®,.(u), with previously pointed properties and (4) is valid. Assume also that x belongs
to the set M C B(r) = {z : ||z|| < r}; then |z(s)| < r (s € N) and from (4), easily
follows ([3])

[o (12

up(s)
i.e., the condition (3) of Lemma 1, where naturally instead of M stands F'(M), and

P

< llarllgr +broa(s)a(s)re , (uo(s) > 0),
q,T

supremum is taken over all F'x € F(M), and F' is a superposition operator (1). If we
recall ourselves to the Lemma 1, we will get that F'(M) is a compact set (because [,
is a Banach space), so that operator F' is a compact one.

The condition is necessary. If operator F' is a compact operator, then from Lemma 1,
the existence of function @, (u) follows, with all listed properties and the condition:

e

<00,
FaeF(M uo(s)

q’T

where from we are concluding that the operator ®, generated by the function

D, (%) up(s) is bounded. Now the inequality (4) follows from Lemma 2, what
proves the theorem. O
Results obtained in [4], allow us to consider L(F,compact.) now as a part of the

L(F,act.), namely we have:

Theorem 2 Let F' be a superposition operator generated by function f(s,u) and com-
pact operator from l, , to l, » and at the same time from 1, , to l, .. Then the

operator F' is compact operator from 1, , to l,, where are

1 a l—-a 1 o 11—«
-—=—+4 , —=—+ , (a€]0,1]) .
P Do b1 q qo0 q1

Proof. We will consider the case when py < p1,q0 < ¢ 1 Z—g < %. Let po < p <p;
and ¢o < ¢ < ¢1. Because of p < p; it is l,, C [,, » so for arbitrary bounded set
Mcl,,, M Cl, ,and M is bounded in [, ,. As F'is a compact operator, based

on characterization of precompactness of set in Banach space [, , follows

(Fps) (Vo € M) [f(s,2(s)[ < ps , (s €N). ()
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On the other side, as ¢ > g it follows that [, , C [, i.e., for arbitrary v is ||y||,, <
|y|]qo,7> SO that, for arbitrary x € M is

Yo Fas)ir(s) = Y 1f(s,x(s)|'r(s) = | Fallg,

seN seN

q (6)
HFxHW—<ersx i <>> <o,

Therefore the series ) [F(s)|? is uniformly convergent on the set M. From (5)

IA

and (6), from characterization of precompactness of set in [, ,, we are concluding that
FM is a precompact set in [, ;, e.g. F'is the compact operator from [, , into [, O

As one can see Theorem 2. says that L(F,compact.) is a convex subset in
the convex set L£(F,acts). Moreover, we have that L£(F,compact.) is subset of the

L(F,bound.).

3. CONDENSING OF SUPERPOSITION OPERATOR ON [, ,

In continuation we will consider some facts in correlation with condensation of
superposition operator (1), so firstly we ought to say that we will for the measure of
noncompactness in spaces [, , (and [, .) take Hausdorff measure of noncompactness.
Hausdorff measure of noncompactness o(M) which value on bounded set M is defined
as an infimum of positive numbers ¢, for which set M has a finite e-net, as it is known
([2]) in spaces 1, , is defined by formula:

a(M) = lim sup ||P,x|| . (7)
n—00 pe M

Let us take now bounded set

By(1) ={z € by : |Jx|lps < 1}

It is not hard to see that B,(1) is not absolutely bounded set. Indeed, give (e,)nen C
Lo (€n = (0,0, ...,1,0,...)). While

B =

llen = emlly,,, = (a(n) +o(m))r
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this sequence isn’t Cauchy sequence, and we can’t give subsequence that is convergent,
e.g. By(1) is not precompact (in complete spaces absolute boundedness of set and
precompactness are equal).

Remind ourselves that for the operator F', which acts from space [, into space [, -,
we say it is (K, «)-bounded or a-condensing , if for any set M C B(xo,r) C Ly,
matters:

a(FM) < ka(M) . (8)

Lemma 3 Let the operators F' i G, which are generated by functions f(s,u) and
g(s,u) successively, act from l,, tol,. (1 <p,q < oo). Then, if for every x € l,, it

matters that
£ (s,2(s))| < lg(s, 2(s))] (9)
it follows that
a(FM) < a(GM) . (10)

Proof. From (9) and the definition of norm on [, , it follows that for every z € [, ,
and every n € N
|1 PaFllgr < [|[PaGllgr

where from, considering (7), we easily get (10) O
Theorem 3 Let1 < p,q < oo and let operator superposition F', which is generated by

function f(s,u), acts from spacel, , into spacel, .. Then operator F' is a-condensable,

1.e. holds estimate
a(FM) < Ek(r)a(M) , (M C B(xg,7) Clps) , (11)
where xo is an arbitrary point from 1, ,, and

k() = inf{be [ f(s,0)] < ac(s) +beoi ()7 (s)uli | ov(s)|ul <75 >n} .

Proof. First of all, the value k(r) is correctly introduced because the operator F’

acts from [,, in [, ,, so therefor the function f(s,u), which generates this operator
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satisfies the conditions of Theorem A i.e. , the inequality (2). Let it now fi(s,u) =
a. + bgoé(s)T_ﬂuﬁ and F) operator generated by this function. It is clear that in
calculation of the value o(F}), the function a.(s) doesn’t have an important role, so

for v € M C B(zo,7) Clys, (v € L,y = zi € lyo):

=0 geM >

1
a(Fy(M)) = lim sup b, (Z |x(s)|pa(s)> q < b7 a(M) .
Since the last relation is valid for every b., from Lemma 3, estimate (11) follows
directly, and by that the Theorem 3, is proved. O
Considering that in practical application of the property of the condensation op-
erator the basic role has a condensity coefficient k(r), it is a motivation more for
dealing with it a little bit more. Put
H(r,0) = sup a(F(M)) (12)
MCB(0,r),a(M)<s
where r is a radius of ball B, a-Hausdorff measure of noncompactness. The func-
tion H(r,d), defined by (12), is called the function of condensation of superposition
operator F' and its precisely calculation, as we can see, isn’t easy at all. In the case
which we are researching, it is possible for this function to give simple majorisations
which are in the case of linear operators obviously becoming simplified and turning

into equations.

Theorem 4 Let 1 < p,q < oo and the superposition operator F', which is generated

by the function f(s,u), acts from l,, inl,,. Then following inequality is valid
H(r;6) < dainf W(f;r,6) , (13)

where W (f;r,d) is set of constants b, for which at suitable a(s) € l,,, ¢ > 0 and
n € N the following inequality is valid

P
q

[f(s.u) = f(s,0)] < als) +bluls +elols , (Jul,Jo] <7, Ju—v| <)

Proof. Let M is arbitrary set from the ball B(0,7), 0 > a(M) and b € W(f;r,9).
Denote by {z;(s) : j =1,2,...,m} finite é-net of the set M. Let be now = € M and
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||z — xj||po < 0. Then for big k& we have:

|PeFzllge < [[BeFzjllgo + [[Pe(F2 = Faj)g0
P P
1 PeFjllg.0 + [ Prallg.e + bl Prllp.o + cl| Prsllp.o

IN

b
< max (|| PP oo + || Prallye + cll eyl ) + 6%

where from we easily get (13). The theorem is proved. O
Using (12), the coefficient of condensation of superposition operator (1) is defined

by

k(r) = sup
and from Theorem 4, follow estimate

k(r) < sup inf5%W(f;r, J9) ,

0<6<r

which ultimately in the case of linear operator turns into equality.
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