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WEAK AND STRONG CONVERGENCE OF COMMON FIXED
POINTS FOR ASYMPTOTICALLY QUASI-NONEXPANSIVE TYPE
MAPPINGS IN BANACH SPACES

GURUCHARAN SINGH SALUJA

ABSTRACT. In this paper, we give necessary and sufficient condition for strong con-
vergence of three-step iteration process with errors for approximating common fixed
point for asymptotically quasi-nonexpansive type mappings and also prove weak
convergence of three-step iteration process with errors for approximating common
fixed point for said mappings in Banach spaces. The results presented in this paper
extend and improve the corresponding results [1, 5, 6, 10, 11, 14] and many others.

1. INTRODUCTION

It is well known that the concept of asymptotically nonexpansive mappings was in-
troduced by Goebel and Kirk [2] who proved that every asymptotically nonexpansive
self-mapping of nonempty closed bounded and convex subset of a uniformly convex
Banach space has fixed point. In 1973, Petryshyn and Williamson [9] gave necessary
and sufficient conditions for Mann iterative sequence ([7]) to converge to fixed points
of quasi-nonexpansive mappings. In 1997, Ghosh and Debnath [1] extended the re-
sults of Petryshyn and Williamson [9] and gave necessary and sufficient conditions
for Ishikawa [3] iterative sequence to converge to fixed points for quasi-nonexpansive

mappings.
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Liu [6] extended results of [1, 9] and gave necessary and sufficient conditions for
Ishikawa iterative sequence with errors to converge to fixed point of asymptotically
quasi-nonexpansive mappings. In 2002, Xu and Noor [14] introduced and studied a
three-step scheme to approximate fixed points of asymptotically nonexpansive map-
pings.

In 2006, Quan [10] studied some necessary and sufficient conditions for three-step
Ishikawa iterative sequences with error terms for uniformly quasi-Lipschitzian map-
pings to converge to fixed points. The results presented in [10] extend and improve
the corresponding results of Liu [5, 6], Xu and Noor [14] and many others.

The purpose of this paper is to investigate some necessary and sufficient condi-
tions for three-step iterative sequences with error terms for asymptotically quasi-
nonexpansive type mappings to converge to common fixed points in Banach spaces.
The results obtained in this paper extend and improve the corresponding results of
[1, 5, 6, 10, 11, 14] and many others.

2. PRELIMINARIES
Definition 2.1. Let E be a real Banach space, C' be a nonempty convex subset of
E and F(T) denotes the set of fixed points of T'. Let T: C'— C' be a mapping;:
(1) T is said to be asymptotically nonexpansive if there exists a sequence {u, } C
[0, 00) with u, — 0 as n — oo such that
(2.1) [Tz =Tyl < (14 un) [l =yl

for all z,y € C'and n > 1.
(2) T is said to be asymptotically quasi-nonexpansive if F(T') # () and there exists

a sequence {u,} C [0,00) with u,, — 0 as n — oo such that
(2.2) [Tz —pll < (1+un) |z —pll,

forallz € C,pe F(T) and n > 1.
(3) T is said to be asymptotically nonexpansive type [4], if

(2.3) limsup{ sup <||T”x—T”yH - ||x—y||>} < 0.
n—oo | z,yeC
(4) T is said to be asymptotically quasi-nonexpansive type [11], if F(T') # () and
(2.4) hmsup{ sup (=5l = o= )} <o

n—oo | zeC, peF(T
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Remark 2.1. 1t is easy to see that if F'(T) is nonempty, then asymptotically nonexpan-
sive mapping, asymptotically quasi-nonexpansive mapping and asymptotically non-

expansive type mapping all are the special cases of asymptotically quasi-nonexpansive

type mappings.

Definition 2.2. Let F be a normed linear space, C' be a nonempty convex subset
of £, and T: C' — C a given mapping. Then for arbitrary x; € C, the iterative
sequences {z,}, {yn}, {z.} defined by

Zn = (L= — vn)Tn + v 15T, + vptiy, n>1,
Yn = (]— - 571 - Mn)xn + ﬁnTQnZn + HnUn, n Z 1a
(2.5) Tor1 = (1—an— Nz, + a0y + Awy, n>1,

where {u,}, {v,}, {w,} are bounded sequences in C' and {a,}, {Bn}, {7}, {Mn}s
{pn}, {vn} are appropriate sequences in [0,1], is called the three-step iterative se-

quence with error terms of 7.

We note that the usual modified Ishikawa and Mann iterations are special cases of
the above three-step iterative scheme. If 4, = v, = 0 and Ty = T, = T, then (2.5)

reduces to the usual modified Ishikawa iterative scheme with errors,
(2.6) Tor1 = (1—ap— )z, + Ty, + Aw,, n>1,
where {v,}, {w,} are bounded sequences in C and {a,}, {8}, {\n}, {1} are ap-
propriate sequences in [0, 1].
If 5, = p, = 0, then (2.6) reduces to the usual modified Mann iterative scheme

with errors,

xleC,

(2.7) Tor1 = (1—ap— Nz, + @, T"x, + Aw,, n>1,

where {w,} is a bounded sequence in C' and {a,,}, {\,} are appropriate sequences in

0, 1].

We say that a Banach space E satisfies the Opial’s condition [8] if for each sequence

{z,} in E weakly convergent to a point = and for all y # x

liminf ||z, — 2| < liminf ||z, —y||.
n—o0 n—oo
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The examples of Banach spaces which satisfy the Opial’s condition are Hilbert
spaces and all L?[0, 27] with 1 < p # 2 fail to satisfy Opial’s condition [8].

Let K be a nonempty closed convex subset of a Banach space E. Then I — T
is demiclosed at zero if, for any sequence {z,} in K, condition z,, — = weakly and
lim, o0 |2, — T2y || = 0 implies (I —T)z = 0.

In the sequel, we shall need the following lemma:

Lemma 2.1. (see [13]) Let {a,} and {b,} be sequences of nonnegative real numbers
satisfying the inequality
py1 < ap + by, n>1.

If 00 by < 00, then lim, o a, exists. In particular, if {a,} has a subsequence

converging to zero, then lim,,_.. a, = 0.

3. MAIN RESULTS

In this section, we prove weak and strong convergence theorems of three-step iter-
ation scheme with errors for asymptotically quasi-nonexpansive type mappings in a

real Banach space.

Theorem 3.1. Let E be a real Banach space, C' be a nonempty closed convex subset
of E. Let T;: C — C, (i = 1,2,3) be uniformly L-Lipschitzian asymptotically quasi-
nonezpansive type mappings with F = N2_F(T;) # 0. Let {z,} be the sequence
defined by (2.5) with the restrictions > ooy oy < 00 and Y00 A, < 00. Then {x,}

converges to a common fized point of the mappings Ty, Ty and T3 if and only if

liminf d(x,, F) = 0,

n—oo

where d(x, F') = inf e p d(z, p).

Proof. The necessity is obvious. Thus we only prove the sufficiency. Let p € F. It
follows from (2.4) that
lim sup { sup ( |T"x —p|| — ||z — p|| )} <0.
n—00 zeC, peF
This implies that for any given € > 0, there exists a positive integer ny such that for
n > ng we have

(31) sup_ (7% = pll =l = pll ) <=

zeC, peF
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Since {x,},{yn}, {zn} C C

175" —
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, we have

pll = |z —pll <e, VpeF, Vn>ng

17520 = pll = lzn —pll <&, VP EF, Vn=ng

(3.2) 117y —

pll = llyn —pll <&, VpeF, Vn>n,

Thus for each n > 0 and for any p € F, using (2.5), and (3.2), we have

Iz = pll

IN

IN

(3.3) <

using (2.5) and (3.3), we h

lyn — Dl

IN

IN

IN

IN

IN

(3.4)

IN

(1 =9 = V)2 + 1520 + vpty — p|

(L= = va) 20 = pll + W 11520 — pl|
vy [[un = p

(L =% = vn) |20 = Pl + Yulll20 — Pl + €]
+vp [[un = p|

[0 = Pl + e + v lun = pll,
ave

(1 = Bn = ttn)@n + BnT5 20 + piny — pl|

(L = B — ) llzn = pll + B | T5'20 — p|
+pn [[on = 1|

(1= Bn = ptn) |70 = pll + Balllzn — pll + €]
+n [[on = p||

(1= Bn = pin) |20 — pll + Bull2n — pll + Bue
+pin [[on = p||

(L = B — ) Iz — pl

+06n| |20 — pll + Ve + v lun — pll
+Bn€ + i || — |

|20 = pll + Bue(1 + 1) + Buvn [lun — pl|

+ i [[vn = D

|zn = pll + 280 + v [[un — pll + ptn lon — pl|

455
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again using (2.5) and (3.4), we have

[#nir =2l = (1 = an = An)2n + anTTYn + Anwn — p|

< (1 —an =) 2 = pll + o (1 T7yn — p|
+An [[wn = pl|

< (T—an =) lzn = pll + anlllye — pll + €]
+An [[wn = pl|

< (T—an =) lzn =1l
+ou | [|n = pll + 280 + vp [Jun — pll + 1t ||vn — pl|
+ae + Ay |Jw, — p|

< Jlon — 2l + ane(1 + 260) + a1t — p
o in [|vn = pll + An [lwn — p

< an — pll + 3ane + ay ||un — pl| + an v, — pl|
+An [[wn = pl|

(3.5) = |l@n — pll + Hy,

Hyy = 30ome + an |[un = pll + an [[vn = [l + A Jwn = p[ -

Since by hypothesis >0° | o, < 00, >0 A, < 00 and {uy,}, {v,}, {w,} are bounded
in C, it follows that >0° | H,, < co. From (3.5) and Lemma 2.1, we have lim,, ., ||z, — ||

exists. Also from (3.5), we obtain
(3.6) d(zpi1, F) < d(z,, F)+ H,,

for all n > 1. From Lemma 2.1 and (3.6), we know that lim, ., d(z,, F') exists. Since
liminf, .. d(x,, F) = 0, we have that lim,, ., d(z,, F)) = 0.

Now, we shall prove that {z,} is a Cauchy sequence. Let lim, . |z, —p| = .
For any given € > 0, since {u,}, {v,}, {w,} are bounded in C, there exists a constant
K > 0, such that for all n > 1, |lz, —p[| < K, |lu, —pll < K, |lv.—p| < K,
||lw, — p|| < K hold. Because >0 a,, < 00, Y004 Ay, < 00, there exists a positive

integer nq, such that for all n > ny, we have

> 3 > €
. ) AT, . o N AZ .
(3.7) 2% < SaR T3 LA
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From (2.5) and (3.4), it can be obtained that

[Tt = @l = [Jan(T7Yn — Tn) + An(wn — )|
< | T7Yn — @all + An [Jwn — 24|
< [|TVYn = pll + an |20 = Il 4 A lwn = pll + An ll2n — Dl
< anlllyn = pll + el + an |2 = pll + An lwn = pll + An |20 — D
< anl |zn = pll + 2808 + v [un — pll + pn lon = pll | + e
+an |[2n — pll + An llwn — pll + An (|20 — p|
< 2o+ M) ||z — pl| + ane(1 4+ 26,) + anvy ||u, — pl|
Fantin |[vn = pll + A [[wn — |
< 2ap [|lzn = pll 4+ 3ane + A [[zn — pll + o [lun — pl]
+a [vn = pll + An [Jwn — D
< 4K 4 3ane + 20, K
(3.8) = (4K +3¢)a, + 2\, K.

Thus for all n > ny and m > 1, we have
m
[Znim = 2all < D N Tnsi = Tpica |
i=1

< (UK +36)> apgion + 2K ) At
=1 =1
(3.9) < UK +36)——" 4K —¢
' 24K + 3¢) 4K

This implies that {z,} is a Cauchy sequence. Thus lim,, ., x,, exists. Let lim,,_,o 2, =
p. We shall prove that p is a common fixed point, that is, p € F.

Since lim,, ., x, = p, for all 1 > 0, there exists a positive integer ny such that
when n > ny, we have

€1

(3.10) |zn — pl| < WALt 1)

Moreover, lim,, ., d(z,, F') = 0 implies that there exists a positive integer ns > na,
such that when n > ng, we have

&
2(L+1)

€1

(3.11) d(zn, F) < LT

d(x,,, F) <
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Thus there exists a p* € F', such that
&
2(L+1)

It follows from (3.10), (3.12) and for ¢ = 1,2, 3 that

(3.12) [y — Pl = d(2ng, ") <

|Tip—pll = Tip—p" +p" — Tpy + 2y — 1|
< |NTip—p*l + llwns — 0"l + ll2n; — pll
< Llp=p"l+ |zn, = 0"l + |l20; — pll
< Lllzn, = pll + L llzng — 0|l + [[2ns — 1|l
+ |lzn; — 1
< (L4 f|n, —pll + (L + 1) |z, — Pl
(3.13) <(LHB¢1D+@+Uﬂ;Hme

By the arbitrariness of €; > 0, we have T;p = p for i = 1,2, 3, that is, p is a common

fixed point of the mappings T7, T, and T5. This completes the proof. O

Theorem 3.2. Let E be a real Banach space, C be a nonempty closed convex subset
of E. Let T;: C — C, (i = 1,2,3) be uniformly L-Lipschitzian asymptotically quasi-
nonexpansive type mappings with F = N_F(T;) # 0. Let {x,} be the sequence
defined by (2.5) with the restrictions > 0o o, < 00 and Y 00 A, < 0o. Then {x,}
converges to a common fixed point p of the mappings Ty, Ty and T3 if and only if

there exists some infinite subsequence of {x,} which converges to p.
Proof. The proof of Theorem 3.2 follows from Lemma 2.1 and Theorem 3.1. 0

Theorem 3.3. Let E be a real Banach space, C' be a nonempty closed convex subset
of E. Let T;: C — C, (i = 1,2,3) be uniformly L-Lipschitzian asymptotically quasi-
nonexpansive type mappings with F = M_F(T;) # 0. Let {z,} be the sequence
defined by (2.5) with the restrictions Y00 | o, < 00 and Y ooy A, < 00. Suppose that
the mappings Ty, Ty and T3 satisfy the following conditions:

(1) limy—eo [|2n — Th@n|| = 0,limy, oo ||@n — Towy|| = 0, limy, oo ||z — T32,|| = 0;

(ii) there exists a constant A > 0 such that
H%—Q%WW%—B%MWM—%%”ZA%%E,WZL

Then {x,} converges strongly to a common fized point of the mappings Ty, Ty and Ts.
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Proof. From conditions (i) and (ii), we have lim,, o d(z,, F') = 0, it follows as in the
proof of Theorem 3.1, that {z,} must converges strongly to a common fixed point of

the mappings 17, T, and T3. This completes the proof. 0

Theorem 3.4. Let E be a real Banach space satisfying Opial’s condition and C' be a
weakly compact subset of E. Let T;: C' — C, (i = 1,2,3) be uniformly L-Lipschitzian
asymptotically quasi-nonexpansive type mappings. Let {x,} be the sequence defined
by (2.5) with the restrictions Y00 a, < 00 and Y02y A, < 00. Suppose that Ty, Ts
and Tz have a common fixzed point, I — T; for 1 = 1,2,3 is demiclosed at zero and
{z,} is an approximating common fized point sequence for T; for i = 1,2,3, that is,
limy, oo ||2n — Tixn|| = 0, for i = 1,2,3. Then {z,} converges weakly to a common

fixed point of the mappings Ty, Ty and T.

Proof. First, we show that wy,(z,) C F = N} F(T;). Let x,, — x weakly. By
assumption, we have lim,, ., ||z, — Tjz,|| = 0 for ¢ = 1,2,3. Since I —T; fori =1,2,3
is demiclosed at zero, x € F' = N3_, F(T;). By Opial’s condition, {z,} possesses only
one weak limit point, that is, {x,} converges weakly to a common fixed point of the

mappings T, Ty and T3. This completes the proof. 0
Example 3.1. Let E be the real line with the usual norm |- | and K = [0, 1]. Define
Tl,TQ,Tgi K—-K by

Tix =sinz, z €[0,1],

Tox =x/3, z€[0,1],

Tse =x/2, x€[0,1],
for x € K. Obviously 71(0) = 0, 75(0) = 0 and 75(0) = 0, that is, 0 is a common
fixed point of 11, Ty and 7%, that is, ' = F(T1)NF(Ty) N F(T3) = {0}. Now we check
that T, Tb and T5 are asymptotically quasi-nonexpansive type mappings. In fact, if
x €[0,1] and p =0 € [0, 1], then

|Tvx — p| = |Thix — 0| = |sinx — 0] = |sinz| < |z| = |z — 0| = |z — p|,
that is
Tz —p| < |o—pl.

That is, T} is quasi-nonexpansive. It follows that 77 is uniformly quasi-1 Lipschitzian

and asymptotically quasi-nonexpansive with k, = 1 for each n > 1 and hence it is
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asymptotically quasi-nonexpansive type mapping since
Tyx —p| — |z —p| <0, Vpe F(Th), Vo € K.
Therefore we have

lim sup{ sup  {|Thz —p|— |z — p|}} <0.

n—oo z€K, pEF(T1)

This implies that T} is an asymptotically quasi-nonexpansive type mapping. Similarly

for the mappings T and T3, we have
[Tyw — p| = |[Thw — 0] = |2/3 = 0] = 1/3Jz| < |2| = |z = O] = |z — p],
that is
Ty —p| < |z —pl,

and
|Thx —p| — |z —p| <0, Vpe F(Iy), Vo € K.

Therefore we have

limsup{ sup  {|Trx —p| — |z — p[}} <0.
n—oo z€K, peF(T?)

Similarly
Tz — p| = T3z — 0| = |2/2 — 0] = 1/2|z| < |2 = |z — 0] = [z — p|,
that is
T3z — p| < |z —pl,
and
Tyx —p| — [z —p| <0, Vpe F(I3), Vx € K.

Therefore we have
lim sup{ sup  {|Tzx —p| — |z — p|}} <0.
n—00 zeK, peF(T3)

Thus we see that T and T3 are also asymptotically quasi-nonexpansive type mappings.

Remark 3.1. The main result of this paper can be extended to a finite family of
asymptotically quasi-nonexpansive type mappings {7; : 1 < i < N} by introducing
the following iteration scheme:

Let Ty, T5,...,Ty: C — C be N asymptotically quasi-nonexpansive type mappings.
Let 21 € C be a given point. Then the sequence {z,} defined by
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Tor1 = (1= an, —bp)Tp + an, T Yn, + bny i,
Yny = (L= any, — bpy)xn + ny 15 Yny + bryUng,
(3.14)
Ynivy = (L= iy = bagy )T+ @iy TN 1Yng sy F by Ungre oy
Yniwory = (1= any = buy)@n + anyT@n + boytiny, n>1,
is called N-step iterative sequence with errors of Ty, Ts, ..., Ty, where {u,, }>°, i =

1,2,..., N, are N bounded sequences in C, and {a,, }>°;, {b,,}>2,, 1 =1,2,..., N,

are N appropriate sequences in [0, 1].

Remark 3.2. Theorem 3.1 extends, improves and unifies the corresponding results of
(1,5, 6,9, 11, 12]. Especially Theorem 3.1 extends, improves and unifies Theorem 1
and 2 in [6], Theorem 1 in [5] and Theorem 3.2 in [12] in the following ways:
(1) The asymptotically quasi-nonexpansive mapping in [5], [6] and [12] is extended
to more general asymptotically quasi-nonexpansive type mapping.
(2) The usual Ishikawa iteration scheme in [5], the usual modified Ishikawa itera-
tion scheme with errors in [6] and the usual modified Ishikawa iteration scheme
with errors for two mappings are extended to the three-step iteration scheme

with errors for three mappings.

Remark 3.3. Theorem 3.2 extends, improves and unifies Theorem 3 in [6] and Theorem

3.3 extends, improves and unifies Theorem 3 in [5] in the following aspects:

(1) The asymptotically quasi-nonexpansive mapping in [5] and [6] is extended to
more general asymptotically quasi-nonexpansive type mapping.

(2) The usual Ishikawa iteration scheme in [5] and the usual modified Ishikawa
iteration scheme with errors in [6] are extended to the three-step iteration

scheme with errors for three mappings.

Remark 3.4. Our results also extend the corresponding results of Quan [10] to the

case of more general class of uniformly quasi-Lipschitzian mapping considered in this
paper.
Remark 3.5. Our results also extend the corresponding results of Xu and Noor [14]

to the case of more general class of asymptotically nonexpansive mapping considered

in this paper.
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Remark 3.6. Theorem 3.4 extends and improves Theorem 2.6 and 2.7 of Sahu and
Jung [11] to the case of modified three-step iteration scheme with errors considered

in this paper.

Acknowledgement: The author thanks the referee for his valuable suggestions

and comments on the manuscript.
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