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ON EMBEDDINGS, TRACES AND MULTIPLIERS IN HARMONIC
FUNCTION SPACES

MILOS ARSENOVIC AND ROMI F. SHAMOYAN

ABSTRACT. This paper is devoted to certain applications of classical Whitney de-
composition of the upper half space R’}rﬂ to various problems in harmonic function
spaces in the upper half space. We obtain sharp new assertions on embeddings,
distances and traces for various spaces of harmonic functions. New sharp theorems
on multipliers for harmonic function spaces in the unit ball are also presented.

1. INTRODUCTION, PRELIMINARIES AND AUXILIARY RESULTS

The role of Whitney decomposition of an open set {2 C R™ in Analysis is well known,
it has many applications, for example in the theory of singular integral operators,
see [8] and [18]. The aim of this work is to present new applications of Whitney
decomposition of the upper half space. In the first section we introduce notations we
use in this paper and collect various auxiliary results. The second section is devoted
to embedding theorems for spaces of harmonic functions in the upper half space. The
third section contains results on trace problems and distance estimates and in the
last one we turn from the upper half space to the unit ball B in R™ and characterize
multipliers between certain spaces of harmonic functions on B. Most of our results
rely on Lemma 1.1, which provides a Whitney type decomposition of the upper half

space, and Lemma 1.2.
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We set R = {(2,t) : € R*t > 0} C R For z = (z,t) € R we set
Z = (z,—t). We denote the points in R usually by z = (z,t) or w = (y,s). The
Lebegue measure is denoted by dm(z) = dz = dxdt or dm(w) = dw = dyds. We
also use standard weighted measures dmy(z) = t*dxzdt, A € R. Given two positive
quantities A and B, we write A < B if there are two constants ¢, C' > 0 such that
cA < B <(CA.

The space of all harmonic functions in a domain € is denoted by A(f2). The space
of all functions f(z1,...,2,) on (R™™)™ which are harmonic in each of variables
21, ..., Zm is denoted by ﬁ((RTl)m) Weighted harmonic Bergman spaces on R"*

are defined, for 0 < p < oo and A > —1, by

1/p
A = AR = feh(RiH)inHAg:</Rn+1|f(z)|pdmx(z)> <00,

these spaces are complete metric spaces and for 1 < p < oo they are Banach spaces.

For & = (S1,--.,8m), where s; > —1, and 0 < p < oo we set
ALy = R((RE)™) N LP((REY™ dmg, (1) - . . dm,, (2m)).-

For p = 0o and s; > 0, 1 < j < m, we define A% as the space of all f € h((R}™)™)
such that

[Fllas = sup [ F(z1, .zl ti < o0,
Zj€R1+1

for m = 1 and s; = o we use simpler notation A3°. Again, the spaces A% are complete
metric spaces, for 1 < p < oo they are Banach spaces.

Finally, if X is a space of functions harmonic on (R7)™ then we set hX =
X A R(RT™),

Definition 1.1. For a function f : (R?™")™ — C we define Trf : R — C by

Trf(z) = f(z,...,2).
Let X C h(R%H)™. The trace of X is Trace X = {Tr f : f € X}.

The problem of characterizing traces of various analytic spaces received much at-
tention, for some results and further references see [15|[16][17].
We denote the Poisson kernel for R%™ by P(x,t), i.e.
t

P(l’,t)zcnm, ZL'ER, t > 0.
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For | € Ny a Bergman kernel Q;(z,w), where z = (z,t) € R"™ and w = (y, s) € RTH!,

is defined by
(_2)l+1 al+1
@z w) = =g

The following theorem from [7] gives a Bergman type integral representation for

P(x —y,t+s).

functions in AP spaces and justifies the above terminology.

Theorem 1.1. Let 0 < p< oo anda > —1. If0 <p <1 andl > %ﬁ”’l—(n—i-l)
orl <p< o andl>an1—1, then
(1.1) f(z) = (w)Qy(z, w)s'dyds, feA, zeRM
R+
The following elementary estimate of this kernel is contained in [7]

(1.2) 1Qi(z,w)| < C|z —w|~ D), z=(x,t), w=(y,s) € ]Rfrl.

Next we formulate two lemmata which are at the core of proofs of some of our main
results. The first one provides the above mentioned Whitney type decomposition of
the upper half space. The second one is based on subharmonic behavior of |f|? for

harmonic f and 0 < p < co.

Lemma 1.1 ([18]). There exists a collection {AL}32, of closed cubes in R with
sides parallel to coordinate axes such that

1°, U, Ay = R and diamAy, < dist(Ag, ORTH).

2°. The interiors of the cubes Ay are pairwise disjoint.

3°. If A} is a cube with the same center as Ay, but enlarged 5/4 times, then
the collection {A;}22, forms a finitely overlapping covering of R, i.e. there is a
constant C' = C,, such that ), xa; < C.

Lemma 1.2 ([6]). Let Ax and A} be the cubes from the previous lemma and let
(&, mi) be the center of Ag. Then, for 0 < p < oo and o > 0, we have

C
Javy

(13) o tmaxl P < o [ Pdsd, e b®YY), k2L

We will also use the following three technical estimates.

Lemma 1.3 ([18]). Let Ay and A} are as in the previous lemma, let (G = (§k, Mi) be
the center of the cube Aj. Then we have

(14) m)\(Ak) = nZ+1+)\ = m,\(A,’;), A €R,
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(1.5) Tz = [C—2, weAl zeR

(1.6) t = Mg, (x,t) € Af.
Lemma 1.4 ([1]). Foré > —1,7v>n+ 146 and m € Ny we have

/ |Qulzw) [T dyds < CETFHL 2= (a,1) € RI
Ry

Lemma 1.5 ([10]). Ifa > —1 and n + o < 2y — 1, then

td
(1.7) / P < Cstnti=27, w = (y,s) € R
R

vt |z — w2 =
+

2. EMBEDDING THEOREMS IN SPACES OF HARMONIC FUNCTIONS IN THE UPPER
HALF SPACE

In this section we provide, using Whitney decomposition, various extensions of
some embedding results from [9]. In particular, we prove embedding theorems for
BP9 and FP? mixed norm classes.

Our first result relates Carleson type condition to the trace operator, as a conse-

quence we obtain a generalization of an embedding result from [9].

Theorem 2.1. Let 0 < p < o0, S1,...,5,m > —1 and let  be a positive Borel measure
on R Then the following conditions are equivalent.
1°. The measure i satisfies a Carleson type condition

p(A)

2.1
21) T <

c, k>

2°. Trace A%, — LP(RTM dp), id.e. the trace operator is bounded from A%, to
LP(R™L, dp).

3°. Trace hA% — LP(RYM dp), d.e. the trace operator is bounded from hAZ, to
LP(R™L, dp).

4°. If f; € AL for 1 < j < m, then

(22) [ LG rdne < T
LA j=1 ’
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Proof. Let us show 1° = 2°. Let us choose f € A%,. We use partition of R’}fl into

cubes Ay, centered at ( = (&, k). Using Lemma 1.1 we obtain
p p
I Sl = | MG 2 Z /A lPdp(:)

< Zu () sup [f(z...., )P

ZEA
Let us fix 2 € Ay. Let By(2) C (R%™)™ be the ball centered at (2, ..., 2) with radius
equal 1/8 of the side length of A. Since |By| = |Ay™ < 7" and By(z) C (A})™

we obtain, using Lemma 1.2

|.f(z> sy Z)|p |Bkc(Y )| Bu(e) |f(w1, . .,wm)|pdm(w1) .. dm(wm)
< %/( - |f(wr, ..., wy)|Pdm(wy) . ..dm(w,y,).

Since the last estimate is valid for every z € Ay we obtain, using (1.6)

T £l CZ e / o WP o)

<CZ mn+1+z o P ) ).

R

Now condition (2.1) and finite overlapping property of A} combine to give

I Ay < O3 [ 1l () i i)
k=1 [9ks

< C’/ |f(wy, ..., wy)|Pdms, (wy) . ..dmg, (W),
(R7L+1)m

which implies 2°.

The implication 2° = 3° being trivial, we turn to 3° = 4°. Let us choose f; € Ag’j,
j=1,...,m. Using Fubini’s theorem we see that f(z1,...,2m) = fi(21) - fin(2m) 18
in hAZ with |[flL, =TT I,

Finally, we prove 4° = 1°. Let us fix a cube Ay, and set f;(2) = |z — (| ™"*! for
1 <j <m. Clearly f; € A7 and, by Lemma 1.5, ||fj||ﬁgj < any‘+n+1—p(n—1). Since

[T% fi(2) = |2 — (;,|™3=) we have, using Lemma 1.3,

4z, and (2.2) follows immediately from 3°.

p(1—n)+m(n+1)+>""

(ARt <C||HfJ!|Lp(u <ClLifl, <on” =%
j=1 j=1
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which gives (2.1) and completes the proof. O

Corollary 2.1. Assume 0 < p < 0o, a« > —1 and let p be a positive Borel measure
on R’}fl. Then the following conditions are equivalent.

1°. The measure p satisfies a Carleson type condition

A C k> 1.

|Ak|1+n+1

2°. AP is continuously embedded into LP(R':, du).

(2.3)

The above result was proved, in the special case @« =0 and 1 < p < oo, in [9].

For a measurable function f(z,t) defined on R’*! we define
Mp(f7 t) = ||f('7t)||Lp(dx)7 t> 07 0< p < 00.

The following spaces of harmonic functions were considered, for 0 < p < oo, 0 <

g <ooand a>0,in [4]

pra — {f c h(Rfl) N fllpe = (/ M2(f, t)tocp—ldt) < oo},
0

in fact one can consider these spaces for p = oo or ¢ = 0o, see [4]. These spaces have
obvious (quasi)-norms, with respect to these (quasi)-norms they are Banach spaces
or complete metric spaces.

Let us set, for w € R%™ and [ > 0,

o4 1
B

This function is harmonic in R’}fl and, for every [ > 0, we have

(2.5) fwi(z) =

where P, is a polynomial with integer coefficients of degree [. The last statement

(2.4) fwa(2)

P((t+s)le —w]™"),

|Z _ w|n—1+l

follows by induction on [ using identity 9;|z —w| = (t + s)|z —w|~!. In particular we

have

2.6 fwi(2)] < Clz —w| 1, z,w e R
) +

Using (2.6) one derives estimate

(2.7) My(furt) < Clt+s)r " p(n—141) > n,
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and this estimate yields
(2.8) | fwillper < Cso DT i 1 40) > 0+ ap.

Next, for w € ]Rﬁ“, let ), be the closed cube centered at w with sides parallel to the
coordinate axes and with side length equal to s. Since the polynomial P, has finitely

many zeroes it is easy to show that there are constants 6 > 0 and ¢ > 0 such that
(2.9) |Tw| = ¢|Qul, To={2€Qyu:|P((t+s)|z—w|")| >d}.

Lemma 2.1. Let u be a positive Borel measure on R and let > 0. Assume
w(T,) < Cs? for every w = (y,s) € R, Then we have u(Q,) < Cs® for every
w = (y,s) € R,

Proof. Let us set T = T,, N Q2), where )¢, denotes the interior of the cube @Q,,. We
note that all pairs (@, 7)) are similar to each other, either by translation by a vector
parallel to the boundary R7*! or by a homothecy with center on OR’™. Let us fix
a cube @,. Using noted similarity it is easy to conclude that @, C U{T? : v’ =
(v, s) € R s/2 < s’ < 2s}. Now we have a finite subcover Q,, C U;VZITSJ_ where

N does not depend on w and therefore

N N
Qu) <Y u(Ty) <CY ) <O
j=1 j=1
O

The above discussion is a preparation for the following embedding theorem for B2

spaces. Its analogue for analytic functions in the unit ball appeared in [14].

Theorem 2.2. Let 0 < p < q < 00, a > 0 and let u be a Borel measure on RT’I.
Then the following conditions are equivalent.

1°. The measure p satisfies the following condition:
(2.10) p(A) <O k>

where (§g, Mi) 1S the center of A.
2°. We have continuous embedding BIP — LI(R" dp).

Proof. Let us assume (2.10) is satisfied. We have BZ? — B9, , = A] where
q

0 =aq+ %n —n — 1, for the above embedding see Lemma 5 from [4]. Now we use

Corollary 2.1 to obtain A < LI(R dp).
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Now assume 2° is satisfied. Let us choose [ € Ny such that p(n —1+1) > n + ap.
Then, using (2.9), (2.8) and (2.5), we have

@1 a(T)s < Cll il S Cllfudllgs < O H 000,

which gives ;u(T,,) < Cs%» ™. However, Lemma 2.1 shows that the last estimate is
equivalent to (2.10). O

In the next theorem we consider harmonic Triebel-Lizorkin spaces F?? consisting
of all functions f € h(R’) satisfying

oo p/q
11 = / (/ |f($,t)\qtaq‘1dt) iz < oo,
R™ 0

These spaces are complete metric spaces, for min(p, ¢) > 1 these spaces are Banach
spaces.

The following theorem has a counterpart for analytic functions in the unit ball in
C", see [14].

Theorem 2.3. Let 0 < 7 < p < co. Assume i is a Borel measure on Rﬁ“. Then
the following conditions are equivalent.

1°. The measure i satisfies a Carleson type condition
(2.12) w(Ag) < Cnpte?, k>1,

where (&g, M) s the center of Ay.
2°. The space FP7 is continuously embedded into LP(RT 11).

Proof. The sufficiency of condition (2.12) follows from the following chain of embed-
dings

FPT —y FPP = BPP = AD — [P(R™! du), 0=ap—1,
for the first one see [4] and for the last one see Corollary 2.1.

Next we prove necessity of the condition (2.12). Let us choose | € Ny satisfying
p(n —1+1) > n+ ap and as test functions consider f,,; from (2.4). Our condition
on [ ensures that f,; € F»", w = (y,s) € R, Clearly the norm || f, || prr depends
on s but not on y, hence we can assume w = (0,s), s > 0. A simultaneous change of

variables x = X¢, t = Ar where & € R"™, r > 0, gives the following identity

1 0,1l pwr = )\"_p("_l+l_a)||f(o,s/x),l||1}5,r, A>0,5>0.
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This identity gives the following norm evaluation

1 fwillfer = 1 f0.0aller = Il fonyallprs™ PO 0w = (y,5) € RYH.

Therefore, we obtain the following inequalities, analogous to (2.11)
M(Tw)s(l—n—l)P < Cwa,lHiP(du) < Cwa,zH%w < Ogpn—l+l=a)n.

This gives u(7,,) < Cs"*? which is, by Lemma 2.1, equivalent to (2.12). O
Remark 2.1. We note that in Theorems 2.2 and 2.3 it is tempting to use |z — w|~"!
as test functions, they have useful property of being positive. But this works only for
certain values of o and p. The problem is that this test function is not always in the
required space. If it happens to be, the proof can be simplified. But in general we
take derivatives and improve "size” of our test functions. However, taking derivatives

in principle destroys positivity, the functions f,,; can have zeros and this makes proofs

technically more complicated and explains the need for Lemma 2.1.

3. TRACES AND DISTANCES IN SPACES OF HARMONIC FUNCTIONS IN THE UPPER
HALF SPACE

In this section, using Whitney decomposition, we present complete analogues of pre-
viously known results on traces in analytic classes in polydisk and polyball [15][16][17]

and complement our previous results on distances [2][1].
Theorem 3.1. Let s1,...,5, > —1 and set \=3"" s;. Then
(3.1) A C Trace hA.

Conversely, if f € A% and if Tr f 1s harmonic, then Tr f € A.

Proof. The second part of theorem follows from definitions. Let g € AS°. We choose

a non negative integer £ > A\ — 1 and define
f(Zlv"’azm) :/ Qk uvw g(w)skdw, Zj ER:L-+1’
R1+1 m

It is immediate from Theorem 1.1 that Tr f = g. Since the kernel (), is harmonic

in the variables z1,..., z,, it is clear that f € ﬁ((RTl)m) Using classical inequality
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between arithmetic and geometric mean we obtain

At
£zl < gl [ \Qk (—w)
Ri+1 m

< Clghase [ s dy ds
— g ASe 0 R |Z1+-7-Y-L+Zm _m|k+n+1

0 sk=Ads
<Clolas | ammimy 7

sF " dw

00 Sk Z’!?L
<Clgls | — .
(Hj: (t; + s))
k/m 55
Clals [ 115

Next we use Holder’s inequality for m functlons to obtain

1/m
k ms;
|f(z1,. ., 2m |<C(H/ (e s) < Ot

and the proof is finished. O

For any two m-tuples (m > 1) of reals a = (ay,...,a,) and b = (by,...,b,) we

define an integral operator
—n—l-‘rzm: b;

a flw)s
3.2 S ey 2 t’
(3:2) ( ’bf)(zl H R7H! H -1 |z] — w|a3+b
This operator is used in norm estimates of extension operators used in the proofs
of trace theorems, it is well defined for f(w) € L*(R?H, 577172515 A unit ball

analogue of this operator was used in [15], see also [21].

+1
dw Zj € R:L_ .

The following proposition is well known in the case m = 1, its analogues for m > 1
in polydiscs and polyballs were proved in [15], [16]. The proof relies on Lemma 1.2

and on Whitney decomposition, i.e. on Lemma 1.1.

Proposition 3.1. Let0 <p <1, a,b € R™ and s4,..., s, > —1 satisfy pa; > —1—s;
and pb; > n+1+s; for j=1,...,m. Set A\ = (m—1)(n+1)+ 37", s;. Then there
15 a constant C' > 0 such that

(3.3) / / [(Sapf) (21, - - zm) [Pdmg, (21) . .. dmy,, (2m) < C| f|%
Riﬂ ]Ri+1 A

for every f € AL(R).
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Proof. We use again family Ay, of cubes from Lemma 1.1. We have, using (1.5),

—n=1+37" 1 b;

(S ) e, £ —
1 ]1_[1 Z Aknjl‘zj_w‘]ﬂ)

<CZH|Z] L [ 1 )

k=1 j=1

oo m tt?] ZJ 1bJ

T
C L sup|f].
H |2 = Cil %P A,

k=1 j=1

IA

Since 0 < p < 1 this gives

o m tpll] ng 1

(34) |(Sa,b.f)(zla s |p < CZ H

kl]l

plfl”-
k:

C |pa j+Db;

We integrate this inequality with respect to dmsl(zl) ...dms, (zn) and obtain, using

Lemma 1.5 and Lemma 1.2

M:/ / (Sasf) (21, - s 2) P, (21) . .. dms, (2m)
Rn+1 R’!LJrl

m(n+1) 185
<oznk T sup|f|p<CZ/ w) P ().

This is sufficient due to finite overlapping property of the family Aj. U

Lemma 3.1. Let 0 < p < o0 and 51,...,85, > —1. Set A= (m—1)(n+1)+3 7" s;.
Then there is a constant C' > 0 such that for all f € h(R':T)™) we have

/R ICHES NS
. cf - ez Pdma, (21) . . dm, (2m)
(35 <O [ [ G zmPdma ) e, )

Proof. This is an immediate consequence of Theorem 2.1, indeed it is easy to check

that measure dm, satisfies condition (2.1). O

Remark 3.1. We note that the trace results from [15] for harmonic spaces in the unit
ball are true under one additional condition: namely that the trace of a considered

harmonic function on a product of unit balls is harmonic on the unit ball.

The theorem below was announced, without proof, in [15] for 0 < p < co. Analo-

gous results in the case of the unit ball were proved in [15]. Let us note that in the
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case n = 1 a precise subclass for which we have characterization of traces was found

in [17], this is precisely the space of all pluriharmonic functions in the unit poly disk.

Theorem 3.2. Let 0 <p <1, s1,...,8, > —Land set A = (m—1)(n+1)+37", 5
Then

(3.6) A% C Trace hA% C Trace A% C LP(RT, dm,y).
In particular, if f € A% and if Tr f is harmonic, then Tr f € A.
Proof. The second inclusion in (3.6) is trivial and the last one follows from Lemma

3.1, which also establishes the last part of the theorem. It remains to prove AY C
Trace hA%. Let g € A% and set

flzr,e2m) = Qi M,w g(w)s'dw, zj € R
R m

where [ > X\ — 1 is an integer. As in the previous theorem, clearly f € h((R")™). In
order to simplify notation we set Z = 21 + - - - + 2,,,. Now we have, using (1.6), (1.2)
and (1.5),

i) < Z/ @z /mw) )

<Cz7lk/ |Qi(Z/m, w)|dwsup|g\

n+l4+1

Mg
<C E sup |g].
2 1Z/m — G sy

Since 0 < p < 1 this estimate and Lemma 1.2 give

p(n+l+1)
p
f(z1,0s2 CZ|Z/m C i s lgl
00 p(n+l+1)—A—n—1

< k _ p . .
< CZ 1Z/m — Gt HgHLP(Ak,dm)\)

Now we set z; = (2;,%;), 1 < j < m and obtain

d.ﬁ(]l e dl‘m
Te(tisee oot :/ /
k( 1 ) . o | (@1 Aot tm) —Z p(n+i+1)

k

t + . + tm —p(n+l+l)+mn
<c (1— " m) |
m
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Inequality between arithmetic and geometric mean and the above estimate imply

M:/ / |f (21,0, zm)[Pdmg, (21) . . . dmg, (2m)
RnJrl R"+1

p(n+l+1)—A—n—1 til, Smdty . dty,
< CZ T / / ) p(n+l+1)— manHLP A% dmy)

t1+ tm, _I_

s] dt;

(nt+l+1)=A—n—1
<CZ kn n— H/ MHQHM(A ,dmy)

< CZ 1910 (az amy) < Cllgllag

due to ﬁmte overlapplng property of the family Aj. O

Remark 3.2. As already noted in [16], the above results on traces can be extended to

certain mixed norm spaces of harmonic functions.

We note that AP is continuously embedded into Aa+n+1, see [4]. Hence it is a

natural problem to look for estimates of dist A% ( f, Ap) for f € Aﬁn+1 The case

1 < p < oo was treated in [1], the theorem below covers the remaining case 0 < p < 1.
For ¢ > 0, A > 0 and f € h(R}") we set

Vea(f) = Vea = {(z,t) € RE [ f(x,t)[t* > €}

Theorem 3.3. Let 0 <p <1, a> -1, A= %ﬁ‘“, m € Ny and m > max(A — 1, %)
Set, for f € AQ.11,
p

(3.7) dy(f) = distax Finin (f, A%),

(3.8) dy(f) = inf {e >0: /R”“ (/V |Qm(z,w)|sm_)‘dyds> t*dxdt < oo} :

Then di(f) =< da(f).

Proof. We begin with inequality di(f) > da(f). Assume d;(f) < da(f). Then there
are € > ¢; > 0 and f; € A2(RT™) such that || f — fillage <€ and

p
(3.9) / </ |Qm(z,w)|sm_Adyds) t*dxdt =
R\ SV

Since || f — fillag < €1 we have

(3.10) (e —exv,(w)s™ < fiw)l,  w=(y,5) ERY.
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Combining (3.9) and (3.10) we obtain

p
400 = </ XVM(w)|Qm(z,w)|sm_)‘dyds> t*dxdt
R+ '

n+1
RJr

p
< C/ / | f1(0)Qu(z,w)|s"dyds | t*dxdt =
R’iJrl R’iJrl

Our goal is to obtain a contradiction by showing that M is finite. We use cubes
Ay and Aj from Lemma 1.1 and Lemma 1.2, let ¢, = (&, nx) be the corresponding

centers. Using Lemma 1.3, Lemma 1.1 and assumption 0 < p < 1 we obtain

f<z>=< / M\fl(w)Qm(z,wﬂsmdyds) (Z [ 10Qu e wl” dyds>

<C <Zn2”|Ak| max | fi(w )|ggg§ |Qm(z>w)l)

k=1
< C;ﬁmPMklp max | fy (w)[" max |Qum (z, w)|"
Therefore, using Lemma 1.2, Lemma 1.3 and finite overlapping property of the family

A} we obtain

<02n;:%k|p\z—c\-p“”*"*”k g L s

p
AR

s — w‘p(m—l—n—l—l)

c oS [ fawlsmrtee-Dayas
— = . |Z _ w‘p(m—l—n—l—l)

|f1(w) |psmp+(n+1)(p—1)dyds
|Z _ w‘p(m—l—n—l—l)

<C

n+1
R+

This estimate, Lemma 1.5 with 2y = p(m 4+ n + 1) and Fubini’s theorem yield

p gmp+(n+1)(p—1) 4
weo [ ([ hurees i .,
Riﬂ Ri+l |Z — w|p(m+"+ )
t%dz
_ p gmp+(n+1)(p—1)
[, 1nwrs =t

RY

< C/ | f1(w)[Psdw < oo,
R

+
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arriving at a contradiction. Therefore we proved d;(f) > da(f).
Next we prove dy(f) < Cdy(f). We choose € > 0 such that the integral appearing
in (3.8) is finite. Using Theorem 1.1 we obtain

o= [ iy, Q)"+ | H@)Qu(z 0w = G)+ (o)

Since the kernel @),,(z,w) is harmonic in the second variable both f; and f, are

harmonic in ]RCLFH. Next, using Lemma 1.4 and definition of the set V.  we obtain
B AEI<e [ lQnu)lm e <Cat z = (@) e Ry
R

which gives || fi||lazz < Ce. To complete the proof it suffices to show that f, € AL.
Since | f(w)| < [|f]laxs™ we have

p
Hhhyﬂumg/ﬂ<xlKM@AMWJMJtngQUM%
n €,

and the proof is complete. O

4. MULTIPLIERS ON SPACES OF HARMONIC FUNCTIONS IN THE UNIT BALL

In this section we prove new sharp theorems on multipliers in spaces of harmonic
functions in the unit ball B = {z € R" : |z| < 1}. This topic is fairly new, it was
initiated in [13] and pursued further in [1] and [3]. This section presents new results
in this direction. Even the case of the unit disc was not studied extensively, for some
results we refer to [12]. Of course, the topic of multipliers between analytic function
spaces is a vast subject.

We denote spherical harmonics of order k& by Y;»(k), 1 < j < dg, see [19] for details

on spherical harmonics. Let us recall, for reader’s convenience, needed definitions.
Definition 4.1. For a double indexed sequence of complex numbers
c={d :k>0,1<j<d}

and a harmonic function f(ra’) =Y oo r" Zd" bl (f )Yj(k) (') we define

(e Do) = 33 ARV, B,

k=0 j=1
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if the series converges in B. Similarly we define convolution of f, g € h(B) by

oo dg

(f*g)ra) =D Bl(Hb(9Y, (),  rd €B,

k=0 j=1

it is easily seen that f * g is defined and harmonic in B.

Definition 4.2. Let X and Y be subspaces of h(B). We say that a double indexed
sequence c is a multiplier from X to Y if ¢x f € Y for every f € X. The vector space
of all multipliers from X to Y is denoted by Mg (X,Y).

We are looking for sufficient and/or necessary condition for a double indexed se-
quence ¢ to be in My (X,Y), for certain spaces X and Y of harmonic functions. We

associate to such a sequence ¢ a harmonic function

(41) 0o(@) = 9(0) = S Ay ), =l B,

k>0 j=1
The conditions we are looking for are expressed in terms of fractional derivatives
of g = ge.
Definition 4.3. For ¢ € R\Z_ and a harmonic function f(z) = Yo 7*b,(f) - Y*(2')

on B we define a fractional derivative of order t of f by the following formula

Z ’ ZIZ//SJF(t))bk(f)-Yk(:E’), z=rz €B.

It is easily seen that A; maps h(B) into h(B).
We record the following formula

(12)  (ex f)Pd) = / (9o * Py)(ra) f(ryf )y = / (9. % Pu)(ry/) £ (g )y

s
where Py (z) = P(z,y') = cmi |y ||n is the Poisson kernel for the unit ball B, see [1]
for details and further references.

Next we recall definitions of some harmonic function spaces. For a > 0 we set

={f € h(B) : [fllag = sup,es(l — |2[*)*[f(2)| < 0o} and
1/p
Aii:{feh( Nl = (/|f (1 |a:|2>adx) <oo}, 0<p<oo

For 0 <p<o0,0<r<1and f € h(B) we set

(/|fm~ \Pdas) "
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with the usual modification to cover the case p = co. The harmonic Hardy spaces are
defined by H* = {f € h(B) : supg,.; M(f,7) < 0o}, 0 < s < 00. For 0 < p < o0,
0<g<oo,a>0and f € h(B) we consider mixed (quasi)-norms || f||,4.o defined by

1 1/p
(4.3) r|f||p,q,a=(/ Mq<f,r>p<1—r2>ap—1r”—1dr)  0<p<oo
0

and, for p = 00, || fllec,ga = SUPg<ye1(l — 72)*My(f, 7). The corresponding mixed

norm spaces are

By (B) = BE = {f € h(B) : [ fllpg.a < o0}

e

For details on these spaces we refer to [7], Chapter 7. In particular these spaces are
complete metric spaces and for min(p, ¢q) > 1 they are Banach spaces.

Our next result uses duality arguments. For M > —1, 0 < p < oo and a > —1 we
denote by D_j; AP the space of all functions f € h(B) such that

1/p
1 ot = ( / Aaranf(2)P(1 — |x|2)°‘da:) .

It is immediate that each f € D_p AL, gy M > [ — 1, generates a continuous linear

functional on A% by the following formula

L) = [ M f@lola)(1 = o) o, g€ A7

Therefore, the above pairing gives an embedding D _ MAJIV[_ﬁ = (AF)", M > 3 -1,

which is used in the proof of the next theorem.

Theorem 4.1. Let 1 < s < oo, > 0 and let s’ be the exponent conjugate to s. Then
c € My(H®, AY) if and only if the function g = g. satisfies the following condition

1/s
(14)  No(g)= sup sup(l—p)’ ( / \(g*wpy')f’dz’) < oo.

0<p<ly/es

Proof. Assume ¢ € My(H®, AY), ie. M. : H® — AF and choose M > 3 — 1.
Then, using the above embedding, the adjoint operator M* maps D_ A}, g into H s
Moreover, it is easy to verify that M} acts as a multiplier operator from D_p AL, 8
to H* generated by the same double indexed sequence c¢. Next, using definition of

the space D_j A}, 5 we see that the double indexed sequence
,_ {P(k: +n/2)I(M + 1)0,?
M'k+n/24+M+1) 7

kZO,léjﬁdk}
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acts as a multiplier from A}V[_B to H*. Set ¢’ = go, then we have ¢ = Ay41¢’. Since
Ay_g= Bi/i,l_ﬁﬂ we have ¢’ € MH(BM_BH, H*') and Theorem 1 from [3] gives, with
m>M—[

1/s
sup sup(l _ p)—(M—ﬁ+1)+m+1 (/‘Am-i-l(g/ * Px/)(py/)|s dl’/) < 00.
S

0<p<1y/€S

But this implies

1/s
sup sup(1l — p)Ptm+t (/ | Ami1(g * Por)(py)]? dx’)
s

0<p<1y'€S
1/s
_ ¢ sup sup(1— p)FHnt ( / \Am+M+2<g'*me><py'>|3dx/)
0<p<1y'eS S
1/s
< C sup sup(1 — p)FmM ( / |Am+1<gf*Px/><py/>|de’) < .
0<p<1y'eS S

Since # > 0, the last estimate implies (4.4).
Now we assume c satisfies (4.4) and choose f € H®. Set h = M_.f. Then, using
(4.2), we have

Ih(r?a')] < / (g% Pa)ry ) F(r)ldy' < No(g)(1 — )P Ma(f,r),

which means that (1 — r)° My (h,7) < C||f|

Hs- U

For the case 0 < s < 1 we refer reader to [3].
The next theorem deals with B?? spaces on the unit ball. For another results on

multipliers from B spaces we refer to [3].

Theorem 4.2. Let1 < p < o0, 1 < q < o0, a,8 > 0 and let ¢ be the exponent
conjugate to q. Assume m > max(a — 3 —1,8—1). Then c € My (B, AY) if and

only if the function g = g. satisfies the following condition

1/q
(45 Myla) = s sup(1 = 9" ([l s Pl ') < .
0<p<1y/es S

Proof. For necessity of this condition we use a duality result (B??)* = Bgl’q' from
[20], see [3] for another application of this duality to multiplier problems. Since the

arguments are analogous to those in the proof of Theorem 4.1 we omit details.
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Now we prove sufficiency of the condition (4.5). Assume f € B>¢ and assume ¢
satisfies (4.5). Set h = M.f. Using (4.2) we obtain

At () < [ Ao Pa)ra)F o]
< My(g)(1 = r)* "M (f, 7).
which gives
(1= )™ M (s, ) < C(1 = )My (f,7) < O fll g

Hence (1 —r)? M (h,7) < C|| f||pgs, see [7] Chapter 7. Therefore M, : B39 — A%,
Since we have embedding B?? — B> for all 0 < p < oo, see [7], the proof is
completed. O

Finally we state two results on multipliers in spaces where definitions of norms
involve derivatives, proofs will appear elsewhere. Let Vf = (0f/0zy,...,0f/0x,)
denote the gradient of a smooth function f on (2 C R". We set

DAL ={f € h(B) : [ fllpar = [F(O[+ [[Vllap <00}, a>0,0<p<oo,
DBR? = {f € h(B) : | flppre = [F(O + [IVflgpe < o0}, @>0,0<p,q<o0.

Theorem 4.3. Let 1 < s < o0, o, >0, 0 < p < 1 and let s’ be the exponent
conjugate to s. Then ¢ € My(DBP!, H3) if and only if the function g = g. satisfies
the following condition

1/s
(46)  Lu(g) = sup sup(1 — p)m2+i=o ( / |Am+1<g*Pxf><py'>|de') <.
S

0<p<1y'cS

Since DA? = DB, | see [7], taking p = 1 we obtain the following corollary.

Corollary 4.1. Let 1 < s < o0, a, 3 > 0 and let s' be the exponent conjugate to
s. Then ¢ € My(DAL, Hj) if and only if the function g = g, satisfies the following
condition

1/s
(4.7)  Ku(g) = sup sup(l — p)m oo (/S|Am+1<g*Pxf><py/>|sdx/) =0

0<p<1y/eS
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