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ABSTRACT. In this paper we introduce the sequence spaces Y% and A% for the

sequence of moduli F' = (f,,,) and study some of the general properties of these
spaces.

1. INTRODUCTION

Throughout w, y and A denote the classes of all, gai and analytic scalar valued
single sequences, respectively. We write w? for the set of all complex sequences
(Tmn), where m,n € N, the set of positive integers. Then, w? is a linear space under
the coordinate wise addition and scalar multiplication. Some initial works on double
sequence spaces is found in Bromwich [4]. Later on, they were investigated by Hardy
[5], Moricz [9], Moricz and Rhoades [10], Basarir and Solankan [2], Tripathy [17],
Tirkmenoglu [19], and many others.

Let us define the following sets of double sequences:

M, (t) = {(xmn) cw?: sup |Tpa|™" < oo},

m,neN

m,n— o0

C, (1) := {(Imn) cw?:p— lim |Zp, — "™ =1, for some 1 € (C} :

Cop (1) := {(xmn) cw’:p— lim |z = 1} 7

m,n—00
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L, (t) = {(a:mn) cw?: Z Z |wmn\t’"” < oo} ,

m=1 n=1
Cop () == C, (&) (M (¢
Copp (1) 1= Cop (t ﬂjvt
where t = (,,,) is the sequence of strictly positive reals t,,, for all m,n € N and
p — lim,, o denotes the limit in the Pringsheim’s sense. In the case t,,, = 1

for all m,n € N;M, (¢),C, (), Cop (t),Lu (t),Cppy (t) and Copp, (t) reduce to the sets
M., €,, Cop, Lu, Cpp and Cqyyp, respectively.

Now, we may summarize the knowledge given in some document related to the
double sequence spaces. Gokhan and Colak [21, 22] have proved that M, (¢f) and
C, (t),Cpy (t) are complete paranormed spaces of double sequences and gave the
a—, f—,y— duals of the spaces M, (t) and Cy, (t) . Quite recently, in her PhD the-
sis, Zelter [23] has essentially studied both the theory of topological double sequence
spaces and the theory of summability of double sequences. Mursaleen and Edely [24]
have recently introduced the statistical convergence and Cauchy for double sequences
and given the relation between statistical convergent and strongly Cesaro summable
double sequences. Nextly, Mursaleen [25] and Mursaleen and Edely [26] have defined
the almost strong regularity of matrices for double sequences and applied these ma-
trices to establish a core theorem and introduced the M —core for double sequences
and determined those four dimensional matrices transforming every bounded double
sequences * = (z;;) into one whose core is a subset of the M —core of x. More recently,
Altay and Bagar [27] have defined the spaces BS, BS (t) , €S, C8y,, €S, and BV of dou-
ble sequences consisting of all double series whose sequence of partial sums are in the
spaces My, M, (t) , C,, Cpp, €, and L, respectively, and also examined some properties
of those sequence spaces and determined the a— duals of the spaces B8, BV, €§;, and
the /5 (9) — duals of the spaces €8, and €8, of double series. Quite recently Bagar
and Sever [28] have introduced the Banach space £, of double sequences correspond-
ing to the well-known space ¢, of single sequences and examined some properties
of the space £,. Quite recently Subramanian and Misra [29] have studied the space
X%; (p, q,u) of double sequences and gave some inclusion relations.

Spaces are strongly summable sequences were discussed by Kuttner [31], Maddox
[32], and others. The class of sequences which are strongly Cesaro summable with
respect to a modulus was introduced by Maddox [8] as an extension of the definition
of strongly Cesaro summable sequences. Connor [33] further extended this definition
to a definition of strong A— summability with respect to a modulus where A = (ay, 1)
is a nonnegative regular matrix and established some connections between strong A—
summability, strong A— summability with respect to a modulus, and A— statistical
convergence. In [34] the notion of convergence of double sequences was presented by
A. Pringsheim. Also, in [35-39] the four dimensional matrix transformation (Az), , =
o Y Al Ty, was studied extensively by Robison and Hamilton. We need the
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following inequality in the sequel of the paper. For a,b > 0 and 0 < p < 1, we have
(1.1) (a+0)P <a”+ 0P

The double series Zf:’nzl ZTmn 1s called convergent if and only if the double sequence
(Smn) s convergent, where sy, = > /", x55(m,n € N) (see[l]).

A sequence © = () is said to be double analytic if sup,,, [Zma|”™™ < oo.
The vector space of all double analytic sequences will be denoted by A2. A sequence
& = (Zyn) is called double gai sequence if ((m + n)! |Zm)/™™ — 0 as m, n — .
The double gai sequences will be denoted by x?. Let ¢ be the set of all finitely
Non-zero sequences.

Consider a double sequence z = (7). The (m,n)™ section x™" of the sequence
is defined by zl™m = Z%Zoxzj%ij for all m,n € N; where 3;; denotes the double
sequence whose only non zero term is a ﬁ in the (3, j)th place for each 7,7 € N.

An FK-space(or a metric space) X is said to have AK property if (3,,,) is a Schauder
basis for X. Or equivalently zI™™ — z.

An FDK-space is a double sequence space endowed with a complete metrizable; lo-
cally convex topology under which the coordinate mappings = = (x) = (Tmn)(m,n €
N) are also continuous.

Orlicz [13] used the idea of Orlicz function to construct the space (L*). Lin-
denstrauss and Tzafriri [7] investigated Orlicz sequence spaces in more detail, and
they proved that every Orlicz sequence space f); contains a subspace isomorphic
to £, (1 < p < o0) subsequently, different classes of sequence spaces were defined by
Parashar and Choudhary [14], Mursaleen et al. [11], Bektag and Altin [3], Tripathy
et al. [18], Rao and Subramanian [15], and many others. The Orlicz sequence spaces
are the special cases of Orlicz spaces studied in [6].

Recalling [13] and [6], an Orlicz function is a function M : [0, 00) — [0, 00) which
is continuous, non-decreasing, and convex with M (0) = 0, M (z) > 0, for > 0 and
M (z) — oo as x — oo. If convexity of Orlicz function M is replaced by subadditivity
of M, then this function is called modulus function, defined by Nakano [12] and
further discussed by Ruckle [16] and Maddox [8], and many others.

An Orlicz function M is said to satisfy the A,— condition for small u or at 0 if
for each k € N| there exist Ry > 0 and u; > 0 such that M (ku) < RM (u) for all
u € (0,uy] . Moreover, an modulus function M is said to satisfy the Ay— condition if
and only if

lim,,_,o4 sup ]]\([4((213) < 00

Two Orlicz functions M; and M, are said to be equivalent if there are positive con-
stants «, § and b such that

M (au) < My (u) < My (Bu) for all u € [0,b].
An Orlicz function M can always be represented in the following integral form

M (u) = [ (t)dt,



378 N. SUBRAMANIAN, P. THIRUNAVUKKARASU, AND R. BABU

where 7, the kernel of M, is right differentiable for ¢ > 0,7 (0) = 0,7 (¢) > 0 for

t > 0,7 is non-decreasing and 7 (t) — oo as t — 0o whenever @ T oo as u T oo.
Consider the kernel n associated with the Orlicz function M and let

() = sup {t 0 (1) < s}
Then p possesses the same properties as the function 7. Suppose now
®= [ p(s)ds
Then, ¢ is an Orlicz function. The functions M and ® are called mutually comple-
mentary Orlicz functions.
Now, we give the following well-known results.
Let M and ® are mutually complementary Orlicz functions. Then, we have

(i) For all u,y >0,
(1.2) uy < M (u) + @ (y), (Young's inequality)
(ii) For all u > 0,

(1.3) un (u) = M (u) + @ (1 (v)).
(iii) For all w >0, and 0 < A < 1,
(1.4) M (Au) < AM (u)

Lindenstrauss and Tzafriri [7] used the idea of Orlicz function to construct Orlicz
sequence space

KM:{JJE'LU:EEOZIM(':CP’“') < 00, for some ,0>0},

The space £); with the norm

|z|| = inf {p >0:> 00 M <|$’“‘> < 1}
becomes a Banach space which is called an Orlicz sequence space. For M (t) =
t? (1 < p < 00), the spaces £ coincide with the classical sequence space £,,.
If X is a sequence space, we give the following definitions
(i) X " the continuous dual of X;
(ii = {a = (amn) 1 222 1 |@mn@mn| < 00, for each x € X} ;
(iii Xﬁ = {a = (Amn) 1 D o n=1%mnTmn i3 convergent, for each x € X} :

) X
)

(iv) X7 = { = (Qmn) : SUP,,, > 1 ZM’N amna:mn‘ < 00, for each x € X} :
)

m,n=1

(v) Let X be an FK-space D ¢; then X/ = {f Sn) - f € X’};
1/m+n

(vi) X° = { = (@mn) : SUDp | Crmn T < 00, for each x € X} ;

where X*, X? X7 are called a— (or K 6the—Toeplitz)dual of X, B—(or generalized—
Kothe —Toeplitz) dualof X,y — dualof X, § — dualof X respectively. X* is defined
by Gupta and Kamptan [20]. It is clear that X* C X# and X* C X7, but X? C X
does not hold, since the sequence of partial sums of a double convergent series need
not to be bounded.
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The notion of difference sequence spaces (for single sequences) was introduced by
Kizmaz.

Z(A)={x=(xp) ew: (Axy) € Z}
for Z = ¢, ¢y and l,, where Az, = xp — x4 for all k£ € N.

Here ¢, ¢y and /., denote the classes of convergent, null and scalar valued single
sequences respectively. The difference space bu, of the classical space ¢, is introduced
and studied in the case 1 < p < oo by Basgar and Altay in [42] and in the case
0 < p < 1 by Altay and Bagar in [43]. The spaces c¢(A), ¢ (A),ls (A) and b, are
Banach spaces normed by

0 1
]| = [a1] + supgsy |Aze| and ||z, = (352, "), (1 < p < 00).

Later on the notion was further investigated by many other [52, 53]. We now introduce
the following difference double sequence spaces defined by

Z(A) ={z = (xpn) € w?: (A, € Z}
where Z = A% x? and A% = (Ton — Tons1) — (Tomsin — Tt ing1) = Tmn — Tong1 —
Tmain + Tmains for all m;yn € N.

The notion of the statistical convergence was introduced by H. Fast. Later on it
was studied by J.A.Fridy from the sequence space point of view and linked it with
the summability theory.

The notion of I-convergence is a generalization of the statistical convergence. At
the initial stage it was studied by Kostyrko, Salat and Wilezynski. Later on it was
studied by Saldt, Tripathy and Ziman and Demirci, Das, Kostyrko, Wilczynski, and
Malik, Mursaleen and Alotaibi, Mursaleen, Mohiuddine and Edely, Mursaleen and
Mohiuddine, Sahiner, Gurdal, Saltan and Gunawan and Kumar, V.A.Khan, Suthep
Suantai and Khalid Ebadullah. Here we give some preliminaries about the notion of
I— convergence.

Let X be a non empty set. Then a family of sets I C 2% ( power set of X) is
said to be an ideal if I is additive i.e A,B € I = A|JB € I and hereditary i.e
Ael, BC A= Bel.

A non-empty family of sets £ (I) C 2% is said to be filter on X if and only if
® ¢ L(I),for A,B € L(I) wehave A(\B € £ (I) and for each A€ L (I),AC B=
BeL(I).

An ideal I C 2% is called non-trivial if I # 2%,

A non-trivial ideal I C 2% is called admissible if {{z} :2 € X} C I

A non-trivial ideal I is maximal if there cannot exist any non-trivial ideal J # [
containing I as a subset.

For each ideal I, there is a filter £ (1) corr esponding to [ i.e.

L(I)={KCN:K° eI},

where K= N — K.
The idea of modulus was structured in 1953 by Nakano (see [12]). A function
f:]0,00) = [0,00) is called a modulus if:
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(i) f(t) =0 if and only if £t = 0,

(i) f(t+u) < f(t)+ f(u) for all t,u >0,
(iii) f is increasing, and

(iv) f is continuous from the right at zero.

Ruckle, used the idea of a modulus function f to construct the sequence space

X (f) =Az = (z) - (f (|2])) € X}

Spaces of the type X (f) are a special case of the spaces structured by B.Gramsch.
The approach of constructing a new sequence space by means of the modulus function
has recently been employed by Candan [54] and some others. From the point of
view of local convexity, spaces of the type X (f) are quite pathological. Therefore
symmetric sequence spaces, which are locally convex have been frequently studied by
D.J.H.Galing, G.Kothe and W.H.Ruckle.

After then E.Kolk gave an extension of X (f) by considering a sequence of moduli
F = (f) and defined the sequence space

X (F) =A{z = (wx) : (fe ([z])) € X}

2. DEFINITIONS AND PRELIMINARIES

Definition 2.1. Let X\ be a sequence space. Then \ is called

(i) Solid (or normal) if (mn®mn) € A whenever (z,,,) € X for all sequences ()
of scalars with |ay,,| < 1.
(ii) Monotone if provided A contains the canonical preimages of all its step spaces.
(iii) Perfect if A = A*> [20].

Definition 2.2. A sequence space E is said to be convergence free if (y,,) € F
whenever (z,,,) € E and x,,, = 0 implies (y,,,) = 0.

Definition 2.3. A sequence space E is said to be a sequence algebra if (2, Ymn) € E
whenever (Z,,,,) € E, (Ymn) € E.

Definition 2.4. A sequence space FE is said to be symmetric if (%(mn)) € F whenever
(Tmn) € E where m (mn) is a permutation on N x N.

Definition 2.5. A sequence (2,,,) € w? is said to be x* then we write

I— lim ((m+n)!|z..)"Y™™ = 0.
m,n—00

Definition 2.6. A map h defined on a domain D C X i.e h: D C X — R is said

to satisfy Lipschitz condition if |h () — h (y)| < K |z — y| where K is known as the

Lipschitz constant. The class of K-Lipschitz functions defined on D is denoted by

he (D, K).

Definition 2.7. A convergence filed of I— convergence is a set
F(I) ={x = (xmn) € A? : there exists [ — limx € R}.
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The convergence filed F'(I) is a closed linear subspace of A? with respect to the
supremum metric F (1) = A% () 2.

Define a function h : F'(I) — R such that h (x) = [ —limx, for all z € F' (I), then
the function h : F' (1) — R is a Lipschitz function.

Throughout the article A% x? and n% represent the Prinsheims double analytic,
Prinsheims double I— gai and Prinsheims double analytic /— gai sequence spaces
respectively.

In this article we introduce the following classes of double sequence of spaces:

X%‘] - {:E = (Tmn) € w®: T — lim fonn ((m +n)! |xmn|)1/m+n - O} €1

A2 = {x = (Tpp) € W? 1 SUP frum (]wmn\l/er") < oo} el

mn

We also denote nZ = x% (N AZ.

3. MAIN RESULTS

Theorem 3.1. The classes of sequences X and n? of moduli F = (fm,) , are linear
spaces.

Proof. We shall prove the result for the space x%. The proof for the other spaces will
follow similarly. Let (Z,) , (Ymn) € X% and let a, 3 be the scalars. Then

I— lim f,,((m+n)! |:cmn])1/m+” =0,

m,n— oo

I— Hm frm ((m A+ 10)! yma) /™™ = 0.

m,n—00

That is, for a given € > 0, we have
(3.1) N, = {m,neN:fmn((m+n)!]:cmn|)1/m+n> %} el,
(3.2) No = {mn € N (m 4 0)! ) > %} el
Since f,,, is a modulus function, we have
Frun (24 ) @, + By |) ™ <
< Fon (I (0 + 1) )™ ) 4 Frn (18] (0 1) )47

< Fonn (0 2 ma )™ ) 4 Fonn (G0 4 2 gmal) ™)

Now, by (3.1) and (3.2), {m,n EN: frn (M + 1) [aZmn + Bymn) /™ > e} C
N; J Ns. Therefore (mn, + BYmn) € X3 . This completes the proof. O

Proposition 3.1. The spaces X% and n? are solid and monotone.
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Proof. We shall prove the result for x%/. Let x,,, € X% . Then
(3.3) I— m  fo (A4 0)! 2 ))™ ™ = 0
—00

mn

Let (amn) be a sequence of scalars with |a,|™™ < 1 for all m,n € N. Therefore
the equation from (3.3) and the following inequality fyum ((m + 1)! [ctmn@mn|) ™™ <

|| Fr (124 2)! 2 )™ < frn (14 0! 2000 ) ™ for all myn € N.
Since x% be sequence space. If x# is solid then Y% is monotone. Hence the space
X2 is monotone. Similarly the result is true for nl. U

Proposition 3.2. The space x¥ is sequence algebra.

Proof. Let (Tmn) , (Ymn) € X34 Then

I —1imy o0 fonn (M +n)! \:Umn])l/””” -0

I = liynsoo fonm (M4 2)! g )™ = 0

Then we have

Thus (TmnYmn) € X%I is a sequence algebra. O
Proposition 3.3. The space XQFI s not convergence free in general.

Proof. Here we give a counter example.
Let [ = I; and f(z) = 2® for all z € [0,00). Consider the sequence (z,,) and
(Ymn) defined by

T = W and Y = (m + n)! (mn)""" for all m,n € N.

Then (Zyn) € X%, but (Ymn) ¢ X% . Hence the space x# is not convergence free. [

Proposition 3.4. If I is not mazimal and I # Iy, then the space X% is not symmet-
Tic.

Proof. Let N € I be infinite and f (z) = « for all x € [0,00) . If

1m+n .
(x )_ m, form,nEN,
mn,) — .
0, otherwise.

Hence (2,,,) € x#. Let K C N x N be such that K ¢ [ and Nx N — K ¢ I. Let
¢: K — Aand ¥ : NxN—- K — N x N— A be bijections, then the map 7 : N x N
defined by

7 (mn) = ¢ (m,n), form,n e K;
" ¥ (m,n), otherwise.

is a permutation on N x N, but 2(mn) ¢ x4 . Hence x% is not symmetric. U
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Theorem 3.2. Let F' = (f,.,) be the sequence of moduli. Then x* C A¥ and the
inclusions are proper

Proof. Let () € X%, ie. T — liMyupso0 frun (M +n)! \xmnymn\)l/m” =0.
We have

Jmn ((m +n)! ‘me|)1/m+n < 5 Jfmn ((m +n)! |xmn - O|>1/m+n

Fon ((m )t [0/

Therefore

m-rn 1 m-+n
sup (fmn ((m +n)! |xmn|)1/ ’ > < sup (§fm” <(m +n)! |xmn - 0|)1/ : )

1
+ sup <§fmn ((m +n)! \O|)1/m+”> .
We get (2n) € A% O

Theorem 3.3. The function h : Aiﬁ — R is the Lipschitz function, where A% =
F

Y2 N A%, and hence uniformly continuous, where Aié analytic I double gai sequence
F
space.

Proof. Let x,y € Aié ,x # 1. Then the sets
F
A, = {m,n EN: ((m+n) |[Zmm — b (2))) /™" > d(m,y)} el,
A, = {m,n € N: ((m 4 n)! |ymn — b ()™ > d(m,y)} el
Thus the sets
B, = {m,n eN: (m+n) zm — h (@)™ < d(x,y)} € Aié,
B, = {m,n e N ((m+ ) [ygn — b () /™" < d(:c,y)} € A
Here also B = B, (B, € Afé, so that B # ¢. Now taking m,n € B,
((m +n)! (@) = B ()™ < ((m+n)! R () = 2pa]) /"
+ ((m+ 1) Tmn — ymn‘)l/m+n
+ ((m 4 n)! [Yn — b (y))/ ™"
< 3d(z,y).
Thus h is a Lipschitz function. O
Proposition 3.5. If v,y € A% . then (v-y) € A% and h(2vy) = h(z)h(y).
F F

Proof. For € > 0
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B, = {m,n e N: ((m—+n)zm —h ()™ < e} € Aié,

By = {m,n € N: ((m+n)! [ymn — b)) /™" < e} € AZL.
Now,
((m + n)' ‘Zﬁmnymn - menh (y) —+ xmnh (y) —h (l‘) h (y>’)1/m+n <
(m + n)' ‘xmn|1/m+n |ymn - h( )|1/m+n + (’ITL —+ n)l |h( )|1/m+n ’Imn —h <x>|1/m+n

As AQI C A2, there exists an M € R such that |z,m,|"™™ < M and |k (y)|"/™"™" < M.
Therefore using above equation we get

((m + 2! | ZonYmn — b () B (y))Y™™ < Me+ Me = 2Me
for all m,n € B,(\ B, € Ai% Hence (z - y) € Ai% and h (zy) = h(z) h(y). O
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