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MULTIPARTITE DIGRAPHS AND MARK SEQUENCES
UMATUL SAMEE

ABSTRACT. A k-partite 2-digraph (or briefly multipartite 2-digraph(M2D)) is an
orientation of a k-partite multigraph that is without loops and contains at most 2
edges between any pair of vertices from distinct parts. Let D = D(Xq, Xo, ..., Xi)
be a k-partite 2-digraph with parts X; = {zj1, 2, ...,Tin, }, 1 < @ < k. Let
djﬁj and d;j, 1 < j < ny, be respectively the outdegree and indegree of a vertex
z;; € X;. Define p,,, (or simply p;;) = 2 (Zle,#i nt) +d3, —d,. as the mark (or
r-score) of z;;. In this paper, we characterize the marks of k-partite 2-digraphs and

obtain constructive and existence criterion for k sequences of non-negative integers
in non-decreasing order to be the mark sequences of some k-partite 2-digraph.

1. INTRODUCTION

A 2-digraph is an orientation of a multigraph that is without loops and contains
at most 2 edges between any pair of distinct vertices. So, 1-digraph is an oriented
graph, and a complete 1-digraph is a tournament. Let D be a 2-digraph with vertex
set V' = {v1,va,...,0,}, and let d;:_ and d, denote the outdegree and indegree,
respectively, of a vertex v;. Define p,, (or simply p;) = 2(n — 1) 4 d — d;, as the
mark (or 2-score) of v;, so that 0 < p,, < 4(n — 1). Then the sequence P = [p;|! in
non-decreasing order is called the mark sequence of D. Various results on marks in
digraphs can be found in [6] and [7] and stronger inequalities for marks in digraphs
can be seen in [4] and [8]. The results on scores in oriented graphs can be found in
[1], [2] and [3]. The following result by Pirzada and Samee [5] characterizes marks in
2-digraphs.

W&nd phrases. Multipartite digraphs, Oriented graphs, Tournaments, Mark sequences,
Oriented triples.
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Theorem 1.1. A non-decreasing sequence P = [p;]} of non-negative integers is the

mark sequence of a 2-digraph if and only if for 1 <t <mn

t

i=1

with equality when t = n.

A k-partite 2-digraph (or briefly multipartite 2-digraph (M2D)) is an orientation
of a k-partite multigraph that is without loops and contains at most 2 edges between
any pair of vertices from distinct parts. So k-partite 1-digraph is an oriented k-
partite graph, and a complete k-partite 1-digraph is a k-partite tournament. Let
D = D(Xy,Xa,..., X)) be an M2D with parts X; = {z;1, Zi2, ..., Tin, }, 1 < i < k.
Let d;fij and d;ij, 1 < j < n,, be respectively the outdegree and indegree of a vertex
z; € X;. Define p,,; (or simply p;;) = 2 (Zle’t# nt> +dy, — dg,. as the mark (or
2-score) of z;;. Clearly, 0 < p,,; < 42?217#7; ne. Then the k sequences P; = [p;;]1",
1 <1 < k, in non-decreasing order are called the mark sequences of D.

An M2D can be interpreted as a result of a competition among % teams in which
each player of one team plays with every player of the other £ — 1 teams at most 2
times in which ties (draws) are allowed. A player receives two points for each win,
and one point for each tie. With this marking system, player z;; receives a total of
Pe,;; points. The k sequences of non-negative integers p;, 1 <4 < k, in non-decreasing
order are said to be realizable if there exists an M2D with mark sequences P;.

For two vertices x;; in X; and z4 in X;, ¢ # s in an M2D D(Xy, Xy, ..., X}), we
have one of the following six possibilities. (i) exactly two arcs directed from z;; to x4
and no arc directed from zy to x;;, this is denoted by x;;(2 — 0)zy, (ii) exactly two
arcs directed from x4 to z;; and no arc directed from z;; to x4, this is denoted by
2;;(0—2)zg, (iil) exactly one arc directed from x;; to x5 and exactly one arc directed
from x4 to z;;, this is denoted by z;;(1 — 1)z, and is called a pair of symmetric arcs
between x;; and z, (iv) exactly one arc directed from z;; to x4 and no arc directed
from x4 to x;;, this is denoted by z;;(1 — 0)z 4, (V) exactly one arc directed from x
to z;; and no arc directed from xz;; to x4, this is denoted by x;;(0 — 1)z, (vi) no
arc directed from z;; to x4 and no arc directed from zg to x;;, this is denoted by
2;;(0 — 0)zg.

A triple in M2D (k-partite 2-digraph) (k > 3) is an induced 2-subdigraph of three

vertices with exactly one vertex from one part, and is of the form
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Tij(a1 = a2)Tmn(by — b2)xalcr — )y, (1 # m # 5,1 < j < ny,
1 <t <mng), wherefor 1 < g <2 0<4q,<7r, 0<b, <20
0<>2 1ag<2,0<Y2 1b,<2,0<Y2 ¢, <2

An oriented triple in M2D is an induced 1-subdigraph of three vertices with exactly

Nom,

o IA

n
cg <

VAN

and

one vertex from one part. An oriented triple is said to be transitive if it is of the form
23 (1=0)Zpmn (1—0) 25 (0—1) x5, or 25(1—0) 20 (0—1) 25 (0—0) 245, or (1 —0) 2, (0—
0)s(0—1)x;;, or (1 —0)2pn(0—0)z5 (0 —0)x;;, or (0 —0)Zp, (0—0)z4(0—0)x;;,
otherwise it is intransitive. An M2D is said to be transitive if every of its oriented
triple is transitive. In particular, a triple C' in M2D is transitive if every oriented

triple of C' is transitive.

2. MARK SEQUENCES IN MULTIPARTITE DIGRAPHS

Throughout this paper we discuss k-partite 2-digraphs, with k£ > 3, except at few
places where we require bipartite 2-digraphs. In fact we start with some observations
about bipartite 2-digraphs, as these will be required in the application of algorithm
obtained from Theorem 2.10. We know if P = [p1,pa,...,p) and Q = [q1, G2, - - -, Gm]
are mark sequences of a bipartite 2-digraph, then p; < 4m, 1 <1 < and ¢; < 4,
1 <7 < m. Also the sequences of non-negative integers [p;] and [q1, g2, . . ., @), With
p1+q+q+ ...+ qn = 4n are always mark sequences of some bipartite 2-digraph.
Obviously the sequences [0] and [4,4,...,4] are the mark sequences of a bipartite

2-digraph.

Lemma 2.1. If P = [p1,pa,...,pi—1,m] and Q = [0,0,...,0,0] with each p; = 4m
are mark sequences of some bipartite 2-digraph, then P' = [p1,ps,...,pi—1] and Q' =

[0,0,...,0] are also mark sequences of some bipartite 2-digraph.

Lemma 2.2. If P = [p1,p2,...,pi-1,p] and Q = 10,0,...,0,qy] with 4m — p;, = 3,
Gm > 3 are mark sequences of some bipartite 2-digraph, then P' = [p1,pa,. .., pi_1]
and Q' =10,0,...,0,q, — 3] are also mark sequences of some bipartite 2-digraph.

Proof. Let P and @) as given above be mark sequences of bipartite 2-digraph D with
parts X = {1, 2o,..., 2 1,2} and Y = {y1,%2,- -, Ym_1,Tm }. Since 4m —p, = 3
and 3 < g, < 4l, therefore in D necessarily z;(2 — 0)y;, for all 1 <i <m — 1. Also
Ym (1 — 0)ax;, because if y,, (0 — 0)x;, or (0 — 2)zy,0r ¥, (0 — 1)x;, then in all these
cases py, > 4(m — 1) + 2, a contradiction to our assumption. Also y,,(2 — 0)a; is not

possible because in that case p,, = 4(m — 1) < 4m — 3.
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Now delete x;, obviously this keeps marks of y1,ys, ..., ym—_1 as zeros and reduces
mark of y,, by 3, and we obtain a bipartite 2-digraph with mark sequences P’ =
[p1,p2, -, pi—1] and Q" = [0,0,...,0, ¢, — 3], as required. O

Lemma 2.3. If P = [p1,p2,...,pi-1,p] and @ =10,0,...,0,qy,] with 4m — p; = 4,
Gm > 4 are mark sequences of some bipartite 2-digraph, then P' = [p1,pa,. .., pi_1]
and Q' =10,0,...,0,q, — 4] are also mark sequences of some bipartite 2-digraph.

Proof. Let P and @) as given above be mark sequences of bipartite 2-digraph D with
parts X = {1, 29,...,2_1, 21} and Y = {y1,%2, .-+, Ym—1,Tm . Since 4m — p, = 4
and 4 < g, < 4l, therefore in D necessarily x;(2 — 0)y;, for all 1 <7 < m — 1. Also
Ym (2 —0)zy, because if y,,(0 — 0)x;, or Y, (1 —0)x;, or ¥, (0 —2)zy,0r Yy, (0 — 1)z, then
in all these cases p,, > 4(m — 1) + 1, a contradiction to our assumption.

Now delete x;, obviously this keeps marks of y1,y2, ..., ym_1 as zeros and reduces
mark of y,, by 4, and we obtain a bipartite 2-digraph with mark sequences P’ =
[p1, P2, -, mi—1] and Q" = [0,0,...,0, ¢, — 4], as required. O

Lemma 2.4. If P = [p1,p2,...,pi—1, ] and Q@ = [0,0,...,0,qy] with 4m — p, = 4,
Gm > 3 are mark sequences of some bipartite 2-digraph, then P’ = [p1,pa, ..., pi—1]
and Q' =10,0,...,0,q, — 3] are also mark sequences of some bipartite 2-digraph.

Lemma 2.5. If P = [p1,p2,...,pi—1,p) and Q = [0,0,...,0,1,3] with 4m — p, = 4,
are mark sequences of some bipartite 2-digraph, then P’ = [p1,pa, ..., pi—1] and Q' =

[0,0,...,0,0,0] are also mark sequences of some bipartite 2-digraph.

Lemma 2.6. If P = [p1,p2,...,pi—1,p1) and Q = 1[0,0,...,0,1,1,2] with 4m —p; = 4,
are mark sequences of some bipartite 2-digraph, then P’ = [p1,pa,...,pi—1] and Q' =

[0,0,...,0,0,0] are also mark sequences of some bipartite 2-digraph.

Lemma 2.7. If P = [p1,pa,...,pi—1, 0] and Q@ =[0,0,...,0,1,1,1, 1] with 4m —p, =
4, are mark sequences of some bipartite 2-digraph, then P'" = [p1,pa,...,p—1] and

Q' =10,0,...,0,0,0] are also mark sequences of some bipartite 2-digraph.
Now we have the following observation about k-partite 2-digraphs, k > 3.

Lemma 2.8. Let D and D' be two M2D’s with the same mark sequences. Then D
can be transformed to D' by successively transforming (i) appropriate oriented triples

formed by vertices x;; € Xi, Tpn € Xy, and vy € X,, © # m # s, in one of the
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following ways:

either (a) by changing an intransitive oriented triple x;;(1 —0)Zpn (1 —0)2s (1 —0)x;;
to a transitive oriented triple x;;(0 — 0)%y, (0 — 0)25 (0 — 0)z;;, which has same mark
sequences, or vice versa,

or (b) by changing an intransitive oriented triple x;;(1 — 0)Zpn (1 — 0)25 (0 — 0)a;; to
a transitive oriented triple x;;(0 — 0)Zumy, (0 — 0)x5 (0 — 1)x;;, which has same mark
sequences, or vice versa,

or (i) by changing the symmetric arcs x;;(1 —1)Zpy to 2;;(0—0)z,y,,, which has same

mark sequences, or vice versa.

Proof. Let P; be mark sequences of an M2D D whose parts are X;, 1 < ¢ < k.
Suppose D’ be an M2D with parts X/, 1 <i < k. To prove the result it is sufficient
to show that D’ can be obtained from D by transforming oriented triples in any one
of the ways as given in i(a) or i(b) or by changing the arcs as given in (ii).

We fix n; for 2 < ¢ < k and use induction on ny. Forny =1, n, =1, ..., n, =1
and k = 3 the result is obvious. Assume that the result is true when there are fewer
than n; vertices in the first part. Let js, j3, ..., jr be such that for mqy, ms, ..., my,
1 <ji<m; <n; (2 <i<k), the corresponding arcs have same orientations in D
and D'. For ja,73,..., 7k 2 <1i,p,q < k, p # q, the oriented triples are of the form
(1) @15, (1 = 0)zij, (1 — 0)zy5, and 24, (0 — 0)z3; (0 — 0)ay;,
(I1) 210, (0 — 0)a45, (0 — 1)z, and 7, (1 — 0)zi; (0 — 0)z;;,
(II) @15, (1 = 0)45, (0 — 0)zy5, and x4, (0 — 0)z;; (0 — 1)aj;
(IV)z 15, (1 = )25, and 7, (0 — 0)z;;

Case (I). Since 15, and 2/, have equal marks, therefore zy,, (0—1)x;;, and z7,, (0—
O)x;jqa
0)xj,(1=0)245,(1=0)z1p,, OF T1p, (1=0)245,(1—0)245,(0—0)21,, in D and correspond-
ing to these 1, (0—0)z}; (0—0)ay; (0—0)},,, or x4, (0—0)z}; (0—0)z;; (0—1)a),,

respectively is an oriented triple in D’.

or 1y, (0 —0)z5, and x4, (1 — 0)ay; . Thus there is an oriented triple 1, (1 —

!
11q

and thus there is an oriented triple ,, (0 — 0)z;, (0 — 1), (0 — 1)x1,, in D and

Case II. Since 71, and 2/, have equal marks, so z1,, (1 —0)z;;, and z7, (0—0)z

corresponding to this 27, (1 — 0)z}; (0 — 0)z}; (0 — 0)zy,, is an oriented triple in D).
/
jq

and thus there is an oriented triple zy,,(1 — 0)z;,(0 — 0)x, (1 — 0)x1,, in D and

Case III. Since x1,, and 1, have equal marks, so x1,, (0 —1)z;;, and 2, (0—0)z

corresponding to this 27, (0 — 0)z}; (0 — 1)x}; (0 — 0)zy,, is an oriented triple in D).
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Case IV. Since 1, and 7, have equal marks, so z1,, (1 — 1)z, and 24, (0—0)ay; .
Thus it follows from (I)-(IV) that there is an M2D that can be obtained from D
by any one of the transformations i(a) or i(b) or (ii) with mark sequences remaining

unchanged. Hence the result follows by induction. U
Lemma 2.8 leads to the following observation.

Corollary 2.1. Among all M2D’s with given mark sequences those with the fewest

arcs are transitive.

A transmitter is a vertex with indegree zero. We assume without loss of generality
that transitive M2D’s have no arcs of the form z(1 — 1)y, as they can be transformed

to (0 — 0)y with same marks. This implies that in a transitive M2D with mark

sequences P, = [p;;]1", 1 < i < k, any of the vertex with mark p;,, can act as
transmitter.
Let P, = [p;]i, 1 < i < k, be k sequences of non-negative integers in non-

decreasing order with pi,, > pin,,

k k k
2Znt Splnl §4Znt and O sznz §4 ( Z nt) _3
t=2 t=2

t=2,t£i

for all 2 < ¢ < k. Let P| be obtained from P, by deleting one entry pi,,, and let
P}, P;, ..., P, be obtained as follows.
(A)(i). If p1,, > 3%F ,n,, then reducing 4 (ZfZQ nt) — Pin, largest entries of
Py, Ps, -+, P, by one each,
or (ii). If p1,, < 3XF ,n, then reducing 3 (ZfZQ nt) — pin, largest entries of
Py, P, ..., P by two each, and py,, — 2 (Zsz nt) remaining entries by one each.
(B). In case any one of p;,, = 4 (Zfzz nt) — 2,2 <4 <k, say for instance pj,, =
42512 n; — 2, then also py,, =4 (ZfZQ nt) — 2 s Pip, > Pin;- In this case we reduce
Pjn; by two.

The next result provides a useful recursive test whether the sequences of non-

negative integers form the mark sequences of some M2D.

Theorem 2.1. P, are the mark sequences of some M2D if and only if P! (arranged
in non-decreasing order) as obtained in (A) or (B) are the mark sequences of some

M2D.

Proof. Let P/, 1 < i < k, be the mark sequences of some M2D D'(X{, X},..., X}).
First assume Py, Pj, ..., P, be obtained from Py, Ps, ..., P as in (A)(i). Construct
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an M2D D(Xy, Xo,..., X) as follows. Let X; = XjU{z},X; = X[, 2 < i <k,
with X{ N {x} = ¢. Let x(1 — 0)y for those vertices y of X/, X!, ... X} whose marks

are reduced by one in going from P; to P/,

and z(2 — 0)y for those vertices y of
X5, X5, ..., Xj, whose marks are not reduced in going from P; to P/, 1 <i < k. Then
D(X1, X, ..., X}y) is M2D with mark sequences P;, 1 < < k.

Now, if P, Pj, ..., P/ are obtained from P, Ps,..., Py asin (A)(ii), then construct
an M2D D(Xy, X, ..., Xy) as follows. Let X; = XjU{z}, X; = X/, 2 <i <k, with
X;Nn{z} = ¢. Let x(1 — 0)y for those vertices y of X}, X} ..., X} whose marks

are reduced by one in going from P; to P/,

and z(1 — 1)y for those vertices y of
X5, X%, ..., X; whose marks are reduced by two in going from P, to P/, 1 <i < k.
For (B), we take x(1 — 1)y for those vertices y of X}, X§,..., X; whose marks are
reduced by two in going from P; to P/, 1 <i < k. Then D(Xy, Xs,..., X) is M2D
with mark sequences P;, 1 <i < k.

Conversely, suppose P; be mark sequences of some M2D D(X, Xs,..., X;), 1 <
t < k. Now any of the vertex x;,, € X; with mark p;,,, 1 <7 < k, can act as a
transmitter. Clearly for (i) and (i) pi,, > 2358 ,n; and py,, < 42;‘7:17#2- ny — 3 for
all 2 <1 < k, because if py,, < 221]5:2 n¢, then by deleting py,, we have to reduce
more than Zf:z n; entries from Py, Pj, ..., P, which is absurd.
(i) If pin, > 33F ,ny, let X be the set of 4 (Zf:2 nt) — Pin, vertices of largest
marks in Xy, X3,..., Xy and let Y = UF , X, — X. In case X does not contain all
4 (Zfzz nt) — p1n, vertices of largest marks, we can bring them to X by using Lemma
2.8. Construct D(X7, Xo, ..., Xi) such that 21, (1—0)z for all x in X and z1,,(2—0)y
for all y in Y. Clearly, D(Xy, Xo, ..., Xg) — {21, } realizes P{, Py, ..., P;.
(ii) If p1n, < 33F ,ny, let X be the set of 3 (Zfzz nt> — p1n, vertices of largest
marks in Xy, X3,..., X, and let Y = UF_, X, — X. Construct D(X;, Xs,..., X})
such that x1,,(1 — 1)z for all  in X and x,,(1 — 0)y for all y in Y. Then again
D(Xy,Xo, ..., Xk) — {x1p, } realizes P[, P}, ..., P}.
(B) If for instance pj,, = 4 (Zf:z nt) — 2, then necessarily py,, =4 (Z,’;Q nt> — 250
that 21, (0 — 0)j,; Or T1,, (1 — 1)2jp,. Clearly, D(Xy, Xy, ..., Xy) — {1n, } realizes
PP, ... Pl O

Theorem 2.1 provides an algorithm for determining whether or not the £ sequences
P;, 1 < i < k, of non-negative integers in non-decreasing order are mark sequences,

and for constructing a corresponding M2D. Let P, = [pi1, pi2, - -, Piny), 1 < @ < k,
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with (a) pin, > 258 50, (b) pin, < 4 (Zle,t# nt) — 2 for all 2 < i < k, be mark
sequences of an M2D with parts X; = {1, T, ..., T, }, 1 < i < k. Deleting p,,
and performing A(i) or A(ii), or B of Theorem 2.1 according as p1,, > 33, n,
or pin, < 33K ,ny, or any one of p;,, = 4 (Z,’f:z nt) — 2,2 <1 < k, we obtain
P, P;, ..., P;. If the marks of the vertices x;; were decreased by one in this process,
then the construction yielded zi,,(1 — 0)x;;, and if these were decreased by two,
then the construction yielded 1, (1 — 1)z;;. For vertices z,; whose marks remained
unchanged, the construction yielded 1, (2 — 0)xs. Note that if any of the conditions
A or B does not hold, then we delete p;,, for that ¢ for which the conditions get
satisfied, and the same argument is used for defining arcs. If this procedure is applied
recursively, then it tests whether or not P, are mark sequences, and if P; are mark
sequences, then an M2D with mark sequences P;, 1 < ¢ < k is constructed. During
the application of Theorem 2.1, the algorithm may reach a stage where we get just
two sequences, and it is not possible to apply Theorem 2.1, in those cases we apply
Lemma 2.1 to Lemma 2.7.

We illustrate this reduction and the resulting construction with the following ex-

amples.

Example 2.1. Consider the five sequences of non-negative integers as follows:
P, =[15,16,21], P, = [16,20], P3 = [15,20], P, = [17,19], P; = [16, 17].
1. [15,16], [15,18], [14,18], [16,17], [15,16]

$13(0—0)$22, $13(0—0)$32, $13(0—0)$42, $13(1 —0)3321, $13(1 —0)9531, $13(1 —0)9541,
x13(1 — 0)xs1, 213(1 — 0)s59
2. [15], [13,16], [12,16], [14,15], [13,14]

$12(0—0)$21, $12(0—0)$22, $12(0—0)$31, $12(0—0)$32, $12(0—0)$41, $12(0—0)$42,
$12(0 - 0)!1051, $12(1 - 0)$52
3. [13], [13], [11,14], [12,13], [12,12]

$22(0—0)$32, $22(0—0)$11, $22(0—0)$42, $22(0—0)$41, $22(0—0)$52, $22(1 —0)9531,
$22(1 - 0)$51
4. [11], [11], [11], [10,11], [11,11]

$32(0 - 0)$117 $32(0 - 0)$21, $32(0 - 0)$42, $32(0 - 0)$41, $32(1 - 0)!1051, I32(1 - 0)%2
5. (9], [9], [9], [10], [9,10]

$42(0 - 0)$11, 3542(0 - 0)$217 $42(0 - 0)I31, I42(0 - 0)%2; 51742(1 - 0)$51
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6. 7], [8], [8], [8], 9]
251(0 — 0)xq1, 251(0 — 0)z11, x51(1 — 0)x21, 51 (1 — 0)xg
7. [5], @, [6], [6], [7], 221(0 — 0)xs52, £91(0 — 0)xg1, 221 (0 — 0)z41, X21(0 — 0)x1y
8. [3], ¢, ¢, [4], [5], 231(0 — 0)x52, ¥31(0 — 0)241, 231(0 — 0)1
9. [1], ¢, ¢, ¢, [3], 41(0 — 0)5, 141(0 — 0)13
10. [0], ¢, &, &, ¢, x52(0 — 0)x1q
The resulting 5-partite 2-digraph has mark sequences P, = [15,16,21], P, =
[16,20], Py = [15,20], P, = [17,19], Ps = [16, 17] with vertex sets Xy = {x11, x12, 213},

Xy = {9521,9522} X3 = {9531,1’32}, Xy = {9541,9542}, X5 = {9551,51552}a and arcs as

1U13(0 0)9522, 9513(0 0)$32, 5613(0 - 0)9542, 9513(1 - 0)5521, 1‘13(1 - 0)3531, $13(1 - 0)1’41,
$13(1 0)57551, 5513(1 0)$52, 5612(0 0)9021, 9512(0 0)5522, $12(O 0)3531, 3312(0 0)9532,
1U12(0 0)9541, 9512(0 0)$42, 5612(0 - 0)9551, 9512(1 - 0)5552, 1‘22(0 - 0)3532, $22(0 - 0)1’11,
$22(0 0)57542, IL’22(0 0)$41, 5622(0 - 0)9052, 3522(1 - 0)5531, $22(1 - 0)3551, 3332(0 - 0)9511,
1U32(0 0)9521, 9532(0 0)$42, 5632(0 - 0)9541, 9532(1 - 0)5551, 1‘32(1 - 0)3552, $42(0 - 0)1’11,
242(0 — 0)@21, 242(0 — 0)231, £42(0 — 0)@52, T42(1 — 0)251, 51 (0 — 0)241, 51 (0 — 0) 11,
ZL"51(1 0)9521, 9551(1 0)$31, 5621(0 - 0)9552, 5521(0 - 0)5531, 1‘21(0 - 0)3541, $21(0 - 0)1’11,
$31(0 0)57552, IL’31(0 0)$41, 5631(0 - 0)9011, 9541(0 - 0)5552, $41(O - 0)3511, $52(0 - 0)9511

Example 2.2. Consider the three sequences of non-negative integers as follows:
P1 = [12,18], P, =[1,2,3], P; = [10, 18].

1. [12], [1,2,3], [10,16]
$12( )$21, 3512(2 - 0)$227 $12(2 - 0)I23, $12(2 - 0)$31, $12(0 - 0)$32
2. [12], [1,2,3], [10]
$32( )xn, 3532(2 - 0)$217 $32(2 - 0)I22, $32(2 - 0)$23
3. ¢, [1,2,1], [8]
xn( )$21, 3511(2 - 0)$227 $11(0 0)I23, In(o 0)$31
¢, [0,0,0], ¢

x31(1 — 0)za1, 231(0 — 0)x92, x31(1 — 0)xag3

The resulting 3-partite 2-digraph has mark sequences Py = [12,18], P, = [1,2, 3],
P; = [10,18] and vertex sets X7 = {11, 212}, Xo = {®o91, Tao, xa3}, X3 = {231, 32}
and arcs r12(2 — 0)x21, 212(2 — 0)x9, T12(2 — 0)xa3, 12(2 — 0)x31, x12(0 — 0)x30,
$32(2 - 0)$11, $32(2 - 0)$217 $32(2 - O)IE22, $32(2 - 0)@3, $11(2 - 0)$21, $11(2 - 0)I22,
211(0 — 0)xa3, 11(0 — 0)z31, 231(1 — 0)x21, £31(0 — 0)xag, 231 (1 — 0)z93.
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The next result gives a combinatorial criterion for determining whether £ sequences

of non-negative integers in non-decreasing order are realizable as marks.

Theorem 2.2. Let P, = [p;;]1", 1 < i <k, be k sequences of non-negative integers in

non-decreasing order. Then, P; are the mark sequences of some M2D if and only if

ks k=1 k
(2.1) DX b =AY Y sisg,

i=1j=1 i=1 j=i+1

for all sequences of k integers s;, 1 < s; < n;, with equality when s; = n; for all 1.

Proof. A sub k-partite 2—digraph induced by s; vertices for 1 < i < k, 1 < s; < n;,
has a sum of marks 4 ¥ 5ok i—i+1 8isj. This proves the necessity.

For sufficiency, let P, = [pij]l , 1 <4 <k, be the sequences of non-negative integers
in non-decreasing order satisfying conditions (1) but are not the mark sequences of
any M2D. Let these sequences be chosen in such a way that n;, 1 <7 < k, be smallest
possible and py; is the least with that choice of n;. We consider the following two
cases.

Case (i). Assume equality in (1) holds for some s; < n;, 1 <j <k —1, 5, < ny, so
that

koosi k=1 k

DD =4 > sis;.

i=1j=1 i=1 j=i+1

By the minimality of n;, 1 < i <k, the sequences P, = [Py, P, ..., P;s,] are mark
sequences of some M2D D'(X{, X1, ..., X}).

Define
k k k
F)i// = Di(s;+1) — 4 Z St |y | Pi(si+2) —4 Z St <5 | Pi(ny) — 4 Z St )
t=1,t#i t=1,ti t=1,t4i
1< <k,

Now consider the sum

kEfi k
2D [pisirqy =4 X s
i=1j=1 t=1,t#1
kEfi ko fi k
=22 Pt —42 2 D s
i=1j5=1 1=1 j=1t=1,t#¢
k fitsi k fi k k  fi
= Pij TR 5 3) Y 35 St

=1 j=1 =1 j5=1 =1 j=11i=1 i=175=1
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k-1 k
> 43> [(si+ fi)(s; + f7)] 4223@
i=1 j=i+1 i=1 j=i+1

|
X
M -

St + 42]"},8@

;F
=
—_

(ssj—l—slf]jtfzs]—l—flf] —27“2 Z 5iS;

=1 j=1+1

N
Il
—
<.
Il
-
+

1
B
M=

k&
—4) > fisi +4Zfi5i

i=1t=1 i=1

k-1 & k-1 & k-1 &
=AY sisHAY D (sifi 4 fis) 4D > fifj

i=1 j=i+1 i=1 j=i+1 i=1 j=i+1

k-1 & E K

42 Z 5i5; _422f23t+42f151

=1 j=1+41 i=1t=1

k-1 &
=4 Z f’bfj

=1 j=141

k-1

[(sifiv1) + fisiva) + (sifirz) + fisive) + oo+ (sife) + fise)]

+
W~
g

|

—4Y (fis1 + fiso+ ...+ fisk) + 4(fis1 + fas2 + ...+ fusk)

=1

—42 Z fif

=1 j=1+1

+4{[(s1fo+ fis2) + (sifs + fiss) + ...+ (s1fu + fisw)]
+ [(s2fs + fass) + (safa + fasa) + ..+ (s2fi + fasi)]

+ oA [(Sp-1 S + fr-1sw)]}

—4[(fis1+ fisa+ ...+ fise) + (fas1 + faso + ...+ fask)
+ooo+ (frst+ frsa oo+ frsi)]

+4(fis1 + faso + ...+ frsk)

k=1 k

i=1 j=i+1

F

for 1 < f; < n; — s; with equality when f; = n; —s; for all 7, 1 < ¢ < k. Then by
minimality of n;, 1 <7 < k, the sequences P! form the mark sequences of some M2D

D'(X!, XY, ... XV).
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Now construct a new M2D D(X;, Xs, ..., X}) as follows. Let
X, =X UX!, Xy = XbUX0, ... X = X, UX/!

with X! N X/ = ¢.
Let

2 (2= 0)2], 2] (2 = 0)ay, ..., 27 (2= 0)a;_y, 27 (2 = 0)x},,..., 27 (2 — 0)xy,

i—11Lj
for all 2 in X! and for all 2} in X/, 1 <14 < k. Then clearly D(X;, Xs,..., X}) is an
M2D with mark sequences P;, 1 < i < k, which is a contradiction.

Case (ii). Assume strict inequality in (1) holds for some s; # n;, 1 <i < k. Let

P{ = [pi1 — L,p12,- -, Pini—1, Piny + 1]
and
Pf = [pj1,Pj2, - - - ,pjnj]
for all j, 2 < j < k. Clearly the sequences P/, 1 < i < k, satisfy conditions (1).

Therefore by the minimality of py;, the sequences P/, 1 < i < k, are mark sequences
of some M2D D’(X7{, X5,..., X}). Let

Peyy =P — 1

and

Pa1n, = Diny + 1.

Since

Pa1p, > Payy + 1,
there exists a vertex z;; in X;, 2 <i < k, 1 < j <mn;, such that x1,, (1—0)z;;(1—0)x11,
Or X1, (0 — 0)x;;(1 — 0)x11, or 15, (1 — 0)245(0 — 0)x11, Or 15, (0 — 0)z4(0 — 0)217 in
D'(X1, X5, ..., X}), and if these are changed to x1,, (0 — 0)z;;(0 — 0)x11, or Z1,, (0 —
1)x;;(0—0)x11, Or T1p, (0—0)x;;(0 — 1)x11, OF Z15, (0 —1)x;;(0 — 1)1 respectively, the
result is an M2D with mark sequences P;, 1 < ¢ < k, which is again a contradiction.

Hence the result follows. [l
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