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TRACE THEOREMS IN HARMONIC FUNCTION SPACES ON
(R7H)™, MULTIPLIERS THEOREMS AND RELATED PROBLEMS

MILOS ARSENOVIC ' AND ROMI F. SHAMOYAN 2

ABSTRACT. We introduce and study properties of certain new harmonic function
spaces in products of upper half spaces. Norm estimates for the so called expanded
Bergman projection are obtained. Sharp theorems on multipliers acting on certain
Sobolev type spaces of harmonic functions on the unit ball are obtained.

1. INTRODUCTION, PRELIMINARIES AND AUXILIARY RESULTS

The main goal of this paper is to introduce and study properties of certain new
harmonic function spaces on the poly upper half space (R"')™ and to solve trace
problems for such spaces. Solutions of trace problems in various functional spaces in
complex function theory are based on estimates of Bergman type integral operators
in various domains in C", see for example [8], [9], [17], [19], and references therein.
In harmonic function spaces we used the same idea in [4]. The second section of
this paper provides some new estimates for such integral operators in the upper half
space. Generally speaking, trace operator is acting on functions f(zi, ..., z,) defined
on a product Q™ of domains in R¥, that is z; € Q C R¥, 1 < j < m. However, when
such a function f is a product of m functions fi,..., f,, we start to deal with multi
functional spaces. In the third section we provide a sharp embedding theorem for

such spaces.
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412 M. ARSENOVIC AND R. F. SHAMOYAN

In the last section we give characterizations of the spaces of multipliers acting from
Sobolev type mixed norm spaces of harmonic functions on the unit ball into various
spaces of harmonic functions on the unit ball.

We set H = {(z,t) : x € R", ¢t > 0} C R"". For z = (x,t) € H we set z = (x, —t).
We denote the points in H usually by z = (z,t) or w = (y, s). The Lebegue measure
is denoted by dm(z) = dz = dxdt or dm(w) = dw = dyds. We also use measures
dmy(z) = t*dxdt, ) € R.

We use common convention regarding constants: letter C' denotes a constant which
can change its value from one occurrence to the next one. Given two positive quan-
tities A and B, we write A < B if there are two constants ¢, C' > 0 such that
cA < B < CA.

The space of all harmonic functions in a domain € is denoted by h(2). Weighted

harmonic Bergman spaces on H are defined, for 0 < p < oo and A > —1, as usual:

5= 25050 = {1 € 1B g = ([ oPam ) <o},

For @ = (ay,...,q,) € R™ we have a product measure dmg on H™ defined by
dmg(z1,. .. 2m) = dma, (21) . . . dma,, (z,) and we set L2 = LP(H™, dmg), 0 < p < o0,
and A% = L2 N h(H™). We denote by A% the subspace of A% consisting of functions
which are harmonic in each of the variables z1, ..., z,, separately.

We denote by B the open unit ball in R” and by S = 0B the unit sphere in R". We
denote polar coordinates in B by = = rz/, or y = py/, where 2’y € S and r = |z|,
p = |y|. Accordingly, the surface measure on S is denoted by dz’ or dy'.

Using multi index notation we set, for a function f € CV(Q2) and N € N:

VY @)= | X IDf@)P  zeQ

[vl=N

For0 <p<oo,0<r<1and feC(B) we set

w0 = ([ 1soapar)

with the usual modification to cover the case p = co. For 0 < p < o0, 0 < g < o0,

a >0 and f € C(B) we consider mixed (quasi)-norms || f||,q.« defined by

1/q
(1) e = ([ Mpr 1 —r2ytentar)
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again with the usual modification to cover the case ¢ = oo, and the corresponding

spaces of harmonic functions
Bi(B) = By = {f € h(B) : || fllpg0 < o0}

For details on these spaces we refer to [8], Chapter 7. Also, for N € N we have (quasi)

norms

Iflpysze = 1fO+ IV fllpga,  f € CY(B),

and the corresponding spaces of harmonic functions:
DyBE ={f € h(B) : || fllpypze < oo}

We note that A2 = B%P, | therefore we have also spaces DyAP. All of the above
spaces are complete meti"ic spaces, Dy BP9 is a Banach space for min(p,q) > 1 and
Dy AP is a Banach space for p > 1.

We also consider harmonic Triebel-Lizorkin spaces on the unit ball in R”, these
were introduced in [3] where embedding and multiplier results on these spaces can be

found.

Definition 1.1. Let 0 < p,q < oo and a > 0. The harmonic Triebel-Lizorkin space

FP4(B) = FP1 consists of all functions f € h(B) such that
1/q

(12) | Fllizes = ( [ ([ 1sepa =) d:):’) .

These spaces are complete metric spaces, for min(p, ¢) > 1 they are Banach spaces.
Harmonic function spaces in the upper half spaces were studied recently in [10],
[11], [14], [15].

Definition 1.2. For a function f : H” — C we define Trf : HH — C by Trf(z) =

f(z,...,2).
Let X C h(H™). The trace of X is Trace X = {Tr f : f € X}.

We denote the Poisson kernel for H by P(z,t), i.e.
t

For k € Ny a Bergman kernel Q(z,w), where z = (z,t) € H and w = (y,s) € H, is
defined by

P(x,t) =c, reR" t>0.

(_2)k+1 8k+1
Qr(z w) = g

We need the following result from [8] which justifies terminology.

P(x —y,t+s).
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Theorem 1.1. Let 0 < p < 0o and a > —1. [f0<p§1cmdk2%t‘“—(n+1)
0r1§p<ooandk>‘%l—1, then

(1.3) f(z) = /H Fw)Qu(z,w)s*dyds,  fe A, zeH.

The following elementary estimate of this kernel is contained in [8]:
(1.4) 1Qi(z,w)| < Clz —w|~ ) 2 = (2,t), w=(y,s) € H.

Most of the results in the next two sections rely on the following three lemmas.

Lemma 1.1. [20] There ezists a collection {Ag}2, of closed cubes in H with sides
parallel to coordinate azes such that
1° U2 Ay = H and diamAy, < dist(Ag, OH).
2° The interiors of the cubes Ay are pairwise disjoint.
3° If A} is a cube with the same center as Ay, but enlarged 5/4 times, then the
collection {A;}32, forms a finitely overlapping covering of R, i.e. there is
a constant C' = C,, such that > Xar < C.

Lemma 1.2. [7] Let Ay, and A}, be the cubes from the previous lemma and let (zy, ty)
be the center of Ay. Assume f is subharmonic in H. Then, for 0 < p < oo and

a >0, we have
C
| Al

(1.5) £~ max | 7 < / 101 f (0, 1) |Pdadt, k> 1.
k A7

Lemma 1.3. [20] Let Ay and A} are as in the previous lemma, let i = (&, nx) be
the center of the cube Ay. Then we have:

(1.6) ma(Ag) < ni A = my (A}, ) ER,
(1.7) w — 2| < [, — 2, we A, zeH,

Lemma 1.4. [11] Ifa > —1 and n + a < 2y — 1, then
t%dz
H |z — w|»

(1.9) < Os*tnti=2, w=(y,s) € H.

For w = (y, s) € H we set ), to be the cube, with sides parallel to the coordinate

axis, centered at w with side length equal to s.
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2. EXPANDED BERGMAN PROJECTIONS AND RELATED OPERATORS

In this section we provide new estimates for certain new integral operators closely
connected with trace problem.
For any two m-tuples (m > 1) of reals @ = (a1, ...,an) and b = (b, ..., by) we

define an integral operator

(w)s_n_1+z;n:1 bj

dw, zj = (zj,t;) € H.

(2.1)  (Szpf)(z1, s 2m) = [T Hf
j=1

Tyl — w|ths
This operator can be called an expanded Bergman projection in the upper half space,
it is well defined for 2y,...,2, € H and f(w) € L'(H, 3_”_1_21:1bj). A unit ball
analogue of this operator was used in [17], see also [22]. We can write this operator

in the following form:

(Savgf)(zl,..., ) (N-»"f Zlyeeny & Ht
where
f n_1+Z;n:1 bj
N.pf(z1,...  2m / ———dw.
b j 1 |ZJ - w|aj+bj
We also consider related integral operators Sgb, where a > 0, b > —1 defined by
u s° f(w)dw
02 SIE =1 [ STl =@ EH k21
and we set
(2.3) Sapf(2) = SEuf(2), 2 €A

Analogous operators acting on analytic functions in the unit ball in C" appeared
n [13].

We need the following definition, generalizing the concept of Muckenhoupt weight
to the upper half space. Analogous weights in the unit ball in C" were considered in

[13] where a result analogous to Theorem 2.1 was proven.

Definition 2.1. Let 1 < p < oo and let 1/p+ 1/¢ = 1. A positive locally integrable
function V' on H belongs to the M H (p) class if

(2.4) sup (1 V(z)dz) <1 V(z)_q/pdz>p/q < 00
' |Qul JQu .

weH ‘ Qw | Qw
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We remark here that an equivalent definition arises if in the above supremum we
replace the family of cubes @, w € H with the family A, k > 1. This easily follows
from the fact that there is a constant N = N,, such that each cube @),, can be covered
by at most V,, cubes from the family A, and the selected cubes have sizes comparable
to the size of Q,,.

Note that V(z) = t* is in M H(p) for all 1 < p < oo and all real a.

Theorem 2.1. Let 0 < 0 < 00, 1 < p < oo and V € MH(p). Then for every

fe L} (H) we have
25) 3 ([, BhservEine) " <o ([ 1y ean:) .

Proof. Let ¢ be the exponent conjugate to p. Let us fix £ > 1. We have, using Lemma
1.3 and Holder’s inequality:

[, Btas@pvEne < [ ([ SOIRY vi
< g [ vz ( N f(w)|V(w)1/pV(w)1/pdw>p

< Pt / V(2)dz ( /A k V(w)q/pdw)p/q /A @V (w)du

Ag
<C / w)|PV (w
and this clearly proves the theorem. 0

The following proposition is analogous to Proposition 1 from [17], the proof we
present below follows the same pattern as the one provided in [17] for the case of the
unit ball in C".

Proposition 2.1. Let 1 < p < oo, a,b € R™ and s1,...,s, > —1 satisfy pa; >
—1 —s; and p(mb; —n) > (m —1)(n+1)+ms; +1 for j =1,....,m. Set X\ =
(m—1)(n+1) + XL, s;. Then there is a constant C > 0 such that

26) [ [ 1Saa D zm) P (1) i, (o) < Iy
for every f € LP(H, dm,).

Proof. Let 1/p+1/q = 1. Choose v > 0 such that

py <p(mb; —n) —(m—1)(n+1) —ms; — 1, j=1,...,m.
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Set a = =(y — ;) and choose 8 such that 8+ ma = —n — 1+ X7, b;, ie. 3 =
—n—1+3", bj—’y—i—é. Since pa; +s;+1 > 0 we can choose, for each j =1,...,

e; such that

n+1 n+1 paj + s; + 1
ta<eg < ——F+a+——".
mq mq p

Finally, set d; = a; + b; — ¢,

After these preparations, we choose f € LP(H,dm,) and obtain, using Holder

inequality with system of m + 1 exponents p,mgq, ..., mq:

[F(w)| 52

H H;nfl |ZJ — @|aj+bj

w)]s® i s®
dw
/H] 112 H

— w|% =1 |ZJ — W|%

1
_ ([ s duw ”m / sime 7"
= VeI, [z — ws 5 —ae

/P m
@)Psdw \7 e
§O<H HJJ )

i |2 — w[Pd

|N575f(21, e Zm)| <

dw

where, at the last step, we used Lemma 1.4. Therefore we have

|S (Z17 .. " ‘P < C/ |p8p/6dw m t (a]'—‘,-a—ej_i_%).
a

1‘Zj_w|pd i=1 7

Hence, using Fubini’s theorem and Lemma 1.4 we obtain

/H.../H\(Sd,ﬁf)(zl,...,zm)]pdmsl(zl)...dmsm(zm)
sj+plaj+a—e;+%EL)

mt qm
<c/ pt | [ [T dz .. dzy | d
< C [ f)Ps | [ H]];[1 o e den | dw

sj+p(aj+a—e;+ T;:rnl)

t;

= ¢ [ s |11 [

= € [ 1f(w)Ps'dw,

dz; | dw

_ @‘de
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where we have, see Lemma 1.4,

9:pﬂ+2[3]~+p(aj+a—ej+(n+1)/qm)—pdj+n+1]
j=1

$j+m(n—i—1)+p<nq+l)+p(ﬁ+moz+z —dj))

-

<.
Il
—

-

sj+(n+1)(m+§)+p(—n—1+§:(bj+aj—ej—dj)) =\

<.
Il
-

and this ends the proof. O

Next we consider another class of integral operators, see [18] for similar operators
acting on analytic functions in poly balls and for an analogue of Proposition 2.2 below.

For any two m-tuples @ = (a1, . ..,an) and b = (by, ..., bn) of reals we set
(Raﬁgg)(w) — gD b /H . /Hg(zl’ e Zm) H S dn . day,

j=1 |Zj — W%t

where w = (y,s) € H and g € LL. Next, for k¥ € Ny we define an integral operator
(Rrg)(w / / g(z1,...,2 H Qr(zj, w)dmy(z1) . . . dmg(2p), w € H.

In fact, this operator is the trace operator on a suitable space. Indeed we have

(Rrg)(w) = g(w), g€ AL a=(a,...,an),

if p, n and o satisfy conditions from Theorem 1.1.
The following proposition is well known in the case of analytic functions in the unit
ball in C", see [22], it was extended to analytic functions on poly balls in [18] and

here we deal with harmonic functions in the poly half space.

Proposition 2.2. Let 1 < p < oo and da, 5,0_2 e R™. Ifp > 1 we assume these

parameters satisfy the following conditions:
Q<aj_aj)>_1_aj7 1§j§ma
amib;+a)—n) > (m—D(n+1)+ma+1, 1<j<m,

where q is the exponent conjugate to p. If p = 1 we assume m(a; + b;) > n and
aj <aj forj=1,....,m. Set \=(m —1)(n+1)+ X", a;. Then

(2.7) 1R; 590 Loamyy < Cligllz, g € L.
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Proof. We follow the same method as in [18], adapted to our situation. Let us start

with the case p = 1. By Fubini’s theorem we have

1Rl sams) = [, 1(Rgo) ()]s du

m —n—14+>""" (a;+b;)
(2.8) </ / l9(z1, -, zm) | T 8 i St
—Ju H o1 0 /m

Next we use Holder’s inequality with m functions and Lemma 1.4 to obtain:
S_n_]'-i_zg'n:l(aj'i_bj)dw S—n—l-‘rm(aj—l—bj)d,w 1/m
/ ’Z] _ w’m(aj+bj)

B [T |25 —w|%th =1
m
1l
=1

This estimate, combined with (2.8) settles the case p = 1.

w

T:l |2j — w'aj-i-bj le Ce dzm.

IN

I1

H
Qj—aj
£,

IN

m
J

Next we assume 1 < p < co. Let g be the exponent conjugate to p. Using identity

[ (B (@) f (w)dma (w)

m tq]'
- e —dz...d
A(A /Hg(zl7 7Zm)H |Zj—@|a]'+bj Zl Zm)

Jj=1

f(w)s_"_HZ;n:l(aﬁbj)dw

= //g(zl ey Zm) /3_”_1+Zf—1(aj+bj)nglltjj_ ' f(w)dw
H H ) )y ~m H H;nzl |Z]- — w‘a]-—i-bj

dmoq (Zl> . dmam (Zm)7

valid for, for example, continuous compactly supported f € Li(dm,) and g € L% we
see that the conjugate operator RZ‘,E is equal to Sa—a,z? &~ However, the last one is
bounded from L?(dm,) to L by Proposition 2.1 and therefore R ;@ Ly — LP(dmy)
is also bounded. O

Using (1.4) we see that [Ryg(w)| < (R;3lg])(w) where a; = k and b; = n +1 for

j=1,...,m. This observation leads to the following corollary.

Corollary 2.1. Let k € Ny, 1 <p < oo and a;j > =1 forj=1,...,m. If p=1 we

assume o; < k for 1 <j <m, if 1 <p < oo we assume

gim(n+14+a;) —n) > (m—1)(n+1)+ma; + 1, 1<j<m.
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Set A= (m —1)(n+1) + X7, o;. Then the operator Sy, maps LY continuously into
LP(H, dm,y).

3. TRACE THEOREMS AND EMBEDDING THEOREMS FOR MULTI FUNCTIONAL
SPACES OF HARMONIC FUNCTIONS

In this section we give an estimate of the A%-norm of trace, Theorem 3.1 below.
Theorem 3.2 is a sharp embedding result obtained using norm estimate of the oper-
ator Sy 7, while Theorem 3.3 is a sharp embedding theorem closely connecting trace
operator and multi functional spaces. At the end of this section we consider Carleson
type conditions adapted to multi functional setting for positive Borel measures on

poly upper half spaces, see Definition 3.1 and Theorem 3.4.

Lemma 3.1. [4] Let0 < p < 00 and sy, ..., 8y, > —1. Set A = (m—1)(n+1)+X7, s;.
Then there is a constant C' > 0 such that for all f € h(H™) we have

31 [T fEPdm () S C [ 1 Grz)Pdmy, () dim, ()
A holomorphic version of the following theorem appeared in [12].

Theorem 3.1. Let a > —1, assume f; € h(H') fori=1,...,m. Let 0 < p;,q; < 00

satisfy Y0 pz =1 and assume 3; = ("%J;?)qi —(n+1)>—1for1<i<m. Then
(3.2) / T fo(w)[Pr .. [ Tv o (w) [P s%duw
H

m : Pi/ %
SCH /“'/!fi(wl,...,wt)qiHsfidwl...dwt )
i=1 \"H H jaie

Proof. Let us denote the integral appearing in (3.2) by I. Using Lemma 1.1 and

Lemma 1.3 we obtain

]—Z/ H|fz p’so‘dw<02n"+1+o‘ sup I_Ufz e w) [P
k’L 1 wEAkZ 1
<C’Z772+1+0‘H sup |fi(w, ... w)P

i=1 WEAL

pi

3.3) <cC Z pp e H sup | filwy, ..., wy)

=1 W1, WtEA

<C Z Z ( sup |fi(wy,...,w)[P* -+ sup |fm(w1,...,wt)|p"‘)

ki=1 k=1 \Wi€lk; wj €A,
n+l4+a n+l4+a

(3.4) XMy, b,
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The last inequality follows from the fact that for &y = --- = k,, = k expression in
(3.4) reduces to (3.3). Next we apply generalized Holder’s inequality with exponents
qi/pi, 1 <1 < m, to the last multiple sum and obtain

o . pi/q
I1<C Z sup | fi(wy, ..., w)| " (Mg - - M,) "1 X ...
k

Lyeenskg=1 Wi €O,

Pm/qrn
© (n+1+a)am
(35) X Z sup |fm(w1?"'>wt)‘qm(nk1 77k:t) mtpm :
E1,...,ke=1 Wi €Ok,
Since
t

3.6 su (w, ..., w qj<C/ / AV dw, ... dw ol
(3.6) wjefkj | fi(wr )7 < wiea, weny, | fi] 1 tizl_[lnk:z

we obtain, using finite overlapping property of Aj:

o0 (n+1+cx)qj

L= Y sup [filwn w0 o)
kfl,---,ktileeAkj

o

¢
<C > / / |f]~|qf'alw1...chutl_‘[n,iJ
ki, ke=1 7 W1EAE, weeAL i=1
o
<C > / / \fj|qf31j...sfjdw1...dwt
Ky, k=17 WIEAL weEAL

< C’/ : / |fi(wy, . w)|Y (51 80) % dwy .. . dwy.
H
This, in combination with (3.5), suffices to establish needed estimate. O

The theorem below was announced, without proof, in [17] for 0 < p < co. A proof

for the case 0 < p < 1 was given in [4], here we settle the remaining case 1 < p < oco.

Theorem 3.2. Let1 < p <00, s1,...,8, > —land set A = (m—1)(n+1)+37, s;.
Then

(3.7) AY € Trace AZ C Trace AL C LP(RT™, dmy).
In particular, if f € A% and if Tr f is harmonic, then Tr f € AX.
Proof. The second inclusion in (3.7) is trivial while the third one follows from Lemma

3.1. Let us prove the first inclusion, we fix g € A%. Let us choose k € Ny such that
pin+k+1)>(m—1)(n+1)+ms; +pn+1for 1 <j <m and set

f(Zb' s 7Zm) = /HQ]C(W”,’U})Q(W)SkdU}, 21y 2m € HL.
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We have, by Theorem 1.1, Tr f = g. Since the kernel Qx(m='(z; + -+ + z1m), W)
is harmonic in each of the variables zq,...,z,, it follows that the same is true for
f(z1,...,2m). Using estimate (1.4) and classical inequality between arithmetic and

geometric mean we obtain

|g(w)|s*dw lg(w)|s*dw
3.8 )| <O <C
(38 Sz <C [ mIEE e ———

Z1+-7-7-1+zm _ ;”:1 |Zj —w| m
Hence |f(21,...,2m)| < C(S;5l9])(21, ..., 2m) where a; =0 and b; = (n + k +1)/m
for j =1,...,m. Now an application of Proposition 2.1 completes the proof. 0

Lemma 3.2. Let 0 < q,0 < 00 and o > —1. Then we have
Znnﬂ (/ ()| dma (= > < c/ (/ e dma(z ))"dw, f € h(H).

This is a special case of Lemma 6 from [16], in fact harmonicity of f is not needed

here.

Lemma 3.3. Let 0 < ¢; <p < oo and let ;5 > 0 for 1 <i<m and k > 1. Then:

o) 1/p m 1/q;
p P p ai ai i
<Z T Ty .xmk) < H (xiﬁ + afy 4 - ) ‘
k=1 i—1

Proof. Since the [? norm of a sequence is a decreasing function of ¢ we can assume

=pforallt=1,...,m. But in this special case our inequality is equivalent to

o0 m
k=1 i=1
and this is clearly true. 0J

Theorem 3.3. Let 0 < p < oo and let, fori=1,...,m, 0 < ¢;,04, < 00, a; > —1.
Assume q; < p fori=1,...,m. Let p be a positive Borel measure on H. Then the
following two conditions are equivalent:
1° For any harmonic function f(z1,...,zy,) on H™ that splits into a product of
harmonic functions fi(z;) € h(H), i.e f(z1,...,2m) =[], fi(z;) we have

(3.9) (/ I'Tr f(2)[Pdp(2) >1/ <CH</ (/ | fi(2) idmai(z)yi/gidw)l/%

2° The measure | satisfies the following Carleson-type condition:

o (2
(3.10) n(Ay) < Cn, ! =)

kE>1.

Y
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Proof. Set 0 = p>", (M + "TH) and 0; = p ("“Jm + "H) 1 <i < m. Using

oF)

a covering argument one easily shows that for any positive measurable function u :

H — R we have

a St ([ s @) =St ([ i) 50

Let us assume (3.10) holds. Then we have, using Lemma 1.1 and Lemma 1.2
fo e sCpdnt) = X [ s

< > p(A) max [T f ()P
k=1 FESk

< oS TT (mps 1)

e i1 zEA
oo m 0, p/g’i
= Y TTo (maxlfic)™)
k=11=1
oo m p/o;
< O Tt (" [ 15 2)
k=11:=1 k

1/04
"idmai(z)> :

qi/o;
Tidmy, (z))
1/%‘

qi/oi
Tidmy, (z)) ) ,

oo n+1
=C Z xll),kxg,k . -ﬁma Tigp =My (/A | fi(2)
k

Now an application of Lemma 3.3 followed by (3.11) gives

([ sera)” <l (i i ([, 156

1/q;

<c1l (Zn”“ (), 15

which, in view of Lemma 3.2, is sufficient to derive (3.9).
We give an outline of proof of the reverse implication. Namely, one uses test

functions

u ' 1 ,
[z, 2m) = jl;[lfj(zj)a fi(z) = fou(2) = @W, 1<j<m,

where [ is sufficiently large, ) is suitably chosen point near (, see [4] and the proof
of Theorem 4 from [16] for these choices. The right hand side of (3.9) is estimated
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with help of pointwise estimates of f,,; from [4] and Lemma 1.4. We leave details to

the interested reader. 0
Definition 3.1. Let u be a positive Borel measure on H™ and let ry,...,7, > 0. We
say p is an (r1,...,7r,)-Carleson measure if
M(Q’w X X me)
(312) ||/"LH(7'17---77"m) - Sup 17’1 r < OO, w,] - (y,]?S])
WY ..y Wi EH 81 . S’I’;Ln

The following theorem, which is an analogue of Theorem 2 from [17], see also [22],

gives an equivalent description of (ry, ..., r,,)-Carleson measures.
Theorem 3.4. Let u be a positive Borel measure on H™. Assume ry, ..., 71, >n and
TiyevooyTm > 0. Then w is an (rq,...,ry)-Carleson measure if and only if

N

3.13 ; / / S e 2 ) <
( ) ||/’L||(7’1,...,7‘ wi,.. ’wmeH le ’wm] 1 |Z.7 _w]|T]+TJ II"L(Zl? 7Zm) OOJ

where H,, = {w € H: s < 3s;}.
Moreover, |[pll(ry,...rm) = 12l Gy

Proof. Assume (3.13) holds and choose wy, ..., w,, € H. Then we have, using Lemma
1.3,

Tj

* .7
HMH(TL om) = /Qw1 /me = |Zj — W, |TJ+7'7 d'u(zh T ’Zm)

> (le me)
B s1t... st
which implies that p is an (rq, ..., r,,)-Carleson measure. Note that in this implication

we did not use conditions on the parameters.

Now we assume p is an (rq, ..., 7,)-Carleson measure. Let us, moreover, assume
m = 1. We choose w = (y,s) € H, in order to simplify notation we assume y = 0.
Let I' = Z" be the integer lattice in R". We have a partition of H, into layers
Hys={z€H:2%s <t <3-27%s}, k € Ny. Moreover, each layer Hy,, is partitioned

into congruent cubes Q. ¢, with centers 0 ; = (27 Fs¢;,27%s), where &; € I'. Since

(3.14) |z — (0, —s)| < /s + |27Fs&;)2, z2 € Qrg,
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we obtain

[t =S [ e
—y Y

k=0 €€l ’ Oh.g;

leu
o — w|T+T

<||u||rsZZ 2~ s)

k=0 éer (8% + [27Fsg; )2 )

RS > o 2y

pn ogjeF +[277¢[? )

n— 1d’l"
= C T 2_kr/ - T+T
! Z o Tt E

X aem [ Tt
= Cllull, S 27 [T T
k=0 o

- 1412)72
= C(HMHT? r,mn, T)'

The general case, with m variables, is treated similarly: instead of ordinary sums
and integrals one encounters multiple sums and integrals; we leave details to the

reader. O

Remark 3.1. In the above theorem it is not possible to replace integration over H,,
with integration over H, i.e. the global variant of this theorem is not true. In fact, a
counterexample is obtained by takingm = 1,n=1,r =2, 7 =land u = > ;> 22k5,
where z;, = (0,2").

4. MULTIPLIERS BETWEEN SPACES OF HARMONIC FUNCTIONS ON THE UNIT BALL

The goal of this section is to extend our previous results on multipliers, see [3], to
more general harmonic function spaces, involving derivatives. We restrict ourselves
to the three theorems below, though other results from our previous work can be
generalized similarly. Let us recall some standard notation and facts on spherical
harmonics, see [21] for a detailed exposition.

Let Y}(k) be the spherical harmonics of order k, 7 < 1 < di, on S. The spherical
harmonics Y}(k), (k> 0,1 <j <dy), form an orthonormal basis of L?(S, dz’). Every
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f € h(B) has an expansion
F(@) = flra’) = 3o rb - VA
k=0

where b, = (b}, ..., b{¥), Y* = (Y(k ,Yd(f)) and by - Y* is interpreted in the scalar
product sense: by - Y* = E?ﬁl biY; . We often write, to stress dependence on a
function f € h(B), by = be(f) and b, = bl.(f), in fact we have linear functionals b7,
k> 0,1 <j <dg, on the space h(B).

We denote the Poisson kernel for the unit ball by P(z,v’), it is given by

P(z,y) = Py(x)
_ Z Z Y(k Y(k /)

11— |z
Cnwy, o -y

r=ra' €B, y eS.

The Bergman kernel for the harmonic Bergman space AP | m > —1 is the following

m?

function

S T'(m+1+k+n/2) ,
Qm(z,y) :22 F(m—l—l)F(k—}—n/Q)Tkpk T ¥,

k=0

z=rr, y=py €B,

see [3] and references therein for estimates of this kernel.

Let us recall some definitions from [2].

Definition 4.1. For a double indexed sequence of complex numbers
c={c,: k>0,1<j<d}

and a harmonic function f(ra’) = 352, r* Z?il bl f)Yj(k) () we define

oo dg

(cx f)(ra’)y =33 rkelbl(f) ( ", ro’ € B,

k=07=1
if the series converges in B. Similarly we define convolution of f, g € h(B) by

oo dg

(f * =3 Y Y@, rd €B,

k=0 j5=1

it is easily seen that f * ¢ is defined and harmonic in B.
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Definition 4.2. For ¢ > 0 and a harmonic function f(z) = X%, r*be(f) - Y*(2') on

B we define a fractional derivative of order t of f by the following formula:

k+n/2+1)

) V), = eB,

> T

(Aef)a) = 3 r ot

=

Clearly, for f € h(B) and t > 0 the function A,f is also harmonic in B.

Definition 4.3. Let X and Y be subspaces of h(B). We say that a double indexed
sequence c is a multiplier from X to Y if c¢x f € Y for every f € X. The vector space
of all multipliers from X to Y is denoted by My (X,Y).

We associate to such a sequence ¢ a harmonic function
d
(4.1) ge(2) = g(a) =S "> v, w=ra' B,
k>0 j=1

and express our conditions in terms of fractional derivatives of g..

Lemma 4.1. [1] If f : Q — R is harmonic in Q@ C R™ and if N € N, then |VV f[P is

subharmonic for p > -2

n+N "

In particular, |V f| is subharmonic and hence M;(VY f,r) is increasing for any
f € h(B).

The following three theorems have derivative free counterparts, see [3].

Theorem 4.1. Let 1 < s < o0, o, >0, Ne N, m >a—-1and 0 < p < 1.
Then ¢ € My(DyBL?, Hp) if and only if the function g = g. satisfies the following

condition

1/s
(4.2)  Lg(g) = sup sup(l — p)m+1+N+5_a (/S |Ami1(g * P:c/)(py’)\sda:’) < 00.

0<p<1y’cS

Proof. In proving sufficiency of the condition (4.2) we follow closely arguments pre-
sented in the proof of Theorem 4 from [2]. Namely, let us assume Ls(g) < oo, take
f € DyBYP and set h = c* f. Since VVNh = cx V¥ f, Lemma 6 from [2] gives

(13) Vo) =2 [ 1 [ Ay * P RAVN SR — B R dedR
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and this allows us to obtain the following estimate:

M,(VNh,r?)
<2 / _ RY)mRrl / Apsi (g % Po)(rRz' )V f(rRE)de dR
L5(S,da’)
< 2/ — R*)™"R" M (VN f,rR) sup | Api1(g % Pe)(rRa')||LsdR

< CL4(g) /0 (1 — R™M (VN f,rR)(1 — rR)>0-m=1-NgR

< CLy(g) /0 MLV £ rR)(1 — rR)OPN1GR

(1-R)"

(1 — TR)BJrNJrl dR.

< CL(g) [ MUV [, rR)

Note that M; (V¥ f,7R) is increasing in 0 < R < 1, therefore we can combine Lemma

3 from [2] and the above estimate to obtain, for 1/2 <r < 1:

_ ap+p—1
R) dR

1 1
D N 2 p p N (
MP(VNR,r?) < CLS(Q)/O M{ (VTS TR)(1 — rR)PB+(N+1)p

< CLg)(1 =) [V R - Ry R
< CLE(G) (L =) P 2| fI

Therefore M,(V¥h,7?) < CL(g9)(1 — T)_B_N”f”DNB(II,p, which implies M(h,r) <
CL4(g9)(1—7r)~". Now we prove necessity of condition (4.2). Let us set f, = Qu(z,y)
and F,(z) = VN f,(x) = VYQ,.(x,y), z,y € B. Then using estimate

VYQum(z,y)| < Clpz — /|7, c=ra'y=py, oy eS

we obtain M;(Fy,r) < C(1 = |y|r)™"~"~1. Hence ||Fy|p» < C(1 = [y[)o=m7"
which means || f, ||, gie < C(1 = [y[)*~" =N, Setting h, = M, f, one obtains, as in
Lemma 8 from [2], the estimate

1/s

(/g [Ami1(g * Px/)(ﬂy/ﬂsdac’) <(1-ly)

Since, by continuity of M., ||h,|

5 < C|fyllppre the proof is completed by combining

the above estimates. O

Since Dy AP = DyB%P, | taking p = 1 we obtain the following corollary.
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Corollary 4.1. Let 1 < s < o0, a,8 > 0, N € Nand m > a—1. Then c €
My (DyAL Hp) if and only if the function g = g. satisfies the following condition

1/s
(@) Kilg) = sup sup(l = p)" 45 ( [Ny Po)py)'de’) < oo,

0<p<1y'cS

Analogously to the proof of Theorem 4.1, one can modify proofs presented in [2]

and [3] to obtain the following two theorems.

Theorem 4.2. Let 1 <p<qg<o0,1<s<o0, NeNand m > a—1. Then for
a double indexed sequence c = {6,7€ ck>0,1<j <dg} the following conditions are

equivalent:
(1) c€ My(DnByP, B3?),
(2) The function g(xz) = Y pser* Z;lil C,in(k) (') is harmonic in B and satisfies
the following condition

1/s
(15)  Ni(g) = sup sup(L— )"V (1A (gs P (o) da’) < oo

0<p<1l y'eS

Theorem 4.3. Let 0 < p<1<q¢g<oo, Ne N and m > a— 1. Then for a double
indezed sequence ¢ = {c?C ck>0,1<j<d} the following conditions are equivalent:
(1) c € My(DyBL?, FEY),
(2) The function g(z) = Ygsor* Z;-lil C@/}(k) (2') is harmonic in B and satisfies

the following condition

(4.6) Ni(g) = sup sup(1 — p)?-oFmHAt / A1 (g% Por)(py')|da’ < oo.
0<p<ly’eS S
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