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SOME NOISELESS CODING THEOREM CONNECTED WITH
HAVRDA AND CHARVAT AND TSALLIS’S ENTROPY

SATISH KUMAR ! AND RAJESH KUMAR, 2

ABSTRACT. A new measure L?, called average code word length of order o and

type (0 has been defined and its relationship with a result of generalized Havrda and
Charvat and Tsallis’s entropy has been discussed. Using L?, some coding theorem
for discrete noiseless channel has been proved.

1. INTRODUCTION

Let A, = {P = (p1,p2,---,pn),pi > 0,>p; =1}, N > 2 be the set of all finite
discrete probability distributions, for any probability distribution (p1,ps,...,pn) =
PeA,.

Shannon [23] defined entropy as:

(1.1) H(P)= =Y pilogp;.
Throughout this paper, > will stand for 7' ; unless otherwise stated and loga-

rithms are taken to the base D (D > 1).
Let a finite set of N input symbols

X ={x,29,...,2N}

be encoded using alphabet of D symbols, then it has been shown by Feinstien [5] that

there is uniquely decipherable instantaneous code with length ny,no,...,ny if and
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only if
(1.2) S D <

where D is the size of code alphabet.
If

(1.3) L= Znipi

is the average codeword length then for a code which satisfies (1.2) it has also been
shown by Feinstien [5], that

(1.4) L> H(P)
with equality if and only if
(1.5) n; = —logpp; for i=1,2,...,N

and that by suitable encoded into words of long sequences, the average length can be
made arbitrary close to H (P). This is Shannon’s noiseless coding theorem.

By considering Renyi’s [20] entropy, a coding theorem and analogous to the above
noiseless coding theorem has been established by Campbell [4] and the authors ob-
tained bounds for it in terms of H, (P) = t~-logp X Pf, o > 0 (a # 1) . Kieffer
[13] defined a class rules and showed H, (P) is the best decision rule for deciding
which of the two sources can be coded with expected cost of sequences of length n
when n — oo, where the cost of encoding a sequence is assumed to be a function
of length only. Further Jelinek [9] showed that coding with respect to Campbell [4]
mean length is useful in minimizing the problem of buffer overflow which occurs when
the source symbol are being produced at a fixed rate and the code words are stored
temporarily in a finite buffer.

Hooda and Bhaker [8] consider the following generalization of Campbell [4] mean

length:
1 {Zp?D”“

L’ (t) = —logp Zpg

and proved

HY (P) <LP(t) < H] (P)+1, a>0,a#1, >1

under the condition

SpTD <Y p]
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where H? (P) is generalized entropy of order o = %th and type [ studied by Aczel
and Daroczy [1] and Kapur [10]. It may be seen that the mean codeword length (1.3)
had been generalized parametrically and their bounds had been studied in terms of
generalized measures of entropies. Here we give another generalization of (1.3) and
study its bounds in terms of generalized entropy of ordera and type (5.

Longo [15], Gurdial and Pessoa [6], Singh, Kumar and Tuteja [24], Parkash and
Sharma [18], Hooda and Bhaker [8], Khan, Bhat and Pirzada [12], Arndt [2], Baig
and Ahmad [3], Kerridge [11], Kraft [14], Mc-Millan [16], Pirzada and Bhat [19], Roy
[21] and Satish Kumar [22] have studied generalized coding theorems by consider-
ing different generalized measure of (1.1) and (1.3) under condition (1.2) of unique
decipherability.

In this paper we study some coding theorems by considering a new function de-
pending on parameters a and F. Our motivation for studying this new function is
that it generalizes some entropy function already existing in literature Havrda and

Charvat [7] and Tsallis [25] entropy which is used in physics.

2. CODING THEOREM

In this section, we define information measure as

1 o
1) B = 1 - 2

where a« > 0(# 1), 6>0,p;, >0, Xp;=1,1=1,2,..., N,
(i) When 8 = 1, (2.1) reduces to Havrda and Charvat [7] and Tsallis’s [25] entropy

ie.,

2.2 H,(P)= ——[1- 0]

(ii)) When =1, a — 1 then (2.1) reduces to Shannon’s [23] entropy

(2:3) H (P) = =) pilogp:.
(ili) When « — 1 then (2.1) reduces to Mathur and Mitter’s [17] entropy for the (-

power distribution, i.e.,

> 9} log p!

5(p) =
(2.4) H? (P) SF.
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Definition 2.1. The mean length L? with respect to information measure is defined

as

(2.5) Ly = i : [1 _ {sz (sz >iD_m(°‘al)}a] ,

where a > 0(#1), 6>0,p;, >0, >p;=1,i=1,2,...,N.

i) When 8 =1, Then (2.5) reduces to new mean codeword length, i.e.,

(
1 —ni((222)
(2.6) La:_{l—{ZpiD (e H
(ii)) When 3 =1, o — 1, then (2.5) reduces to mean code length defined by Shannon
23], 1

L= Z nipi-
We establish a result, that in a sense, provides a characterization of H? (P) under

the condition of unique decipherability.

Theorem 2.1. For all integers D > 1
(2.7) L > HP (P)

under the condition (1.2) equality holds if and only if

Y’
(2.8) n; = —log <Za> :
P > p?

Proof. We use Holder’s inequality

1 1
(2.9) S > (3 ah) (S vl)”
forall z; > 0, y; > 0,7 =1,2,...,N when P < 1 (#1) and p~* + ¢! = 1, with

equality if and only if there exists a positive number ¢ such that

(2.10) ¥ = eyl

21 \TT
Ti = Di Zipzﬁ D=,

vi=p; “|—=—>3 )
>y
a—1

p= 2 and ¢ = 1 —a in (2.9) and using (1.2) we obtain the result (2.7) after

simplification for ﬁ >0as a>1.

Setting
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op
The equality holds if and only if D™ = fipqﬁ, 1 =1,2,..., N which is equivalent to

pi”
n;=—logp(—=), i=1,2,...,N.
gD(Zp?g)

O

Theorem 2.2. For every code with lengths {n;}, i =1,2,...,N, L can be made to
satisfy

(2.11) L < H? (P)D'™ + [1- D'

a —
Proof. Let n; be the positive integer satisfying, the inequalities

P’ P’
(2.12) —logp <Z;-aﬁ> <n; < —logp (ﬁ) + 1.

Consider the intervals

pi” pi”
(2.13) 0 = [— log (’a> , —log (la> + 11
PA\s A\

of length 1. In every d;, there lies exactly one positive number n; such that

pe’ pe’
(2.14) 0 < —log ( — ) <n; < —log (’a> + 1
b > 7 P Zpiﬁ

[

It can be shown that the sequence {n;}, i = 1,2,..., N thus defined, satisfies (1.2).
From (2.14) we have

(2.15) = D (%) >

simplification for -1~ as a > 1, gives (2.11). O

a—1

multiplying both sides of (2.15) by piﬁ < L : > * . summing over i = 1,2,..., N and
2

Theorem 2.3. For every code with length {n;}, i =1,2,..., N of Theorem 2.1, L
can be made to satisfy
1

o —

(2.16) L? > HS(P)> H?(P)D +

«

(1= D).
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Proof. Suppose
piaﬁ
(2.17) n; = —logp <szaﬁ> :
Clearly n; and n; + 1 satisfy ‘equality’ in Holder’s inequality (2.9). Moreover, 7,
satisfies Kraft’s inequality (1.2). Suppose n; is the unique integer between 7; and
n; + 1, then obviously, n; satisfies (1.2).
Since a > 0 (# 1), we have

1 [ 1
I \® __, I \* s
Sl (o) o) < (St () s

o

> p) > P}
(2.18) 1 o
1 \° _ (a-1)
<D(> <> DM e
2 > o)
Hence, since
1 «
1 o e af
sz'ﬂ< B) pet) =P
2D 2. D
(2.18) becomes
1 «
1 a o af of
2. D 2. D 2D
which gives (2.16). O

REFERENCES

[1] J. Aczel and Z. Daroczy, Uber Verallegemeineste quasiliniare mittelveste die mit grewinebts
functionen gebildet, Sind. Pub. Math. Debrecan, 10 (1963), 171-190.
[2] C. Arndt, Information Measure-Information and its description in Science and Engineering,
Springer, Berlin, 2001.
[3] M. A. K. Baig and Rayees Ahmad Dar, Some noiseless coding theorems of inaccuracy measure
of order o and type (3, Sarajevo Journal of Mathematics, 3 (15) (2007), 137-143.
[4] L. L. Campbell, A coding theorem and Renyi’s entropy, Information and Control, 8 (1965),
423-429.
[5] A. Feinstein, Foundation of Information Theory, McGraw Hill, New York, 1956.
[6] Gurdial and F. Pessoa, On Useful Information of order «, J. Comb. Information and Syst. Sci.,
2 (1977), 30-35.
[7] Havrda and Charvat, Qualification Method of Classification Process, the concept of structural
a-entropy, Kybernetika, 3 (1967), 30-35.
[8] D.S. Hooda and U. S. Bhaker, A generalized "useful’ information measure and coding theorems,
Soochow J. Math., 23 (1997), 53-62.
[9] F. Jelinek, Buffer overflow in variable lengths coding of fized rate sources, IEEE, 3 (1980),
490-501.
[10] J. N. Kapur, Generalized entropy of order o and type 3, Maths Seminar, Delhi, 4 (1967).
[11] D. F. Kerridge, Inaccuracy and inference, J. R. Stat. Soc., Ser. B 23 (1961), 184-194.



12]
13]
14]
[15]
16]
17]
18]
19]
20]

[21]
[22]

[23]
[24]

[25]

SOME NOISELESS CODING THEOREM 117

A. B. Khan, B. A. Bhat and S. Pirzada, Some Results on a Generalized Useful Information
Measure, Journal of Inequalities in Pure and Applied Mathematics, 6 (4) 117 (2005).

J. C. Kieffer, Variable lengths source coding with a cost depending only on the codeword length,
Information and Control, 41 (1979), 136-146.

L. G. Kraft, A device for quantizing, grouping and coding amplitude modulated pulses, MS
Thesis, Electrical Engineering Department, MIT, 1949.

G. Longo, A Noiseless Coding Theorem for Sources Having Utilities, Siam J. Appl. Math., 30
(4) (1976), 739-748.

Mec-Millan, Two inequalities implied by unique decipherability IRE Trans Inform. Theory 1T-2,
(1956), 115-116.

J. Mitter and Y. D. Mathur, Comparison of entropies of power distribution, ZAMM, 52 (1972),
239-240.

Om Parkash and P. K. Sharma, Noiseless Coding Theorems Corresponding to Fuzzy Entropies,
Southeast Asian Bulletin of Mathematics, 27 (2004), 1073-1080.

S. Pirzada and B. A. Bhat, Some more results in coding theory, J. Ksiam, 10 (2) (2006),
123-131.

A. Renyi, On Measure of entropy and information, Proc. 4th Berkeley Symp. Maths. Stat.
Prob., 1 (1961), 547-561.

L. K. Roy, Comparison of Renyi’s entropy of power distribution, ZAMM, 56 (1976), 217-218.

Satish Kumar, Some More Results on R-Norm Information Measure, Tamkang Journal of Math-
ematics, 40 (1) (2009), 41-58.

C. E. Shannon, A Mathematical Theory of Communication, Bell System Tech.J., 27 (1948),
379-423 623-656.

R. P. Singh, R. Kumar and R. K. Tuteja, Application of Holder’s Inequality in Information
Theory, Information Sciences, 152 (2003), 145-154.

C. Tsallis, Possible Generalization of Boltzmann Gibbs Statistics, J. Stat. Phy., 52 (1988), 479.

! DEPARTMENT OF MATHEMATICS,

G.I.M.T. (KANIPLA) KURUKSHETRA,
HARYANA, INDIA

E-mail address: drsatish74@rediffmail.com

2 DEPARTMENT OF MATHEMATICS, HINDU COLLEGE,
UNIVERSITY OF DELHI,

DELHI-7, INDIA

E-mail address: rajeshhctm@rediffmail.com



