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BOUNDS ON THE DISTANCE LAPLACIAN ENERGY OF
GRAPHS

JIESHAN YANG!, LIHUA YOU'* AND I. GUTMAN?

ABSTRACT. Let G be a simple connected graph, v; its vertex, and D; the sum of
distances between v; and the other vertices of G. Let 41,02, ..., d, be the eigenvalues
of the distance matrix D of G, and 8%, 6% ... 6L the eigenvalues of the distance
Laplacian matrix DY of G. An earlier much studied quantity Ep(G) = Y1 5]
is the distance energy. We now define the distance Laplacian energy as LEp(G) =
Sy |6k =2 57" | Di|, and obtain bounds for it.

1. INTRODUCTION

Let G be a simple connected graph with vertex set V(G) = {v1,v9,...,v,} and
edge set E(G). The distance matrix D = D(G) of G is defined so that its (i, j)-entry
d;; is equal to the distance of (= length of a shortest path between) the vertices v; and
vj [3]. The eigenvalues 4y, 0o, ..., d, of D(G) are said to be the distance eigenvalues
of the graph G and form its distance spectrum. The distance eigenvalues obey the
following simple relations:

(1.1) > 6i=0 and > 67 =2s
=1 =1
where
(1.2) s= Y (dy)
1<i<j<n

For earlier studies of the distance spectrum see [5-7, 10, 18, 20, 26, 29, 30].
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The distance degree of the vertex v;, denoted by D;, is given by D; = Z?Zl d;j .
In what follows we assume that the vertices of the graph G are labeled so that
Dy >Dy>--->D,. G is said to be k-distance regular if D; = k for all i.

The distance Laplacian matrix of a connected graph G has been recently defined
by Aouchiche and Hansen [1] as

D” = D¥(G) = diag(D;) — D(G)

where diag(D;) denotes the diagonal matrix of the distance degrees. Since D is real
symmetric, all its eigenvalues 6%(G), i = 1,2,...,n, are real and can be labeled so
that 6F(G) > 6%(G) > -+ > 6L(G). These form the distance Laplacian spectrum of
G. If confusion is avoided, we shall write 6F instead of §%(G).

Let ¢%(\) and ¢% (M) be, respectively, the characteristic polynomials of the distance
matrix and the distance Laplacian matrix. In [1], ¢¥()\) has been calculated for some
particular graphs, including the complete graph K, , the complement of an edge
K, — e, the complete bipartite graph K, ;, and the graph S, obtained by adding an
edge to the star S, . Results on 6% | (@), which is similar to the algebraic connectivity,
have been obtained [1]. Moreover, the equivalence between the Laplacian spectrum
and the distance Laplacian spectrum in the set of connected graphs with diameter 2
has also been demonstrated [1].

The following results from [1] will be needed.

Lemma 1.1. [1] If {61,09,...,0,} is the distance spectrum of a k-distance reqular
graph G, then {k — 6,k — 6,1, ...,k — 81} is the distance Laplacian spectrum of G.

It is known that Laplacian eigenvalues of a graph interlace the Laplacian eigenvalues
of its edge-deleted subgraph. Such an interlacing does not apply to the distance
Laplacian spectrum [1]. Instead of it, one has the following.

Theorem 1.1. [1] Let G be a connected graph of order n, with m > n edges, and
let G be a connected graph obtained by deleting an edge from G. Let {6F 6L, ... oL
and {SlL, SQL, e ,55} be, respectively, the distance Laplacian spectra of G and G. Then
(iL > 6F holds for all 1 < i < n.

Corollary 1.1. [1] Let G be a connected graph on n vertices. Then 0M(G) > 6H(K,,)
forall1 <i<n-—1, and 0%(G) = 6%(K,) = 0.

The distance energy of a connected graph G was defined in [12] as
Ep(G) =i
i=1

For more results on Ep(G), we refer readers to the references [2, 4, 7, 10-13, 21—
24, 27, 28, 30.

In this paper, we define the distance Laplacian energy LEp(G), and show that it
preserves the main features of distance energy.
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2. DISTANCE LAPLACIAN ENERGY

Our intention is to conceive a graph-energy-like quantity [17], defined in terms of
distance Laplacian eigenvalues, that would preserve the main features of the distance
energy. Bearing in mind relations (1.1), we first introduce the auxiliary “eigenvalues”

&, defined as
1 n
fi::5f'—'ﬁ > D
j=1

The trace of a matrix X = (2;;)nxn is defined as tr(X) = Y"1 | z; . It is also equal
to the sum of eigenvalues of X.

Lemma 2.1. Let G be a connected graph of order n. Then Y . & = 0 and
Yo &2 =28, where

2
1 n 1 n
_ - D, — = D.
S=s+3 ; < - ; ]>
and where s is given by Eq. (1.2).
Proof. Note that

anéf = tr(D*) = Zn: D;
i=1 i=1

and
n

Z(@L) = tr[(D*)?] ZD2+Z i) zn:D?-f—Qs
=1

=1 4,j=1
from which we have

SEES I CERD T B ST DR
=1 j=1 i=1 j=1

and

n n n 2
Ya=> (55— % Z@')
=1 i—=1

—Z(SL ——ZD Za ( Dj>2

2 1 [
2(2> (&)
i=1 j=1
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Note that the equality S = s holds if and only if G is distance regular.

Definition 2.1. Let G be a connected graph of order n. Then the distance Laplacian
energy of G, denoted by LEp(G), is defined as > | &/, i.e.,

n 1 n
LE = - :
p(G) = 0=~ D
=1 7j=1
Ezample 2.1. LEp(K,), LEp(K, — e).

Since ¢£"(A) = A(A—n)"~* [1], the distance Laplacian spectrum of K, is {n[*~1 0},
where wl! means that w is an eigenvalue with multiplicity ¢. Thus,
n(n —1)

n

n

LED(1,) = 30 |H0) — £ S pje

=1

n

23

=1

51L(Kn) o

‘ = 2(n - 1).

Since ¢gr""¢(A) = AMA —n — 2)(A —n)"~2 [1], the distance Laplacian spectrum of
K, —eis {n+2,n""2 0}. By direct calculation, D; = Dy =n, Dy = Dy = --- =
D,, =n — 1, and therefore % 27:1 D;= % =n+ 2 — 1. Thus,

n

LEp(K,—e¢) =Y |6/ (K, —¢ ——ZD

i=1

:znjéL( —e) — (n+%—1)’:2(n—l—%—l).

i=1
Lemma 2.2. If G is k-distance regular, then LEp(G) = Ep(G).

Proof. Since G is k-distance regular, then k = D; = % Z?Zl Djfori=1,2,...,n. By
Lemma 1.1,

1 n
& =0 — I Z Dj=(k—6n11-i) =k = —06n1
=1

fori=1,2,...,n
Thus, the result follows from the definitions of the distance energy and the distance
Laplacian energy. 0

3. ESTIMATING THE DISTANCE LAPLACIAN ENERGY
Theorem 3.1. Let G be a connected graph of order n, n > 2. Then

(3.1) 2V'S < LEp(G) < v2nS.

Moreover, the left-hand side equality holds if and only if G is a connected graph
with at most two positive distance Laplacian eigenvalues p > % YoryDi and q =
L Z? 1 Di > n. The right-hand side equality holds if and only if G is a connected

gmph whose distance Laplacian spectrum is { YD) [n=1] 0}



DISTANCE LAPLACIAN ENERGY 249

Proof. Consider the non-negative term 7' = 3 | 7% (] — [¢;])*. By direct calcu-
lation,

T = zni &I —2 (i |&\> (i y§j|> =2n-25 —2LEp(G)* = 4nS — 2LEp(G)>.
i=1 i=1 j=1

Since T' > 0, 4nS — 2LEp(G)? > 0, which implies LEp(G) < v/2nS for S > 0.
From (3.7, &)° = 0 and the fact that S > 0, we have

n n 2
2522153:(;@> -2 ) &g

1<i<j<n

=-2 ) &&=2

1<i<j<n

> &g

1<i<j<n

<2 Z |&:ll&51-

1<i<j<n

Thus,
n 2
LEp(G)* = (Zw)
=1

=Y aP+2 Y lallgl > 28 +25 =4S
i=1

1<i<j<n

which yields LEp(G) > 2V/S.

Bearing in mind the above considerations, we note that equality in the left—hand
side inequality (3.1) holds if and only if there is at most one positive-valued and at
most one negative-valued &, i = 1,2,...,n. By Lemma 1.1, we have &, = 6% —
Sty Dy = =3 Dy < 0and 6f >n > 0fori =1,2,...,n — 1. This
implies that & = & = - =& > 0 and &1 = --- = &1 = 0, where r €
{0,1,2,--- ;n—1}. The case r = 0 means that {&; = & = ... = §,_1 = 0. Hence, in the
set {07,0%,...,05 1} there are at most two positive-valued elements p > - 33" | D,
and ¢ = % 2?:1 D; > n.

In addition, we note that equality in the right—hand side inequality (3.1) holds if
and only if T = 0, ie., |§| = |&] for i,j = 1,2,...,n. Thus 6F = 2 YDy, i=
1,2,...,n—1, since

|§n| =

1 & 1 &

and 0f >n>0fori=1,2,...,n—1. O

Note that K, is a graph with exactly one positive distance Laplacian eigenvalue
n > L 3" D; =n—1. Therefore, LEp(K,) = 2¢/S. In addition, for n > 3,
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K, — e is a graph with exactly two positive distance Laplacian eigenvalues n + 2, n.
Therefore, LEp(K, —e) #2V/Ssincen # 1 3" Di=n+2—1.

Corollary 3.1. Let G be a connected graph of ordern. Then LEp(G) > \/2n(n — 1).
Proof. By Theorem 3.1 and d;; > 1 fori,5 =1,2,...,n,

LEp(G)>2VS= | > (dy?+ % i (Di - % i@-)

1<i<j<n i=1 J=1

>2 [ S (dy)2>2 (;‘)z on(n — 1).

1<i<j<n
OJ

The diameter of G, denoted by diam(G), is the maximum distance between any
two vertices of G.

Corollary 3.2. Let G be a connected (n, m)-graph with diam(G) =2 . Then
LEp(G) > 2v2n2 — 2n — 3m.

Proof. Since diam(G) = 2, d;; = 1 if v;u; € E(G) and d;; = 2 if vv; ¢ E(G). By
Theorem 3.1, we have

LEp(G) > 2VS = > (dy)?+ % zn: (Di — % i&)

= 2v/2n2 — 2n — 3m.

Lemma 3.1. [14] Let ay,as, .. ., a, be non-negative numbers. Then

n n 1/n n n
n %Zai—(nal) §nZai—<Z\/a_i>
i=1 i=1 i=1 i=1

2
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Theorem 3.2. Let G be a connected graph with n vertices, 1, the unit matriz of
order n, and

_ Lo 1N
A = |det (D - ;DZIH .
Then
(3.2) V25 +n(n — A < LE(G) < \/2(n — 1)S + n A2/,

Proof. The bounds (3.2) are special cases of a result from [8]. For the sake of com-
pleteness, we sketch their proof.
Let a; = €%, i=1,2,...,n, and

n n 1/n
K=n %;si—(ﬂ&f) >0,

=1

Then by Lemma 3.1,

n n 2
K<n) &- (Z |&|> <(n-1K
=1 =1

that is, K < 2nS — LEp(G)* < (n — 1)K.

Since
9 n 2/n
K= —— i =289 — nA?"
n - S (ZI_II |€ ]) S—n
and
25 — nAY" < 2nS — LEp(G)? < (n — 1)(2S — nA?™)
we arrive at the desired result. O

Remark 3.1. The upper bound of LEp(G) in Theorem 3.2 is always better than the
one in Theorem 3.1. By K > 0, we have

n n n 1/n
25 = 253 = Z &P > n (H w) = nAY",

Thus,

\/Q(n —1)S + nA2/» < v/2nS.

From the proof of Theorem 3.1, the equality

\/Q(n —1)S + nA2/" =+/2nS
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holds if and only if |&]| = |&| = ... = |&], i.e., if and only if G is a connected graph
whose distance Laplacian spectrum is

9 n [n—1]
(Fxn)

Emulating a method invented by Koolen and Moulton [15, 16|, and originally ap-
plied to the ordinary graph energy, we can formulate the following.

Theorem 3.3. Let G be a connected graph of order n. Then

(3.3) LEp(G) < % ZH:DZ- v {(n—1) |25- (% ZR:DZ) .

Proof. By Lemma 1.1, &, =0—+ >" | D; = —= 3" D;. Consider the non-negative
term 7" = S0} 23:11 (1&] = |&1])?. By direct calculation,

T'=2(n—1) Z )7 — 2 (Z ‘51‘) (Z ’fj|>

which straightforwardly leads to inequality (3.3). O

Definition 3.1. [19] Let (a) = (a1, a2,...,a,) and (b, b, ..., bs) be nonincreasing
sequences of real numbers. Then (a) majorizes (b) if (a) and (b) satisfy the conditions:

(1) > Z b; for k=1,2,...,min{r, s}, and

(2)

Remark 3.2. The upper bound for LEp(G) in Theorem 3.3 is always better than
the one in Theorem 3.1. By applying the Cauchy-Schwartz inequality to the two

(n — 1)-dimensional vectors (1,1,...,1) and (|, |&], - - -, [€a]), we get
n 2 n
<Z ’fz’) <(n-— 1)2‘&"2
i=2 i=2
that is,

(LEp(G) — |&])? < (n—1)(25 — |&]?)
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and therefore
(3.4) LEp(G) < &) +v/(n—1)(25 — [&]?).

It was proven in [25] that the spectrum of a positive semidefinite Hermitian matrix
majorizes its main diagonal (when both are rearranged in nonincreasing order). By
Lemma 1.1, D% is a positive semidefinite matrix since §X(G) > 0 for all 1 < i < n.
Noting that D’ is also symmetric, we have 6F > D; and & = 6F — % YD >
Dy — L+ 3" D; >0. Thus Eq. (3.4) can be written as

LEp(G) < & +1/(n— 1)(25 — €b).

Define the function f(z) =z + /(n — 1)(25 — 22) for x > 0. By simple calculus,

it can be shown that f(z) is decreasing in the internal [ 25/n, —1—00} , and increasing

in the internal _0, \/QS/n} . Then

f \%ja ~13o [ as- (1 30)
<V2nS = f (\/25/71) — () .
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