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Abstract. The energy of a graph is the sum of the absolute values of its eigenvalues. Two
graphs are said to be equienergetic if their energies are equal. We show how infinitely many
pairs of equienergetic graphs can be constructed, such that these graphs are connected,
possess equal number of vertices, equal number of edges, and are not cospectral.

INTRODUCTION

The concept of graph energy was introduced by one of the present authors long

time ago [9]. Recently this concept started to attract considerable attention of mathe-

maticians involved in the study of graph spectral theory; for recent mathematical
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works on the energy of graphs see [1,3,7,8,10–12,15–23,25–33]. The chemical aspects

of this concept are outlined in due detail in the book [13].

Let G be a graph on n vertices. The eigenvalues of the adjacency matrix of G ,

denoted by λ1, λ2, . . . , λn , are said to be the eigenvalues of G , and form the spectrum

of G [5].

The energy of the graph G is then defined as

E(G) =
n
∑

i=1

|λi| .

If for two graphs, G1 and G2 , the equality E(G1) = E(G2) is satisfied, then G1 and G2

are said to be equienergetic. For obvious reasons, cospectral graphs are equienergetic.

The less trivial case are pairs of equienergetic, non-cospectral graphs.

Examples of equienergetic, non-cospectral graphs are easily found. Because the

union of a graph and an arbitrary number of isolated vertices has the same energy

as the graph itself, we are not interested in “examples” of this kind. The simplest

non-trivial example is formed by the triangle and the quadrangle (Ga and Gb in

Fig. 1); their eigenvalues are 2,−1,−1 and 2, 0, 0,−2 , respectively and therefore

E(Ga) = E(Gb) = 4 . The simplest equienergetic graphs with non-integer energies

are the 4-vertex path (Gc in Fig. 1) and the 6-vertex star (Gd), with eigenvalues
√

(3 +
√
5)/2 ,

√

(3−
√
5)/2 , −

√

(3−
√
5)/2 , −

√

(3 +
√
5)/2 and

√
5, 0, 0, 0,−

√
5 ,

respectively, both having energy equal to 2
√
5 . In addition to the quadrangle Gb ,

there are two more non-cospectral 4-vertex graphs, having energy equal to 4: Ge (with

eigenvalues 1, 1, −1, −1) and Gf (with eigenvalues 2, 0,−1,−1) . These graphs are

not connected. The smallest pair of non-cospectral, connected equienergetic graphs

with the same number of vertices are the pentagon (Gg) and the tetragonal pyramid

(Gh), whose eigenvalues are 2, (
√
5−1)/2, (

√
5−1)/2,−(

√
5+1)/2,−(

√
5+1)/2 and

√
5 + 1, 0, 0,−

√
5 + 1,−2 , respectively, and for which E(Gg) = E(Gh) = 2

√
5 + 2 .1

If we restrict ourselves to connected graphs, and if we require that both equiener-

getic mates have the same number of vertices, then examples of the above type,

1The authors thank Dr. Dragan Stevanović (Nǐs) for calling their attention to Gg and Gh .
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possessing larger number of vertices, are much more difficult to find. Anyway, in

the existing literature, no systematic way seems to have been ever reported for

constructing pairs of connected, equienergetic, non-cospectral graphs with equal

number of vertices. In what follows we provide such a construction.

Ga Gb

Ge Gf Gg Gh

Gc Gd

Fig. 1. Non-cospectral equienergetic graphs with small number of vertices: E(Ga) =
E(Gb) = E(Ge) = E(Gf ) = 4, E(Gc) = E(Gd) = 2

√
5, E(Gg) = E(Gh) = 2

√
5+2 .

ON LINE GRAPHS OF REGULAR GRAPHS

Let G be a graph, and L1(G) = L(G) its line graph [14]. Let, further, L2(G) =

L(L1(G)) , L3(G) = L(L2(G)) , . . . , Lk(G) = L(Lk−1(G)) , . . . , be the iterated line

graphs of G .

A graph is said to be regular of degree r if all its vertices have degrees equal to

r . As it is well known [14], the line graph of a regular graph is also regular. More

precisely, if G is a regular graph on n vertices, of degree r , then L(G) is a regular

graph on

n1 =
1

2
n r (1)

vertices, of degree

r1 = 2 r − 2 . (2)
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Consequently, all iterated line graphs Lk(G) of a regular graph G are regular

graphs. In particular, if G is a regular graph on n vertices, of degree r , r ≥ 2 , then

by a repeated application of Eqs. (1) and (2) we see that L2(G) is a regular graph on

n2 =
1

2
n1 r1 =

1

2

(

1

2
n r
)

(2 r − 2) =
1

2
n r(r − 1)

vertices, of degree

r2 = 2 r1 − 2 = 2(2 r − 2)− 2 = 4 r − 6 .

THE MAIN RESULT

Theorem 1. Let G1 and G2 be two regular graphs, both on n vertices, both of

degree r ≥ 3 . Then L2(G1) and L2(G2) are equienergetic.

Proof. We show that the energy of the second iterated line graph of a regular

graph of degree r ≥ 3 depends only on the number of vertices and on the degree r .

Let G be a regular graph on n vertices, of degree r ≥ 3 . Let its eigenvalues be

λi , i = 1, 2, . . . , n . Then, according to a long–known result by Sachs [24] (Theorem

2.15 in [5]), the eigenvalues of L(G) are:

λi + r − 2 i = 1, 2, . . . , n , and

−2 n(r − 2)/2 times







. (3)

Bearing in mind the (above specified) structure of L2(G) , and by a two–fold

application of Eq. (3), we conclude that the eigenvalues of L2(G) are:

λi + 3 r − 6 i = 1, 2, . . . , n , and

2 r − 6 n(r − 2)/2 times, and

−2 n r(r − 2)/2 times























. (4)

If dmax is the greatest vertex degree of a graph, then all its eigenvalues belong to

the interval [−dmax , +dmax] [5]. In particular, the eigenvalues of a regular graph of

degree r satisfy the condition −r ≤ λi ≤ +r for all i = 1, 2, . . . , n .



9

If r ≥ 3 , then 3 r − 6 ≥ 3 , and because of λi ≥ −r , we have λi + 3 r − 6 ≥ 0 . If

r ≥ 3 , then 2 r − 6 ≥ 0 .

We thus see that all negative–valued eigenvalues of L2(G) are equal to -2 , and

that they occur in the spectrum of L2(G) n r(r − 2)/2 times.

Bearing this in mind, the energy of L2(G) is computed from (4) as follows:

E(L2(G)) =
n
∑

i=1

(λi + 3 r − 6) +
1

2
n(r − 2)× (2 r − 6) +

1

2
n r(r − 2)× | − 2|

which, by taking into account that the sum of the eigenvalues of G is zero [5], readily

yields:

E(L2(G)) = 2n r(r − 2) . (5)

From Eq. (5) we see that the second iterated line graphs of all regular graphs, hav-

ing the same number of vertices and having the same degree, are mutually equiener-

getic. This is tantamount to the statement of Theorem 1. 2

Corollary 1.1. Let G1 and G2 be two regular graphs, both on n vertices, both of

degree r ≥ 3 . Then for any k ≥ 2 , Lk(G1) and Lk(G2) are equienergetic.

Proof. The statement of Corollary 1.1 for k = 2 coincides with Theorem 1.

Therefore we assume that k ≥ 3 .

The fact that Lk−2(G1) and Lk−2(G2) have equal number of vertices follows from

a repeated application of Eqs. (1) and (2). Because Lk−2(G1) and Lk−2(G2) are

regular graphs of the same degree, possessing equal number of vertices, by Theorem 1,

Lk(G1) = L2(Lk−2(G1)) and Lk(G2) = L2(Lk−2(G2)) are equienergetic. 2

Corollary 1.2. Let G1 and G2 be two connected and non-cospectral regular graphs,

both on n vertices, both of degree r ≥ 3 . Then for any k ≥ 2 , both Lk(G1) and Lk(G2)

are regular, connected, non-cospectral and equienergetic. Furthermore, Lk(G1) and

Lk(G2) possess the same number of vertices, and the same number of edges.

Proof. The line graph of a graph without isolated vertices is connected if and
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only if the graph itself is connected [14]. Hence, if G is connected, then Lk(G) is

also connected, k ≥ 1 . According to (3), if G1 and G2 are not cospectral, then also

L1(G1) and L1(G2) are not cospectral. Thus, Lk(G1) and Lk(G2) are not cospectral

for any k ≥ 1 .

From the proof of Corollary 1.1 we know that Lk(G1) and Lk(G2) possess equal

number of vertices. From the fact that the number of edges of Lk(G) is equal to

the number of vertices of Lk+1(G) follows that Lk(G1) and Lk(G2) have also equal

number of edges. 2

DISCUSSION

Theorem 1 and, in particular, its Corollary 1.2 provide a general method for

constructing families of mutually non-cospectral equienergetic graphs, each member

of which is connected and has the same number of vertices. One simply has to find

a pertinent collection of mutually non-cospectral connected regular graphs (of degree

greater than two) and to construct their k-th iterated line graphs, for any k ≥ 2 .

Finding the required collection of regular graphs is an easy task, because the number

of such graphs is usually very large, and because cospectral mates among them occur

only exceptionally [2, 4, 6].

Within the proof of Theorem 1 we obtained the simple expression (5) for the

energy of the second iterated line graph of a regular graph. By means of a repeated

application of Eqs. (1) and (2) we could deduce analogous (yet much less simple)

expressions also for E(Lk(G)) , k ≥ 3 . In the general case, the energy of the k-th

iterated line graph, k ≥ 2 , of a regular graph on n vertices and of degree r ≥ 3 is

fully determined by the parameters n and r .
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[12] I. Gutman, L. Pavlović, The energy of some graphs with large number of edges,

Bull. Acad. Serbe Sci. Arts (Cl. Math. Natur.) 118 (1999) 35–50.



12

[13] I. Gutman, O. E. Polansky, Mathematical Concepts in Organic Chemistry,

Springer–Verlag, Berlin, 1986.

[14] F. Harary, Graph Theory, Addison–Wesley, Reading, 1969, Chapter 8.

[15] Y. Hou, Unicyclic graphs with minimal energy, J. Math. Chem. 29 (2001)

163–168.

[16] Y. Hou, Bicyclic graphs with minimum energy, Linear and Multilinear Algebra

49 (2002) 347–354.

[17] Y. Hou, I. Gutman, Hyperenergetic line graphs, MATCH Commun. Math.

Comput. Chem. 43 (2001) 29–39.

[18] Y. Hou, I. Gutman, C. W. Woo, Unicyclic graphs with maximal energy, Linear

Algebra Appl. 356 (2002) 27–36.

[19] J. Koolen, V. Moulton, Maximal energy graphs, Adv. Appl. Math. 26 (2001)

47–52.

[20] J. Koolen, V. Moulton, Maximal energy bipartite graphs, Graphs Combin.

19 (2003) 131–135.

[21] J. Li, X. Wang, Lower bound on the sum of positive eigenvalues of a graph, Acta

Appl. Math. 14 (1998) 443–446.

[22] D. A. Morales, Bounds for the total π-electron energy, Int. J. Quantum Chem.

88 (2002) 317–330.

[23] D. A. Morales, Systematic search of bounds for total π-electron energy, Int. J.

Quantum Chem. 93 (2003) 20–31.
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