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GROWTH AND OSCILLATION OF SOME CLASS OF
DIFFERENTIAL POLYNOMIALS IN THE UNIT DISC

BENHARRAT BELAIDI

ABSTRACT. In this paper, we study the growth and the oscillation of complex
differential equations f~ +A; (2) f + Ao (2) f =0and f 4+ A4, (2) f + 4o (2) f = F,
where Ag #Z 0, A; and F are analytic functions in the unit disc A = {z: |z| < 1}
with finite iterated p—order. We obtain some results on the iterated p—order and the
iterated exponent of convergence of zero-points in A of the differential polynomials
gr = dlf/ +dof and gy = dlf/ + dof + b, where dy,dp,b are analytic functions
such that at least one of dy (2),d; () does not vanish identically with p, (d;) < oo
(= 0.1).pp (b) < ox.

1. INTRODUCTION

Throughout this paper, we assume that the reader is familiar with the fundamental
results and standard notations of the Nevanlinna theory ([15], [16], [20], [24]) in the
unit disc A = {z € C: |z| < 1}. Many important results have been obtained on
the complex oscillation theory of differential polynomials generated by solutions of
differential equations in C, refer to see [2], [3], [13], [21], [27] and others. Recently,
there has been an increasing interest in studying the growth of analytic solutions of
linear differential equations in the unit disc by making use of Nevanlinna theory. The
analysis of slowly growing solutions have been studied in [12], [16], [23]. Fast growth of
solutions are considered by [4], [7], [8], [9], [10], [11], [14], [16], [17]. This development
makes it possible to start investigating unit disc analogous of existing plane results on
W@nd phrases. Linear differential equations, analytic function, iterated p—order, iterated
exponent of convergence of the sequence of distinct zeros.
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value distribution of differential polynomials. Thus a natural question is: What can
be said about the problem of complex oscillation theory of differential polynomials
generated by solutions of differential equations in the unit disc A = {z : |z| < 1}7

Recently in [9], Cao and Yi obtained some results on analytic solutions of the

differential equation

f"+Af =0,
where A (z) is an analytic function in A. In [7], [8], [10], [17], [26] some results on
the growth and complex oscillation theory of analytic solutions of higher order linear
differential equations in A where obtained.

In this paper, we continue to consider this subject and investigate the complex
oscillation theory of differential polynomials generated by analytic solutions of second
order linear differential equations in A.

We need to give some definitions and discussions. Firstly, let us give two definitions
about the degree of small growth order of functions in A as polynomials on the
complex plane C. There are many types of definitions of small growth order of
functions in A (i.e., see [11], [12]).

Definition 1.1. Let f be a meromorphic function in A, and
T
D (f) = limsup (r, f)

r—1- —lOg (1 - T)
If b < oo, we say that f is of finite b degree (or is non-admissible); if b = oo, we say

=b.

that f is of infinite degree (or is admissible).

Definition 1.2. Let f be an analytic function in A, and
. log™ M (r, f)

D =1 S

wm () msup—

then we say that f is a function of finite a degree (or of infinite degree), where

M(r, f) = max|f ()]

|2|=r

=a < oo (ora=o0),

Now we give the definitions of iterated order and growth index to classify generally
the functions of fast growth in A as those in C (see [6], [18], [19]). Let us define
inductively, for r € [0,1), exp; 7 := €” and exp,,, 7 := exp (expp r), p € N. We also
define for all 7 sufficiently large in (0,1), log, 7 := logr and log,,, r := log (logp r),
p € N. Moreover, we denote by exp,r := r, logyr = r, log_,r = exp,r and

exp_, r:=log, r.
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Definition 1.3. [7], [8] Let f be a meromorphic function in A. Then the iterated
p-order of f is defined by

n
pp (f) =lim sup—long (r, /)

> 1 is an integer),
ro1- —log (1—7) v ger)

where log] * = logt x = max {logz,0}, logy, & = log™ log; x. For p = 1, this

notation is called order and for p = 2 hyper-order ([16], [22]).

Remark 1.1. If f is analytic in A, then the iterated p-order of f is defined by

log, M (r, f)
_ 1 p+1 9
pap () msup =)

(p > 1 is an integer) .

Remark 1.2. Tt follows by M. Tsuji ([24], p. 205) that if f is an analytic function in

A, then we have the inequalities

pr(f) <paa (f) <p(f)+1,

which are the best possible in the sense that there are analytic functions g and h
such that par1 (9) = p1 (9) and pary (k) = p1 (h) + 1, see [12]. However, it follows by
Proposition 2.2.2 in [19] that par, (f) = pp (f) for p > 2.

Definition 1.4. [7] The growth index of the iterated order of a meromorphic function
f(2) in A is defined by

0, if f is non-admissible;
i(f)=4¢ min{j € N:p;(f) < +oo}, if fis admissible;
+o0, if p; (f) = +oo for all j € N.
For an analytic function f in A, we also define
0, if f is non-admissible,
iv (f) =1 min{j € N:py; (f) < +oo}, if fis admissible,
+00, if par; (f) = +oo for all j € N.

Remark 1.3. If p,(f) < oo or i(f) < p, then we say that f is of finite iterated
p—order; if p,(f) = oo or i(f) > p, then we say that f is of infinite iterated p—order.
In particular, we say that f is of finite order if p(f) < oo or i(f) < 1; f is of infinite
order if p(f) = oo or i(f) > 1.
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Definition 1.5. [5] Let f be a meromorphic function in A. Then the iterated p-type
of f, with iterated p-order 0 < p, (f) < oo is defined by

o, (f) =limsup (1 — r)Prd) log, ,T'(r, f) (p=>1 is an integer).

r—1-

If f is an analytic function in A, then the iterated p-type of f, with iterated p-order
0 < pumyp (f) < oo is defined by [17]

omp (f) =limsup (1 — r)pM"’(f) log,M (r, f) (p>1 is an integer).

r—1—
Definition 1.6. [8] Let f be a meromorphic function in A. Then the iterated expo-
nent of convergence of the sequence of zeros of f (z) is defined by
logh N (r, 1
A (f) = h,r,llsluP—l(fg(f—]g (p>1 is an integer),

where N (T, %) is the counting function of zeros of f (2) in {2z : |z| <r}. For p = 1,
this notation is called exponent of convergence of the sequence of zeros and for p = 2
hyper-exponent of convergence of the sequence of zeros.

Similarly, the iterated exponent of convergence of the sequence of distinct zeros of
f (2) is defined by

_ logh N (r, l)
X (f) =i A
P e =)

(p>1 is an integer),
where N (T, %) is the counting function of distinct zeros of f (2) in {z : |z| < r}. For
p = 1, this notation is called exponent of convergence of the sequence of distinct zeros

and for p = 2 hyper-exponent of convergence of the sequence of distinct zeros.

Definition 1.7. [4], [8] Let f be a meromorphic function in A. Then the iterated
exponent of convergence of the sequence of fixed points of f (2) is defined by
logt N (r, 1 )
=\ (f—2)=1i P f=z
() =X (f —2) s P (
For p = 1, this notation is called exponent of convergence of the sequence of fixed

p > 11is an integer) .

points and for p = 2 hyper-exponent of convergence of the sequence of fixed points.
Similarly, the iterated exponent of convergence of the sequence of distinct fixed
points of f (z) is defined by

N (L
() =N (f—2) = limsuplogp N(T7 fﬁz) (

> 1 1is an integer) .
r—1- —lOg (1 - T) b s )
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For p = 1, this notation is called exponent of convergence of the sequence of distinct
fixed points and for p = 2 hyper-exponent of convergence of the sequence of distinct
fixed points. Thus 7, (f) = A\, (f — 2) is an indication of oscillation of distinct fixed
points of f (z).

Consider the linear differential equation
(1.1) SO+ A () fE D 4+ AL (2) f 4+ Ao (2) f =0,

where k > 1 is an integer and Ay, A;, ..., Ax_1 are analytic functions in A. In [7],
Cao and Yi have investigated the growth of solutions of the above equation and have

obtained the following result.

Theorem 1.1. [7] Let p > 1 be an integer and i (Ag) = p, and let Ag(2), ..., Ar—1(2)
be the coefficients of (1.1) analytic in A. If
max{i(A4;):j=1,....,k—1} <p
or
maX{pp(‘Aj) 1= 17"'7k_ 1} < pp(A0>7
then i (f) = p+1 and p, (Ao) < ppt+1 (f) = papr1 (f) < aar holds for all solutions
f#0 of (1.1), where apr = max{pp, (4;):j=0,...,k—1}.

In [5], the author and El Farissi have generalized Theorem 1.1 for second order

differential equations as follows.

Theorem 1.2. [5] Let Ao(2), A1 (2),do, dy, dy be analytic functions in A andi(Ag) =
p (p =1 is an integer) such that max{p,(A1),py(d;) (1 =0,1,2)} < p,(Ay) = p
(0<p< ), 0,(Ay) =0 (0< 0 <00), and let ¢ Z 0 be an analytic function in A
with py (p) < oco. If f # 0 is a solution of the equation

Frra) f+A40) f =0,
then the differential polynomial g5 = dof” +dif +dof satisfies

Ap (g5 =) =X (g5 — ) = pp (97) = pp (f) = 00,
pp (A0) < Api1 (97 — #) = Mpr1 (95 — 9)
=pp11(95) = pp+1 (f) = prrpir (f) < aw,
where oy = max {pyrp (A4;) 1 j =0,1}.

In [25], Tu and Yi obtained the following result in the complex plane.
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Theorem 1.3. [25] Let A; (2) (j =0, ..., k—1) be entire functions satisfying p (Ag) =
p(0<p<o0),o(Ay) =0 (0<0<00),andlet p(A;) <p, o(4;)<oifp(A;)=p
(j=1,...,k—1), then every solution f #Z 0 of (1.1) satisfies p2 (f) = p(Ao).

In the same paper, they posed the following question ” Can we get the same re-
sult as Theorem 1.3 when all the coefficients in (1.1) are analytic in the unit disc
{z: |z| < 1}?7

In [26], they answer to this question and obtained the following result.

Theorem 1.4. [26] Let p > 1 be an integer and i (Ag) = p, and let Ayg(2), ..., Ar—1(2)
be the coefficients of (1.1) analytic in A satisfying

max{pap (A;) :j=1,....k =1} < paryp (Ao) , parp (Ag) >0

and parp (Aj) = puyp (Ao) if orp (A) < omp(Ao) (J=1,...,k—1). Then every
solution f # 0 of (1.1) satisfies i (f) =p+1 and prrp+1 (f) = parp (Ao)-

2. HOMOGENEOUS CASE

The first main purpose of this paper is to study the growth, the oscillation and
the relation between small functions and differential polynomials generated by homo-
geneous second order linear differential equations when the solutions are of infinite
iterated p—order and the coefficients having the same iterated p—order. Furthermore,
we give answer to the question of Tu and Yi and obtain similar result to Theorem
1.4 for the iterated p—order of analytic solutions f and analytic coefficients defined
by the characteristic function of Nevanlinna (see Lemma 4.10).

We consider the differential equation
(2.1) P f +4) f=0

where Ay, A; are analytic functions in the unit disc A = {z:|z| < 1}. It is well-
known that all solutions of equation (2.1) are analytic functions in A and that there
are exactly two linearly independent solutions of (2.1) (see [16]) . We obtain the

following results.

Theorem 2.1. Let Ay(2), A1 (2) be analytic functions in A and i (Ag) =p (p = 1
is an integer) such that p, (Ao) = p (0 < p < 0), 0, (Ag) =0 (0 < 0 < 00), and let
pp (A1) < pp(Ao) and o, (A1) < 0, (Ao) if pp (Ao) = pp (A1). Let dy(2),do(2) be

analytic functions in A such that at least one of dy,d; does not vanish identically
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with max {p, (d;) (1 =0,1)} < p,(Ao). If f # 0 is a solution of (2.1), then the

differential polynomial

(2.2) gy =dif +dof

satisfies

Py (95) = pp (f) = 00,
pp (Ao) < ppr1(97) = ppi1 (f) = prapir (f) < amr,
where ap = max {parp (A4;) 1 j =0,1}.

Theorem 2.2. Let Ao(2), A1 (2) be analytic functions in A and i (Ag) =p (p = 1
is an integer) such that p, (Ao) = p (0<p < 00), 0,(Ay) = 0 (0 <o < o0), and
let pp (A1) < pp (Ao) and oy, (A1) < 0, (Ao) if pp (Ao) = pp (A1) Let do(2),dy (2) be
analytic functions in A such that at least one of dy, di does not vanish identically with
max {p, (d;) (7 =0,1)} < p,(Ao), and let ¢ # 0 be analytic function in A of finite
iterated p-order p, (p) < +oo. If f # 0 is a solution of (2.1), then the differential
polynomial g; = di f + dof satisfies

Molgr — @) = Mgy — ) = pp (97) = pp (f) = o0

and

pp (Ao) < Api1(gr — ©) = Apra(gr — )
=pp+1(97) = ppi1 () = pypsr () < o,
where ap = max {parp (A45) 1 j =0,1}.
Using Theorem 2.2, we obtain by setting ¢ (z) = z the following corollary.

Corollary 2.1. Let Ay(2), A1 (2) be analytic functions in A and i (Ag) =p (p = 1
is an integer) such that p,(Ag) = p (0 < p<o00), 0,(Ay) =0 (0 <0 < o0), and
let pp (A1) < pp(Ao) and oy (Ao) < 0y (Ao) if pp(Ao) = pp(A1). Let do(2),dy (2)
be analytic functions in A such that at least one of dy, d; does not vanish identically

with max {p, (d;) (1 =0,1)} < p,(Ao). If f # 0 is a solution of (2.1), then the
differential polynomial g5 = dif + dof satisfies

To(9f) = T (97) = pp (97) = pp (f) = 00

and

pp (A0) < Tpr1(97) = o1 (95) = Pp+1(95) = ppa1 (f) = prapir (F) < o,
where ap = max {parp (A;) 1 j =0,1}.
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3. NON-HOMOGENEOUS CASE

We consider the differential equation
(3.1) "+ A+ Af = F,

where Ap, A; and F are analytic functions in the unit disc A.

The second main purpose of this paper is to study the growth, the oscillation and
the relation between small functions and differential polynomials generated by non-
homogeneous second order linear differential equation (3.1) when the solutions are of
finite iterated p-order.

Before we state our results, we denote by

(3.2) Bo=dy— diAg, By =d; +dy — di Ay,
(3.3) h = dify — dof
and

di (¢ =~ diF) = (dy + do — diy) (o~ )
(3.0 1(e) = - ,
where A; (2), Ag(2) Z0, F, d; (j =0,1), b and ¢ are analytic functions in the unit

disc A with finite iterated p-order. We obtain the following results.

Theorem 3.1. Let Ay (2), Ao (2) £ 0, F be analytic functions of finite iterated p-
order in A, and let dy (2),d; (2),b(2) be analytic functions of finite iterated p-order
in A such that at least one of dy, dy does not vanish identically and that h Z 0. If f
is a finite iterated p-order solution of (3.1) such that
(35) max {pp (AJ) (] = 07 1) app (d]) (] = 07 1) app (b) 7pp (F)} < pp (f) )
then the differential polynomial
(3.6) gr =dif +dof +b
satisfies

P (9r) = pp (f)-

Remark 3.1. The condition (3.5) is necessary because if we consider the differential

equation

(37) - zexp, {(1_1)2} f —l—exp2{<1iz>2} f = expy {(1;)2} ,



GROWTH AND OSCILLATION OF SOME CLASS OF DIFFERENTIAL POLYNOMIALS 377

then it is easy to see that f(2) = 2z + 1 is a solution of (3.7) and by taking d; =
expy {(112)2} (7=0,1), b =exp, {(112)2}, we obtain that ps (g7) =2 > pa (f) = 0.

Remark 3.2. In Theorem 3.1, if we don’t have the condition h # 0, then the conclusion
of Theorem 3.1 can not holds. For example, if dé) —diAg =0 and d, +dy — d1 A, =0,
then h = 0. Differentiating both sides of equation (3.6) and replacing f* with f* =
F — Ay f — Aof, we obtain

(3.8) gy —b —diF = (dy + do — dy Ay) f + (dy — s Ao) f.

By (3.8) we obtain g}—b/—le = 0, it follows that p, (97) = pp (g}) = pp (b/ + le) <
Py ()

Theorem 3.2. Assume that the assumptions of Theorem 3.1 hold, and let ¢ (z) be
an analytic function in A with p, (p) < p, (f) such that n(z) is not a solution of
(3.1). If f is a finite iterated p-order solution of (3.1) such that (3.5) holds, then the
differential polynomial g5 = dif +dof + b satisfies

Ao (95 =) =X (g7 =) = pp (f) -
Remark 3.3. In Theorem 3.2, if we don’t have the condition 7 (2) is not a solution of
(3.1), then the conclusion of Theorem 3.2 does not holds. For example, the functions
fi(z)=2—zand fo(2) = (1 — z)exp (exp i) +1 are linearly independent solutions

of the equation

(3.9) P A F Al f = - ]
| 1 ’ (1-2° (1-2)"
where
e 1 1 e 1 1
Ap(z) = — P ; and Ay (2) = — ALS =

(1-2)?° (1-2) (1-2)° (1-2)

Clearly f = % is a solution of equation (3.9) with p; (f) = oo and ps (f) = 1. Set
di=b=0and dy = exsz. Then gf = dof, h = —dj, n(2) = 2 and [ satisfies (3.5)
for p = 2. If we take p = dow, then pa (p) =0 < pa(f) =1, n(z) = LH is a
solution of (3.9) and we have

Ao (gr — ) = Ao (dof—do(f1;1)> =N (do(f2_1)>

D

Y (1 1 (
=2 2exp1_zexp expl_
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On the other hand,
p2(gr) = p2 (dof) = p2 < (s ; f2)>

B (3—z)expliz+1 1 < 1 ) _
2\ Ty o PP\ L)) T

4. PRELIMINARY LEMMAS

We need the following lemmas in the proofs of our theorems.

Lemma 4.1. [7| If f and g are meromorphic functions in A, p > 1 is an integer,

then we have

(1) pp (f) = P (1/f), pp(a.f) = pp (f) (a € C—{0});

(i) pp (f) = pp ()

(iii) maX{pp (f+9), Pp (fg)} < maX{/)p( ) Pp (9)};

(iv) if pp (f) < pp(9); then p, (f +g) = pp(9), pp (f9) = pp (9)-

Lemma 4.2. [10] Let Ay, A1, ..., Agx—1, F' #Z 0 be meromorphic functions in the unit

disc A and let f (z) be a meromorphic solution of the differential equation
(4.1) B A fE D A () f +AGR)f=F

such that max{p, (F),py (4;) (7 =0,....k=1)} < p, (f). Then X\, (f) =X\, (f) =
pp (f)-

Using the same arguments as in the proof of Lemma 4.2 (see [10]), we easily obtain

the following lemma.

Lemma 4.3. Let Ay, A1, ..., Ar_1, F Z 0 be finite iterated p- order meromorphic
functions in the unit disc A. If fis a meromorphic solution with p, (f) = +oo and
ppi1 (f) = p < 400 of equation (4.1), then N\, (f) = X\, (f) = pp (f) = +oo and
Xp+1 (f) = Aot (f) = ppia () = p-

Lemma 4.4. [5] Let f, g be meromorphic functions in the unit disc A such that
0 < pp(f),pp(g) < 400 and 0 < 0, (f),0,(9) < +00. Then, the following two

statements hold:

() If pp (9) < pp (), then
(4.2) op(f+9)=0,(fg9) =0, (f).
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(ii) If pp (9) = pp (f) and o, (9) < 0, (f), then
(4.3) pp (f+9)=pp(fg) = pp (f) = pp(9).

Lemma 4.5. [16] Let f be a meromorphic function in the unit disc A, and let k > 1
be an integer. Then

(1.4 ae f})) 5 1),

where S(r, f) = O <log“L T(r, f)+ log(ﬁ)) possibly outside a set Ey C [0,1) with

JE, 1‘% < +4o0. If f is of finite order (namely, finite iterated 1-order) of growth, then

(4.5) m (r, f?) _0 (log(lir)) |

Lemma 4.6. [4] Let f be a meromorphic function in the unit disc A for which
i(f)=p=1andp,(f) =0 < +oo, and let k > 1 be an integer. Then for any ¢ > 0,

(4.6) m (n f;?) ~0 (expp_Q {1;}[”)

holds for all r outside a set Ey C [0,1) with [4, % < +oo.

Lemma 4.7. [1] Let g : (0,1) — R and h : (0,1) — R be monotone increasing
functions such that g (r) < h (r) holds outside of an exceptional set E5 C [0, 1) of finite
logarithmic measure. Then there exists a d € (0,1) such that if s(r) =1—d (1 —r),
then g (r) < h(s(r)) for all T € [0,1).

Lemma 4.8. Let f be a meromorphic function in the disc A with iterated p-order
0 < pp (f) < oo and iterated p-type 0 < 0, (f) < co. Then for any given B < o, (f),
there exists a subset FEy of [0,1) that has an infinite logarithmic measure such that
log, T (r,f)>f (ﬁ)pp(f) holds for all v € Ej.

Proof. By the definition of iterated p-order and iterated p-type, there exists an in-

creasing sequence {rp,}_; C [0,1) (r, — 17) satisfying = + (1 - %) Tm < Tmt1
and

1 T m
(4.7) lim 08t TOm /)

o1~ ( 1 )Pp(f)

1—7rm



380 BENHARRAT BELAIDI

Then there exists a positive integer mq such that for all m > my and for any given
0<e<oa,(f)— 0, we have

Pp(f)
(45) log, 1 T (. £) > (0 () =2) (7=)

For any given 5 < o, (f) — €, there exists a positive integer m; such that for all

m > m; we have

1 pp(f)
(4.9) (1 _ ) B

m o,(f)—¢
Take m > my = max {mg, m1}. By (4.8) and (4.9), for any r € [ry,, = + (1 — %) T'ml,
we have

1 pp(f)
108, T, 1) > 10g 1 T (s 1) > (0 () = 2) (=)

(4.10) m

> (0, () — ) (1 B 1>pp(f) <1ir>pp(f) N 6<1>pp(f).

m 1—7r

Set By = m§m2 [rm, % + (1 — %) rm}, then there holds

|-

mlE4 = Z

m=msy

ilo m
— = = 00.
1—¢ & m—1

m=msy

+(1/711)rm dt

O

Lemma 4.9. [7], [17] Let p > 1 be an integer. If Ag(z),..., Ax_1(2) are analytic
functions in the unit disc A, then every solution f # 0 of (1.1) satisfies

(4.11) prvipr (f) <max{py,(4;):7=0,1,...,k—1}.

Lemma 4.10. Let Ao(z), Ay (2) be analytic functions in A and i (Ag) =p (p = 1
is an integer) such that p, (Ao) = p (0 < p < 00), 0, (Ag) =0 (0 < 0 < 0), and let

pp (A1) < pp (Ag) and o, (A1) < 0, (Ao) if pp (Ao) = pp (A1). If f # 0 is a solution of
(2.1), then

(4'12) Pp (f) =0, Pp (AO> < Pp+1 (f) = PMp+1 (f) < o,
where ap = max {pap (A;) 1 j =0,1}.

Proof. 1f p, (A1) < p, (Ap), then the result can be deduced by Theorem 1.1. We prove
only the case when p, (4g) = p, (A1) = p and o, (A1) < 0, (Ap). Since f # 0, then
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by (2.1)

Suppose that f is of finite iterated p-order p, (f) = f < 400, then by Lemma 4.6
1 P
(4.14) T (r, A) < T (r, Ay) + O <expp2 {H} ) (e > 0)

holds for all 7 outside a set By C [0,1) with [ %~ < +oo. Then by (4.14) and

1—r

Lemma 4.7 we obtain

(4.15) o, (Ag) <o, (Ay).

This is a contradiction. Hence p, (f) = co. By Lemma 4.9, we have
(4.16) PMp+1 (f) Sam

and since parpi1 (f) = pp+1 (f), we obtain

(4.17) pp1 (f) < an-

On the other hand, since p, (f) = oo, then by Lemma 4.5

(4.18) T (r, Ay) < T (r,Ay) + O (10g+T(7’, f)) + 0 <10g (Lﬂ))

holds for all 7 outside a set By C [0,1) with [ £ < +0c0. By 0, (41) < 0, (Ag), we

choose o, ay satistying o, (A1) < a1 < oy < 0, (Ap) such that for r — 17, we have

(4.19) T (r, A1) < exp, 4 {ozl (Lﬁ)p} :

By Lemma 4.8, there exists a subset £, C [0, 1) of infinite logarithmic measure such
that

1 \7”
(4.20) T (r, Ag) > exp, , {ao (1 — r) } .
By (4.18)-(4.20) we obtain for all r € £, — E)

1\’ 1\’
owefeo(15) p oo {n (755) )

(4.21) +0 (log+ T (r, f)) +0 (log (1 i r)) .

Since 0 < a1 < «p, from (4.21), we have for all r € E, — E

(422) (1-o(1))exp, {ao <1 ! )p} <O (log" T(r,f)) + O <log <1ir)> .

—-Tr
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Using (4.22) and Lemma 4.7, we obtain

Pp (Ag) < Pp+1 (f).

Hence Pp (Ao) < Pprt (f) = PMp+1 (f) < o U

5. PROOF OF THEOREM 2.1
By Lemma 4.10, we have p, (f) = oo and

(5.1) Pp (Ao) < ppi1 (f) = parpra (f) < an

Differentiating both sides of equation (2.2) and replacing f~ with f* = —A,f — Aof,

we obtain

(5.2) gy = (dy+do — diAy) £+ (dy — i Ao) f.
Set
(53) Qp — dé) — dle, a1 = dll -+ do — dlAl-

Then by (2.2), (5.2) and (5.3), we have

(5.4) dif +dof =gy, ouf +aof = g;.
Set
(55) h = d1a0 — doO(l = dl (dz) — dlA()) — d[) (dll + do — dlAl) .

First we suppose that d; Z 0. Now check all the terms of h, we can write
h = dydy — d*Ay — dod, — d? + dody A;.

By dy # 0, Ay # 0 and Lemma 4.4 we have p, (h) = p, (Ag) > 0, hence h # 0.
Now suppose d; = 0, dy # 0 we get h = —d3 # 0. By h # 0, (5.4) and (5.5), we

obtain

d1gl — a9
(5.6) f= fff

If p,(g9f) < oo, then by (5.6) and Lemma 4.1, we get p,(f) < oo and this is a
contradiction. Hence p, (g5) = oo.

Now, we prove that p,+1 (gf) = pp+1 (f). By (2.2) and Lemma 4.1, we get p,+1 (97) <
pp+1 (f) and by (5.6) we have p,11 (f) < ppr1(9¢). This yield ppi1 (97) = pp+1 (f)-
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6. PROOF OF THEOREM 2.2

If p, (A1) < pp(Ap), then the result can be deduced by Theorem 1.2. We prove
only the case when p, (Ag) = p, (A1) = p and 0, (A1) < 0, (Ap). By Lemma 4.10, we
have p, (f) = oo and

Pp (Ao) < ppi1 (f) = parpr1 (f) < max{purp (Ao), parp (A1)}

and by Theorem 2.1 we get p, (g7) = pp (f) = o0 and ppi1(gr) = pps1 (f). Set
w(z) = dif +dof —¢. Then, by p, (¢) < oo, we have p, (w) = p, (97) = p, (f) = 00
and ppi1 (W) = ppr1(9) = ppe1 (f). In order to prove A, (9y — @) = Ay (97 — ¢) =
oo (f) = 00 and Fpur (97 = ) = Ape1 (95 = 9) = ppsr (), we need to prove only
Ap (w) = Ay (w) = pp (f) = 00 and Ay (w) = Apra (w) = ppra (f). Using gr =w+e,
we get from (5.6)

/
diw — aqw

(6.1) = ; + 9,

where

@¢-(%+%—dﬂg¢

2 =
(6:2) v ;
Substituting (6.1) into equation (2.1), we obtain
d 1 1" ’ " /
(63)  Srw” +daw’ + o1+ dow = — (87 + Ai (2) ¥+ Ao (2) ¥) = A,

where ¢; (j =0, 1,2) are meromorphic functions with p, (¢;) < oo (5 =0,1,2).
Now, we prove that 1 (z) #Z 0. Assume that ¢ (2) = 0. Then from (6.2), we obtain
that

!

(6.4) cﬁ+%—d¢4:mi.

First, if d; = 0, then by (6.4), we get dy = 0 and this is a contradiction. Now if
di # 0, since p, (¢) = p < 400, then by Lemma 4.6 and (6.4), we get

T (7’, d/l + d() — dlAl) =m (7’, dll + dg — dlAl)
1 pte
<m(7“,d1)+0<expp_2{1_r} )

(6.5) :THAQ+OG@p41iJMj (e > 0)
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holds for all r outside a set E» C [0, 1) with [, 1%~ < +o0. Then by (6.5) and Lemma

4.7, we obtain
Pp (A1) = Pp (dll +do — dlAl) < Pp (di) < Pp (Ao)

and this is a contradiction. Hence v (z) # 0.

By ¢ (z) # 0 and p, (¢)) < oo, it follows by Theorem 2.1 that A # 0. Then by
h # 0 and Lemma 4.3, we obtain )\, (w) = )\, (w) = p, (w) = co and A\yy1 (w) =
Ap+1 (W) = ppi (W), that is, A, (97 — @) = Xy (95 — ) = pp(95) = pp (f) = 00 and

Apt1 (gf — ) = Apt1 (gf —¢) = Pp+1 (gf) = Pp+1 (f) = PM,p+1 (f)

7. PROOF OF THEOREM 3.1

Suppose that f is a solution of equation (3.1) with

(7.1) max {p, (4;) (G =0,1),p,(d;) (7 =0,1),p,(b),pp (F)} < pp(f) < 00.

Differentiating both sides of equation (3.6) and replacing f~ with f* = F—A, f —Ayf,

we obtain
(7.2) gy = b —diF = (d, +do — dy Ay) £+ (dy — dy Ao) f.

Then by (3.2), (3.6) and (7.2), we have

(7.3) dif +dof = g5 =b, Buf +Fof =gp—b —diF.
Set
(74) h - dlﬁo - doﬁl - dl (d;) - dlA()) - do (dll + do - dlAl) .

By h #0, (7.3) and (7.4), we obtain
di (g; = b = diF) = By (g7 — b)
f= . :

By (3.6) and Lemma 4.1, we have p, (g7) < pp (f). If p, (97) < pp (f), then by (7.1)
and (7.5) we get

(7.5)

pp (f) <max{p, (A;) (1=0,1),p,(d;) (j=0,1),0,(),0,(F),pp(9r)} <pp(f),

which is a contradiction. Hence p, (9¢) = p (f).
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8. PROOF OF THEOREM 3.2

By Theorem 3.1, we have p, (9;) = p, (f). Set w(z) = dif +dof +b—p. Then, by
pp (@) < pp (f) and Lemma 4.1, we have p, (w) = p, (g7) = pp (f). In order to prove

Ao (g5 = ©) = Ny (97 — ¥) = pp (f), we need to prove only A, (w) = A, (w) = p, (f).
Using g = w + ¢, we get from (7.5)

dyw' —
(8.1) f= “Uhﬁlw +,
where
dy (¢ —b —diF) — By (¢ —b)
(52) () = 2l . ) .
Substituting (8.1) into equation (3.1), we obtain
d " ot " it ! it " /
83) G+ b’ + 6w+ dow=F — (0 + A ()0 + Ao (2)n) = B,

where ¢; (j = 0,1,2) are meromorphic functions with p, (éj) <pp(f) (j =0,1,2).
Since 7 (z) is not a solution of (3.1), it follows that B # 0. By p, (gz%) < pp(f)
(7 =0,1,2), p, (%1) < pp(f), pp(B) < pp(f) and Lemma 4.2, we obtain \, (w) =
A (W) = pp (f), Lees Ay (95 — ©) = Xy (g5 — @) = pp (f)-
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