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Abstract. The A-modified Wiener index "W , provides a class of structure—descriptors to
measure the branching of the carbon-atom skeleton molecules. A thorn tree is formed by
attaching some new vertices of degree one to each vertex of the parent tree. An explicit
expression is deduced enabling the calculation of the k-modified Wiener index of a type
of thorn tree in terms of the i-modified Wiener indices of the parent tree for any natural
number k£ with 0 < i <k.

1. INTRODUCTION

The Wiener index (W) is one of the oldest molecular-graph-based structure-
descriptors [1, 2]. It is the the sum of distances between all unordered pairs of
vertices in the graph. Let T be a tree on n vertices and let e be one of its edges. Let
nr1(e) and nyo(e) be the numbers of vertices of 7" lying on the two sides of the edge

e. Then [1]
W(T) = Z nr(e) - nra(e)

where the summation goes over all edges of T'.



Recently, Gutman et al. [3] put forward the A-modified Wiener index "W, defined

as

"WAT) = 3 [nza(e) - nra(e)

e

where A is a real number. Clearly, 1-modified Wiener index ™/ is just the ordinary
Wiener index W. Note that —1-modified Wiener index "W _; has been studied in
[4, 5]. If T' is a tree on n vertices, different from the n—vertex path P, and the n—vertex

star S, it has been proven that [3]
mW,\(Pn) > mW)\<T) > mWA(Sn)

when A > 0, and
mW)\(Pn) < mW)\(T) < mWA(Sn)

when A < 0. Hence for different A # 0, ™, measures the extent of branching of
the molecular carbon—atom skeleton, and can thus be viewed as a class of structure—
descriptors [2].

The thorn graph G* = G*(p1,pe, ..., pn) of a graph G on n vertices vy, vq, ..., v,
is formed by attaching p; > 0 new vertices of degree one to each vertex v; of G [6, 7].
For G being a tree T, T™ is called a thorn tree. Special cases of thorn graphs have
been already considered by Cayley [8] and later by Pdlya [9]. Gutman [6] established
relations between W (G*) and W (G) for a connected graph G.

Let T be a tree on n vertices vy, vs,...,v,. In this paper, we consider the thorn
tree 15, = T™(p1, pa; - - -, o) With p; = ad;+b, i = 1,2,...,n where d; is the degree of
vertex v;, and a and b are real numbers such that each p; > 0 is an integer. For three
special classes of thorn trees T, with a =0, or a =1 and b= 0, or a = —1, Vukicevi¢
and Graovac [10] have recently found explicit formulae for ™W(T,) in terms of u-
modified Wiener indices of T', where A\, u are natural numbers with 0 < py < Mifa =1
and b =0, or if a = —1, and A = p is a real number if a = 0.

We present an explicit formula to calculate "W (Ty,) in terms of i-modified
Wiener indices of T for any natural number k with 0 < ¢ < k, and thus general-

ize the results in [10].



2. THE RESULT

Theorem 1. If T =Ty, is the thorn graph of a tree T on n vertices and k is a

natural number, then

"WiT) = 3 [(3) (~al2a+ b Dn - Qat bt D WD)

Z (1)
+[(2a 4 b)n —2a] - [(2a + b+ 1)n — 2a — 1]* .
In particular,

W(T*) = (2a+b+1)*W(T)+(a+b)(2a+b+1)n*— (5a*+3ab+3a+b)n+3a*+2a. (2)

Proof. Let V(T') and E(T') be the vertex set and edge set of T, respectively. We
have
WR(T) = Y [ngeale) npea(e) + Y [npea(e) - npa(e))
c€E(T) c€E(T*)\E(T)
For any vertex v of T, let d, be the degree of v in T'. It is easy to see that the number
of vertices of T* is n +a Y.l d; + nb = (2a+ b+ 1)n — 2a, and then E(T*)\ E(T)
contains exactly (2a + b)n — 2a edges. So
S npea(e) npea(e))® =[(2a+b)n —2d] - [(2a + b+ 1)n —2a — 1]* .
e€ E(T*)\E(T)
Let x = —ayn + a®, y = 2a + b+ 1. To prove (1), we only need to show
. k(L L
> [nrale) mra(e)]” =3 ( -)fﬂk_ly% "WA(T) - (3)
e E(T) i=0 \!
Let Ti(e) be the component of 7' — e with ny; vertices. Note that for each
eec E(T),
nr«1(e) = nri(e)+ > (ad, +b)
ueV (Ti(e))

= npi(e)+a Y dy+bnra(e)
ueV (T (e))

= nri(e)+al2(npi(e) — 1)+ 1] + bnra(e)

= y-nrile) —a,



and similarly,
nr«o(e) =y -nrale) —a.
So

nr«1(e) - nra(e) = y*-nri(e) - nra(e) —ay - [nri(e) + nra(e)] + a?

= y*-nri(e) nrae) +z,

and it follows that

S [nreale) npeae))® = X [¥?npale) - nrale) +
ecE(T) e€L(T)
k . .
- 5 (5)a* 2 - nra(e) - nra(e))
e€E(T) =0
= Z(lz)xk_iyzi' > [nrae) - nra(e)]
i=0 e€E(T)
= 3 (N)ahyE ().
1=0

This proves (3). Hence (1) follows. By setting k£ = 1 in (1), we have (2).

Corollary 2. [10] If T is a tree with n vertices, then for any natural number k,

"Wi(Ty) = i@ [(5) (1= 3n)k=197 "Wy (T)| + (20 — 2)(3n — B)F,
l; k koo ;

M L(T* ) = 2[() (b= D)+ 1)* —i(b— 1) - "W(T)]
+[(b—2)n+2][(b — 1)n + 1]*.

If a = 0 and A is a real number, then replacing the integer £ by A and noting that

x = 0 in the proof of Theorem 1, we may easily have the following.

Corollary 3. [10] If T is a tree with n vertices, then for any A,

"WaA(Ty,) = (b+ 1) "W \(T) + bn[(b+ 1)n — 1]*.
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