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DERIVATIONAL EQUATIONS OF SUBMANIFOLDS
IN AN ASYMMETRIC AFFINE CONNECTION SPACE

SVETISLAV M. MINCIC

ABSTRACT. In a space Ly of asymmetric affine connection one observes a subma-
nifold, defined in local coordinates. Because of the asymmetry of the connection in
the space, the connection of submanifolds is generally asymmetric. Based on this,
it follows that 4 kinds of covariant derivatives and 4 kinds of derivational equations
are possible. In the present paper is proved that by applying the 3¢, or the 4"
kind of covariant derivative, it follows that the induced connection is symmetric
(Theorem 1.2.).

In the pseudonormal submanifold are defined 2 connections (2.4) and 4 kinds of
covariant derivative. It is proved that by applying the 3"¢ or the 4" kind of deri-
vative one concludes that the induced connections in this case is unique (Theorem
2.2).

In §3 are examined some properties of coefficients of derivational equations and
induced connection in pseudonormal subspace.

1. INTRODUCTION

Let Ly be a space of asymmetric affine connection with a torsion tensor (in local

coordinates z°)
(1.1) e = Ly = Ly
A submanifold X,; C Ly is defined by equations

(1.2) ot =it uM) =2 (u®), i=1,...,N.
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The partial derivatives

(1.3) B! = gz;, (rank(B.) = M)
define tangent vectors on X,,.

Consider N — M contravariant vectors C%, (A, B,... € {M + 1,...,N}) defined
on Xj; and linearly independent, and let the matrix (gA
(B!, CY) provided that the following conditions are satisfied [4]:

a) BLB] =68, b) BL.C{ =0, ¢) B!y =0, d)C,CP=2d%,

¢) BLBS + C4C4 = o

I

) be inverse for the matrix

(1.4)

The magnitudes B!, B¢ are projection factors (tangent vectors), and the
magnitudes C%, C# are afine pseudonormals [4]-[7] of the submanifold X;,. If
a vector v’ is defined in the points of X,;, we present it as linear combination of

tangents and pseudonormals
(1.5) vt = Blv® + Cho?,

wherefrom, composing with B? and then with CP we obtain

7

(1.6) a)v® =v'B? b) P =iCP.

2. INDUCED CONNECTION ON X,; C Ly AND DERIVATIONAL EQUATIONS

2.1. In order to define an affine connection on X, consider a vector v’ = Bgvﬁ from
Ly, tangent to X),. Its covariant differential along X,;, because of asymmetry of the
connection L;k, is possible to define in two manners

(fvi =dv' + szvjdxk =d( gvﬁ) + Lik(Bfgvﬂ)Bl;duv,

2 J J

from where, transvecting with B, it follows that

(2.1) cfva = B?(Evi = dv* + Egyvﬂdm,
2 2 vB

where

(2.2) L% = BY(Bj, + L', B4BY)

are coefficients of induced connection for X,; and

0 _, 0*x

B~ uy By = ouPou””
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Because in general it is ng + E?{ , the induced torsion tensor for X, is

(2.3) T3 =Lg, — L% = BeBLB"

vjk

By virtue of the connection Zg,y, Xy becomes a subspace Ly, C Ly.

2.2. Supposing that the both connections L and L are asymmetric, one can define

four kinds of covariant derivative for a tensor defined at points of X,;. For example:

o — % pOt m P i M TT i
(2.4) Y“tj = tjﬂlu Jﬁu t Lyntjp By — Limtps B + Lw JB Bu”gms
1 mp mj I 106
3 § pm mj kN upB
4 M mp Jjm p Bu
and in this way four connections Y, 0 € {1,...,4} are defined on the submanifold

Xy C Ly. The X, becomes Ly, and obtained structure we shall note (X, C
LN,E,g,e e{1,...,4}).

2.3. We shall investigate the presentation of covariant derivatives of the projection

factors (tangent vectors), i.e. the objects B’ , with the help of B, and C". In that

alu’
way we obtain derivational equations for tangents.

Putting

(2.5) w =20 B + QP

Oél
in relation to (1.4), one gets

(2.6) a) &7, = B} b) gzp OPBW

alw
A) Let us examine, firstly, ('1(;). For § = 1, based on (2.4) and (1.4a), it follows that

;. = B (B, + L, BAB) — L}, B,)

ap™p
(27) _ B7r Bz Lz Bme L7r _ O
- z( oz,u+ pm=— « u) ocu(22)

where ) designates ,,= based on (2.2)”. In the same manner
(2.7 %)ZM =0.
Further we have

T . T 7 7 ppm\ __Jm® _ Jwm __Jmwm __m
(28) %)au (1211) Bz (Ba,u + meBOéBM ) Lua (2_2) Locu Lu Ta;u

and in the same way

(2.8) o7, = 17, = 2,
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Presenting derivatives B by virtue of BT and C¥ we shall obtain another form

il

0
of derivational equations for tangents, as follows.

Putting
a _ Ao T e P

(29) i6|)u - %)ﬂuBi + %Puci )
we get
(2.10) W) 85, = BLBi, D) Qb = ChB,.

Now, we have to find % and &;2 0=1,...,4).
Starting from (1.4a) and using (2.6a), (2.10a), we have

LB+ BB =60 =0,

olp i|p olp
1 1 1
2 2 2
i.e.
OB — _Hb _
(2.11) ?au = C{)W o
2 2

Using the 3" kind of derivative, we obtain

i B tpB _ B _ B T8 sm_ 77 §68 _ T8 T8 _ 7B
a\S,uBi + BozBim — 5a|u - 5a,p + L7r,u6a - L;wz(sw - La,u - L;La - Tap,’
3

i.e., on the base of (2.6a), (2.10a):

o 408 =T8 = 3% =0,
3an - ogap 8) 3¢
By the same manner:
(2.12) ?2

Further, we have
T - i «a 14 apm Ta
%)Wp, (2I0) BTF(Bi,M + LminBu ) + Lﬁu
o 7 « am o i 9 i Dk
(2_2) Bﬂ'(Bi,/L + LmepBu ) + B’L (Bﬂ,,u + ijBZrB,u)
- (B,?B;.)“u + E%B;B;BZL (1ja) 670:,;1, + T:,u = T:,u?
i.e. wrp to (2.8)
(2.13) B2, = 0%, = T0,.
Now, from (2.8'), (2.12), (2.13) it follows that

(2.14) oy, =07, =13, =0, 0=34.
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B) Let us find (02, (;2 in (2.5), respectively (2.9). On the base of (2.6b), (2.4) and
(1.4b) it follows that

(2.15) ngzgf = Cl(B, + L,,B.B)

and by virtue of (2.100), (2.4), (1.4¢)

(2.16) Vo = Vb = Col B, = i, By BLY).
2 3

From exposed, we can state next two theorems.

Theorem 2.1. Derivational equations for tangents of a submanifold Xy C Ly with
a structure (X C LN,E,Y,H € {1,2}) are

(2.17) MM—QPC’ 0 € {1,2},

(2.17") Q%MCP, 0 € {1,2},

Zlu

where %2, g) are given in (2.15) and (2.16) respectively, and C% are pseudonormals of

subspace Ly of a space Ly with asymmetric affine connection.

Theorem 2.2. For 0 € {3,4}, that is in the structure (X, C Ly, L, Y,Q € {3,4}),
derivational equations for tangents are also of the form (2.17), (2.17"), but in this case

the induced connection is symmetric (T = 0).

2.4. Supposing that the indices A, B,... € {M +1,..., N} have not a tensor char-
acter [2,3], with respect to (2.4) for covariant derivative of the pseudonormal C% in
the structure (X, C LN,E,Y,Q €{1,2,3,4}), we have

(2.18) Ui = Chy = Cly +LZCWBm
1 4
2 3

Starting from derivational equations for pseudonormals

i _ A7 pi P i

(219) A(|9,u - ‘/O\A/LBW + %jA,u P> NS {]-7 2}7
composing with B? and C¢ and using (1.4) we obtain
f4\p, Az;t ﬁ' = Aiua

i Q _ yP sQ _ p@
AL#CZ' - %jA,u(SP - %A;u
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from where, using (2.4):

(2.20) Ay = BiCly), = B (Cly, + LZ C’p “B),

2
2

(2.21) W, = Cfcgw =Cr(CYy, + Lz Cp nB).
2 2
On the other hand, differentiating (1.4c), for @ = 7 one gets
"“O + B Alp = 0 (2.101?(2.20) je\A“ T A

and, in place of (2.20), we have
(2.20) AR, =—Qh, = —Cu(BT, + L}, BB

(2.16) woPTH
2 2

It is easy to prove that the values (2.20) and (2.20") are equal. So, we have

Theorem 2.3. Derivational equations for pseudonormals of a submanifolds X, C
Ly in the structure (Xy; C Ly, L, Y,@ € {1,2}) are

(2.22) b = P Br+ Ve, Cpy 0 € {1,2)
where (;2 are given in (2.16), and %J in (2.21).

If we explain C’l| ., With help of tangents and pseudonormals we shall obtain the
2" form of derlvatlonal equations for pseudonormals. Accordingly:

A A m
(223) C”L|IJ' - Clm - Cz Lp O B

zmp

2 3

Now we can write

(2.24) Ol = 97,BT +U3,CP. 6e {12},
from where
1A i i A A pm
(2.25) /1\ =B sz = BW(CW - L%?C'p B“ ),
2 2
T A 7 A A pm
(2.26) %’P# =" sz =C (C - LfmC'pB ).
2

2

Starting of (1.4b) for o = 7 one obtains

9™

ANA A _
(2.27) AL =—9%, =12
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and using (1.4d):

(2.28) Vp, =5,

and (2.24) becomes

(2.29) Cil, = —sezjr‘uBg — \ggucf, 0 c{1,2}.
0

So, we have proved:

Theorem 2.4. Derivational equations for pseudonormals C4 of submanifold Xy C
Ly in the structure (X C Ly, L, Y, 0 € {1,2}) are given by (2.29), where(g) is given
wrp to (2.6b), and %’ wrp to (2.21).

3. INDUCED CONNECTION ON X% .

3.1. Denote by XY ,, submanifold of Ly containing pseudonormals of X, and
whose vectors are linear combinations of the pseudonormals. Let v be such a vector,
defined at points of Xj;. Then we have [4]-[6]:

(3.1) vt = 221)@.

Consider absolute differential v’ along X, that can be defined in two manners

(15vi = dv' + L%?vjdxk (;) d( égUQ) + L;;,?C'éngBﬁdu“;
2 J J
i.e.
(3.2) gv' = Clpdv? + (C,, + Ly Cop By v dur.
2 kj

Let us consider the projection of gvi on XY _,,. Transvecting the equation (3.2) with

C#, one obtains

gult = Clou o Sodv? + CNCh, + szCéBﬁ)deu“,

1 L (14d)
ie.
(3.3) éUA = dv? + ?gqudu“,
2 2
where
FA A i i Rk
(3.4) Laou = Ci(Ch, + Lik;C]QBu)

are coefficients of induced connections in pseudonormal subspace.
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For a tensor on X7, whose some indices are related to Ly, and other ones to LY _,,,

one can consider 4 kinds of covariant derivative. For example [1], [4],

i A i A i A

i pApm _ 1p jgApm | TA P _ TP A
iBu T Lomlip By = Limlpp By + Lpytis — Liputip.
2 2 mp mj 2 2
3 3 pm mj 1 2
4 4 mp jm 2 1
In this manner 4 connections ?, 6 € {1,...,4} on the submanifold X§ ,, C Ly are

defined. We note the obtained structures (X% _,, C Ly, L, Y, 0e{l,...,4}).

3.2. Further, consider a presentation of the objects C% Ly by virtue of B!, and C in

the mentioned structure. Putting

(36) ;Ue_u :§ZMB; +?§u0fp7 NS {1727374}7
we obtain

A) For §, wrp of (3.7a), (1.4c¢) one obtains the same values as for JHX in (2.20).
The other form of derivational equations for normals in the cited structure

one gets by presenting of derivative C4, by virtue of BF and CT:

'iJe_,u
(3.8) C%# = /},ﬁ‘uB? + gfé,ﬂcf, 0 e{1,2,3,4}.
Therefore, we obtain
(3.9) a) %ﬁu = B;C%M, b) \gé,u = C@;C%M.

From (3.9a), (3.5) is
(3.10) AL =

17K
2

On the other hand, differentiating the equation B: C# = 0 and using (3.9a), (2.6b),
it follows that

w )

A _ pi(nA A pm
= BW(CW — L%?C'p B ).

XA A
(3.11) Az =-9

T
where £92 are given in (2.60).

B) Examine, further, the coefficients ?, \Zf in (3.6) and (3.8). In relation to (3.70),
(3.5), (1.4d), (3.4), we get

(3.12) wh, =05 =0,
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WP _ TP _ g P m
(3.13) v, = Uk, =T.,Cren By,

pm~1

and from (3.90), (3.5)

A T3 A i YA DM _ A
(315) %qu - _EILJPM - T‘ZZ:TLCPCp Bu - %IPH'

On the other hand, differentiating the equation C%C# = §4 one obtains
(3.16) Uy, = —Tp,.

Comparing the equation (3.12)-(3.16) it follows that

(3.17) gﬂju = U0, =0, 0e{1,234}.

Further based on (3.4), (3.13), (3.17), we have

TA _TA _ i ;Ard pk _ A
(3.18) lfQu - %Qu = T30 C]QBM - %/Qu =0,
le.
TA _TA _TA
(3.18) IIJQ# = é’Qu = Lo,

Thus, we state theorems:

Theorem 3.1. Derivational equations for pseudonormals of submanifold Xy C Ly
considered in a structure (XY _,,, L, ?, 0 € {1,2}) are

(3.19) = B

/ A _ A T
(3.19)) Clh, = —0ABT, 0€{1,2,3,4}.

ilpy —
9#

where the coefficients (;2, (02 are given at (2.16), (2.15), and B%, BT are projection
factors (tangent vectors) of the submanifold Xy C Ly .

Theorem 3.2. In the structure (X% _,;, L, ?,6’ € {3,4}) derivational equations for
pseudonormals of submanifold Xy C Ly are of the form (3.19), (3.19") and then

there exists an unique connection (3.18) (? = ? = L) in the submanifold X ;.
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4. SOME PROPERTIES OF DERIVATIONAL EQUATIONS COEFFICIENTS AND
CONNECTION COEFFICIENTS

4.1. With respect to exposed above, we see that in derivational equations there ap-

P
o’

Noting the symmetrization and antisymmetrization wrp to indices j, k, with jk,

pear the quantities §92 (;2%“, \giw and we shall investigate their properties.

and jk, respectively, we have
\%

i Lo i i Lo i L i i i
(4.1) Ly = §(ij + L), Ly = 5( o — Lij) = otk gk = Ly, + Ly,
and analogously in other cases. By virtue of (2.15) is:
P P P/ i i m i P m _ P P
(4.2) (lza# = gzw = (B, + LmBgB# )+ Lpan’,L- BLB =Q,, + Qavﬂ
where
(4.2') Qr, = glzai :
In the same manner, we conclude
P _ P _ QP P
gau - S}au - Qa,u, - SPCW'
So, we have
(4.3) Q= Qo+ (—1)9+193}, 0 €{1,2,3,4}.

Also, using (2.16), we prove

N O . Ow P i oM
a) N SEP;L = QP,u - LimCPBpo, )
\

44 b) O, = Q% = Q% + LY C%LBS BT
)2Pu_3Pu_ Pu+ l'\r/n P=p~u-

Substituting at (2.21) L} by virtue of (4.1), one gets
(@.5) Wh — Wk, (-1, CPCRBY, 0 e {1,2),
where W}, is obtained from (2.21) substituting Lj,,, with Lj,,.

On the base of exposed, we have:

Theorem 4.1. For the coefficients KQZ, S;Z, \g, at derivational equations of submanifold
of a space Ly with asymmetric affine connection are valid the equations (4.3)-(4.5),
where Q, Q, U, are values offll, (IZ, \{1, respectively, substituting at (2.15), (2.16), (2.21)

connection coefficients L;k with the symmetric part LL’C
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4.2. Consider, at the end, some properties of coefficients ?, g, of the induced con-
nection in pseudonormal submanifold X% ,, of Ly. First of all, Kronecker symbols

being constants, we have

(4.6) 0p1, =0apr, =017 =0, 6={1,234}
6 0 Z
On the other hand, from (3.5) one gets
AB _ L TA §PB | 7B §AP _FA | 7B _
(5% —O+lepu(5 +lepu(5 = L, + L4, o 0.

The analog equation is valid for g, and we conclude
(4.7) Ly, =—L4,, we{1,2}, for V. 0e{L2}

Further, we have

A _ TA P TP sA __
o 5oy R T gmOF
4 1
ie.
(4.8) ;guzggu for v, 60 {3,4}.

From (4.7), (4.8) it follows that applying ? and ? or ? and ? or ? and ? or ? and

? one obtains
(4.9) L, =—L3,.
So, we stated:

Theorem 4.2. The coefficients ?,g (3.4) of induced connection in the pseudonormal

submanifold X§_,; of Ly possess the properties:

(a) the property (4.7) in the structures (XN_,, L, V,0 € {1,2})

(b) the property (4.8) in the structures (XY _,;, L,

v
0
V.0 € {3,4})

L
:
L
:

(c) the property (4.9) in the structures

(AR LT (0.0) €4(1,2),(1,4),(23), (24)}).
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