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Abstract. In this paper we give construction of a new class of lattices from one lattice and
application of this result in coding theory.

1. PRELIMINARIES

Let L be a finite complete lattice. Let denote operation infimum by A, operation
supremum by V, order relation on L by <, minimal element of L by 0 and maximal
element of L by 1.

If S is nonempty set and L a complete lattice, than function A : S — L is L-fuzzy
set on S. A(x) is degree of belonging of the element z € S to the fuzzy set A. For
A S — L we define p-level subset (or p-cutting) of A with

A,={r e S:Ax) > p}.
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Function A, : S — {0,1} is suitable to the set A,, such that A,(z) = 1 if and
only if A(z) > p. A, is characteristic function of p-level subset.

For L-value fuzzy set on S, A : S — L, we denote set of values of fuzzy set A
with A(S).

Element a € L, a # 1 is meet-irreducible (or i-irreducible) if and only if
a = bAcimplies a = b or a = c¢. Every element of the finite lattice L can be

represented as infimum of meet-irreducible elements.

Theorem 1 ([7]). Let L be a lattice of finite length, and let A : S — L be an
L-valued fuzzy set. Necessary and sufficient conditions under which all p-cuts of A

are different are that the set of all meet-irreducible elements of L is a subset of A(S).

Set of level functions of fuzzy set A : S — L for set S = {1,2,...,n} is binary
block-code of length n, denoted by V5. For every fuzzy set A there is one corre-
spondent code Vi (V for short), but for every code there can be more correspondent
fuzzy sets.

For every fuzzy set A : S — L there is a correspondent code of maximal cardinality

L]

Theorem 2 ([7]). Necessary and sufficient condition under which for L-valued

fuzzy set suitable code V' such that |L| = |V| is the set of all meet-irreducible elements

of L is a subset of A(S).

2. RESULTS

Let L be a lattice with |L| = m elements. Let i € N and i < m be the number
of meet-irreducible elements of lattice L. For this lattice L, fuzzy set A : S — L can
be constructed, with correspondent code V' of maximal cardinality m = |L| = |V|.
Minimal length of that code V' is equal to the member of meet-irreducible elements
of lattice L, so |A(S)| =i (Theorem 2).

Our goal is to construct a new lattice with minimal increment of its code length

and maximal increment of its code cardinality. This can be achieved by using the
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following algorithms for construction of new lattices based on given lattice L. In the

following, we describe these algorithms, named multiplicity and power of lattice L.

2.1. MULTIPLICITY OF LATICES

Let L, |L| = m, be a lattice and let L', L? ..., L', ... L7, ..., L™ ! be different
lattices with common zero (0) and isomorph with L. Let ¢* : L* — L7 be isomorphism
from L' to L (i,7 = 1,...,n—1, and ¢ (0) = 0). Lattice L*, |L*| = m, is constructed
in the following way.

Let f*: L' — L* be isomorphism (i = 1,...,n — 1) defined with f?(0) = 0 and
fi(x) = X for all # € L?, z # 0 such that:

(1) z < X;
(2) for all y € L’ such that y > x or y || « follows y || X; 2
(3) for all X,Y € L* z,y € L' exist such that f'(z) = X and f'(y) =Y, it follows
XVY = f(zVy)and X AY = fi(z Ay).

From relations
F (@) = (p7 0 f)(x) = f'(x)
follows that
fir)=XeL

forallz e L' (i=1,...,n—1).

Proposition 1. If L is a lattice and L, = L* UL?>U ... U L" YU L*, then L, is
a lattice.

Proof. By procedure of lattice L* construction described above, it follows that
set L, is partially ordered set. We shall prove that ordering on L,, is lattice ordering.

If 2,y € L, and there is i < n such that x,y € L* or x,y € L' then z A y is

infimum and x V y supremum in lattice L* or L.

2Here we use symbol || to denote that elements z and y are incomparable.
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If 2,y € L, and x € L', y € L7, i # j then there is z € L’ such that ¢ (z) =y
and

z ANy = 0,

aVy = xVel(z) =)V (p?(2) = fi2)V fi(2) = iz V" (1)

If v,y € L,, x € L', y € L* we have

rVy = fY(z)Vy and

{ 0, fi(=) ly;
z, f'(z) <y.

Lattice L, = [n- L], n € N will be called n-th product of lattice L.

TAY

From construction of lattice L,, it is obvious that it has common 0 and 1 with
lattice L*, thus L* is sublattice of L,. Also, from procedure described above it follows
that every lattice from set {L', L? ..., L™ L*} has m elements, but 0 is common
element (other elements are different) and |L,|=n-m—(n—1)=n-(m—1)+ 1.

Example 1.

(1) Let L be a lattice with seven elements, given in the Fig. 1.
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(#4i) L3 =[3- L] is given in the Fig. 3.

2.2. POWER OF LATTICE

Let L be a lattice, and |L| = m. Let L,, be a mode lattice obtained by procedure
given above. If that procedure is applied on lattice L, k-times, then we have a new
lattice

(Ln)k = [k ) Ln] = Ly

called k-th product of lattice L,, or n* power of L.
Proposition 2. If L is a lattice, |L| = m, L,, is n-th product of L, and (L,); =
L,k is n* power of L (n,k € N), then

|Lox| =nF - (m—1)+1.
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Proof. Proof is obtained by induction for k € N. For |L| = m and k = 1, lattice
L, has n-(m — 1) + 1 elements and formula |L,;x| = n*(m — 1) + 1 holds true.

If lattice L,x—1 has n*~1(m — 1) + 1 elements then from L,x = [n - L,k-1] follows
Lyl =n-0" ' m -1 +1-D+1=nfm—-1)+1
and our formula holds true for all k € V. O

Example 2. In the Fig. 5. lattice L3z is given, where Lg is lattice from example

1(iii).

2.3. PRODUCT AND POWER OF LATTICES AND CODING

Proposition 3. Let i, i, and i,x (n,k € N) be numbers of meet-irreducible

elements of lattices L, L, and L,x respectively. Then the next formulas hold:
(a) i, =i+n—1;
(b) ipp =i+ k-(n—1).
Proof.

(a) From construction of n-th product of L it obviously follows that meet-irreducible
elements of lattice L remain meet-irreducible in sublattice L* and also in lattice
L,. Further, top elements of sublattices L', L?,..., L™ ! are meet-irreducible

elements in L,,, and our formula holds true.



191

(b) Straightforwardly, using (a) and induction by k. O

Let A : S — L be a fuzzy set and A(S) be a set of meet-irreducible elements
of lattice L. Then code V with length |A(S)| and cardinality |V| = |L| = m is
correspondent to fuzzy set A (Theorem 2).

Also, from facts given above, holds:
(a) lattice L, may have correspondent code V,, with length i+mn — 1 and cardinality

|Vn|:|Ln|:n'(m_1>+1§

(b) lattice L,r may have correspondent code V,» with length ¢ + k- (n — 1) and

cardinality

|Vnk| = ‘Lnk| =nk. (m— 1)—{—1.

By products and powers of lattice L (and their combinations) described in this
paper, we can construct lattices with larger desired cardinality of a given lattice L, but
with slowly increasing number of meet-irreducible elements. This fact is important
for coding theory, because base lattice L and described procedure can be used as the

key for new codes.

References
[1] G. Birkhoff, Lattice theory, Amer. Math. Soc. Providence, Rhode Island (1967).
[2] S. S. Gon¢arov, Séetnie Bulevi algebri, «Nauka» Novosibirsk (1988).

[3] G. Grétzer, General Lattice Theory, Akademie-Verlag Berlin, 1978, Moskva
«Mir» (1982).

[4] V. Lazrevi¢, B. Seselja, A. Tepavcevi¢, Bisemilattice-valued fuzzy sets, Novi Sad

J. Math. Vol. 28 No. 3 (1998) 105-114.



192

[5] V. Lazarevi¢, A. Tepavcevi¢, Theorem of synthesis for bisemilattice-valued fuzzy

sets, Mathematica Moravica Vol. 2 (1998), 75-83.

[6] V. Lazarevi¢, B. éeéelja, Constucting mazximal block-codes by bisemilattice-valued

fuzzy sets, Novi Sad J. Math. Vol. 29, No. 2 (1998), 79-90.

[7] B. Seéelja, A. Tepavcevi¢, Representation of lattices by fuzzy sets, Information

Sciences 79 (1994), 171-180.

[8] B. geéelja, A. Tepavcevi¢, On the collection of lattices determined by the same

poset of meet-irreducibles, Novi Sad J. Math. Vol. 26, No. 2 (1996), 11-19.

9] Seselja B., Tepavtevic A., Representation of finite Semilattices by meet-

irreducibles, Indian J. Pure Appl. Math. 27 (11) (November 1996), 1093-1100.

[10] éeéelja B., Tepavcevi¢ A., Semilattices and Fuzzy sets, Journal of Fuzzy Mathe-
matics Vol. 5, No. 4 (1997), 899-906.

[11] B. Seselja, A. Tepavtevié, On generalization of finite posets by meet-irreducibles,

Discrete Mathematics 186 (1998), 269-275.



