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ON ZERO SETS AND EMBEDDINGS OF SOME NEW ANALYTIC
FUNCTION SPACES IN THE UNIT DISK

ROMI F. SHAMOYAN! AND OLIVERA R. MIHIC?

ABSTRACT. We introduce and study certain new scales of analytic functions of area
Nevanlinna type in the unit disk and solve various problems connected with zero
sets and embeddings in these scales of spaces.

1. INTRODUCTION

Assuming that D = {z € C| : |z| < 1} is the unit disk of the finite complex plane
C, T is the boundary of D, T = {z € C: |z| = 1} and H(D) is the space of all
functions holomorphic in D we introduce the classes of functions

ND)={feHD):T(r,f) <Ci(1l—r)"* 0<r<1, a>0}

where T'(r, f) = Ti(r, f) is the classical and well-known Nevanlinna characteristic
defined by T¢(r, f) = 5= [ (log™ |f(r&)|)? d¢, where a* = max{0,a}, a € R, (see
for example [4], [7]). We remark (log™|f|)” is subharmonic for any p > 1 and for
any analytic function in the unit disk and this fact is crucial for various embeddings
between analytic area Navenlinna type spaces which we noted in this paper.

It is obvious that if & = 0 then N§° = N, where N is a classical Nevanlinna class.
The following statement holds by Nevanlinnas classical result on the parametric rep-
resentation of N [4], [7]. The N class coincides with the set of functions representable

in the form _
J(2) = Cr2B(z, {2} exp ( / d”—”’) _zeD.

1—ze
—
where C) is any complex number, \ is any nonnegative integer, B(z,{z}) is the
classical Blaschke product with zeros {2z}, C D enumerated according to their
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multiplicities and satisfying the Blaschke density condition Y~ (1 — |z]) < oo, and
w1(0) is any function of bounded variation on [—m,7]. Descriptions of zero sets and
complete parametric representations of NS° spaces can be seen in [1] and [21].
Also, by my(€) we denote standard normalized Lebesgue area measure.
Everywhere below by ns(t) = n(t) we denote the number of zeros of an analytic
function f in the disk |z] < ¢ < 1 and by Z(X) the zero set of an analytic class
X, X c HD), i e.

Z(X)={AcD:3f e X\ {0}, f, =0}

Also, by nj, we denote n(1 —27%) i, e. np =n(1—-27%), k=1,2,....
Let
p

(NA), 4-,6(D) ={f € HD): /0 { sup T,(7, f)(1 —=7)"| (1 - R)°dR < oo},

0<T<R
where v > 0,0 > -1, 0<p < o0, 0 < g < o0.

When ¢ = 1 then we use (NA),s(D).

The classes we study in the first part of this paper are closely connected with
classical weighted analytic Nevanlinna spaces in the unit disk (case 6 = —1, p =
q = 1). Zero sets and parametric representation of these last classes were obtained
recently in [18]. On the other hand putting formally 6 = —1, p = ¢ = 1 and replacing
sup by integration we get well-studied Nevanlinna-Djrbashian spaces (see [4], [14] and
references there). This motivates the study of scales of spaces we defined above in
this paper.

It is not difficult to see taking t parameter big enough that our spaces are contained
in weighted analytic Nevanlinna N} (D) spaces. On the other hand it is well known
that this N/(D) classes are larger that any Hardy H® and Bergman A%, where s €

T

(0,00), 7 > —1, where weighted Nevanlinna spaces are defined as follows
N{(D)={f € HD): sup T,(f,r)(1—r)" <oo}.
re(0,1)

We start the investigation of (NA),,s(D) in [1] and one of the intention of this
note is to provide some results from there on zero sets in more general form for
(NA)p4~.5(D) spaces. Let also

L(A7%)(D) =
1 o q/p
(£ € HO): Uflun = [ ([t ey o) (1 < <),

where 0 < p < 00, 0 < ¢ < 0o and
L(F})(D) =
p/a

([ e 1= ryar) < oo

where 0 < p < 00,0 < qg< o0, 7> —1.

™

—{f € HO): |y, = [

—T
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Using direct methods or various embeddings, in this paper we will study zero sets
of this (NA)p¢~.s(D), L(AZ?)(D) and L(FP9)(D) spaces and as well as other zero
sets of similar analytic Nevanlinna type spaces in the unit disk and some bounded
domains.

Throughout the paper C' sometimes with indices stands for various positive con-
stants which can be different even in a chain of inequalities and are independent of
the discussed functions or variables.

In his celebrated solution of the corona problem in the disk, Carleson [2] introduced
an important class of measures to study the structure of the Hardy spaces of the unit
disk D C C. Let H(A) be a Banach space of holomorphic functions on a domain
A C C, and assume that H(A) is contained in L”(A) for some p > 0. A finite positive
Borel measure p on A is a Carleson measure of H(A) if there exists a constant C' > 0
such that for all f € H(A)

/ FPdu < ClIF [Eym-
A

Carleson studied Carleson measures of the Hardy spaces H?(D) showing that a finite
positive Borel measure p is a Carleson measure of H?(D) if and only if there exists a
constant C' > 0 such that ;(Sp, ) < Ch for all sets

Spon ={re? eD:1—h<r<1, |0—6)|<h},

(see [2]). In particular the set of Carleson measures of H?(D) does not depend on
p. In 1975, Hastings [6], [11], [12] proved a similar characterization for the Carleson
measures of the Bergman spaces A?(D) : a finite positive Borel measure p is a Carleson
measure of AP(D) if and only if there exists a constant C' > 0 such that u(Sp, ) < Ch?
forall @ € [0,27] and h € (0,1). As a consequence, again, the set of Carleson measures
of A?(D) does not depend on p.

Let dmy denote the Lebesgue measure on unit disk D normalized such that mq(D) =
1. Given a > —1, let v, be the weighted measure defined by dv,(z) = (a + 1)(1 —
|2|2)*dmy(z). For 0 < p < oo and a > —1, we let N? denote the space of all functions
f € H(D) such that

(1.1) /D (log™ | f1)? dva < oco.

We will refer to the spaces NP as (weighted) area Nevanlinna spaces. Obviously, each
area Nevanlinna space is a subalgebra of H (D). The area Nevanlinna spaces are large
in the sense that each N? contains all the well-known Bergman spaces. This follows
from standard growth estimates for Bergman functions (see [8], Lemma 3.2).

Let again p be a positive finite Borel measure on D. We introduce the spaces
NP(u), 1 < p < oo, which we call area Nevanlinna- Lebesgue spaces. We define
NP(u) to be the space of all measurable functions » on D such that

17l ) = /D (log(1 4 |h]))P dp < .
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Evidently, N2(D) is a closed subspace of N?(v,). We also recall the well-known
(weighted) Bergman spaces A2 (D) = LP(v,) N H(D), where a > —1 and 1 < p < oo.
Note that while the area Nevanlinna(-Lebesgue) spaces are not Banach spaces, the
restriction 1 < p < co means that the spaces A? are.

Let J denote the integration operator defined by Jf(z) = [, f(¢)d¢, z € D for
f € H(D). Also, let D = % denote the differentiation operator.

Theorem 1.1. [3] Let 1 < p < o0 and a > —1. Given v > 0 be positive Borel
measure on D, the following conditions are equivalent:

(i) AR(D) C LP(v);
)

(iii) The embedding NE(D) C NP(v) is metrically bounded;

(iv) INE(D) C NP(v);
)

(vi) D(NE(D)) C NP(v).

Below we provide embeddings of this type for various new analytic area Nevanlinna
type spaces in the unit disk.

2. ZERO SETS AND EMBEDDINGS OF SOME ANALYTIC AREA NEVANLINNA TYPE
SPACES IN THE UNIT DISK

In this section we, in particular, collect various assertions and facts that will be
used by us in main section of the paper. First we introduce a Weierstrass type infinite
product (see [7, Chapter 1]) and we give an estimate for it which is crucial for our
main results.

Proposition 2.1. [4] Let {z.}32, be a sequence in the unit disk, {z}3>, C D,
satisfying condition Y po (1 — |z])"™? < oo, t > —1. Then for such t and z € D
the infinite product

20) 1 () = [T (1 2 ) e (=50 [ (1l |1 -

Pty T (1 — EZ)t+2

£
2k

dm? (5) )

converges absolutely and uniformly inside D where it presents an analytic function
with zeros {z}32, -

Proposition 2.2. [4] If {z.}32, € D, and > o (1 — |z|)"*? < 00, t > —1, then the
following estimate holds for 11;(z,{zx}) product

& 1 — 2k 2\t+42
1n+ |Ht(z, {Zk})l S Ot Z H#,

k=1

z€D

where Cy > 0 is a constant depending solely on t.

We remind that when ¢ = 1 we remove it from list of indexes and use the following
notation (NA),.s(D) instead of (NA),1..5(D).
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Theorem 2.1. Let0 < p < oo, v >0, 6 > 0. If {2} is in a zero set of (NA)p4~.5(D)
andngy =np(1—27%), k=1,2,..., f € (NA),,,sD), then
2.2 3 i
(2:2) D S < %
k=1
holds for ¢ > 1 and if (2.2) holds, then {2y} is in a zero set of (NA)pg~.6(D), ¢ < 1.
If (2.2) is true then (2, {zr}) € (NA)p4rs(D), ¢ <1, forp <1, t> 5%1+7_ 1,

and for p > 1, t>§+fy.

Proof of Theorem 2.1. We assume that f(0) = 1. By the classical Jensen inequality

1 T p
A |: e (/0 #du) (1 N T)’y} ( R) dit < CHfH (NA)p,q,7,6(D)’ ¢=1

0<T<R

Therefore, the following inequalities are true for any R, R € (%,1) such that
R=3B1 - p.
: :

sup /OT Malu(l — 1) >C sup /T“ @du(l — )

0<T<R u l<r<rJ7- U
1

3r —
> C' sup n( T
%<T<R 2

)a-na-m

> C sup n(p)(1—p)*
pG(O,f{)

> C sup n(p)(1—p)
pE(C,R)

R

Besides, one can see that for R R— ,To <1

1
Hf” (NA)p.4.5(D) > C/ (1-— R)5 sup n(p)P(1 — p)(’7+1)PdR

o pE(R,R)

and

1A 1w

A)p,q~,5(D

1
> C / (1 — R)O*+VPHn(R)PdR

70

1
> C/ n(R)P(1 — R)(7+1)p+6dR

70

>C Z k(v +1)p+o+1) 7+1 p+6+1

For providing the converse statement, we fix a number ¢ assuming that Proposition
2.1 and Proposition 2.2 can be used. Then, we observe that

1 p
i = [ ] 0 Tur =7 (0= RYaR, g € (0.0

0<T<R
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and

s

- 0 ng .
t+2 _ 7
/_7r In T (2, {2 })|] dp < C’kgl(l— |2 |) / 1= e e z=Te",

—T

where it is denoted |zx| = 7, and 2z, = TRy, T = 1 — 2k+1 Hence for p <1, ¢ <1

il .
s, <€ [ | G2 | - s
k=1

oo [ S

nZQ—k[(tJrl)erp]

< [0-R Y T R

2k+

92— kt+1)p2 kp
<02”k2 E[(t+1—v)p—d—1]

< CZ 2k( 7+1)p+6+1

for t > ‘Sil + v — 1, since one can easily verify that
i (1— =) /1 (1 — s)t2dn(s)
— (1 = Rlz|)t 1 —Jo (1= Rs)H1
B (1 )t+2n(s) 1 (1 o S)t+2 /
= g b - /O ") G peyi )
1 t 2N(] — t+1 1 — t+2(_ t 1—
[t [P R )
0

(1 — Rs)t*1=v (1 — Rs)t+2=7
Yn(s)(t 4+ 2)(1 — s)t*tds 1 o(s)(1 — s)i+2
:/o ( )((1 —})%(s)tﬂ—)v _/0 %(tﬂq—v)}%ds
SC/O %(H%@,

that

IN

& n 1_2 k— 1)27k(t+1)27k P
c [z T

k=1

o t+1)p2 kp
<C E
= _ Y1)
1 1 ka P

and that forany 7= (t+1—7)p—(0+1) >0and § > —1
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/01( (1—R)5 _in< C’(1)77p -1 (k=0,1,2,...).

1 — ppR)(t+1- ok

Now, let p > 1. Then for the conjugate index ¢ > 1 deduced by % + % =1 and any
t>v—1

)(1 — s)tTlds
HHtH (NA)p.q,~,6(D) < C/ {/ 1 _ Rs)t)-&-l ] (1 _R)ﬁdR

= C[I, + L]
_ 0/01(1 _ R)S(R) (/01 néf)ilR_s;)jjlfS> dR,

where is 1) a nonnegative function such that ||¢||p« = 1,

Ipzlf%§¥%5§;;(Aim3x1—3ﬁd§>¢
b-[f%#%%é%%i;(deﬂﬂﬂ——RﬁdR)ds

and

' e (R
]1<C/O / 1_ t+1’yde

Further, by Hardy and Holder inequalities
1 ERRYAS|
hee | n(s)(1 s>5/ UR) o
o (1—s)"% Jo (1-R)
1
<C (/ [n(s)]p( 7p+p+6d5)
0

- . ny,
- ZQk((7+1)p+5+1) ’

D=

for t > v+ %, ng=np(1=27"),k=1,2,..., f € (NA)pg,s(D).
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Besides, again by Holder and Hardy inequalities, for ¢t > ~v — 1

[2:/0 n(s)(l—s)”lds/ %cﬁi

L=t (= R)yry(R)
§C/0 n(s>(1—s)t+1 (/S 1= Rs)— dR)ds
:/0 n(s) (/ %aﬂ) ds
< C/O n(s)(1 — s)iﬂ/o (1 — u)duds

celfari-ae [ (5 [ a-om) o

< O[]l [/OI(H(S))”(l - 8)5+7p+pd8} :

1

Y S BT

= Cllelle | X srcemprsr |

k=1

The last equivalence relation follows from dyadic decomposition of (0,1) to dyadic
intervals like [1 —27% 1 — 2=®+D] L € N. As at the end of proof of Theorem 2.1, it
remains to show that the infinite product II; converges for the considered values of ¢.
Namely that if (2.2) holds then >~7 (1 — |z;])"™ < oo. This can be done easily and
we omit the details. O

Remark 2.1. As we see, using obvious connection between two Nevanlinna character-
istics 11 (r, f) and T;(r, f) we can extend both assertions of Theorem from [1] partially
to all (NA),4+.6(D).

Remark 2.2. It will be interesting to know if conditions on zero sets for general
(NA),4~5(D) we put above are sharp or not.

Corollary 2.1. [1] Let 0 < p < 00, v >0, 6 > 0. Then the following two statements
are equivalent:

(i) {Zk} S Z((]\jA)p,%é(D»!
(ii) 220:1 MLW < Q.

We add more assertions on zero sets of analytic area Nevanlinna spaces. Using
classical Jensen equality we have

/0@ dt:% (/_Zln|f(rew)] d¢).

(We put f(0) = 1 which is possible.)
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Then from equality above we have

/OT@dK;/ I £ (rei?)| de.

Hence for o > —1 using the assumption that g = (log™ |f(2)])" is subharmonic for
p < 1 we have [5], [19]

(/ 9(2)|(L = [2])dma (= )<0 [ st 2 dunaa),

where p <1, (a+2)p > 1.
So we have

(2.3) J = /01(1 —r)® /OT @rdrdt

(2.4) <C /O 1 ( /_ 1(1 — )P (It | f(rei“")])prdrdgp)l/p> = M,

It is known [1] that

o

(2.5) T > (1= [z

k=1
But [19]

1 ™
m<c [ [ 1peena) (1= = Cllfll gy 051

fory=¢q(a+1)—1, and

p
Mz / ([ e = 7ar) do = Ul w1

fory=a+1-=
Thus we generallzed a classical result to mixed norm analytic classes L(AP?)(D)
and L(FP?)(D) of area Nevanlinna type for some v depending on p, ¢ and «.

Theorem 2.2. If f € L(AY")(D) and if (log™ | f|)? is subharmonic, v = q (a +1)—1,
v > =1, g <1, a > —1, then if the {2}, is a zero set of f then we have
D (1= J2k])**® < +o0.

Similarly, if f € L(FP')(D) and if (log™ |f|)? is subharmonic, v = a — % + 1,
v > —1,p <1, a> —1, then if the {z}3>, is a zero set of f then we also have
2 (1= Jzk])*? < +oo.

Remark 2.3. For p = ¢ =1 this result is a classical [4].

Let M(r, f) = maxp;j<,<1 |f(2)], 7 € (0,1], In™ 2 = max,~o(In =, 0) and

B,y(D) = {f € HD): /0 (In M(r, f))(1 —r)*((1 —r))dr < —i—oo} ,
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where a > —1, 9(t) = exp{ ft » } and £(t) bounded measurable function on
(0,1).

Theorem 2.3. [17] Let {z;};° be any sequence from Stolz angle Ss. Let

()] _

supogu«;? <g<1forall0 < d < by, for some g > 0. Then there is an f
ot
function f € Byy(D), f(2,) =0, f(2)#0 for z# z,, n=1,..., if only

[e.e]

D (1= [z (@1~ |2a])) = Moy < 0.

n=1

We replace space and get similar assertion below. Proof of the theorem that follows
is similar to the proof of Theorem 2.3.

’€(U)| <q <1 forall0 <9 <dy, for some

Theorem 2.4. Let o, 5 > 0. Let SUDgcyws — 7 arl s

50 > 0. Let
B, 5(D) = {f € H(D) : /O (OEHER(ln M(r, )1 = 7)1 —7)(1 — R)PdR < oo} .

Let

B, (D)= {f € HD) /01 (/OR(lnM(r, =)l — r)dr> (1 - R)’dR < oo} .

Let {zx}° be any sequence from Stolz angle Ss. Then there is a function f €
B(i,’tﬁ,ﬁ( ) (f S Baz/;ﬁ(D)); f(Zn) = 07 f(Z) 7£ 0 fOT z % Zn, M= 17 te Zf Only

o0

Z(l - |Zn|)a+/3+2(w(1 - |Zn|)) = Ma-i-ﬁ-i—l,tb < 00,

n=1
[eS)

(S0 2™ W1~ [2) = Maspra < 00).

n=1

Proof. We sketch the proof of theorem following [17]. Let

n=1 j=1

Note II,(z,{2,}) = 0 only on z,, n =1,2,... and converges uniformly if and only
if Y07, (1—]2,])* < 0o. Then [17]

(1—rp)
In M (r,11,) (Z =) 2p> , re(0,1).
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From here we get after some calculations for certain values of p depending on «
and ( following [17]

M|y, < C(1)Masgirw,
Mgz, < C(2)Masgro,

where a > 0, 5 > 0.
We omit easy details refereing the reader to [17]. O

Finally, we will present some remarks on spaces which we studied before in [20],
for >0, a>—-1,>—-1,0<p < o0.
Let

S = {remo): [ ([ e i - ) (- < oo

and N'(D) = { € H(D) : suppey [} log™ |F(2)|(1 — [zl)dma(2)(1 ~ R)? < oo}
Let S be a class of all positive measurable functions on [0, 1], so that for some m,,

A
My, Gus M, o € (0,1] and m,, < W) o for all ¢ € (0,1), A € [qu, 1].
w

x

Let AL(D) = {f € H(D) : [ log" |(©)w(l - [€)dms(€) < o}, we S.

Al (D) class is well-studied (zero sets, parametric representation), see [17] and
various references there. The norm of this space is given by integral in definition of
this space. B

To have more information about N, i;o(D), N? 4(D) we connect them with A} (D).

We define N/'7°(D) replacing T'(r, f) by T,(r, f) in definition above of N;EO(D) space.

In InLl
Let oy, = (—1n1‘14> , Bw = 378
q

q

Theorem 2.5. (i) A,(D) C NPZF(D), we S, 0<p< oo,
(i) AL(D) C NZ4D), we S, 0<p< oo
For following indezes

) if at(a—a,)>1, >-1, 0<p<ooor
i

if BH(a—a,—1)p>—-1,0<p< .
(i) {if &—p(2+aw)>—1,§20,0<p<ooor
ii

if B—p2+ay)+a>-1, a—p2+a,)< -1,

Proof of Theorem 2.5. Let f € AL (D). From subharmonicity of log* | f(z)| we have
the following estimate [17]

[ f1l2

log™ [f(2)] < C(WW,

z € D.
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This follows similarly as in standard Bergman class. Hence we have integrating by
polar coordinates

/01 (/|Z|§R10g+ |f(2)](1 = IZI)“dmz(Z))p (1= R)’dR < Cy||fllws - I

1 p
= Clf s | ( /| - |z|>-<2+%>+adm2<z>) « (1 RdR

and

R p -
log™ d —12])% — R <Cullfllwy - J.
sup / ( I s) (1~ 2)3d|=|(1 — R < Cullfllun

R<1

Then we have the following estimates which are easy to check

[<C if a—a,>1, >-1, 0<p<ocor
)i B (a—aw—1Dp>—1, a—a, < -1, 0<p<oo.

R -
J < sup / (1= [P (1 — |2))3d|=|(1 - R)?
0

R<1

<C if &—p(2+aw)>—1,g20,0<p<ooor
=i B—pR4aw)+a>—1, a—p2+ay) < —1.

Theorem 2.5 is proved. [J

Remark 2.4. Previous assertion has as corollary various assertions on N o s(D), NIF(D)
based on known results about AL (D), see [20].

Remark 2.5. Similarly we can find conditions for embedding AL (D) C N, 4~.a(D)
and we leave this to readers.

Proofs of Proposition 2.3 and Proposition 2.4 as it follows from [10] and [19] are
based on arguments from [10] and [19] and their are valid for subharmonic function
(log™ [f(2)])" for any s > 1.

Proposition 2.3. Letp > 1, ¢ € (0,00), 7= 5+ L(a + 1) then
1 a/p
[ ([ gt @) 0= mdm) ) 1= <o
0 |z|]<R

if and only if fol (fT (logJr |f(r§)|)pd§)q/p (1 —7r)7dr < oc.
Proposition 2.4. Let 1 <min(p,q) <s, s> 1 and v > —1. Then we have

1/s
(/D (log™ | F(w)[)" (1 — \wosﬁﬂvq*s/ﬂdmﬂw) < Ol fllucage), | € L(AZT)(D),
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and
1/s
(/D (log* | f(w)[)* (1 - |w|>$<”“’/"*s/”‘2dm2<w>) < Cllfllzws), | € LIFP7)(D).

Proposition 2.5. Let ¢ > 1 and p < s. Then

(/Oqus(r,f)(l— !z\)“dlzly/ss/;(l—\zpf( sup Ty(p, f)(1 — ]z|)7>pd\z|,

0<p<|z|

for the following values of indexes o« > —1, p,q,s € (0,00), v >0, 7 = (a+1)(p/s) —
vp — 1.

The easy proof follows from dyadic decomposition of unit interval and growing
properties of T,(r, f) function immediately.

Embeddings from Propositions 2.3-2.5 open a direct way for investigation of prop-
erties of less studied analytic area Nevanlinna type spaces via standard and well
studied similar type spaces in the unit disk contained for example in [4].

Note Propositions 2.3-2.5 provide valuable information on zero sets of less stud-
ied analytic area Nevalinna type spaces based on their connections with standard
classes of area Nevanlinna type and the base of proofs of these assertions is again the
subharmonicity of (log™ | f |)S for s > 1.

A careful analysis of proofs of emebddings of Ortega and Fabrega, (see [15], [16]),
shows us that the following lemma is valid (even in unit ball). The proof is based on
subharmonicity of (log™ |f|)s, s> 1.

Lemma 2.1. L(FP?)(D) for all p € (1,00) is a growing function by parameter q €
(1,00]. This means if f € L(FP%)(D) then f € L(FP%)(D) if only ¢1 < ¢a.

If f € L(F2?,)(D) then f € L(F;")(D), wherem > 1, ¢>1, m <p<r < oo,
s—1/p=t—1/r.

[f}C € L(F?',)(D) then f € L(AYY)(D), wherep <r,q>1,p>1,5—1/p=
t—1/r.

3. ON ZERO SETS OF AREA NEVANLINNA TYPE SPACES IN BOUNDED (G DOMAINS

Let G be simply connected region on C, G it is boundary. As usual, H(G) is the
space of all analytic functions on G, In* 2 = max,~ (Inz,0) and also, as usual, ¢ is
conformal map of D on G, ¥ is the reverse map and d(w,0G) is a distance from w
to 0G.

Let G be bounded region, G C C and

NP(G)={f e HG): /Gda(w,aG) (In™ | f(w)])? dma(w) < oo}

Definition 3.1. Let Gz be bounded simply connected region of complex plane. Gg
is (B,) region if Gy is equal to |JI-, I's,m € N, where I'; is a smooth arc for which

the ”angle points” (if they exist) are equal to <51J) ,j=1,...,m.
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We assume here and below 3; = 3 for all j.

Theorem 3.1. [13] Let f € NX(Gs), £ < 8 <1, f(wr) =0, f(w) # 0, w # wy,
k=1,... Then
(3.1) S0 [p(w))F < +oo.

k=1
And if {w}52, € Gg so that (3.1) holds, then we can construct a function f € NL(Gp)
so that Z(f) = {wg}32,.

Our assertion is the following. We extend partially theorem above to all 0 < p < 1.

Theorem 3.2. Let f € NE(Gg), 0 <p <1, <pB<1 Let flwp) =0, f(w) #0,
w# wg, k=1,... Then we have

a+ 2 . a+2
o =
p B

if (log™ | f( ( )\)p is subharmonic for p < 1 where ¢ is a conformal map from D on
Gs and = = 1.

Remark 3.1. Note also following [13] we can show there is 7 > 0, so if > ;- (1 —
|Y(wg)|)” < 400 there is infinite product IL,(z, {1 (wk)}) = (2, {zx}), p = p(7), so
that IT,(zy, {z}) = 0 and fGB d®(w, 0Gg)(In™" |, (w)|)? is finite.

(3.2) Z 1 — [th(wy)])" < 400, 7 = -2,
k=1

Proof of Theorem 3.2. The proof is based on (2.3), (2.5) and arguments used in
proof of Theorem 3.1. Let f € NP(Gg). So we have

LFIP = /G d*(w, 0Gs)(In™ | f (w)])Pdma(w) < +00, 0 <p < 1.
B

d((2), Q) 1 NJ(d@maG)).

It is known [17] that |¢'(2)| ~ 1 || and [ (w)] ~ \1 = [¢(w)]

Using this we have (w = ¢(z2))

£, Z/D(d“(sO(Z),@Gﬁ)) (I [£(p(2))])" ¢/ (2)]*dma(2)

~ /D((l = 12)%) (™ [f(e(2)])" (' (2)|*)dma(2)
=S5
It is known for G region [17] that |¢'(2)| < |i — 2|"/# and |¢'(2)| < |i — 2|*/#~!, hence
5= [ 2 (" LG i A ),
D

but |i — z|Y/A~1 > (1 — |2|)¥/F=D] B € (0,1]. So finally

1A, > C ( fa- |z\>%“—2) (I0* |7 (=) Pdma2)
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Put F(z) = f(p(2)), it remains to use (2.3), for 0 < p <1, F' € H(D) and estimate
(2.5).
Theorem 3.2 is proved. [

Remark 3.2. Tt will be interesting to know is the last assertion of this paper sharp.
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