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SIGNED TOTAL i-DOMATIC NUMBERS OF DIGRAPHS

MARYAM ATAPOUR !, SEYED MAHMOUD SHEIKHOLESLAMI !
AND LUTZ VOLKMANN 2

ABSTRACT. Let D be a finite and simple digraph with vertex set V(D), and
let f: V(D) — {—1,1} be a two-valued function. If k& > 1 is an integer and
> zen-(v) f(x) = k for each v € V(D), where N~ (v) consists of all vertices of D
from which arcs go into v, then f is a signed total k-dominating function on D. A set
{f1, fa,..., fa} of distinct signed total k-dominating functions of D with the prop-

erty that Zle fi(v) < 1, for each v € V(D), is called a signed total k-dominating
family (of functions) of D. The maximum number of functions in a signed total
k-dominating family of D is the signed total k-domatic number of D, denoted by
d} 5(D). In this note we initiate the study of the signed total k-domatic numbers of
digraphs and present some sharp upper bounds for this parameter.

1. INTRODUCTION

In this paper, D is a finite and simple digraph with vertex set V' = V(D) and arc set
A = A(D). Its underlying graph is denoted G(D). We write degf (v) = deg™ (v) for
the outdegree of a vertex v and deg,(v) = deg™ (v) for its indegree. The minimum and
mazimum indegree are §~ (D) and A~ (D), respectively. The sets Nt (v) = {x | (v,z) €
A(D)} and N~ (v) = {z| (z,v) € A(D)} are called the outset and inset of the vertex
v. Likewise, NT[v] = Nt(v) U{v} and N~ [v] = N~ (v) U {v}. If X C V(D), then
DI[X] is the subdigraph induced by X. For an arc (z,y) € A(D), the vertex y is an

outer neighbor of x and x is an inner neighbor of y. Note that for any digraph D with
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m arcs,
(1.1) > deg (u)= > deg®(u) =m.

ueV (D) ueV (D)
Consult [3] and [4] for notation and terminology which are not defined here.

For a real-valued function f : V(D) — R the weight of f is w(f) = X,cv(p) f(v),
and for S C V(D), we define f(S) = Y,cs f(v), so w(f) = f(V(D)). If k > 1
is an integer, then the signed total k-dominating function is defined as a function
f V(D) — {—=1,1} such that f(N~(v)) = X en-() f(x) = k for every v € V(D).

The signed total k-domination number for a digraph D is
Yis(D) = min{w(f) | f is a signed total k-dominating function of D}.

A 7is(D)-function is a signed total k-dominating function on D of weight v;¢(D).
As the assumption 6~ (D) > k is necessary, we always assume that when we discuss
Ys(D), all digraphs involved satisfy §~ (D) > k and thus n(D) > k + 1.

The signed total k-domination number of digraphs was introduced by Sheikholeslami
and Volkmann [7]. When k = 1, the signed total k-domination number 7} (D) is the
usual signed total domination number v5(D), which was introduced by Sheikholeslami
in [6].

A set {f1, fo,. .., fa} of distinct signed total k-dominating functions on D with the
property that %, f;(v) < 1 for each v € V(D), is called a signed total k-dominating
family on D. The maximum number of functions in a signed total k-dominating
family on D is the signed total k-domatic number of D, denoted by dfs(D). The
signed total k-domatic number is well-defined and diq(D) > 1 for all digraphs D in
which d,(v) > k for all v € V, since the set consisting of any one STkD function forms
a STkD family of D. A diq(D)-family of a digraph D is a STKD family containing
dls(D) STkD functions. When k = 1, the signed total k-domatic number of a digraph
D is the usual signed total domatic number dg (D), which was introduced by Favaron
and Sheikholeslami [1].

In this paper we initiate the study of the signed total k-domatic number of digraphs,
and we present different bounds on dj,¢(D). Some of our results are extensions of well-
known properties of the signed total domatic number dy(D) = di¢(D) of digraphs
(see for example [1]) as well as the signed total k-domatic number of graphs G (see

for example [2, 5]).
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We make use of the following results and observations in this paper.

Observation 1.1. Let D be a digraph of order n. Then vis(D) = n if and only if
k<0 (D) <k+1 and for each v € V(D) there exists a vertexr u € N*(v) such that
deg (u) =k ordeg (u) =k + 1.

Proof. If k <6~ (D) < k+ 1 and for each v € V(D) there exists a vertex u € Nt (v)
such that deg™(u) = k or deg™ (u) = k + 1, then trivially 7/¢(D) = n.

Conversely, assume that 7/¢(D) = n. By assumption k& < 67(D). Let, to the
contrary, (D) > k+1 or there exists a vertex v € V(D) such that deg™ (u) > k+2 for
eachu € Nt(v). If (D) > k+1, define f : V(D) — {—1,1} by f(v) = —1 for some
fixed v and f(z) =1 for x € V(D) \ {v}. Obviously, f is a signed total k-dominating
function of D with weight less than n, a contradiction. Thus £ < 6~ (D) < k+1. Now
let v € V(D) and deg™ (u) > k+2 for each u € N*(v). Define f : V(D) — {—1,1} by
f(v) =—=1and f(x) =1 for z € V(D) \ {v}. Again, f is a signed total k-dominating

function of D, a contradiction. This completes the proof. O

Observation 1.2. Let k > 1 be an integer, and let D be a digraph with (D) > k. If
for every vertezv € V(D) the set NT(v) contains a vertex x such that deg™ (z) < k+1,
then dig(D) = 1.

Proof. Assume that NT(v) contains a vertex x, such that deg™ (z,) < k+1 for every
vertex v € V(D), and let f be a signed total k-dominating function on D. Since
deg™(x,) < k + 1, we deduce that f(v) = 1. Hence f(v) = 1 for each v € V(D) and
thus di.¢(D) = 1. O

Observation 1.3. The signed total k-domatic number of a digraph is an odd integer.

Proof. Let {f1, f2,..., fa} be a signed total k-dominating family on D such that
d = dlg(D). Suppose to the contrary that d¢(D) is an even integer. If 2 € V(D)
is an arbitrary vertex, then 3% | fi(z) < 1. On the left-hand side of this inequality
a sum of an even number of odd summands occurs. Therefore it is an even number
and we obtain %, f;(z) < 0 for each z € V(G). If v is an arbitrary vertex, then it

follows that
d d d

d-k=;ksz > file)= 3. > filv) <0

=1 zeN—(v) €N~ (v) =1

which is a contradiction, and the proof is complete. O
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2. PROPERTIES AND UPPER BOUNDS

In this section we present basic properties of the signed total k-domatic number,

and we find some sharp upper bounds for this parameter.

Theorem 2.1. Let D be a digraph and v € V(D). Then

deg™(v) . _
d =k (mod 2
2.(D) < deg,g(v) if deg™(v) (mod 2)
] if deg”(v)=k+1 (mod 2).

Moreover, if the equality holds, then for each function f; of a STkD family
{f1, fos -, fa} and for every u € N™(v), Xyen-(w) filu) =k if deg™ (v) = k (mod 2),
Yuen-( fi(w) =k + 1 if deg™(v) = k + 1 (mod 2) and XL, fi(u) = 1.

Proof. Let {f1, f2, ..., fa} be a STKD family of D such that d = d4(D). If deg™ (v) =
k (mod 2), then

If dis(D) = degT_(”) when deg™ (v) = k(mod 2) or dig(D) = de,f;@ when deg™ (v) =

k + 1 (mod 2), then the two inequalities occurring in the proof of each corresponding

case become equalities, which gives the properties given in the statement. O
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Corollary 2.1. Let D be a digraph and 1 < k < §~(D). Then

@, if 6 (D)=k (mod 2),
BsD) <] 5 (py)
T if 9°(D)=k+1 (mod2).

Corollary 2.2. Let k > 1 be an integer, and let D be a (k + 2)-inregular digraph of
ordern. If k > 2 or k=1 and n 20 (mod 3), then dis(D) = 1.

Proof. By Corollary 2.1, di (D) < % If £ > 2, then it follows from Observation
1.3 that dj,¢(D) = 1. Now let k = 1. Then diq(D) = 1 or d} (D) = 3 by Observation
1.3. Suppose to the contrary that dis(D) = 3. Let f belong to a signed total k-
dominating family on D of order 3. By Theorem 2.1, we have > cn-(,) f(x) = 1 for
every v € V(D). This implies that
n= > > flo)= > > fl=)=3uw(f)
veV(D) zeN - (v) zeN-(v) veV (D)
Since w(f) is an integer, 3 is a divisor of n which contradicts the hypotheses n # 0

(mod 3), and the proof is complete. O

Corollary 2.3. Let k > 1 be an integer, and let D be a (k + 3)-inreqular digraph of
order n. Then dig(D) = 1.

Proof. By Corollary 2.1, diq(D) < %i’ Therefore Observation 1.3 implies that

Theorem 2.2. Let k > 1 be an integer, and let D be an r-inreqular digraph of order
n such that r > k. If r < 3k, then di.o(D) =1, and if r > 3k and (n,r) =1, then

t %, if r=k (mod 2),
dys(D) < r ‘
P if r=k+1 (mod 2).

Proof. If r < 3k, then it follows from Corollary 2.1 that dj (D) < 7 < 3. Therefore
Observation 1.3 implies that dq(D) = 1.

Now assume that r > 3k and (n,r) = 1. First let r = 67 (D) = k(mod 2)
(if 0-(D) = k + 1(mod 2), then the proof is similar). Suppose to the contrary
that d (D) > 5_](€D). Then by Corollary 2.1, d¢(D) = @. Let f belong to a

signed total k-dominating family on D of order 5_7(1)).

By Theorem 2.1, we have
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Yzen-w) f(x) = k for every v € V(D). This implies that
nk= >, > fla)= Y > [fl@)=rwlf).
veV (D) zeN—(v) z€N~(v) veV (D)
Since w(f) is an integer and (n,r) = 1, the number r is a divisor of k. It follows from
k <6~ (D) =r that k = r, a contradiction to the hypothesis that r» > 3k. O

Theorem 2.3. Let D be a digraph with (D) > k, and let A = A(G(D)) be the

mazximum degree of G(D). Then

é, if 97(D)=k (mod 2),
ds(0)<{ 2
2+ 1) if 9 (D)=k+1 (mod?2).

Proof. First of all, we show that 6~ (D) < A/2. Suppose to the contrary that (D) >
A/2. Then AT(D) <A -6 (D) < A/2, and (1.1) leads to the contradiction

V -\V(D
# Z deg™ (u) Z de M
ueV (D) ueV (D 2
Applying Corollary 2.1, we deduce the desired result. 0

Let D be a digraph. By D~! we denote the digraph obtained by reversing all the
arcs of D. A digraph without directed cycles of length 2 is called an oriented graph.
An oriented graph D is a tournament when either (z,y) € A(D) or (y,z) € A(D) for
each pair of distinct vertices x,y € V(D).

Theorem 2.4. For every oriented graph D of ordern and1 < k < min{d—(D),d~ (D)},
n—1

k
with equality if and only if D is an r-reqular tournament of order n = 2r + 1 and
k=r.

(2.1) dis(D) + dis (D7) <

Proof. Since 6~ (D) + 6~ (D~ ') < n — 1, Corollary 2.1 implies that
— _ -1 i
(D) N (D N 1‘
k k -k
If D is an r-regular tournament of order n = 2r +1 and k = r, then D! is also an

dj.s(D) + djs(D7) <

r-regular tournament, and it follows from Observation 1.2 that

2 -1
dis(D) + dis(D™) = 2= = = =
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If D is not a tournament or D is a non-regular tournament, then 6~ (D)+46~ (D7) <
n — 2 and hence we deduce from Corollary 2.1 that
n—2

T
If D is an r-regular tournament, then n = 2r 4+ 1. If £ < r < 3k, then Theorem 2.2

dis(D) + djg(D7) <

leads to
n—1

k
Finally, assume that r > 3k. We observe that (n,r) = (2r+1,r) = 1. Using Theorem

2.2, we deduce that

2 = dys(D) + djs(D7) <

djg(D) + dpg(D71) < + = ;

and the proof is complete. 0

Theorem 2.5. Let D be a digraph of order n and 6~ (D) > k > 0. Then ~i4(D) -
dis(D) < n. Moreover if vig(D) - dig(D) = n, then for each d = di¢(D)-family
{f1, fas- .., fa} of D each function f; is a vis(D)-function and %, fi(v) =1 for all
velV.

Proof. Let {f1, f2, ..., fa} be a STKD family of D such that d = d},¢(D) and let v € V.
Then

M=
é%*
S

d- /VIiS(D) = :

@
Il
—

<
1veV

= 2D filv)

veV i=1

< 1

veV

M-
o
==
=

= MN.

If vi4(D) - dig(D) = n, then the two inequalities occurring in the proof be-
come equalities. Hence for the df¢(D)-family {fi, f2,..., fa} of D and for each 1,
Svev fi(v) = AEg(D), thus each function f; is a v:¢(D)-function, and 3¢ ;| fi(v) = 1
for all v. U

Corollary 2.4. If D is a digraph of order n, then vis(D) + dig(D) <n + 1.
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Proof. By Theorem 2.5,
n

di.s(D)
Using the fact that the function g(x) = z + n/x is decreasing for 1 < x < /n and
increasing for v/n < x < n, this inequality leads to the desired bound immediately.

(2.2) Mhs(D) + dis(D) < dis(D) +

O
Corollary 2.5. Let D be a digraph of order n > 3. If 2 < ~yLy(D) <n —1, then
Ms(D) + dys(D) < n.
Proof. Theorem 2.5 implies that
n
If we define z = v/ 4(D) and g(z) = x + n/x for x > 0, then because 2 < 4L4(D) <
n — 1, we have to determine the maximum of the function g on the interval I : 2 <
xr <n—1. It is easy to see that
max{g(z)} = max{g(2),g(n—1)}
n
= 24 " m—1
max{ +2,n +n—1}
n
=n—1+—-<n+1,
n—1
and we obtain v/ ¢(D) + di.g(D) < n. This completes the proof. O

Corollary 2.6. Let D be a digraph of order n and let k > 1 be an integer. If
min{7y,5(D), dis(D)} = 2, then

n
Nes(D) + dis(D) < 5 +2.
roof. Since min{~;¢(D),dis(D)} > 2, it follows by Theorem 2.5 that 2 < di (D) <

By (2.2) and the fact that the maximum of g(x) = x + n/x on the interval

P
n
5
2<z<n/2is g(2) = g(n/2), we see that

ths(D) +dis(D) < dis(D) + G55

O

Observation 1.2 shows that Corollary 2.6 is no longer true if min{~;¢(D), dLs(D)} =
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3. SIGNED TOTAL k-DOMATIC NUMBER OF GRAPHS

The signed total k-dominating function of a graph G is defined in [8] as a function
f o V(G) — {=1,1} such that > cn. ) f(z) > k for all v € V(G). The sum
Yzev(e) f(x) is the weight w(f) of f. The minimum of weights w(f), taken over all
signed total k-dominating functions f on G is called the signed total k-domination
number of G, denoted by 71¢(G). The special case k = 1 was defined and investigated
in [10].

A set {f1, fo,..., fa} of distinct signed total k-dominating functions on G with the
property that 3%, fi(v) < 1 for each v € V(G), is called a signed total k-dominating
family on G. The maximum number of functions in a signed total k-dominating family
on G is the signed total k-domatic number of G, denoted by di¢(G). This parameter
was introduced by Khodkar and Sheikholeslami in [5]. In the case k = 1, we write
ds(G) instead of df¢(G) which was introduced by Henning [2].

The associated digraph D(G) of a graph G is the digraph obtained from G when
each edge e of GG is replaced by two oppositely oriented arcs with the same ends as e.
Since Np, ) (v) = Ne(v) for each vertex v € V(G) = V(D(G)), the following useful

observation is valid.

Observation 3.1. If D(G) is the associated digraph of a graph G, then vis(D(G)) =
Yis(G) and dig(D(G)) = dis(D).

There are a lot of interesting applications of Observation 3.1, as for example the

following results. Using Observation 1.3, we obtain the first one.

Corollary 3.1. (Henning [2]) The signed total domatic number dg(G) of a graph G

18 an odd integer.

Since 0~ (D(G)) = §(G), the next result follows from Observation 3.1 and Corollary
2.1.

Corollary 3.2. (Khodkar and Sheikholeslami [5]) If G is a graph with minimum
degree §(G) >k , then

@7 if 6(G)=k (mod 2),
A <8 sl
T if 6(G)=k+1 (mod 2).

—_
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The case k =1 in Corollary 3.2 can be found in [2].

In view of Observation 3.1 and Corollary 2.4, we obtain the next result immediately.

Corollary 3.3. (Khodkar and Sheikholeslami [5)) If G is a graph of order n, then

[1]

Yes(G) + dis(G) < n+ 1.

REFERENCES

O. Favaron and S. M. Sheikholeslami, Signed total domatic numbers of directed graphs, submit-
ted.

M. A. Henning, On the signed total domatic number of a graph, Ars Combin. 79 (2006), 277-288.
T. W. Haynes, S. T. Hedetniemi and P. J. Slater, Fundamentals of Domination in Graphs,
Marcel Dekker, Inc., New York (1998).

T. W. Haynes, S. T. Hedetniemi and P. J. Slater, editors, Domination in Graphs, Advanced
Topics, Marcel Dekker, Inc., New York (1998).

A. Khodkar and S. M. Sheikholeslami, Signed total k-domatic numbers of graphs, J. Korean
Math. Soc. 48 (2011), 551-563.

S. M. Sheikholeslami, Signed total domination numbers of directed graphs, Util. Math. 85 (2011),
273-279.

S. M. Sheikholeslami and L. Volkmann, The signed total k-domination numbers of directed
graphs, Annals Math. Sci. Univ. Ovid. 18 (2010), 241-252.

C. P. Wang, The signed k-domination numbers in graphs, Ars Combin. (to appear).

D. B. West, Introduction to Graph Theory, Prentice-Hall, Inc, 2000.

B. Zelinka, Signed total domination number of a graph, Czechoslovak Math. J. 51 (2001), 225—
229.

! DEPARTMENT OF MATHEMATICS,
AZARBAIJAN UNIVERSITY OF TARBIAT MOALLEM,

I. R. IrAN
FE-mail address: s.m.sheikholeslami®@azaruniv.edu

2 LEHRSTUHL 11 FUR MATHEMATIK,

RWTH AACHEN UNIVERSITY,

GERMANY

E-mail address: volkm@math2.rwth-aachen.de



