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ABSTRACT. In this paper, we study Ly (p > 1) continuity of the function

(Vo € R") (Apf) (@) ::/ K(z,y)f(y)dy

R

where f : R® - Rand K : R® x R"™ — R.

In this paper we study continuity of the function

(Vo & R (AD)@) = | K(w,0) [y, (1)

where f : R — R, function K : R"™ x R™ — R is defined by

1
V(z,y) € R" x R")K (z,y) : = —V—, (2)
( ) oAl — o)
|| - || is the Euclidean norm in R™, function ¢ : Ry — R{ (Rg := [0, +0oc[) has the
finite derivative and the following is valid:
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The function A, f, when
(¥t € [0, +oe))plt) : = 1", (a < m), ™

is called the Riesz potential of function f. When ¢ satisfies the conditions (3), (4),
(5) and (6), A, f is the generalization of the Riesz potential of the function f.

The L, continuity, or continuity in the L, norm, of a real or a complex function
g at point x € R™ thus:

{ijT /Brlg(:erS)—g(:v) Ipds}p —0, (r— +0), (8)

where mB,. is the volume of a ball of radius r with center at O € R™ [3, page 65].

In this paper is proved that, depending on conditions imposed on f and ¢, the
function A, f is L, continuous at every point at which it exist.

Theorem 1. Ifp>1 and A, f exists at point x € R™, then A, f is L, contin-
wous at x. [

Proof. It is sufficient to consider the case when z = 0 and to prove that ([1]
and [2])

{Aslkr ‘(Asof)(s) - (Asof) (0)‘1) ds}% = o(r%) (9)

holds when r — 40. From (9), (1) and (2) follows:

{[ =@ <0>\’”ds}% (10)
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/|y||<2r [/| l<r <Pp(||y—s||)d ] dy (11)
/ / ] dy
|y||<2r lly—s]||<3r PP ||y—s||

B 3r tn 1
n-mbBy - / dt} dy
/|y||<21" L 0 Qop( )

[
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(3r)» 1f(y)] ) n
—0 - REACD IR 0,
(S ot Ayw olaly™) =) o +0)
since the following is valid:
/ h(||:1;||)d:c:n-mBl-/rt"_lh(t) dt, (12)
[|z||<r 0

if t"~1h(t) is non—negative and measurable or integrable function at ]0,r[ (where
mB; denotes the volume of the ball of radius 1 with center at 0 € R™).

Inside integrals in S5 is the same as integral in

Bt o )]
O(so(?ﬂ") o2 %ynqr go<||y||>dy) (13)

and it tends to zero when r — +0. This is why:

1
52:0</ ds) =o(r
[|s]|<r
when r — +0.

Using the Minkowski inequality for integrals and (12), we obtain:
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For 0 < 7 < min{1, A}, from (4) and (5) follows:

/ o' (lyll)  1f(y)] dy (16)
llyl|>2r

e(lyll)  e(lyll)

_ ¢ (lyll) 1 ()]
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From (15) and (16) follows:
S3 = o(r%) (r — +0). (17)

From (10), (11), (14) and (17) follows (9). H
Specially, if ¢ is defined by (7), i.e. if A,f is a Riesz potential of f, then the
conditions (3), (4), (5) and (6) are valid if

1
1-- <2<,
P n

and if A, f exists at x € R", then A, f is L, continuous at z. From there and from
Theorem 1 follows the known [1]:

Theorem 2. If f: R" — C,a € C,

(va € B7) (4°1) i= [ lo =yl () do.

n

1 Re
p>1, 1—-< e < 1 and A% f exist at point x € R™, then the function A*f
P n

is L, continuous at v. [
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