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ON HYPERSURFACES IN SPACE FORMS SATISFYING
PARTICULAR CURVATURE CONDITIONS
OF TACHIBANA TYPE

R. DESZCZ ', M. GROGOWSKA 2, M. PLAUE 3, K. SAWICZ 4, AND M. SCHERFNER °

ABSTRACT. We investigate hypersurfaces in space forms satisfying particular cur-
vature conditions which are strongly related to pseudosymmetry. Expressing certain
products of curvature tensors as linear combinations of Tachibana tensors we deduce
several pseudosymmetry-type results.

1. INTRODUCTION

A semi-Riemannian manifold (M, g), dim M = n > 3, is said to be locally symmet-
ric if its curvature tensor R is parallel with respect to the Levi-Civita connection V,

i.e., VR = 0 holds on M. The last equation leads to the integrability condition
(1.1) R-R =0

and a semi-Riemannian manifold (M, g), n > 3, is called semisymmetric if (1.1) holds
on M. We refer to Section 2 for precise definitions of the symbols used. Semisymmet-
ric Riemannian manifolds were classified by Z.1. Szabo, locally, in [29] and there are
several important results concerning such manifolds. So for example K. Nomizu con-
jectured in [22] that all complete irreducible semisymmetric Riemannian manifolds
of dimension n > 3 are locally symmetric. This was answered in the negative by H.
Takagi for n = 3 and by K. Sekigawa for n > 3 (|28]).
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Pseudosymmetric manifolds form an essential extension of the class of semisym-
metric manifolds. We present a result that is related to this statement: Hypersurfaces
M of dimension > 3 and of type number two which are isometrically immersed in
a Euclidean space (or more generally, in a semi-Euclidean space) are semisymmet-
ric. This is not true if the ambient space is a space of non-zero constant curvature.
Namely, on hypersurfaces M of type number two that are isometrically immersed in
a semi-Riemannian space of constant curvature N"(c) with signature (s,n+1— s),
n > 3, we have ([4])

K
1.2 R-R = ——— R).
(12 QR
Here, ¢ = £ and & are the sectional and scalar curvature of the ambient space,

n(n+1)
respectively, and @(g, R) is the Tachibana tensor of g and R. We note that hyper-

surfaces M in Riemannian spaces of constant curvature N"*!(c), n > 3, that have at
most two distinct principal curvatures at every point also satisfy a condition of this
kind (see Remark 5.1 (i) of the present paper). More generally, a semi-Riemannian

manifold (M, g), n > 3, is said to be pseudosymmetric (see e.g. [10]) if the condition
(1.3) R-R = LrQ(g,R)

holds on M, or more precisely, if (1.3) is satisfied on the set Ug of all points of M
at which the curvature tensor R is not proportional to the Kulkarni-Nomizu tensor
gng.

A semi-Riemannian manifold (M, g), n > 3, is said to be Ricci-pseudosymmetric if
R-S = LsQ(g,S) holds on M, i.e., if this condition is satisfied on the set Ug of all
points of M at which the Ricci tensor S is not proportional to the metric tensor g.
Every pseudosymmetric manifold is Ricci-pseudosymmetric. The converse statement
is not true: For instance, every Cartan hypersurface of dimension n = 6,12,24 is
a Ricci-pseudosymmetric but non-pseudosymmetric manifold that satisfies (see e.g.
15])

(1.4) R-S = —"Qg,9).
n(n+1)

A 3-dimensional Cartan hypersurface satisfies (1.3) with Lr = 5 Proposition 3.2

12°
and Theorem 4.2 of [4] imply that every hypersurface in a Riemannian space of con-
stant curvature N"*1(c), n > 5, that has principal curvatures A > 0, —\ and 0 at

every point with the multiplicities p, p and n —2p, p > 1, is a Ricci-pseudosymmetric
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but non-pseudosymmetric manifold satisfying (1.4). This has a direct geometrical
meaning, if we regard the so called austerity. It can be formulated as an algebraic
condition on the second fundamental form of a hypersurface and mainly asserts that
the eigenvalues of its second fundamental form, when measured in any normal di-
rection, occur in oppositely signed pairs [2]. Thus, we can state that several austere
hypersurfaces satisfy (1.4).

Pseudosymmetry and Ricci-pseudosymmetry are certain special conditions of pseu-
dosymmetry type. We may consider other conditions of this kind like the following
particular one on hypersurfaces M in N"*(c), n > 4: the tensor R- R, R-C, C' - R
or R-C — C - R may be written as a linear combination of the Tachibana tensors
Q(S,R), Q(g, R), Q(g,g9 N S) and Q(S,g A S). For instance,

R-C = ogQ(S,R)+asQ(g,R)
(15) +a3Q(g’g/\S)+a4Q(S,g/\S)

where aq,...ay, are functions and C' denotes the Weyl conformal curvature tensor.
In Section 4, we investigate hypersurfaces M in N""!(c), n > 4 that satisfy (1.5),
which we call hypersurfaces of Tachibana type. It is obvious that (1.3) implies

(1.6) R-C = LcQ(g,0).

For hypersurfaces M in N™*1(c), n > 4, the converse statement is also true (Remark
5.1 (ii)). We note that from (1.6), by making use of (2.2), it follows that every
pseudosymmetric manifold of dimension > 4 satisfies (1.5). More generally, every
Ricci-pseudosymmetric hypersurface in N (c), n > 4, satisfies (1.5) and is therefore
of Tachibana type (cf. [15], Proposition 5.1 (iv)).

We prove (Theorem 4.1) that on hypersurfaces in space forms satisfying (1.5) we

have
(1.7) R-R = Q(g,B)

where B is a generalized curvature tensor. We call hypersurfaces satisfying (1.7) of
special Tachibana type.

In the last section, we will further investigate such hypersurfaces, and also other
special conditions of Tachibana type, namely hypersurfaces M in N™"*1(c), n > 4,
on which the tensors R- R, R-C, C'-Ror R-C — C - R may be expressed by the

Tachibana tensor Q(g, B), where B is a generalized curvature tensor.
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We prove (see Theorems 5.1-5.3) that in every case the tensor B may be written
as a linear combination of R and the tensors g A g, gA'S, g AS? and S A S. We also

determine the coefficients of the decomposition (1.5).

2. PRELIMINARIES

Throughout this paper, all manifolds are assumed to be connected paracompact
manifolds of class C*. Let (M, g) be an n-dimensional, n > 3, semi-Riemannian
manifold, and let V be its Levi-Civita connection and =(M) the Lie algebra of vector

fields on M. We define on M the endomorphisms X A4 Y and R(X,Y) of Z(M),
respectively, by

(X MY)Z = AWY,2)X — AX,2)Y |
R(X,Y)Z = VxVyZ—VyVxZ —VixnZ

where A is a symmetric (0,2)-tensor on M and X,Y,Z € Z(M). The Ricci ten-
sor S, the Ricci operator 8 and the scalar curvature x of (M,g) are defined by
S(X,)Y) = tr{Z — R(Z,X)Y}, g(8X,Y) = S(X,Y) and k = trS, respectively.
The endomorphism C(X,Y) is defined by

1
CX.Y)Z = R(X,Y)Z— 2(X/\98Y+8X/\9Y—%X/\QY)Z.

n —_—
Now the (0, 4)-tensor G, the Riemann-Christoffel curvature tensor R and the Weyl

conformal curvature tensor C' of (M, g) are defined by

G(X1, X2, X3, Xy) = g((X1 Ay X2) X3, Xy),
R<X17X27X37X4) = g(R(X17X2)X37X4)7
C(X17X27X37X4) == Q(G(XlaX2)X37X4),

respectively, where Xy, Xy, ... € Z(M). We define the following subsets of M: Ur =
{xEM!R—ﬁG#Oatx}, Us ={zeM|S—-"2g#0atz}and Us = {z €
M|C #0 at x}. We note that Us N Us C Ug.

Let B(X,Y) be a skew-symmetric endomorphism of Z(M) and let B be a (0,4)-

tensor associated with B(X,Y") by

(21) B(XlaXQaX-?nXéL) = g(B(X17X2)X37X4) .
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The tensor B is said to be a generalized curvature tensor (|23]) if the following con-
ditions are fulfilled: B(X;, X, X3, X4) = B(X3, Xy, X1, Xs) and

B<X17X27X37X4)+B<X37X17X27X4)+B<X27X37X17X4) — 0

Let B(X,Y) be a skew-symmetric endomorphism of Z(M), and let B be the tensor
defined by (2.1). We extend the endomorphism B(X,Y") to a derivation B(X,Y)- of
the algebra of tensor fields on M, assuming that it commutes with contractions and
B(X,Y) - f = 0 for any smooth function f on M. Now for a (0, k)-tensor field T,
k > 1, we can define the (0, k + 2)-tensor B - T by

(B ’ T)(X17 s 7Xk7X7 Y) = (B(X7 Y) ’ T)<X17 cee 7Xk)
= “TBX,Y)X,Xy,...,Xg)— - —=T(Xq,..., X1, B(X,Y)X}) .
In addition, if A is a symmetric (0, 2)-tensor, we define the (0, k + 2)-tensor Q(A, T)
by
Q(A7 T)<X17 s )Xk7X7 Y) = (X AaY - T)(Xb s 7X/€)
= —T((XAaY)X, X0, o, Xg) — - =T ( Xy, .o, Xoo1, (X AAY)XS).
In this manner we obtain the (0,6)-tensors B - B and Q(A, B). Substituting B = R
or B=C,T=RorT=CorT=S5,A=gor A= S in the above formulas, we get
the tensors R- R, R-C, C-R, R-S, Q(g,R), Q(S,R), Q(g,C) and Q(g,5).
For a symmetric (0,2)-tensor E and a (0,k)-tensor T, k > 2, we define their
Kulkarni-Nomizu product £ AT by (]7])
(E A T)(X17X27X37X4; }/E’n CRE ,Y}c)
= E(X17 X4)T(X27 X37 }/37 s 7Yk) + E<X27 X3)T(X17 X47 }/;37 s 7Yk)
_E(X17 XS)T(X27 X47 }/37 ey Yk‘) - E(XZa X4)T(X17 X37 Y?n CIE aY;C)
The tensor E AT will be called the Kulkarni-Nomizu tensor of £ and T. The

following tensors are generalized curvature tensors: R, C' and E A F, where E and F

are symmetric (0, 2)-tensors. We have G = 3 g A g and

1 K
(2.2) Cc = R_mgAS+(n—2)(n—1)

For symmetric (0, 2)-tensors £ and F' we have (see e.g. [8], Section 3)

(2.3) QE,ENF) = —Q(F,E).
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We also have (cf. [7], eq. (3))

For a symmetric (0,2)-tensor A we denote by A the endomorphism related to A
by g(AX,Y) = A(X,Y). Now we define the tensor A, p > 2, by AP(X,Y) =
APHAX,Y).

Let A be a symmetric (0,2)-tensor A and 7" a (0, p)-tensor, p > 2. Following [18],
we will call the tensor Q(A,T) the Tachibana tensor of A and T', or the Tachibana
tensor for short. We like to point out that in some papers, Q(g, R) is called the
Tachibana tensor (see e.g. [19], [20], [21], [24] and [30]). By an application of (2.3)

we obtain on M the identities

Qo.gnS) = ~Q(S,G) and Q(S.gAS) = —5 QoS AS)

From the tensors g, R and S we define the following (0, 6)-Tachibana tensors: Q(.S, R),
Q(g,R), Q(g,9 ANS) and Q(S,g A S). Using (2.3) we can check that other (0,6)-
Tachibana tensors that are constructed from g, R and S may be expressed by the
four Tachibana tensors above or vanish identically on M.

Let Bhijk, Thijr and A;; be the local components of the generalized curvature tensors
B and T and a symmetric (0, 2)-tensor A on M, respectively, where Latin indices range
from 1 to n. The local components (B -T")p;jkim and Q(A, T')pijkim of the tensors B-T
and Q(A,T) are the following:

(B - Dhijkim = 9" (TrijeBshim + Thrjk Bsitm + Thirk Bsjim + Thijr Bskim)
QA, Thijrim = AnTmije + AiaThmje + AjThime + AiThijm
—AnmTiije — AimThije — AjmThike — AremDhiji-
If we contract the last equation with ¢” and ¢"™, we obtain
9 QA T hrskim = Al Tskham — Al Tshmie — AL Takm + A5 Tk
(25) +Q(A, RZC(T))hklm,
and
9QA T )ijius = —AiTaje + AjToin + Aj'Tsikl + Al T g5
(26) —f—AZkRZC(T)” — AJZRZC(T)Zk — grsAmT'lijk.
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Lemma 2.1. Let (M,g), n > 3, be a semi-Riemannian manifold. Suppose that the

following equation is satisfied at a point of M :
(2.7)  SpRekim + S; Rskmn + Sy Raknt = SpRshmi + 57 Ranem + Sy Rk,
Then at this point we have

(2.8) Sp Rskim + S; Rsgmn + Sy Bam = 0.

Proof. Summing (2.7) cyclically in h,l,m we obtain
3 (ShRskim + S; Rspmn + Sy Rsknt)
(2.9) = Si(Ramkt + Reimr) + S; (Rshim + Remnk) + Sy, (Ratkn + Ranit),
which yields
3 (ShRskim + S; Rspmn + Sy Rsknt)
(2.10) = =S} Rstim — S Rskomn — Sy, Rskeni,

completing the proof. O

Proposition 2.1. Let (M, g), n > 4, be a semi-Riemannian manifold that satisfies
(2.11) R-R = Q(S,R)+ LQ(g,C)
on Uc C M. Then the condition (2.8) holds on M.

Proof. From the equation

(2.12) (R R)nijim = QS, R)nijkim + L Q(9, C)hijkim,

by contraction with ¢¥, we obtain

(2.13)  S; Rokim + SiBehim = S Rskhm + ) Rsnkem — Sy, Rkt — Sy Ranil

i.e., the equation (2.7). This, together with Lemma 2.1, implies (2.8) on Ug. Clearly,
at every point of M \ Us we have

(R R)hijkim = QS, R)nijkim-
Contracting this with g, we again obtain (2.7) which by Lemma 2.1 implies (2.8) on
M \ Ug; this completes the proof. O
Remark 2.1. The last proposition also is true for every 3-dimensional semi-Riemannian
manifold since on such manifolds we have the identity

R-R = Q(S,R).
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3. CURVATURE CONDITIONS

Let M be a hypersurface isometrically immersed in N™"*1(c), n > 4. We denote by
Up C M the set of all points at which the tensor H? is not a linear combination of the
metric tensor g and the second fundamental tensor H. We have Uy C UsNUs C M.

Hypersurfaces M in N™1(c), n > 4, such that at every point of Uy the tensor R-C
is a linear combination of the Tachibana tensors Q(S, R), Q(g, R) and Q(g,g A S)

were investigated in [15]. This condition means that
(31) R-C = alQ(S,R)—i—ozzQ(g?R)—i—ong(g,g/\S)

holds on Uy C M, where «q, as and a3 are functions on this set. In this paper we will
investigate hypersurfaces M in N"™(c), n > 4, for which at every point of Uy C M
the tensor R - C' may be expressed as a linear combination of the tensors Q(S, R),
Q(g,R), Q(g,g N S) and Q(S,g A S), i.e., (1.5) holds on Uy, where ay, as, asz, ay
are functions on this set and a4 is non-zero. According to [9] (Corollary 4.1), for a
hypersurface M in N !(c), n > 4, if at every point of Uy C M one of the tensors
R-C,C-Ror R-C'—C'- R is alinear combination of the tensor R- R and a finite sum
of the Tachibana tensors of the form Q(A, B), where A is a symmetric (0, 2)-tensor

and B a generalized curvature tensor, then
(3.2) H?> = tr(H)H*+ ¢ H+pg

holds on Uy, where 9 and p are functions. In particular, if (1.5) is satisfied on Uy
then (3.2) holds on this set. Conversely, if (3.2) holds on Uy C M for a hypersurface
M in N 1(c), n > 4, then on this set we have among other results (see e.g. [26],
Theorem 5.1):

p (n—2)&
R-C = —mQ(g,Q/\H)—mQ(QaR)
(n—3)R
(3.3) +Q(S, R) + (= D 1) Q9,9 N S),
1 K (n® —3n+ 3)k
¢-nt= n—2(m+8¢_ n(n+1) ) Qlg. R)
(3.4 220 Ry - g ns),

n—2 (n—2)n(n+1)
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_C.R = —_P_ b
R-C-C-R = ———Q(ggNH)+ — Q(S,R)
1 K (n—1)&
(3.5) _n—Q(n—l +5¢—W)Q(973)7
and ([25], egs. (3.7), (3.9))
(3.6) H = 52+(sw—M)S+A
K
. . — e H
(3.7) R-S nn D) Qg,5) + pQlg, H),
respectively, where x is the scalar curvature of M, ¢ = £1 and
_ =Dk (n—1)r
A= <n(n +1) gw)n(n +1) T otr(H).
If (3.2) and p = 0 hold at a point of Uy, i.e. at this point we have
(3.8) H? = tr(H)H*+¢ H,
then (3.3), (3.6) and (3.7) turn into (3.1),
> _ 2 -1Dk B
(3.9) S = (777/(” Y eP)S — Mg

and (1.4), respectively.

Let U, C Uy be the set of all points at which (3.2) with p # 0 holds. Examples of
hypersurfaces in Euclidean spaces with three distinct principal curvatures that satisfy
(3.2) on U, are given in [27]. The curvature tensor R of a hypersurface M in N (c),
n > 4, for which (3.2) holds on U, is expressed by (]25], Theorem 3.2)

2¢p? (R — n(nil) G)

w2 2n—1ER (n— 1R (n— 1R

= (5" - (m — ) S+ ((m - 5¢)m +ptr(H))g)
310) (S = (A 0 S (s = i) S ptr () ),

i.e., R may be written on U, as a linear combination of the Kulkarni-Nomizu tensors
constructed from the tensors g, S and S?. If the curvature tensor R of a semi-
Riemannian manifold (M, g), n > 4, is given on Uz N Us as a linear combination of
the Kulkarni-Nomizu tensors g A g, g A.S and S A S, then such a manifold is called
a Roter-type manifold. Such manifolds were recently investigated in [12] and [13].

We also refer to [17] for a survey on Roter-type manifolds, as well as on Roter-type
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hypersurfaces. We like to note that the curvature tensor of generalized (k, u1)-space
forms splits into six terms (see e.g. [3]).

The condition (3.7), via (3.6), turns into
(2n — 3)R

(3.11) R-S = Q(g,5*+ (e — n(n E 1)

)S).

Therefore, we can say that on U, the tensors S and A = 5? + (e¢) — (izlnfl)f) S are

pseudosymmetrically related (]6]).

In Section 4 we investigate hypersurfaces of Tachibana type, i.e., satisfying (1.5)
on U,. The main result of that section (Theorem 4.1) states that in space forms,
such hypersurfaces are special in the sense that R - R = Q(g, B) holds on U, for a
generalized curvature tensor B. We also give an explicit formula for B which shows
that R and B are pseudosymmetrically related on U,.

In the last section, we further investigate hypersurfaces that satisfy on Upy the
equation R - R = (g, B) for a generalized curvature tensor B. We prove that the
tensor B can be written as a linear combination of R, SA S, g A S?% gA S and G
(Theorem 5.1).

Moreover, in that section we consider hypersurfaces such that the tensor R - C,
resp. the tensor C' - R or the tensor R-C — C - R, is equal to the Tachibana tensor
Q(g, B), where B is a generalized curvature tensor. We prove (Theorem 5.2) that in
every case, the tensor B is a certain linear combination of the curvature tensor R and
the Kulkarni-Nomizu tensors g A g, gA S, g AS? and SAS.

4. HYPERSURFACES IN SPACE FORMS OF TACHIBANA TYPE
On every hypersurface M in N™"*1(c), n > 4, we have (|14])

(n—2)R
m@(970)~

Proposition 2.1 together with (2.6) and (4.1) implies the following lemma:

(4.1) R-R = Q(S,R) -

Lemma 4.1. The following identity holds on every hypersurface M in N (c), n >
3:
(4.2) 97 Q(S, R)yijis = —k Ruji — S; Rajk + SijSki — SikSji.

We also note that (4.1), i.e.,
n—2)K
(4.3) (R R)pijkim = Q(S, R)hijkim — ( )

nln+ 1) Q(9, C)nijrim
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by contraction with ¢, yields
(4.4) (B nwim = 97 Q(S, R)nrsiim-
Using results of [15], we can prove:

Lemma 4.2. Let M be a hypersurface in N'(c), n > 4, which satisfies the Tachibana-
type condition (1.5) on U, C Uy C M. Then the function oy is non-zero at every
point of this set.

Proof. Suppose that oy vanishes at € U,. Evidently, at x the condition (1.5) is
equivalent to (3.1). In addition, if ay # 1 at = then in view of Theorem 6.4 of [15],
(1.2) holds at this point. This clearly yields (1.4). Now, (1.4) together with (3.7) give
pQ(g, H) = 0, which implies p = 0 at x, a contradiction. If oy = 1 at x, then, using
Theorem 6.2 in [15], we have at this point:

(n—2)R
n(n+ 1)

(n—3)k
(n—2)n(n+1)
However, considering Theorem 6.1 of [15], this is equivalent to (1.4), which together

R-C = Q(S7R)_ Q(Q,R)+ Q(gag/\s)

with (3.7) gives pQ(g, H) = 0, and as a consequence: p = 0 at x, which is a con-
tradiction. Thus a4 is non-zero at every point of U,. The last remark completes the

proof. 0

Lemma 4.3. Let M be a hypersurface in N (c), n > 4, which satisfies the Tachibana-
type condition (1.5) on U, C Uy C M. Then:

(i) On U, we have

(45) a4 = —Qq,
(4.6) a3 = — ! (o (m+€w—w)+a)
' ST op—2v n(n+1) 20
(a1 = D) QS, R) + oz + = 2%) (g, )
’ n(n+1) ’
1 (3n — 5)R (2n — 3)R
+m(€¢ BECE) —ay(k+ey — m) —az)Q(g,9 N S)

(@) —QIQ(S,gASHniQQ(g,gASQ) _ 0.
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(i) At every point of U, we have ay # 1. Moreover,

(4.8) Q(S,R) = Q9,T)
holds on U,, where the (0,4)-tensor T is defined by
B . (n—2)R o 1 9
T = (1—011) ((OZQ—FW)R—F?S/\S—FHQ/\S
1 (3n — 5)R (2n — 3)R

Proof. (i) Contracting (1.5), i.e.,
(R - Ohijkim = 1 Q(S, R)nijkim + 2 Q(g, B) hijkim

(4.10) +a3 Q(g, 9 A S)nijkim + s Q(S, g A S)hijkim.
with ¢” and using (2.5) and (4.4), we obtain
(4.11) —a1 (R-S) = Qg,04 S% 4+ (g + (n —2)asz — kay) S).

By applying (3.7) to this result we get

—Qi1p Q(g> H)

From the last relation, in view of Lemma 2.4 in [14], it follows that

+as + (n—2)ag — kay) S).

Q1R
(413) —OélpH = &4S2+(m+Oé2+(n—2)a3—li()é4)s+/\29
holds on U, where A, is a function. Now (4.13), together with (3.6), gives
—(aq + ay) S?
2n — 3)K
(4.14) = (et — M)+a2+(n—2>a3 — k) S+ As g

where A3 = a1 + \y. Suppose that a; # —ay at 2. Thus, at x the tensor S? is a linear

combination of the tensors S and ¢ , i.e.,

57 = S+ B9, B, 0B € IR,

holds at x. Therefore, (3.10) reduces at z to

(415) R = %SAS+ﬂ4g/\S+ﬂ5G, ﬂg,ﬂ4,65€ﬂ.

We note that G3 # 0. In fact, if we had f3 = 0, then — in a standard way — we would
obtain C' = 0 from (4.15), a contradiction. Equation (4.15) implies (see e.g. Section 3
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of [17]): R-R = (s Q(g, R), hence R-S = (35 Q(g,S). Since x € Uy the last condition
yields (g = ﬁ (4], Proposition 3.2 and Theorem 3.1; see also the introduction
of this paper). Now from (3.7) it follows that p = 0 at z, a contradiction. Thus we
proved that (4.5) holds at x. Now if we apply (4.5) to (4.14), we obtain (4.6). Finally
(1.5) and (3.3), via (3.6), (4.5) and (4.6), lead to (4.7) — completing the proof of (i).

(ii) Suppose that a; =1 holds at x € U,. Then, (4.7) is equivalent to

(n — 2)& 1
Q(g,(a2+7n(n+1))R+55/\S
2 (n—2)r _

which in view of Lemma 1.1 (iii) in [5] yields

(n—2)R 1
4.17 — )R+ -SAS ANB = 0
where B is the (0, 2)-tensor defined by
1 (n— 2)&
4.1 B = 2 (— .
(4.18) n—2<5 (n(n+1>+na2)5+)\4g), MER

Contracting (4.17), i.e.,

(an + (n—2)R

(n+1)

(4.19) +9nkBij + 9ijBak — 9niBix — 9 Brj = 0,

) Rhijk + SniSij — ShjSik

with S} we obtain

(n—2)k, .,
(ag + m) S| Ryijie + SiiSij — Sfjsik
(4.20) +SiBij — SiBir + 9ijDu. — gir.Dij = 0

where D is the (0,2)-tensor defined by Di; = B;,.Sj. If we symmetrize (4.20) in [,4,

we get

(0 + (n—2)k

V(RS S, 52 y
(n+1>)( Jug + Q(S, 5 )uiji
(4.21) —Q(S, Bluji + Q(g, D)iijr = 0.
We already noted in the introduction that if (1.5) is satisfied on Uy, (3.2) holds on
this set. Now, using Proposition 3.2 in [25] (eq. (3.10)), we see that the tensor D is

a linear combination of the tensors g, S and S?. Similarly, we note that from (3.11)
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it follows that the tensor R - S is a linear combination of the tensors @(g,.S) and
Q(g, 5?%). Using these facts together with (4.18) and (4.21), we can deduce that

(4.22) Q(S, 52) + 51 Q(g,5) + 52 Q(g, 52) = 0, (1,0 €lR,

holds at z. From the last equation, applying Lemma 2.4 (ii) in [14], it follows that
at z the tensor S? is a linear combination of the tensors g and S. Therefore, (3.10)
turns into (4.15). But this, in the same way as in the proof of (i), leads to p = 0, a
contradiction. Thus oy # 1 holds at every point of U,. Now (4.8) is an immediate

consequence of (4.7) and the proposition is proved. UJ

Lemma 4.4. Let M be a hypersurface in NI (c), n > 4, that satisfies the Tachibana-
type condition (1.5) on U, C Uy C M. Then, on U, we have

1
(4.23) ar =m0 = —o,
1 (n? —3n+3)k
4.24 = —
(n —3)R
4.25 .
(4.25) N P TC
Proof. Contracting (4.8), i.e.,
(4.26) Q(S, R)nijkim = Q95T ) nijkim.
with g% and ¢"™, and using (2.6), (4.2) and (4.4), we obtain
(4.27) (R Sikim = Q(g, Ric(T))nkim,
—K Ry — S; Rajr + Sij Sk — SieSji
(428) = —(n - 1) le‘jk + gklRic(T)ij - gleiC(T)ik,
respectively. Furthermore, (4.27), via (3.7), turns into
K
i () ———S—pH) =
(4.29) Q(g, Ric(T) 2 1) S—pH) 0

which, in view of Lemma 2.4 (i) in [14] and (3.6), implies

(4.30) Rie(T) = n(nin S+pH+pByg.
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Considering (3.6), this condition turns into

(2n = 3)k
n(n+1)

where 4 and (3, are functions on U,. Now (4.28), via (4.31) and equation (3.6) in

[25], i.e.,

(4.31) Ric(T) = + (e — ) S+ Bayg

(n—1)& R

n(n+1) =) (R = n(n +1) Gai)

SirgrsRsljk - (

K
(4.32) —l—m (9115 — grSiz) — p (ginHj — 9iHrr),
yields
(n—1)(ar — 1) Ty
= (- tey- B g

n(n+1)
—(o1 — 1) (85 Sk — SirSji) + A3 Guajie

&
+(ar = 1) (e — ((n—l-l))) (9ij Sk + grSij — 905k — GiSit)
(4.33) +(a1 — 1) (Qijskl + gleij - gﬂSz?k - giksgzz)

where A3 is some function on U,. Now (4.9) and (4.33) yield
(n—1ER (n—2)R
-1 _ e ar
((n = 1)(x +ey n(n+1) n(n+ 1)
+((n — 2)041 -+ 1) (SijSkl — SikSlj) + )\3 Glijk

)+ (n—1)(a2 + )) Riiji

1
+(ag + m) (9@'5;%; + glein - gleizk - giks?l)
2(n—1)k, n-—1 (3n — bR
1 _ _ W)
+((ag — 1) (ev n(nt 1) ) + n_2(€¢ n(n 1) Qs
(2n —3)K

(4.34) —ay(k + ey — ) (9ij St + griSi; — 915 — giSi) = 0.

n(n+1)
By contracting (4.34) with S! | using the fact that the tensor S? is a linear combination
of the tensors S?, S and g (|25], eq. (3.10)), and by symmetrizing the resulting

equation in ¢, m, we get
1
(435) (&1+m)@(57 S2)+055 Q(gv S)‘FOZ(}Q(Q, 52) =0

where a5 and ag are functions on U,. If oy # —ﬁ at a point x € U,, then (4.22)

holds at z. But this, in the same way as in the proof of Proposition 3.1 (i), leads to
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a contradiction. Therefore, (4.23) holds on U,. Now (4.34), by making use of (4.23),

reduces to

1 (n® —3n+ 3)k
-1 _ g g
(n )(Oé? n—29 (K' + 8¢) + (Tl _ 2)n(n T 1)) Rlz]k + A3 Glz]k
n—1 n—1 (n? — 3n + 3)k
T —9 (g — n— 2(/{ + e1)) (n—2)n(n + 1)) (gijSkl + griSij
(436> —gleZ-k — giijl> = 0

Since at every point of U, the Weyl tensor C' is non-zero and (4.36) leads to (4.24).
But this, together with (4.6), yields (4.25), which completes the proof. O

In summary, Lemmas 4.3 and 4.4, together with (4.1), imply:

Theorem 4.1. Let M be a hypersurface of Tachibana type in N (c), n > 4, i.e.
onU,CUy CM

R-C=a1Q(5, R) + a2Q(g, R) + a3Q(g, 9 A S) + aQ(S, g A S)

holds for some functions aq,...,a4. Then we have on U,:
1
ap = —ay=-———
1 4 n— 27
1 +et n?—3n+3._
ay = —— |k+ep — ———F—
2 n—2 n(n+1) ’

n—3 x
(n—2)nn+1)

a3 =

Furthermore, on U,

R-R=Q(g,B)
with
_ (A SR S P ()
b= (n—l(,ﬁLew n(n—i—l)K)R n(n—l—l)lic
1 1 ) 2
—72(n_1)SAS+7n_1g/\S +<n_15w—n(n+1)/<;>g/\5,

i.e. in space forms, every hypersurface of Tachibana type is special.
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5. HYPERSURFACES IN SPACE FORMS SATISFYING SPECIAL CONDITIONS OF
TACHIBANA TYPE

In the following, we further investigate hypersurfaces that satisfy the equation
R-R = Q(g,B) on Uy C M for a generalized curvature tensor B. In addition, we

investigate hypersurfaces satisfying on Uy C M the similar conditions
R-C—=C-R = Q(g,Bs)

for generalized curvature tensors By, Bs, Bs.
From (1.7) and (4.1) we obtain

(5.1) Q(S, k) = Qg, B+

(n—2F , F

n(n+1) n(n—i—l)g/\s)'

Furthermore, (1.7) by a suitable contraction yields
(5.2) R-S = Q(g,Ric(B)).
Applying this to the identity
R-C — R-R—ni29/\(R-S)
we get
R-C = R-R—ni29/\Q(g,Ric(B))
which by (2.4) turns into
R-C =}$R+ni2Qmww%®.

Considering (4.1) this yields

(n—2)R
n(n+1)
In addition, in view of Corollary 4.1 of 9], (3.2) holds on Uy. If we now compare the
right-hand sides of (3.7) and (5.2), we get

53)  R-C = QS.R) — Q0.0) + = Q(Ric(B),C).

K
4 io(B)— — S pH) —
(5.4 Qlo. Rie(B) ~ - E 5= pH) = 0

which implies via Lemma 2.4 in [14]:
(5.5) Rie(B) = — S+ pH+pyg

n(n+1)
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where f3; is a function on Uy. Furthermore, by applying (3.6) we find

o — 3)i
| o(B) = 8+ (cp— PRTIE
(5.6) Ric(B) S%+ (ev n<n+1))5+)\29
where Ay is a function on Uy. If we contract (5.1), i.e
n—2)K K
Q(S, R)nijkim = Q(g, B+ (n ~ 2)R R— ————— g A S)nijuim,

n(n+1) n(n+1)
with g"™ and use (2.6), (4.2), (4.32) and (5.6), we finally obtain:

Theorem 5.1. Let M be a hypersurface in NI (c), n > 4. If a generalized curvature

tensor B satisfies
(5.7) R-R = Q(g,B)

on Ug C M, then on this set we have

B = nil((/i—i—sw—m(;i);E)R—;S/\Sng/\SQ
(5.8) (w—O?;zﬂ AS+AG)

where X is some function on Uy.

Theorem 5.2. Let M be a hypersurface in N™(c), n > 4.

(1) If a generalized curvature tensor By satisfies

(5.9) R-C = Qg,B)
on Ug C M, then on this set we have
1 (n—1)% 1 5
B = — — _
! n—l((ﬁ—i_&p (n—i—l))R n—QQAS
(5.10) —fSAS————(w—L—JXg AS+AG)
| nn+1)"7

where X is some function on Uy.

(i) If a generalized curvature tensor By satisfies

(5.11) C-R = Q(g,B)
on Uy C M, then on this set we have
K 2e1) K
By, = (n—1+n—1_n—|—1)R+)\G
n—3 (n—1)& 1 5
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where X is a function on Ug.

(iii) If a generalized curvature tensor By satisfies

(5.13) R-C—-—C-R = Q(g,Bs)
on Ug C M, then on this set we have
e K eY 2K
B: = (— _
’ ( n—1+n(n+1))R+( n—1+n(n+1))g/\s
1 1
14 R 2
(5.14) n_lg/\S 2(n—2)(n—1)SAS+>\G

where X is a function on Ug.

Proof. (i) From (5.9), applying Corollary 4.1 in [9], it follows that (3.2) holds on Upy.

As a consequence, we also have (3.3) and (3.6). Thus,

(5.15) R-C = Q(S R)+Q(g,B4)
on this set, where
1 2(n — 1)K
B, = _n_29A6Q+@¢_7$@+Kﬁs+Mg)
(5.16) =k, (3R gAS.

n(n+1) (n—2)n(n+1)
Furthermore, (5.9) and (5.16) yield Q(S, R) = Q(g, By — By). Applying this to (4.1)

we get

B (n—2)k
R-R = Q(g9,B1— By D+ 1) Q).
Now, taking Theorem 5.1 into account, we have
(n—2)R 1 (n—1)R
B, = B+~ 2% S o
! 4—i_n(n—i—l) n—l((gw n(n+1)>gAS+)\G)

(n —1)%& 1 9
+n_1«m+w) MH+U)R 2S/\S+g/\S)

which completes the proof of (i).
(ii) From (5.11), using Corollary 4.1 in [9], it follows that (3.2) holds on Uy. As a
consequence, we also have (3.4) and (3.6). Clearly, on Uy we can present (3.4) in the
following form:

n—3

(5.17) C-R = —— Q5 R)+Qg, Bs)
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where

(518)  Bs = 7 i ph - e - n_(SZT)g)%)RJF m
Moreover, (5.11) and (5.17) yield (n —3)Q(S,R) = (n —2)Q(g, By — Bs). If we

apply this to (4.1), we get

A S).

R-R — Q(g,z:g(Bg—B5)—m0).
Now, using Theorem 5.1, we have
B (n—3)k n—3 _(n=DF
By, = B5+n(n+1) +(n_2)(n_1)((5¢ 7( 1)) gNAN S+ X G)
n—3 (n—1)%F 5
+(n_2)(n_1)((n+aw—7n(n+1>)R—§S/\S+g/\s))

which completes the proof of (ii).
(iii) From (5.13), applying Corollary 4.1 in [9], it follows that (3.2) holds on Ugy. As
a consequence, we also have (3.5) and (3.6). Clearly, on Uy we can present (3.5) in

the following form:

(5.19) (n=2)(R-C—-C-R) = Q(S,R)+Q(g, Bs)
where
_ K (n—1)&
Bs = —(m +ey — n(n + 1))
(5.20) Cgn (S (e — 2R g ).

n(n+1)
Now, (5.13) and (5.19) yield Q(S,R) = Q(g,(n — 2)Bs — Bg)). If we apply this to
(4.1), we get

(n—2)R

R-R = Q(gv(n_Q)BB_Bﬁ—m

) C).

Now, in view of Theorem 5.1, we have

(n—2)Bsy = B6+( 2)E C+ i (<¢—ﬂ)g/\s+/\1(})

n(n+1) n(n+1)
1 (n—1)%k 5
+ _1((/<+5w— (n+1))R—§S/\S+g/\S)
which completes the proof of (iii). O

We finally consider hypersurfaces already studied in [11] (see Proposition 5.1 (iii)

therein):



CURVATURE CONDITIONS OF TACHIBANA TYPE 243

Theorem 5.3. Let M be a hypersurface in NI (c), ¢ # 0, n > 4, that satisfies on
Uy C M:

(5.21) (a) rank(H) = 2, (b) rank(H®> —tr(H)H) = 1.
Then (5.7), (5.9), (5.11) and (5.13) are satisfied. Precisely, we have on Uy :

K
B 1 K 1 (n—3)k
(5.24) C-R = Qg.B:) = 0,
R-C—-C-R = Q(g,Bs)
B 1 K 1 (n—3)k

Proof. First of all, (5.21)(a) implies ([4], Theorem 4.2)
K
2 ‘R = " .
(5.26) R-R OESY Qg )
Now in view of Proposition 5.1 (iii) of [11] on Uy we have (30), (41)(b) and (48) of

[11], ie.

(a) nil = nj—l’ (b) rank(S—gg) = 1,
(5.27) (¢) H® = tr(H)H? ¢ = 0.

Thus (5.26) by (5.27)(a) turns into

(5.28) R-R = (n—Hl)n O(g, R).

Further, we note that (5.27)(b) is equivalent to

1 K K 1 K K
= —(S—=gA(S—=g) = 2SAS——gAS+(-)*G

0 = SE=—gA(E-"g) = 3 S9NS+ ()G,

which gives
1 K

(5.29) 5 Qg SAS) = ~QlggNS).
Let B be a generalized curvature tensor defined by (5.8). Using (3.9), (5.27)(a),
(5.27)(c) and (5.29) we can easily check that

Q(g,B) =
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Therefore (5.28) turns into (5.22). Using (1.4), (2.3), (2.4), (5.8), (5.27)(a)(c) and
(5.10) we find

R.-C = R-R—niZg/\(R-S)
= Q(ng)+ (n—2)n(n—|—1) Q(SvG>
= QU B -9
1 K 1 (n—3)k
(5.30) = n_lQ(g,ﬁR—§SAS+mg/\S),

and

1 K 1 (n—3)k
Q(g,B1) = HQ(Q’ER_§S/\S+MQAS)'

Therefore (5.23) holds on Uy. Applying to (4.1) the relations: (2.2), (5.27)(a) and
(5.28) we obtain

(5.31) Q(S,R) — ZQ(g,R)—m_Hl)nQ(g,g/\S)-

Now (3.4), by making use of (5.27)(a)(c) and (5.31), reduces to C'- R = 0. Further,
using (3.9), (5.27)(a)(c) and (5.29), we can check that Q(g, B2) = 0, where the tensor
By is defined by (5.12). Thus we see that (5.24) holds on Upy.

By an application of (3.9), (5.27)(a)(c), (5.29) and (5.30) we obtain

1 K K
1 K K
B = B >
Q(9, B3) — Qg R (n_2)ng/\5),

where the tensor Bj is defined by (5.14). Thus we see that (5.25) holds on Uy. O
We finish our paper with the following remarks.

Remark 5.1.

(i) Let M be a hypersurface in N*™(c), n > 4. We recall that Uy C UcNUg C M.
Let U = UcNUg\ Uy. Thus, on this set we have H? = o H + 3 g where a and
B are functions on U. The last relation implies on U (see e.g. [16], eq. (17)):

—ef)Q(g, R), &=+l

(5.32) R-R = (n(nin
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Let in addition (1.7) be satisfied on U. Now (1.7) and (5.32) yield

K

Q(g,B - (m —86) R) = 0.

This, using Lemma 1.1 (iii) of [5], implies B = (ﬁ —¢f) R+ AG where A
is a function on U.

(i) Let M be a hypersurface in N"™!(c), n > 4. As we noted in the introduction,
if (1.3) is satisfied on Us C M, then (1.6) and Lo = Lg hold on Ug. The
converse statement, taking Theorem 3.1 of [1] into account, is also true.

(iii) In Example 5.1 of [11] a particular hypersurface M in a semi-Riemannian space
of constant curvature N™*1(c), ¢ # 0, n > 4, was defined. That hypersurface
satisfies (5.21). Now from Theorem 5.3 it follows that all special Tachibana-
type conditions (1.7), (5.9), (5.11) and (5.13) hold on M.

(iv) In [8] (see Examples 4.1 and 5.1) a particular hypersurface M in a semi-
Euclidean space " n > 4, was defined. On that hypersurface we have:
(5.21), (5.27)(c), K = 0, rank S = 1 and S? = 0. Therefore, R-R, R-C, C- R,
Q(g, B), Q(g, B1), Q(g, B2) and Q(g, B3) vanish.

(v) We can also prove that the non-quasi-Einstein hypersurfaces M of type number
two in NPT1(c), n > 4, satisfy all special Tachibana-type conditions investi-

gated in this paper. It will be shown in a subsequent paper of the authors.
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