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SEQUENCES RELATED TO THE SUM OF DIVISORS!
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Abstract. In this paper are given some formulas for o(n), the sum of divisors of positive
integer n. According to these formulas o(n) can be evaluated via some sequences without
knowledge of prime factorization of n.

1. INTRODUCTION

Let n be a positive integer. o(n) denotes the sum of all positive divisors of n, and

can be given symbolically by

din

If we know the prime factorization of n, i.e. if

k
n:Hp?j, p; € P,aj € N, (1)

Jj=1

then o(n) can be evaluated by the formula:
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k qu+1 1

J(TL) :E[Jp%——l (2)

If we extend formula (1) to all a; =0, o(1) =1 can be found from (2).

For o(n) we can give the formulas:

o(n) = :1 ’: e (3)
o) = ;:1 5 (1 ik) " (4)
a(n)—n+1<z<nd ] {n_lbq (5)

o(n) = 2n — 1q:§s + S (n=3), (6)

where S} is the sum of the residues obtained by dividing k& by each integer less than
k.

Formula (5) was obtained by G. L. Dirichlet [3], while formula (6) was stated by
E. Cesaro [6] and proved by E. Catalan [7]. From formula (6) can be derived the

formula
_ 2n—1—Tn—|—Tn_1—[§}, n >3, n-odd
on) = { on—1—-T,+T,.1, n>4, n-even (7)
where T} is the sum of the residues obtained by dividing £ by each integer < [g]

There are some formulas with recursive relations for o(n). Detailed information
about them can be found in L. E. Dickson’s book [8], chapter X.

First of them is Euler’s [1] formula:

o(n) + ;—1)]' {U (n - 3]-22_]') ‘o (n _ 3j22+j>} _

2
_ { (_1>k+1n7 n — 3k ik’

2
0, otherwise.

The second is the formula:

L JU DY [ (-pprekn ke
2 0, otherwise.

> (1Y@ + 1o

>0
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Formula (9) was obtained by C. Sardi [5].
The third is the formula:

{ k(k+1)(2k+1)27 n — k;(k;—f— 1)’

6 10
0, otherwise. (10)

Y In—1-5j(+D]on—j(+1) =

j20

Formula (10) was obtained by V. Bouniakowsky [4].

2. STATEMENTS AND RESULTS

From the formulas which will be given in the second part of this paper, o(n) can

be evaluated via some sequences, without knowing prime factors of n.

Theorem 1.

RN = o(n), n-odd,
Z (=15 A { o(n) —o (%), n-even,

Ag=2 Y (-D)FAp, Ag=1

Proof. Here, we can use Jacobi’s [2] identity:

13

(1—2") (14 x2"71)2 =1+ 2295”2 =V(z) = Zaj;cj (12)

n=1 n=1

with

B 2, g=rt (r=1),
%_1’af‘{a jE (r>1), (13)

If we take the logarithmic derivative of (12), and multiply the resulting identity

by z, we obtain:

l’ e 2n 2n—1
=3 (- )z>— (1)

3
—

—2:0 (15)

1]
|
[\
=
;_n
|
H
[~}
S
I
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_ _ 2n—1 (2n 1)m
ZZQn et x%l 22271 1)z Z_O
= —22 20— 1) (=1)mzlrim 22:;; > (~1)=i(2n-1)
n=1 m=1 k=1 2n—1lk
= -2 du dy= > (—1)77(2k —1)
2k—1|n
For n = 2%q, where ¢ is odd, it is
dn = (=1)"0(q) (16)
For even n it is
on) = (27 -1l o(5)=C"-Dola =
a(n), n-odd,
= old)= { o(n) —20 (%), n-even (17)
From (14), (15), (16), (17) we have
T 00 00 ) '
x qj((x)) =-2 Zo(n)x% —2 Z(—l)”a(q)x” = Z e;x’, (18)
x
n=1 n=1 7j=1
where
B 20(7), j-odd,
€= { “2(0(j) — o (1)), j-oven. (19)
From (12) and (18) it follows
Znana:” = Zajxj Z epzh
n=1 §=0 k=1
n—1
=  na, = Z AkCr_k- (20)
k=0
If in (20) we take n — n,n — 1,...,1, we can consider it as the system with
unknown eq, €9, ..., e, with a; given from (13). The determinant of that system is 1.

Solving the system with respect to e, by Kramer’s rule, we get the desired formula

(11).

Thus, we have proved theorem 1. [
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Theorem 2.

144G D) j(j+1) B o(n), n-odd,
> (=1 D = |y ( (21)

= 2 neTg 2) —o(n), n-even.
r(r+1)
ws= D ()T W ey, wo= 1. (21°)
r>1 2

Proof. Now, we use the following Jacobi’s [2] identity:

[[a=e) (ra®) =143 w0 =0 =3 b (22)
n=1 n=1 =0

with
ho—1 b — I, j=r(r+1) (r=1),
0T 5 YT, jEr(r+1) (r=1).

Proceeding as in the proof of theorem 1, we get

leg)) = —2ia(n)x2” - 4%:1:2”2(—1)2]9 (24)

n=1 k|n

= (~1)Fk.

k|n

For n = 2%q, where ¢ is odd, it is

n
Iy = —a(q) = 20 (5) —o(n) (25)
Thus, we obtain
n—1
2nby, = Z b2kf2(n—k)7 (26>
k=0

where is

foj =40(q) —20(j) = { 20(j) - 830((%].)): ?:izedn’ (27)

In the same manner as in theorem 1, we obtain formula (21), thus proving the

theorem 2. O

Theorem 3.

Q= ()" 2+ DQ, e, Q=1 (28")
S 2

r>1
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Proof. We use another one Jacobi’s [2] identity

ﬁ 1— 2" —1+Z "(2n + 1) "("“)zicﬂa (29)

n=1 7=0
with
(—D)F2k +1), j=" 0 (g >1),
Co = 1, C; = . 2 (30)
: { 0, j#H5H (k=1).

From this identity we get the equality (9), which, as in the proof of theorem 1,
yields to formula (28). O

Further, we give a scheme based on the result of theorem 1.

On the scheme, in the first diagonal is

with

MOR

M(n) = 2M\(n—1) = Xa(n)
Xa(n) = 2\ (n—2%) — As3(n)
As(n) = 2\ (n—3?%) — \i(n)

for n > k? and
Me(n) = 0, n<k—1,

(k) = K

Ax(n) is number in the n-th column and in the k-th diagonal. Since (k%) =

k* (k € N), initial values in diagonals are 1,4,9,16,25, ...
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According to the scheme 1, the following recurrence relation straightforwardly

follows:

M (m? 4 k) = (=) im0 +2) (17T (mP 4+ k—5%), (0< k< 2m)
j=1

where j.x =m — 1 for £ =0, and

s [ L k=0
RO 0, k0.

n|1(2(3|4|5|6|7|8| 9 |[1011 12|13 |14 | 15|16 | 17|18
4 9 16
2 2 2 2
4 4 4 4
4 8 8
6 8 8
8 3 12
8 14 16
8 12 0
13 8 14
12 18 22
12 12
16 8
14 32
16 14
24 10
16
18
26
Scheme 1.
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