KRAGUJEVAC JOURNAL OF MATHEMATICS
VOLUME 37(2) (2013), PAGES 287-297.

ULAM STABILITY OF BOUNDARY VALUE PROBLEM
RABHA W. IBRAHIM

ABSTRACT. In this paper we present and discuss different types of Ulam stability:
Ulam-Hyers stability, generalized Ulam-Hyers stability, Ulam-Hyers-Rassias stabil-
ity and generalized Ulam-Hyers-Rassias stability for Cauchy differential equation of
fractional order in the unit disk. Moreover, the generalized Ulam-Hyers stability
for univalent solution is introduced and the existence and uniqueness of boundary
problem are established.

1. INTRODUCTION

The concept of the arbitrary order calculus (that is, calculus of integrals and deriva-
tives of any arbitrary real or complex order) was invistegated over 300 years ago. Abel
in 1823 imposed the generalized tautochrone problem and for the first while employed
the fractional calculus techniques in a physical problem. Subsequent Liouville utilized
fractional calculus to problems in potential theory. Ever after the fractional calculus
has exhausted the attention of many authors in all area of sciences [1].

Fractional differential equations (real and complex) are viewed as models for non-
linear differential equations. Difference of fractional differential equations are applied
not only in mathematics but also in physics, dynamical systems, control systems and
engineering to create the mathematical modeling of many physical phenomena. In
addition, they employed in social science such as food supplement, climate and eco-
nomics. One of these equations is a super-linear fractional differential equation [2]
and heat equation [14].

Newly, the theory of fractional calculus has located pleasant applications in the the-
ory of analytic functions. The classical definitions of fractional operators and their
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generalizations have fruitfully been applied in obtaining, for example, the characteri-
zation properties, coefficient estimates [3], distortion inequalities [12] and convolution
structures for various subclasses of analytic functions and the works in the research
monographs.

Srivastava and Owa (1989) [13], gave definitions for fractional operators (derivative
and integral) in the complex z-plane C as follows:

Definition 1.1. The fractional derivative of order « is defined, for a function f(z)

by
ey L d Q)
Def(z)= md—/ Gt

where 0 < o < 1 and the function f(z) is analytic in simply-connected region of the
complex z-plane C containing the origin and the multiplicity of (z — )™ is removed
by requiring log(z — () to be real when(z — ¢) > 0.

Definition 1.2. The fractional integral of order o > 0 is defined, for a function f(z),
by

I°f(z) = ﬁ / CFO(z = Ordc

where the function f(z) is analytic in simply-connected region of the complex z-plane
(C) containing the origin and the multiplicity of (z — ¢)*~! is removed by requiring
log(z — ¢) to be real when (z — () > 0.

Remark 1.1. I )
o+ _
DefAH) — b —1:
) = g e 2 0
for 0 <a<1andforu>-—-1; a>0,
I(p+1)
JOL ) pta
2 = e )

Further properties of these operators can be found in [10] and [13].

2. METHODS

In the theory of functional equations there are some special kind of data de-
pendence: Ulam-Hyers, Ulam-Hyers-Rassias, Ulam-Hyers- Bourgin, Aoki-Rassias,
[4, 10, 11]. In this paper we pose different types of Ulam stability: Ulam-Hyers
stability, generalized Ulam-Hyers stability, Ulam-Hyers-Rassias stability and gener-
alized Ulam-Hyers-Rassias stability for the following Cauchy differential equation of
fractional order in the unit disk

(2.1) DZu(z) = f(z,u(2)),
where u : U — B is an analytic function for all z in the unit disk U := {2z : |z| < 1}

and f : U xB — B is an analytic function in z € U. Hear B is the space of all analytic
and bounded functions in the unit disk. Recently, the existence and uniqueness of
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Cauchy differential equations of fractional order in the unit disk are considered and
studied in [5-7]. Moreover the Ulam-Hyers stability in complex domain was suggested
in [8, 9]. While in real fractional calculus was imposed by [15, 16].

Let (B, |.]) be a complex Banach space endow with the sup. norm.

Definition 2.1. The equation (2.1) is Ulam-Hyers stable if there exists a real number
¢ > 0 such that for each ¢ > 0 and for each solution in the holomorphic space
v e H(U;B) of
(2:2) [Dfv(z) = f(z0(2))| <6, z€U
there exists a solution u € H(U;B) of (2.1) with

lv(2) —u(z)| <ce, z€U.
Definition 2.2. The equation (2.1) is generalized Ulam-Hyers stable if there exists

1 € H(R,;R,) such that for each solution in the holomorphic space v € H(U;B) of
(2.2) there exists a solution u € H(U;B) of (2.1) with

0(x) —u(2)| < $(e), z€U
Definition 2.3. The equation (2.1) is Ulam-Hyers-Rassias stable with respect to

© € H(U;Ry) if there exists a real number ¢ > 0 such that for each ¢ > 0 and for
each solution in the holomorphic space v € H(U;B) of

23 D20(z) = fz0(2)| < eplz), z€U
there exists a solution u € H(U;B) of (2.1) with
0(z) — u(z)] < ceplz), €U

Remark 2.1. A function v € H(U;B) is a solution of (2.2) if and only if there exists
a function g € H(U;B) ( depends on v) such that

(i) lg(z)| <€ z€U,
(ii) Dv(z) = f(z,0(2)) + 9(2), z€U.
We need the following result in the sequel:

Lemma 2.1. [5] For 0 < a <1 and f is analytic, then
15D f() = (), £(0) =0,
3. ULAM STABILITY

Let us consider the equation (2.1) and the inequality (2.2). We have the following
result.

Theorem 3.1. Assume that
() f € HU x B;B),
(ii) there exists £ > 0, £ # I'(a + 1) such that |f(z,u(2)) — f(z,v(2))| < lu —v|,
z € U, u,v € B. Then the equation (2.1) is generalized Ulam-Hyers stable.
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Proof. Let v € H(U;B) be a solution of (2.2). Let us denote by u € H(U;B) the
unique solution of the Cauchy problem [5]

Diu(z) = f(z,u(z)), z€U

u(0) = v(0).

By using Lemma 2.1, we pose

1 ? o1
u(z) = v(0) + g / F(Cu(O)z — ¢t

and
0(2) /f<v Qg < e
From these relations we obtain,
o(2) = u(z)] = [o(2) o | a0 - o]
= — 1) - —
() i
1
S‘UZ—U(O—m/fC,U (z — O‘_ldg“‘
ey [ HCne =0 = s [ aton - o
[a) Jo
lo(z) — u(z)]
< - 7 @~ 7
=TT Tt
or
[0(z) = u(z)] € ———5—=ce, (#D(a+1).
L- F(a+1)
Hence (2.1) is Ulam-Hyers stable. By putting ¢(e) = ce, ¥(0) = 0 yields that Eq.
(2.1) is generalized Ulam-Hyers stable. O

Theorem 3.2. Assume that

(i) f € HU x B; B,
(ii) there exists £ > 0, { # I'(a + 1) such that

lf(z,u(2)) — f(z,v(2)] <Llu—v|, zeU uvebB.

(iii) there exists ¢ € H(U;Ry) that satisfies (2.3). Then the equation (2.1) is
Ulam-Hyers-Rassias stable.

Proof. Let v € H(U;B) be a solution of (2.3). In virtue of Remark 2.1,

lu(z) o ——/va — (] < ().
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From this relation we impose,

ol - [ LMD

<[ote) — o) - [T HEHEPES Oa_ld(‘

e [ Hene = ot - s [ o

gw<z)+_ﬂvls(;ﬂgz>|

0(2) —u(z)] =

or

€p(2)
— = cep(2).
T'(a+1)

o(2) — u(2)] < —

(¢ # I'(aw + 1)). Hence problem (2.1) is Ulam-Hyers-Rassias stable.

291

— Q)¢

O

In the next results, we investigate the generalized Ulam-Hyers stability for univalent

solution of Cauchy problem. It will be taken in two cases depending on «.

Theorem 3.3. Let 0 < a < 1. If the problem (2.1) has a univalent (one-to-one)

solution in U, then it is generalized Ulam-Hyers stable.

Proof. Let v be univalent solution of the problem (1) in U [5]. In view of Theorem 3

n [12], we have

rl-a 1 1+ rt
Dou(z)| < dt
[D7v(2)] < r(1— a)/o 11—t —rt)p

(Jz|=r<1l,zeU 0<a<l).

Assume that |f| < M < oo; thus we obtain

|DZv(z) = f(2,0)] € 57—

1 147t
dt + M = e.
/0(1_t)a(1—rt)3 * €
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To show that (2.1) is generalized Ulam-Hyers stable, a computation gives

: a—1 L - U 5 a—1
o) = u) = | [ o0 =0t = g [ ruO)e - o tac
<ol [ G- o
oM

" T(a+1)
2(e

lma 1 1+rt
T T'(l—a) fo (1—t)°‘+(1—7"t)3 dt)

Ma+1)

= 1(e),
for sufficient small . Hence (2.1) is generalized Ulam-Hyers stable. O

Theorem 3.4. Let 1 < o < 2. If the problem (2.1) has a univalent solution in U,
then it is generalized Ulam-Hyers stable.

Proof. Let v be univalent solution of the problem (2.1) in U [5]. Let o = 8 + 1,
0 < 8 < 1. In view of Theorem 4 in [12], we have
-B

|Dv(z)] < m

(rF(2,1,1= 7)),

(Jz| =7r#0,z€ U, 0< B <1),

where F'(2,1,1— (;r) is a hypergeometric function. Assume that |f| < M < oo; thus
we obtain

B
|D2v(z) = f(z,0)] <

< m(rF(Z, L1-=08;r)+ M :=e

Now a calculation implies

o) =)l =] [ GO =0 = s [ A= 0

oM [ N
Sm'/ﬂz_o 14|
2M

C T(a+1)

B 2(e — F("l;fﬁ)(rF(Q, 1L,1—g;1))
B INa+1)

= 1(e),

for sufficient small 7. Thus (2.1) is generalized Ulam-Hyers stable. O
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4. BOUNDARY VALUE PROBLEM

In this section, we establish the existence and uniqueness of solution for the follow-
ing Cauchy problem

(4.1) DZu(z) = f(z,u(2)),
such that
(au(O) +bu(l) =cu(§), z€U,a+b# c).

This boundary condition appears in certain problems of physics where the controllers
at the boundary points dissipate or add energy according to a censor located at an
intermediate position.

Now, we state a known result due to Krasnoselskii which is needed to prove the
existence of at least one solution of (4.1).

Lemma 4.1. Let M be a closed conver and nonempty subset of a Banach space X.
Let A, B be the operators such that

(i) Az + By € M whenever x,y € M
(ii) A is compact and continuous
(iii) B is a contraction mapping. Then there exists w € M such that w = Aw+ Bw.

Theorem 4.1. Let f € H[U x B;B| be a holomorphic function satisfying

(4.2) 1f(zu) = f(z0)| < Lllu—vll,  z€ U, u,v €B,
and for p >0
(4.3) If(z,w)|| <, VzeU, u€cB.

Then the problem (4.1) has a unique solution provided
r 1

L< (al:::r )) '
<]' + a+bfc|>

Proof. Define P : H — H by

(Pu)(z) = ﬁ / T HC )z — O e

1

(a+c—oT(a) [b/o F(Gu(Q))(I =) dC

3
iy / F(Gu(Q)(E = O],
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By using (4.3), we obtain

I(Pu)(2)]| < / ) ||f<<7u<<r>>(|||)z A

. 1
la+b—

+le / 17 uC) e —¢I*dc]

) ulbl +le)
_F(a+1) la+b—cl(a+1) "
Hence PB, C B,, where B, = {u € B : ||u|| < r}. Now for u,v € B, we pose

1 z o1l
I(P)) = (Po)() < s / 17 ul€)) — F(C o]z — ¢lotde

|b|/ LA (O = ¢[ode

1 1 .
e / I£(Cu(€)) = (G w(OIL = ¢l

el 17600 = S velle - it
Lllu =[] Lllu = v[|(}b + |e])
“Ia+1)  Ja+b—cI(a+1)
umol T
IMNa+1) Ja+b—cl'(a+1)

L (1+ |b|+|c|)>

I'(a+1) la+b—c|l/
Thus, the conclusion of the theorem follows by the contraction mapping principle
(Banach fixed point theorem). O

Theorem 4.2. Assume that (4.2) and (4.3) hold with
L b
( b + le]) ><1‘

Dla+1)\|ja+b—¢|
Then the problem (4.1) has at least one solution on U.

= [lu =]

Proof. Define two operators A and B as follows:

/fc, (2 — O,

(Bu)(:) = [ [ e -orac—e [ sicutenie - o]

a+c—c

For r — % and u,v € B, we find that [[(4u)(2) + (Bv)(2)]| < r. which

implies that (Au)(z) + (Bv)(z) € B,. It follows from the assumption (4.2) that B is
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a contraction mapping for

L ( bl + le]) ) <1
Dla+1)\|ja+b—| '

Now we prove the compactness of the operator A. Since f is bounded on the compact
U x B, we have

4z = (Audealll = g ([ 76 u@er = 071 = = e
[ ) - o)

Z1

]
A —
~ INa+1)
which is independent of u. So A is relatively compact on B,. Hence, By Arzela Ascoli
Theorem, A is compact on B,. Thus all the assumptions of Lemma 4.1 are satisfied
and the conclusion of Lemma 4.1 implies that the problem (4.1) has at least one
solution on U. 0

12(21 — 22)" + 27" — 25

5. APPLICATIONS

In order to show the effectiveness of the generalized Ulam-Hyers stable and Ulam-
Hyers-Rassias stable for fractional Cauchy problem in the unit disk, we present some
well known examples.

Example 5.1. Consider the following linear fractional differential equation:
(5.1) Diu(z) = —u(z), 1l<a<2
such that
w(0) =1, 4/ (0)=0.
This problem has a solution of the form

u(z) = Ea(=2%),

where
(=3
Ba(2) =y ———
— I'(ak +1)

is the Mittag-Leffler function of order a. In view of Theorem 3.1, problem (5.1) is
generalized Ulam-Hyers stable for all 1 < a < 2.

Example 5.2. Consider the following linear fractional differential equation:
(5.2) DZu(z) — au(z) = Ag(z),
such that 1 <a <2, A >0, and
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Assume that g € H(U;R,) such that
|DZo(z) — av(2)] < Ag(2)

for some function v € H(U;B). By letting f(z,u) = au(z),if 0 <a <1, 1 <a <2
then in view of Theorem 3.2, the problem (5.2) is Ulam-Hyers-Rassias stable.

Example 5.3. Consider the following non-linear problem

(5.3) Déu(z) = 1—16<z sinu(z) — u(z) COS(Z)),

such that )
u(0) +u(l) = u(g)

Here a = b= c =1, since

f(z,u(2)) — f(z,v(z))‘ = 1_16 (z sinu(z) — u(z) cos(z)) — (z sinv(z) —v(2) cos(z))’
< % z(sinu(z) —sinw(z)) + cos(z)(v(z) — u(z))‘
< élu —vl;

thus (4.3) is satisfied with L = §. Furthermore
1, _ Pla+1) _ INE)) _ 0886
8 <1+ Ib\+|cl)> 3 3

= 0.295333..,
a+b—c|

in view of Theorem 4.1, problem (5.3) has a unique solution. In addition, it is
generalized Ulam-Hyers stable (Theorem 3.1).

6. CONCLUSION

From above, we conclude that Lipschitze (Theorems 3.1 and 3.2) and univalent
(Theorems 3.3 and 3.4) conditions yield the generalized Ulam-Hyers stable and Ulam-
Hyers-Rassias stable for the Cauchy differential equations of fractional order in the
unit disk. By employing the Krasnoselskii and Banach fixed point theorems, the
existence and uniqueness of boundary value problem are established.
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