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A NEW OSTROWSKI-GRUSS TYPE INEQUALITY
YU MIAO!, FEI HAN?3 AND JIANYONG MU'!

ABSTRACT. In the present note, we establish a similar inequality of Ostrowski-
Griss type for functions whose first derivative is absolutely continuous and second
derivative is bounded both above and below almost everywhere.

1. INTRODUCTION

The following integral inequality which establishes a connection between the in-
tegral of the product of two functions and the product of the integrals of the two
functions is well known in the literature as Griiss’ inequality (see [15, p. 296]).

Theorem 1.1. Let f, g : [a,b] — R be two integrable functions such that ¢ < f(z) < ®
and v < g(z) < T forall x € [a,b], ¢, P,y and T" are constants. Then we have

’ _a/f dm——/f )da / g(z)dz

where the constant % 18 sharp.

Another celebrated integral inequality which provides an approximation of the in-
tegral mean ;1 f; f(t)dt in terms of the values of f at a certain point z € [a, b], is
Ostrowski’s inequality [16, p. 468].

< 3T =)@ ),

Theorem 1.2. Let [ : [a,b] — R be continuous on |a,b] and differentiable on (a,b),
whose derivative f : [a,b] — R is bounded on (a,b), i.e

1f oo —tzl% 17 ()] < oo.
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Then we have the inequality

'x b—a/f dt‘

for all z € [a,b]. The constant } is sharp.

In the years thereafter, numerous generalizations, extensions and variants of Griiss
inequality have appeared in the literature (see [4-12]). Dragomir and Wang [8] proved
the following Ostrowski type inequality in terms of the lower and upper bounds of
the first derivative.

Theorem 1.3. Let f : [a,b] — R be continuous on [a,b] and differentiable on (a,b),
whose derivative satisfies the condition: v < f'(x) < T for all x € (a,b). Then we
have the inequality

- [ rwa- O () < Loy

for all x € [a,b).

In Theorem 1.3, if we take z = a, then it follows that

(1.1) ‘b_a/f £t — +f(>

Cerone et al. [2] obtained the following result for twice differentiable mappings in
terms of the upper and lower bounds of the second derivative.

(b—a)(l' = 7).

FMH

Theorem 1.4. Let f : [a,b] — R be continuous on [a,b] and twice differentiable on
(a,b), and assume that the second derivative f* : (a,b) — R satisfies the condition
¢ < f'(x) < ® for all x € (a,b). If we denote t = =t then we have the inequality

RO TR FIGE 0

)~ o0 2 )]

1

Sl <b—a>+rx—t@

for all x € [a,b).

Motivated by the works of Cerone et al. [2], the purpose of the present note is to
establish a similar inequality of Ostrowski-Griiss type to the inequality in Theorem
1.4 for functions whose first derivative is absolutely continuous and second derivative
is bounded both above and below almost everywhere. From our inequality, we can
obtain an analogue (see Remark 2.1) to (1.1).



OSTROWSKI-GRUSS TYPE INEQUALITY 309

2. MAIN RESULTS

Theorem 2.1. Let f : [a,b] — (—o00,00) be a function such that the derivative f’
is absolutely continuous on [a,b]. Assume that there exist constants v,T' € (—o0, 00)
such that v < f"(z) <T a.e. on [a,b]. Then we have

’[f/<b)+f(a)] [é(b"i_a)"i_i] L of (b)zaf (@) +f(a)(1+2262)b:£§b)(1+2b)
(430 VIFIC,  -B<as-i-k

T ffl (22 +2—C)dz, a<—3—2b,

\ 2(b—a)
where
P /b(a:+:c2)dx:1(b+a)+1(b2+ab+a2),
b—a ), 2 3
and
y o TLoVIFAC -1+ VIH4C
2 ’ 2 '

Proof. 1t is not difficult to check that

' a ' a b
£+ f@)[go+ o)+ 3]+ LI L [y
N fla)(1 4 2a) — f(b)(1 + 2b)

200 —a)
-1 {b - /ab(x o) f (@)d (b_%y /ab(x e /ab f”(m)dm}

(2.1) —ﬁ/j{(m—i—ﬁ)— bia/ab(x—l—ﬁ)dx} £ (@)dz.

b
A:{ie[a,b]:a:—l—ﬁzbl /(:v—l—ﬁ)dx};

b
Acz{xe[a,b]:x+x2<bl /(m—i—ﬁ)dw}.
—al,
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/ab{(x+x2) - bia/ab(:zr%—atz)dx} ' (z)dx
§F[4{(x+x2)—bia/ab(x—i—xQ)dx}dx
+’Y/c{(x+:c2)—bia/ab(:c—l—xQ)dx}d:c

Then we have

and
/ab{(:z:+x2) — bia/ab(x—i-ﬁ)dx} £ (x)da
Z’Y/A{(:c—i—:cQ)—bia/ab(m+x2)dx}dx
+F/C{(:c+a:2)— bia/ab(xjtx?)dx}daz.
Since

/A{(x—l—ﬁ)—ﬁ ab(:c+:c2)da:}dx

:_/c{(a:+:c2)—bia/ab(x—Ira:Q)da:}d:c,

it follows that

1 b I
2 o 2 "
- /a {(m+x) b_a/a(x—l—x)dx}f (x)dx
I'—~y 2 1 ’ 2
< -
< b_a/A{(:v+x) — a(:r;—l—:c)da: dx
=~ 2 1 ’ 2
2.2 =— o _
(2.2) b_a/c{(x+x) P a(:l:+x)da: dx
Putting
c= /b( e = 2(b+a) + 2(6 + ab+ a?)
==l z+27)dz = 3 a)+3 ab+ a”).
Therefore, from (2.2), it is enough to discuss the following integral,
(2.3) / (2 + 2 — C)du.

It is easy to see that 1+ 4C < 0 dose not hold in = € [a, b], thus we only consider the
case 1 +4C > 0. Denote the solutions of the equation 22 + z — C' = 0 by z; and z,

then
-1 —-+14+4C 1+ v1+4C
— 5 )

T = y L2

2
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Case 1. —g—2b§a§—%—

NS
.

This case implies b > —% and the claim

(2.4) a<x <x9 <D
Since —% —2<a< —% - g, we have
1 3 3
b> —3 (b+2a)(b—a) < 5(6 —a), (a+2b)(a—>) < Q(b —a),
which yield
V1140 < —2a—1, V1+4C <2b+1.
The claim (2.4) can be obtained. Then we have
2 1 2
/ (12+m—0)dm:/ (2 + 2 —C)dr = — (6+§C> V1+4C.

Case 2. —%—ggagb.

With the same proof of Case 1, it is easy to check
1 <a<xy <b.

Then we have
/ (a:2+:c—C)dq::/ (* + 2 — O)dx

1
:—6[m2(40+1)—|—2a3+3a2—2a0+0].

Case 3. a < —% — 2b.
With the same proof of Case 1, it is easy to check
a<z; <b< .

Then we have

/C(x2+.i£—0)d:v :/b(x2+x—0)d.r

1

1
=5 [m(aC+ 1)+ 2b* + 36° — 6bC — C] .

From (2.1), (2.2) and above discussion, the desired result can be obtained.

Next we shall show the following similar Ostrowski-Griiss type inequality.

311

Theorem 2.2. Let f : [a,b] — (—00,00) be a function such that the derivative f
is absolutely continuous on [a,b]. Assume that there exist constants v,I" € (—o0, 00)
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such that v < f"(z) < T a.e. on [a,b]. Then fort € [a,b], we have
Lf'(b) = f(a)](t — a)(b 1) N (b+a)(f (b)) + f'(a)
2(b—a) 2

(t+a)f(@) = (b +0)J ()| _ T -
b—a —b-—

ft) +

(2.5) -

v
t,a,b
LG(t.a.b)

where if t +a > 0, then

G@%mzﬁgﬂuﬁ4ﬁywm+cm—cg+

ift+a<0,t+b<0, then

G(t,a,b) = @(C’g —a®) = (at+C)(Cs —a) +

ift+a<0,t+b>0, then

G(t,a,b) = @(C’g —a?) — (at +C)(Cs —a) +

ift+a=0,t#Db, then

(b+1)

5 (b* —C3) — (bt + CO) (b — Cy);

(b+1)
2

(CT—1%) — (bt +O)(Cy —1);

(b+1)

(B = C3) = (bt +-O) (b= Ca;

(b+1)
2

G(t,a,b) = (b = C3) — (bt + C) (b — Cy);

ift4+b=0,t#a, then

(t+ a)
2
ift+a=0,t=bort+b=0,t=a, then

G(t,a,b) =0,

G(t,a,b) = (CF — a®) — (at + C)(Cs — a);

and where .
C = §[t2 — (b+a)t + (b* + ab + a?)],

t bt
Clz<a _|—C’\/CI,)/\IS7 02:< +C\/t)/\b,
t+a t+0

ngav(aHO/\t), C4ztv<bt+c/\b).
t+a t+0b

Proof. Let

_Jt-2)(r—a), alz<H
(2.6) K@@_{@_ww—@,tgxgb

Then it is easy to see that
1

b—a

(2.7) /b(K(t, 7) + 2?)dr = %[tQ — (b+a)t + (b* + ab + a?)),
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and

1
b—a

(28) = f(t) + b—a

/ (K(t2) + 22)f"
£ O — £ (a)a?

313

(x)dx

| L af(@) = 6+ 0f)

Therefore, from (2.7) and (2.8), we get

ft) +

/' (b) = f (@)t —a)(b—1)

b—a

L ot a)(f () + f(a)

2(b—a)

| L+ af(@ = 6+ 0f)

b—a

/ab {(K(t,a:) + %) —

B = {m € [a,b], (K(t,z) + 2%)

_b—a

B¢ = {a: € [a,b], (K(t,z) + 2%)

b—a

2

/:(K(t,a:) + zz)dx] £ (x)dx.

tA%KX@x)+x%dx};

/ab(K(t, r) + xQ)dx} :

>
“b—a

<

b—a

As the proof of Theorem 2.1, we only need to estimate the bound of the following
inequality

bia /ab [(K(t,x)%—ﬁ)—
SE:V

(2.10)

A;PKUJﬂ+$%—

Next we shall divide our proof into five cases.

b—a

/;(K(t, x) + x2)dx} £ (x)da
/ab(K(t,x) + xZ)dx] dx.

b—a

Case 1: t + a > 0. Under this case, it follows that b+¢ > 0. Then if a < x <, we
have

t
K(t,x)+x220<:>x2a +C,
t+a
and if t < x < b, we obtain
) bt + C
Kt,z)+2°>C<=a> :
t+b
Therefore
b
/ [(K(t,x)+x2)— / (K (t,2) + 2%)da | da
B b—a a
t+ b+t
:( 2a>(t2—012)—(at+0)(t—01)+( )

(b* = C3) = (bt + C)(b — Ca),
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where c e
t
Clz(a+ \/a)/\t, 02=<t+ \/t)/\b.
t+a t+b
Case 2: t+a<0,t+b<0. Then if a < x <t, we have
t
K(t,x)+x220<:>x§a +C,
t+a
and if t < x < b, we obtain
K(t,x)—l—x220<:>x§w,
t+b
Therefore
1 b
/[(K(t,x)—i—ﬁ)— /(K(t,x)—i—xQ)dx} dx
B b—a a
t+ b+t
:%(C}f—cﬂ)—(at+C)(C’3—a)+%(C§—t2)—(bt+C)(C4—t),
where c b O
t t
ngav<a+ /\t), C4:tv< + /\b).
t+a t+0b
Case 3: t+a<0,t+b>0. Then if a < x <'t, we have
t+C
K(t,a:)+a:220<:>a:§a + ,
t+a
and if t < x < b, we obtain
bt
Ktz)+2*>>C <z > +O.
t+b
Therefore
1 b
/[(K(t,:r;)—i—:cQ)— /(K(t,x)—l—:cQ)dx dx
B b—a a
t+ b+t
:( 2a>(C§—a2)—(at+C)(Cg—a)+( + )(bQ—Cg)—(bt—l—C’)(b—C’g).

Case 4: t 4+ a = 0. This case implies a < 0 and t = —a > 0. Furthermore, it is easy
to see that

a4 0= L~ (b—a)i + (P +ab+ )] 20, Vi€ o]
Then if a < x <t, we have
{v:K(t,z)+2°>C} =0, for t#b
{v:K(t,z) +2°=C} =[a,t], for t=0
and if t < x < b, we obtain

+C
+b

bt
Kt,r)+2*>C <1 > : for t #b.
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Therefore,

/B [(K(t, z) + %) — 7 i - /:(K(t, ) + 2%)dz| dx

(b2ﬂ(b2_c22)_(bt+c)(b—02), for t # b;
0, for t=b.

Case 5: t + b= 0. This case implies b > 0 and ¢t = —b < 0. Furthermore, it is easy
to see that

m+0:%W—m—mm4ﬁ+@+ﬁﬂza Vite ol

Then if a < x < t, we have

t+C
K(t,a:)+a:220<:>x§a +
t+a

for t # a,

and if t < x < b, we obtain
{v:K(t,z)+2°>C} =0 for t+#a,
{r:K(t,z)+2°=C} =[a,b] for t=a.

Therefore,

(L{Mﬁﬂﬁ+ﬁ)_bial%K@wW+fﬂxdx

[0 —a?) — (at + O)(Cs —a), for t#a;
0 for t = a.

O

Remark 2.1. We give an example for the case t = a to show a perturbed two points
inequality. Let a > 0, then b > 0. It is easy to get

1 1 1
Czém%w% C, = a, @:§m+m,0@mm:§@—@%mmy
Similarly, if a < 0 and a + b > 0, then

C = %(CLZ + b2>7 03 = a, C2 = %(CL—Q— b)? G(ta avb) = %(b - a>2(b+ (I),

ifa <0and a+ b <0, then

C= @ +1), Ci=a, @:%@+@,G@%m:é@—@%mﬂ%

Hence, we have

(F=)(b = a).

ol =

(F(8) — f(a)) = 5(7 () + f (a))| <
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If we rewrite the above inequality as follows

b
= | @ =50 + @) < 50 = -a)

1
— 8
then, the bound is formally better than the inequality (1.1).

Remark 2.2. If we take b > 0, a = —b and t = 0, then we have
1, 1 1 1l
C = 2b , O3 = 2b, Cy = 2b, G(t,a,b) = 4b ,

which implies

10+ 20 - 7 @) - 200 + sty | < EE=2)
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