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Abstract. In this paper, a good X estimate for the multilinear operators associated to the
singular integral operators with variable Calderén-Zygmund kernel is obtained. Under this
result, we get the (LP, L?)-boundedness of the multilinear operators.

1. INTRODUCTION

Let T be a singular integral operator. Cohen and Gosselin studied [5, 6, 7] the
LP(p > 1) boundedness of the multilinear operator T“ associated to T, which is

defined by Roi(A )
m+1\4, T, Y

TAf)@) = [ T R ) )y,

where D*A € BMO for |o| = m. The boundedness of the multilinear operator
on the Triebel-Lizorkin and Lebesgue spaces, where D*A € Lip( for |a| = m is
found [3]. Calder6n and Zygmund introduce some singular integral operators with

variable kernel and discuss their boundedness [1]. Tt is obtained the boundedness for
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the commutators generated by the singular integral operators with variable kernel
and BMO functions [4, 10]. The boundedness for the multilinear oscillatory singular
integral operators generated by the operators and BMO functions is also found [13].
The purpose of this paper is to find the good A estimate for the multilinear operators
associated to the singular integral operators with variable Calderén-Zygmund kernel
where DA € LipS for |a] = m and to find (L?, L?)-boundedness for the multilinear

operators.

2. PRELIMINARIES AND THEOREMS

Let us introduce some notations [11, 14, 15]. Throughout this paper, @ will
denote a cube of R™ with side parallel to the axes. Let fo = [Q|™! Jo f(z)dx and
f#(z) =sup|Q|™" Jo |f(y) — foldy. For 1 <p < ooand 0 < 4§ <n, let

zeQ

1 » 1/p
Msy(1e) =50 (ot [ 17Pa)

If § =0, Ms,(f) = M,(f) it is the Hardy-Littlewood maximal function when r = 1.
For > 0 and p > 1, the Lipschitz space Ag is the space of functions f such that
1fllA, = sup

z,h € R"
h#0

A f(@)| /1h)° < o0,

where AF denotes the k-th difference operator [14].

In this paper, we will study a class of multilinear operators associated to the

singular integral operators with variable kernel.

Definition 1. Let k(xz) = Q(x)/|z|™ : R*\ {0} — R. k is a Calderén-Zygmund
kernel if

(a) Q€ C=(R"\{0});

(b) Q2 is homogeneous of degree zero;

(c) Js, QUz)x*do(z) = 0 for all multi-indices o € (N U{0})™ with |a| = N, where
Y ={x € R": |z| = 1} is the unit sphere of R".
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Definition 2. Let k(z,y) = Q(z,y)/|y|™ : R* x (R*\ {0}) — R. k is a variable
Calderon-Zygmund kernel if
(d) k(x,-) is a Calderdn-Zygmund kernel for a.e. x € R™;
ol
Q

(¢) maxwgn‘ (x’y)HLoo(Rnxz)
Let m; be the positive integers (i = 1,---,1), my + -+ my = m and A; be the

functions on R" (i =1,---,1). Let

R (i) = Aa) = 30— D"A(y) (e — )"

la|<m;

The multilinear singular integral operators with variable Calderon-Zygmund kernel

are defined by

r,r — !
T4 A () (z) = po. 2z,w —y) 1:[ Rip1(As; 2, y) f(y)dy

R" |$ - y|n+m i=
and T2 (f)(x) = supaso | T/ 4 (f)(2)], where

Q(l’, T — y)
y|n+m

() ) = [

o—y>e |T —

l
I Bonia(Ais 2,9) £ (y)dy,
=1

and Qz,y)/|y|™ is the variable Calderdn-Zygmund kernel. We also define

Q(aj‘,l’ - y)
no |z =yl

T(f)@) =po. [ f()dy,

which is the singular integral operator with variable Calderén-Zygmund kernel [1].

Note that when m = 0, 7414t is just the commutator of T and Ay, - - -, A; [14].
While m > 0, it is non-trivial generalization of the commutator. It is well known that
commutators and multilinears operator are of great interest in harmonic analysis and
have been widely studied by many authors [8, 9, 12]. The purpose of this paper is to
find the good A estimate for the multilinear singular integral operators with variable
Calderén-Zygmund kernel, and with this result to find (L?, L9)-boundedness for the

multilinear operators.

Theorem 1. Let T be the singular integral operator with variable Calderén-

Zygmund kernel, 0 < 3 < 1 and D*A; € Ag for all o where |a] =m; and i =1,---,1.
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Suppose 1 < r < p < oo. Then there exist g > 0 such that, for any 0 < v < vy and
A>0

Hl’ e R T (f) () > 3), ] ( > ||DaiAi||Lip,3> Mg p(f)(z) < 7)\}

=1 \laj|=m;

< Ov{w e R T (f)(2) > M.

Theorem 2. Let T be the singular integral operators with variable Calderon-
Zygmund kernel, 0 < < 1 and D*A; € Ag for all o where |a| =m; and i =1,---,1.
Then TA4v 4 4s bounded from LP(R™) to LY(R") for 1 <p < n/lf and 1/p —1/q =
1G/n.

3. PROOFS OF THEOREMS

To prove the theorem, we need the following lemmas.

Lemma 1. [14] Let 0 < f < 1 and 1 < p < oo, then

1 1 (1 r
bl| ; zsupi/bx—b d:p%sup(/bx—b pdx) .

Lemma 2. [7] Let A be a function on R" and D*A € LY(R"™) for all a where

la| =m and ¢ > n. Then

1 1/q
ozl < Cla ol 3 (it [ DAz

|a|=m
where Q(x,y) is the cube centered at x, with side length equal to 5v/nlx — y|.

Lemma 3. 2] Let 0<d<n, 1 <r<p<n/d and 1/qg=1/p—d/n, then

M (f)l|e < C[If] -
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Proof of Theorem 1. Without loss of generality, we may assume [ = 2. By the
Whitney decomposition, {x € R" : TA42(f)(z) > A} may be written as a union of
cubes {Q;} with mutually disjoint interiors and with distance from each to R™\U; Q;
comparable to the diameter of @);. It is enough to find a good A estimate for each
Q);. There exists a constant C' = C'(n) such that for each j, the cube Qj intersects
R™"\ U, Q;, where Qj denotes the cube with the same center as (); and with the diam
Qj = (' diam ;. For each j, there exists a point zy = x¢(j) € @j such that

T (f)(wo) < A

Now, we fix the cube );. Without loss of generality, we may assume there exists

a point z = z(j) and

I1

2
=1

( 2 ||DaAi”Aﬁ> Magp(f)(2) < YA

la|=m;
holds.

Let Q; = éj and f = fi + fo for f1 = fx@ and fo = fXRn\@j- We turn to the
estimates on f; and fs.

The estimates on f;. Choose ¢ € C* such that ¢(z) = 1 for z € Q;, p(z) =0

for = ¢ 5]-, lp(x)] < 1 for all z, and |¢(z)] < C(diam@;)~* for any multiindex o

where |a] < m. Let

Af(y) = R, (A1<->— )3 Oj(DaAl)Qj(-)a;y,z) ()

|oe|=m1
and

A5 (y) = R (A2<->— )3 ;lwwm-)a;y,z) ().

|a|=m2

Then, for z € Q);
AY AS

T2 (fu) (@) = Tt (fu) (@)
It is obtaind [3, 7]

[DAf|| e < OS2 [[D Ay, |Q, 17"/ for |a] =m,

|a|=m1
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and

DS][ < C Y7 [[D* A4, | Q"4 for |af =

|a|=m2
For 1/r=1/p+2/¢<1andn>0,
[{z € R" + T2 (f1)(x) > nA}|
n | AYAY
= {ze R": T (f)(x) > nA}]

AP AL T

< CNT T2 (h) .

< con | $ 10 ) 1]
[i=1 \|al=m;

< G H(Z ||D“AZ-||AE) M2ﬂ,p(f)(z)] @,/
[i=1 \|e|=m;

< CONTONQ;] < Cly/n)1Qsl.

The estimates on fy. Let H = H(n) be a large positive integer depending only
on n. We consider the following two cases:

Case 1. diam(Q;) < ¢ < Hdiam(Q;). Let

M) = Aia) = T (D Ayg, -2

|a|=m1

and
. 1
Aj(z) = Ag(z) — ) a(DaAﬂQ]- -,

lor|=mz
then TA142(f5)(2) = T2 (f) (). Set

Oz, z —

K(z,y) = W

H le_i'_l A’L’x y)
Choose x( € Qj such that o € R" \ U; Q;. For x € Q; [7], we have

T4 (f)(2)] <

/|m ybe(K(’f’y) - K(xmy))f(y)dy‘

[ Ko fWldy+ [ 1K o) f@ldy + T2 )
= [+ II+II1+1V,
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where R(u) = {y € R" : diam(Q;) < |u — y| < hdiam(Q;)}. Tt holds [10]

0o Ik Y: —
TEAl’A2<f)(x) N Icz—:l hz—:l ani() /I:ch>€ ‘;]f:;lwn H m;+1 Al’x ) f(y)dy
o0 Gk
= Z Z ank(z Shk )(2),
k=1h=1

where g < Ck" 72, [|ap|[1~ < Ck™", [Yir(z —y)| < Ok and

Vie(z —y)  Yi(zo — )

U ey | S OF e = ol — g

for |xg — y| > 2|z — o] > 0.

Let
Yok (x
Ki(z,y) = |hk(y|n+mHRmz+1 Az@ y)-
For x € Q; [7] we have
1 Al AT
St 2 (f2) (@) =[S (f) (@)
< /|xy|(>[€(hk(xay) —th(xo,y))f(y)dy‘ +/R(|xf)<hk(wo,y)f(y)ldy
s o) f)ldy + 1S5 ) )
zo
= Iy + 11y + 111 + 1V,
and
0 gk
I < 30N an(@) | Ink
k=1h=1
oo Gk
11 < szhk ’[Ihk
k=1h=1
o gk
k=1h=1
Yie(r —y)  Yi(z )
I, = / R, (A d
hk o—gl>e <|x—y|"+m 2o — ‘n+m H y) f(y)dy
; ; Yie(xo — vy
. (Boms (A1 2,9) = Ron, (A 20,)) WRmQ(Az,x y)f(y)dy



26

. (R (A3; 2, y) = Rn, (A3;.20,9)) WRW(A{;%, ) f(y)dy
1 R, (A 2, 9) (z — y)™
|1 |=ma Qy: Jz—y|>e |I - y|
Rm AJa L0, To —y)™ o j
e y)] D™ Al (y) f(y)dy
|370 - Z/’
1 R (AL, y)(x — y)
- P [ = y)ngm v) Yike(z — y)
|aa|=mo Q- Ja—y|>e |:B - y|

Ron, (Af; 20, y) (0 — y)™ o2 A)
S o] o

D S

| _
lai|=m1, |az|=ms Q1o Jo—y|>e

To — o1+og . .
—Wm@o _ y>] D™ 4] () D* A3(y) £ (y)dy

1 2 3 4 5 6
= L)+ IR+ 03+ I+ 1)+ 1)

Yir(r —y)

[(ﬂ? —y)te

|z — y[mtn

For b € Ag and the cube Q = Q(z9,d), by using Lemma2 and the following inequality

1
() bl < 57 [ 1Bl 2 = 1y < bl h = ol + )

we get
B (Al < 3 1D A, (2 = ] + &)+
la|=m;

By using Lemma 1 and the following formula [3, 7]
. , 1 )
Ry (As2,y) = B (AT 00, y) = D 57 Bom o) (D° A5 2, 20) (2 — )
\0|<mi :
we have

n 2 @ A n - |$—ZL'()|
00 < oL X DAl 1@ 3o w2 | L)y
=1 v=0

1
o= ve<le—yl<2rtie [z —y|mt

2 0o 1
< Ckn/2 DaAZ' ) 227(1+2f8)y o d
< oI X Il | =

‘a|:mi v=0

2
< CEPTI X2 IIDAllls, | Mapp(f)(z) < CEM?yA,
=1

la|=m;
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1(2) < k‘?’L/Q DaA 28/n / ’ x(]’ p
o < H alZmZH [1is | 1Q1 Z et o — gt @)l
= kn/QH ( 2 ||DaAz‘||ma) Masp(f)(2) < CE"2y,
‘O‘| =my
I}(j@) < CE"24),
]}(L‘It) < C (x —y)*" YVi(z — ) B (2o — y)* Yy (zo — ‘|Rm2 Aoy
| =my 7 1EYI>e |z —y|™ 2o — y|™
x| DAL ()| f ()| dy
SO [ (R (Ainy) - B (A )| T =)
|ar|=m1 |lz—y[>e |x0 _y|m
x| D* Af ()| f (y)|dy
< k;n/2H ( Z ||DO¢AZ»||/-\B) MQﬁ,p(f)(Z) < Ok’n/Q’y)\,
‘O‘| =my;
I}(Li) < CE"24),

(z —y) P2 V(z —y) (20 — y)* " Yh(zo — y)

|z —y|m lzg — y|™

x| DA ()| D A5 ()] f ()| dy

9 <c ¥

|a1|=my,|az|=m2

|x—y|>e

< CK"2y).

Therefore I, < Ck™?y).
When y € R(x) note that for Il and 111y

2 — y| < Hdiam(Q,).

We get
o< f Byl W’Hmm )| ()
e s )'fg;j‘?’;j;n)'muo— D)|ID% A ()1 £(9)ldy
vo 5 [ Ml Dl o sl

|z |=m2

+0 [ Bl Il e gyl gl

n
|a1|—m1 Iaz\—m2 yl>e |I0 y|
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< Ok

Similar I11,, < CE™?y\.
Thus

oo Gk

[+IT+1IT < CY N |an(2) K"y
k=1 h=1

< C Z k—2n+n/2+n—2,y>\ < 0’7)\
k=1

For IV, since = ¢ U; Q; then |T42(f)(zo)| < A. For z € Q;,
sup [T (fo) ()] < CyA+ A
e~diam(Q;)
Case 2. ¢ > Hdiam(Qj). Let ()5 is the cube with the same center as ();, diam
(5 = ¢, and
A = M) = Y (D At

|a)=m1
and
g 1 « (6%
Ay(x) = As(w) = > — (D% As)gs - 2.
lal=ma "
Similar to Case 1,
A1,A2
sup [T (f)(2)] < oA+ A
e>Hdiam(Q;)

Thus, we have shown that for x € @,
T (fo) () < CYA+ A

Now, choose vy such that Cyy < 1 and n = 1. Combining the estimates on f; and fs,
we get

2
€ QT (f)(z) >3\ []

i=1

( > ||D°”'Az~|lm) Mgy (f)(2) < w}|

lov;|=m;

< Hoe Qi : T/ (fi)(z) > 20 — CyAY + {z € Q; : TV (fo)(x) > A+ CyA}]
< Oy'{z € Q: T/ (fi)(x) > A}
< CY'Qyl
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This completes the proof of Theorem 1.

Theorem 2 follows from Theorem 1 and Lemma 3.
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