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DIFFERENTIAL SANDWICH THEOREMS OF p-VALENT
FUNCTIONS ASSOCIATED WITH A CERTAIN FRACTIONAL
DERIVATIVE OPERATOR

SOMIA MUFTAH AMSHERI * AND VALENTINA ZHARKOVA 2

ABSTRACT. In the present paper we derive some subordination and superordina-
tion results for p-valent functions in the open unit disk by using certain fractional
derivative operator. Some special cases are also considered.

1. INTRODUCTION AND PRELIMINARIES

Let H(U) denote the class of analytic functions in the open unit disk U = {z :
|z| < 1} and let H]a, p| denote the subclass of the functions f € H(U) of the form:

f(z)=a+ay’ +a, 2" +... (a€C,peN).

Also, let A(p) be the class of functions f € H(U) of the form

[e.9]

(L.1) f2) =+ 3 apnd™™, peN

n=1
and set A = A(1).
Let f,g € H(U). We say that the function f is subordinate to g, if there exist a
Schwarz function w, analytic in U, with w(0) = 0 and |w(z)| < 1 (2 € U), such that
f(z) = g(w(z)) for all z € U.
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This subordination is denoted by f < g or f(z) < g(z). It is well known that,
if the function ¢ is univalent in U, then f(z) < g(2) if and only if f(0) = ¢(0) and
7 € g(u).

Let p(2), h(z) € H(U), and let ®(r, s,t;2) : C3xU — C. If p(z) and ®(p(2), 2p'(2),
2?p"(z); z) are univalent functions, and if p(z) satisfies the second-order superordina-

tion

(1.2) h(z) < ®(p(2), 2/ (2), 2°p"(2); )

then p(z) is called to be a solution of the differential superordination (1.2). (If f(z) is
subordinatnate to g(z), then g(z) is called to be superordinate to f(z)). An analytic
function ¢(z) is called a subordinant if ¢(z) < p(z) for all p(z) satisfies (1.2). An
univalent subordinant G(z) that satisfies ¢(z) < ¢(z) for all subordinants ¢(z) of (1.2)
is said to be the best subordinant.

Recently, Miller amd Mocanu [5] obtained conditions on h(z), ¢(z) and ® for which

the following implication holds true:

h(z) < @(p(2), 2p'(2), 2°p"(2);2) = a(z) < p(2)
with the results of Miller amd Mocanu [5], Bulboaca [2] investigated certain classes of
first order differential superordinations as well as superordination-preserving integral
operators [3]. Ali et al. [1] used the results obtained by Bulboaca [3] and gave the
sufficient conditions for certain normalized analytic functions f(z) to satisfy
2f'(2)
f(2)

where ¢;(2) and ¢2(2) are given univalent functions in U with ¢;(0) = 1 and ¢2(0) =

q(z) < < q2(2)

1. Shanmugam et al. [8] obtained sufficient conditions for a normalized analytic

functions to satisfy

al2) < 2k <l

and
2f'(2)
(f(2))?

where ¢1(z) and ¢o(z) are given univalent functions in U with ¢;(0) = 1 and ¢2(0) = 1.

0(z) < < ¢2(2)

Let o Fi(a,b;c; z) be the Gauss hypergeometric function defined for z € U by (see

Srivastava and Karlsson [9])

(1.3) o Fi(a,b;¢;2) = f:o GE

(@n®)n _n

z
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where (), is the Pochhammer symbol defined, in terms of the Gamma function, by

T(A+n) 1, when n = 0,
(1.4) (A)nzm:{ AA+1)(A+2)...(A+n—1), whenn € N.

for A\ #£0,—1,-2,....
We recall the following definitions of fractional derivative operators which were

used by Owa [6], (see also [7]) as follows:

Definition 1.1. The fractional derivative operator of order A is defined by

1L d = [
1.5 D2 = 7—/ d
(1.5) = Frowas G
where 0 < XA < 1, f(z) is analytic function in a simply- connected region of the z-
A

plane containing the origin, and the multiplicity of (z — &)~" is removed by requiring

log(z — &) to be real when z — & > 0.

Definition 1.2. Let 0 < A < 1, and u,n € R. Then, in terms of the familiar Gauss’s

hypergeometric function o F} ;| the generalized fractional derivative operator Jé: s

d Z)‘_/'L ¥4

W6 B = o [0 @A -a1 - -x1 - ag

z

where f(z) is analytic function in a simply- connected region of the z-plane containing
the origin, with the order f(z) = O(|z|%), z — 0, where ¢ > max{0, u—n} —1 and the
multiplicity of (z — &)™ is removed by requiring log(z — &) to be real when z — & > 0.

Definition 1.3. Under the hypotheses of Definition 1.2, the fractional derivative

operator Jo I of a function f(z) is defined by

(1.7) Jo st £ (2) = dTmJ&Z‘”f (2)-
Notice that
(1.8) o f(2) = D2 f(2), 0<A<1.

With the aid of the above definitions, we define a modification of the fractional

. A
derivative operator Mg 1" by

Fp+1—pwl(p+1—A+p)

A1 —

I ()
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for f(z) € A(p) and A > 0; p < p+1; n > max(A\,u) —p —1; p € N. Then it is
observed that Mg #"" f(z) maps A(p) onto itself as follows:

(1.10) M&’Z“’"f(z) =2+ > 6N 1,1, p)ap 2"
n=1
where
(p+Dnlp+1—p+n)
111 Sa (A, 1,1, p) = .
(L11) O po17,) (P+1—p)ap+1—=X+n),

It is easily verified from (1.10) that
(L12) 2 (M) = (p— W) METIT F () MR (),

Notice that

Moz f(2) = f(2)
and
M) = 28
’ p
The object of this paper is to derive several subordination and superordination

results for p-valent functions involving certain fractional derivative operator.
In order to prove our results we mention the following known results which will be

used in the sequel.

Lemma 1.1. [7] Let A\, u,n € R, such that A > 0 and K > max{0,u—n} —1. Then

T(k+ )Tk —p+n+1)
1.1 bl gk — h=n
(1.13) L VT W

Definition 1.4. [5] Denote by @ the set of all functions f that are analytic and
injective in U — E(f), where

E(f) = {€ € U+ Jim f(2) = o)
and are such that f'(£) # 0 for £ € OU — E(f).

Lemma 1.2. [4] Let the function q be univalent in the open unit disk W, and 6 and
@ be analytic in a domain D containing q(U) with p(w) # 0 when w € q(U). Set
Q(2) = 2q¢'(2)(q(2)) and h(z) = 6(q(2)) + Q(2). Suppose that

(a) Q is starlike univalent in U, and

(b) Re (Zg((;))) >0 for z € U.
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If
0(p(2)) + 2p'(2)e(p(2)) < 0(a(2)) + 2¢'(2)¢(a(2))

then p(z) < q(z) and q is the best dominant.

Taking #(w) = aw and ¢(w) = 7 in Lemma 1.6, Shanmugam et al. [8] obtained

the following lemma.

Lemma 1.3. [8] Let q be univalent in the open unit disk W with ¢(0) = 1 and v,y € C.

Re (1 n qu,,;(;))> > max {0, “Re (3)} .

If p(z) is analytic in U, and

Further assume that

ap(z) +vz2p'(2) < aq(z) +v2¢'(2)

then p(z) < q(z) and q(z) is the best dominant.

Lemma 1.4. 2] Let the function q be univalent in the open unit disk U, and 0 and ¢
be analytic in a domain D containing q(U) with o(w) # 0 when w € q(U). Suppose
that

0'(q(=
(a) Re (@((Z((Z))))) >0 for z € U,

(b) 2¢'(2)¢(q(2)) is starlike univalent in U.
[

If p(z) € H[q(0),1] N Q with p(U) C D, and 0(p(z)) + zp'(2)e(p(2)) is univalent in
U, and

0(q(2)) + 2q'(2)p(a(2)) < 0(p(2)) + 2p' () (p(2))

then q(z) < p(z) and q is the best subordinant.

Taking #(w) = aw and ¢(w) = 7 in Lemma 1.8, Shanmugam et al. [8] obtained

the following lemma.

Lemma 1.5. [8] Let q be univalent in the open unit disk U with ¢(0) = 1. Let o,y € C
and Re (%) > 0. If p(z) € H[q(0),1] NQ, ap(z) + vzp'(z) is univalent in U, and

aq(z) +v24'(2) < ap(z) +v2p'(2)

then q(z) < p(z) and q(z) is the best subordinant.
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2. SUBORDINATION AND SUPERORDINATION FOR p-VALENT FUNCTIONS

We begin with the following result involving differential subordination between

analytic functions.

Theorem 2.1. Let q be univalent in U with q(0) = 1, and suppose that

2q"(2) 1
(2.1) Re (1 + e > > max {O, —Re (7) } :

If f(z) € A(p), and

(M f(2))2

PRy A2, u+2,m+2
Prpn(v, F)(z) =~ [(p — 1) —(p—p— I)Mo,z fl2)Mo™H = f(z)]

A? b
Mgt f(z)
Ma;‘rl,u-i-l,n-i-lf(z)

and if q satisfies the following subordination:

(2:2) +(1-7)

(2.3) Drun (1, F)(2) < a(2) + 724 (2)

A>0p<p+1;n>max(A\,u) —p—1;p € N;vy € C) then
M)‘u/-l‘un

(2.4) 0 T8 o)

Mé\;rl,u+1,77+lf(z>

and q is the best dominant.

Proof. Let the function p(z) be defined by
Mg f(2)
p(z) = M(ii—l,;’t-&-l,n-i-lf(z)‘
So, by a straightforward computation, we have
' (2) (Mg f(2)) (Mg ()
(2.5) 2(2) = Mé\?;“’"f(z) - Mail,u+1,n+1f(z)
Using the identity (1.12), a simple computation shows that
Mot (2) Mo 2> 2 (2)

(M f (2))2

Y p—p)—(p—p-1)
M)"“’"f(z)

0,z
Mé\Jrl,,qul,nJrlf(Z)

The assertion (2.4) of Theorem 2.1 now follows by an application of Lemma 1.3, with
a=1. U

+(1-7) = p(z) + 720/ (2).
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Remark 2.1. For the choice ¢(z) = ifB"Z, —1 < B < A <1, in Theorem 2.1, we get

the following Corollary.

Corollary 2.1. Let —1 < B < A <1, and suppose that

(2.6) Re (1 - gz> > max {o, _Re (i) } .

If f(z) € A(p) and

1+Az ~(A-B)z
P
)\,/%U(V? f)(Z) = 1 +BZ (1+BZ)2
(A> 0,0 <p+1;n>max(A\ p) —p—1;p € Nyy € C) where @y ,,,(7, f)(2) is as
defined in (2.2), then

M(j\f"f(z) . 1+ Az
Ma—zi-l,u—i-l,n—l—lf(z) 1+ Bz

1s the best dominant.

1+ Az
1+Bz

and
Next, by appealing to Lemma 1.5 of the preceding section, we prove the following.

Theorem 2.2. Let g be convez in U and v € C with Rey > 0. If f(2) € A(p),

0p M)
Majl,;ﬂrl,?ﬂrlf(z)

e H[L,1]NnE

and Dy .. (7, f)(2) is univalent in U, then

(2.7) q(2) +724'(2) < Papn(r, £)(2)

(A>0;p<p+1;n>max(\, p) —p— 1;p € N) implies
M)

Mot p(2)

and q is the best subordinant where @y, (7, f)(2) is as defined in (2.2).

(2.8) q(z) <

Proof. Let the function p(z) be defined by
M F(2)
p(z) = M&jl,ib+1,77+1f(z>'
Then from the assumption of Theorem 2.2, the function p(z) is analytic in U and
(2.5) holds. Hence, the subordination (2.7) is equivalent to

q(2) + 724 (2) < p(2) +v2p'(2).

The assertion (2.8) of Theorem 2.2 now follows by an application of Lemma 1.5. [
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Combining Theorem 2.1 and Theorem 2.2, we get the following sandwich theorem.

Theorem 2.3. Let q; and ¢y be convex functions in U with ¢1(0) = ¢2(0) = 1. Let
v € C with Rey > 0. If f(z) € A(p) such that
M (2)

M&—Zi-l,y-l-l,n-i-lf(z)

e H[1,1]NnE

and Dy .., (7, f)(2) is univalent in U, then

0(2) +7201(2) < Poyun (7, F)(2) < @2(2) + 7205(2)
A>0;pu<p+1;n>max(\, pu) —p— 1;p € N) implies
My f(2)
(2.9) ¢1(2) < MMI(’);LH’”ﬂf(z) < ¢2(2)

0,z

and q, and gy are respectively the best subordinant and the best dominant where

Py n(7, f)(2) is as defined in (2.2).

Remark 2.2. For A = pp = 0 in Theorem 2.3, we get the following result.

Corollary 2.2. Let q¢; and go be convex functions in U with q;(0) = ¢2(0) = 1. Let
v € C with Rey > 0. If f(2) € A(p) such that

pf(z)
() e H[L,1]NQ
and let
Dy(y, f)(z) =p [1 - W] +p(1 - v)sz(,(zz))> peEN

18 univalent in U, then

01(2) + 720, (2) < P1(7, £)(2) < @a2(2) + 7205(2)
mplies

pf(2)
2f'(2)

and g1 and qo are respectively the best subordinant and the best dominant.

(2.10) Q(z) < =< @(2)
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Theorem 2.4. Let ¢ be univalent in U with q(0) = 1, and assume that (2.1) holds.
Let f(z) € A(p), and

(Mo f(2))* Mo f(2)
Va1 ) = 147 (0 =p = D] imem o 2y(p— )=
0,z
M)\,u,n 2M)\+2,;H-2,77+2
2P (Mg f(z))
If q satisfies the following subordination:
(7, )(2) < a(2) + 724/ ()
A>0;u<p+1;m>max(\,u) —p—1;p € N;y € C) then
(Ma2" f(2))*
2.12 : < q(z
( ) ZpMO)\;_l#_Flm_A,_lf(z) q( )
and q 18 the best dominant.
Proof. Let the function p(z) be defined by
() = (Mo (=)
=)= szé\H’“H’"Hf(z) :
So, by a straightforward computation, we have
(2.13) ' (2)  22(Mpdf(2)) A(MpEtTf(2))
| pE) M) MG
Using the identity (1.12), a simple computation shows that
(Mo f(2)) My f(2)
L+ (p—p—1)] M) +2p )

(M2 f(2))* Mo 422 £ (2)
(Mo T f(2))?
The assertion (2.12) of Theorem 2.4 now follows by an application of Lemma 1.3,
with o = 1. ]

(2.14) —yp—pn—1)

= p(z) + 720/ (2).

Remark 2.3. For the choice ¢(z) = iigz, —1 < B < A <1, in Theorem 2.4, we get

the following result.

Corollary 2.3. Let —1 < B < A < 1, and assume that (2.6) holds. If f(z) € A(p)

and

1+ A4 A—B
+ z_i_v( )z

\I])\,u,n('% f)(Z) = 1 +BZ (1 —I—BZ)Z
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(A>0;p<p+1;np>max(A\pu) —p—1;p € N;y € C) where ¥y, (7, f)(2) is as
defined in (2.11), then
(Mg f(2))* 1+ Az
ZpM(i-zi-l,u-&-l,n-i-lf(Z) 11 B>

1+ Az

5. s the best dominant.

and
Next, by appealing to Lemma 1.5 of the preceding section, we prove the following.

Theorem 2.5. Let g be convez in U, and v € C with Rey > 0. If f(z) € A(p),
(Mg f(2))?
M&jl’“+1’"+1f(z)
and Wy (7, f)(2) is univalent in U, then
(2.15) 9(2) + 724 (2) < Upun(7, £)(2)
(A>0;u<p+1;m>max(\, u) —p— 1;p € N) implies

(R ()
M)

and q is the best subordinant where Wy , (v, f)(2) is as defined in (2.11).

e H[L,1]NQ

0#
zp

(2.16) q(z) <

Proof. Let the function p(z) be defined by
(2) = (Mo f(2))”
S T )
Then from the assumption of Theorem 2.5, the function p(z) is analytic in U and
(2.13) holds. Hence, the subordination (2.15) is equivalent to

q(2) +72¢'(2) < p(2) +72p'(2).
The assertion (2.16) of Theorem 2.5 now follows by an application of Lemma 1.5. [

Combining Theorem 2.4 and Theorem 2.5, we get the following sandwich theorem.

Theorem 2.6. Let q; and ¢y be convex functions in U with ¢1(0) = ¢2(0) = 1. Let
v € C with Rey > 0. If f(z) € A(p) such that

(Mo f(2))?
AT

and Wy (7, f)(2) is univalent in U, then

e H[L1NQE

0(2) + 7261 (2) < U (7:1)(2) < @2(2) + 7205 (2)
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(A>0;u<p+ 1;m>max(\, u) —p— 1;p € N) implies
(Mg f(2))?
Zng\-i-l,,u—i-l,n—‘rlf(Z)
and q, and qo are respectively the best subordinant and the best dominant where

Uy (7, f)(2) is as defined in (2.11).

q(z) < < q2(2)

Remark 2.4. For A = pp = 0 in Theorem 2.6, we get the following result.

Theorem 2.7. Let ¢; and gz be convex functions in U with ¢;(0) = ¢2(0) = 1. Let
v € C with Rey > 0. If f(z) € A(p) such that

m e H[L,1]NnQ
and let
Uiy, )z) =1 =+ 1)}7p(f(2)) + 27pf<z> Fla)(f() pEN

i) e T (e
18 univalent in U, then
01(2) + 724, (2) < U1(7, )(2) < qa(2) + 7205(2)

implies
p(f(2))?
ZPHLf!(2)

and q, and qo are respectively the best subordinant and the best dominant.

@(z) < =< q2(2)
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