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SEIDEL ENERGY OF ITERATED LINE GRAPHS OF REGULAR
GRAPHS

HARISHCHANDRA S. RAMANE!, IVAN GUTMAN?, AND MAHADEVAPPA M. GUNDLOOR?

ABSTRACT. The Seidel matrix S(G) of a graph G is the square matrix whose
(i,7)-entry is equal to —1 or 1 if the i-th and j-th vertices of G are adjacent or
non-adjacent, respectively, and is zero if i = j. The Seidel energy of G is the sum of
the absolute values of the eigenvalues of S(G). We show that if G is regular of order
n and of degree r > 3, then for each k > 2, the Seidel energy of the k-th iterated
line graph of G depends solely on n and r. This result enables the construction of
pairs of non-cospectral, Seidel equienergetic graphs of the same order.

1. INTRODUCTION

Let G be a simple, undirected graph with n vertices and m edges. The vertices
of G are labeled as vy, vs,...,v,. The adjacency matriz of G is the square matrix
A(G) = (a;5), in which a;; = 1 if v; is adjacent to v; and a;; = 0 otherwise. The
eigenvalues of A(G) will be referred to as the adjacency eigenvalues of G, and labeled
as A\ > Ag > --- > \,. These form the adjacency spectrum of G [4, 5.

The Seidel matriz of the graph G is the n x n real symmetric matrix S(G) = (s;5),
where s;; = —1 if the vertices v; and v; are adjacent, s;; = 1 if the vertices v; and v;
are not adjacent, and s;; = 0 if ¢ = j. The eigenvalues of the Seidel matrix, labeled
as g, > 09 > -+ > 0,, are said to be the Seidel eigenvalues of G and their collection
is the Seidel spectrum of G [1]. Two non-isomorphic graphs are said to be Seidel
cospectral if their Seidel spectra coincide.

The Seidel energy of the graph G is defined as [§]

(1.1) SE = SE(G) = an E
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The Seidel energy is conceived in full analogy with the ordinary graph energy E(G),
which is defined as 7|

(1.2) E(G) =Y A

and whose theory is nowadays extensively elaborated [10].

The study of the Seidel energy started only quite recently [8], and only some of its
basic properties have been established so far 6, 8, 11].

Two graphs G; and G, are said to be equienergetic if E(G1) = E(G2). In a trivial
manner, cospectral graphs are equienergetic. Much work has been done on the study
of non-cospectral equienergetic graphs; for details see [10].

Two graphs G; and Go will be said to be Seidel equienergetic it SE(G) = SE(G5).
Of course, Seidel cospectral graphs are Seidel equienergetic. We are interested in
Seidel non-cospectral, Seidel equienergetic graphs, having same number of vertices.

Denote by G the complement of the graph G. Then, evidently, S(G) = A(G) - A(G)
implying S(G) = —S(G). Consequently, if the Seidel eigenvalues of a graph G are
o;,1=1,2,...,n, then the Seidel eigenvalues of G are —o;, i = 1,2, ...,n. Thus, by
Eq. (1.1), SE(G) = SE(G), that is G and G are Seidel equienergetic.

In what follows we search for less trivial pairs of Seidel equienergetic graphs.

In this paper, based on a result that relates the Seidel eigenvalues of regular graphs
with its adjacency eigenvalues, we show that SE of second and higher line graphs of
regular graphs is fully determined by the order n and regularity r. By this, infinitely

many pairs of Seidel equienergetic graphs can be constructed.

2. ON SPECTRA OF REGULAR GRAPHS AND THEIR LINE GRAPHS

The line graph [9] of the graph G will be denoted by L(G). For k =1,2,..., the
k-th iterated line graph of G, denoted by L¥(G), is defined recursively as L*(G) =
L(LF1(@)), with L°(G) = G and LY(G) = L(G).

The line graph of a regular graph is a regular graph. In particular, the line graph of
a regular graph G of order ng and of degree r is a regular graph of order ny = (r¢ng)/2
and of degree r; = 27y — 2. Consequently, the order and degree of L*(G) are [2, 3|:

1

ng = 3 The1 Ng—1 and Ty =2Tp_1 — 2
where n; and r; stand for the order and degree of LY(G), i = 1,2,.... Therefore,
(2.1) rp=2%rg — 28 42
and
k-1 k-1
(2.2) ng = % Hri =ng l_I(Qi’1 ro—2' +1).
i=0 i=0

The basic spectral properties of regular graphs are well known. Here we state some
results needed for the present considerations.
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Theorem 2.1. [4, 5| If G is an r-regular graph, then its mazimum adjacency eigen-
value 1s equal to r.

Theorem 2.2. [4, 5| If A\, X, ..., \, are the adjacency eigenvalues of a reqular graph
G of order n and of degree r, then the adjacency eigenvalues of L(G) are
i +1—2, 1=1,2,...,n,
n(r —2)
2
Theorem 2.3. [12, 13| If G is a regular graph of order n and of degree r > 3, then

E(L*(@Q)) = 2nr(r — 2).

-2, times.

Theorem 2.4. [1] Let G be an r-regular graph on n vertices. If v, \o, ..., A, are the
adjacency eigenvalues of G, then its Seidel eigenvalues are n —1 — 2r and —1 — 2,
1=2,3,...,n.

3. SEIDEL ENERGY
We first state a result for Seidel energy that is formally similar to Theorem 2.3.

Theorem 3.1. If G is a regular graph of order n and of degree r > 3, then

16r — 22
dnr(r —2) +nr — 16r + 22, if n > %,
r(r —
SE(L*(@Q)) =
‘ 167 — 22
3717“(7"—2), Zf n < m

Proof. Let r, Ag,..., \, be the adjacency eigenvalues of the regular graph . Then
from Theorem 2.2, the adjacency eigenvalues of L(G) are

2r — 2,
(31) )\i+r—2, 7;:2,3,...,71,

n(r —2)

-2, times.

In view of the fact that L(G) is also a regular graph on nr/2 vertices and of degree
2r — 2, applying Theorem 2.2 to Eq. (3.1), the adjacency eigenvalues of L?(G) are
found to be

( 4r — 6,
Ai + 3r — 6, 1=2,3,...,n,

(3.2) o _ 6 n(r —2)

—2, 7 times.
2
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Because L?(G) is a regular graph on nr(r — 1)/2 vertices and of degree 4r — 6,
applying Theorem 2.4 to Eq. (3.2), the Seidel eigenvalues of L?(G) are calculated as

(

snr(r—1)+11 —8r,
—2)\; — 6r + 11, 1=2,3,...,n,
3.3 )
(3:3) —4r + 11, M times,
-2
3, M times.
( 2

By Theorem 2.1, all adjacency eigenvalues of a regular graph of degree r satisfy the
condition —r < \; < r. If r > 3, then 4r — 11 > 0, and because of \; > —r, we have
2)\; + 6r — 11 > 0. Bearing this in mind, the Seidel energy of L?*(G) is computed from
Eq. (3.3) as:

SEIG) = | =Y |y g 4 Zn:(zxi F6r—11)
n(r2— 2) (4r—11) + ’IM‘(TQ— 2) 3)
W(rz_ Y 11— s =20+ (n— 1)(6r — 11)
N n(rz— 2) (4r —11) + 3m‘(72’— 2)
since Y ., A\ = —T.

If w +11 -8 >0 ie,n> 1?::3)2, then the above equality yields

r

SE(L*(Q)) = 4nr(r — 2) + nr — 167 + 22.

If —"T(’;l) +11-8r<0 ie,n< }f?::f?, then we get SE(L*(G)) = 3nr(r—2). O

Corollary 3.1. Let G be a reqular graph of order ng and of degree ro > 3. Let ny
and 1y be the order and degree, respectively, of the k-th iterated line graph L¥(G) of
G, k>1. Then

8ry — 6
Ang(ry — 2) + 20y, — S(ry +2) +22, if nyp > k2
Tk
SE(L"Y@)) =
8r, — 6
3ng(ry — 2), if ng < "k .
Tk

From Corollary 3.1 we see that the Seidel energy of the k-th iterated line graph of
a regular graph G is fully determined by the order ng and degree ry of G.
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4. SEIDEL EQUIENERGETIC GRAPHS

Theorem 4.1. Let G; and Gy be two reqular graphs of the same order and of the
same degree. Then for any k > 1 the following holds:

(i) L*(G1) and L¥(Gs) are of the same order, same degree and have the same
number of edges.

(ii) LF(Gy) and L*(Gy) are Seidel cospectral if and only if Gy and Gy are adjacency
cospectral.

Proof. Statement (i) follows from Egs. (2.1) and (2.2), and the fact that the number
of edges of L*(G) is equal to the number of vertices of LF™(G). It was earlier stated
in [12, 13]. Statement (ii) follows from Theorems 2.2 and 2.4. O

Theorem 4.1 and Corollary 3.1 infer the following.

Theorem 4.2. Let Gy and G5 be two Seidel non-cospectral reqular graphs of the same
order and of the same degree r > 3. Then for any k > 2, the iterated line graphs
L*(Gy) and L*(Gs) form a pair of Seidel non-cospectral, Seidel equienergetic graphs
of equal order and with equal number of edges.

On should recall that the following fully analogous result was earlier obtained for
ordinary graph energy, based on adjacency eigenvalues, cf. Eq. (1.2).

Theorem 4.3. [13| Let G; and Gy be two non-cospectral regular graphs of the same
order and of the same degree r > 3. Then for any k > 2, the iterated line graphs
L¥(GY) and L*(Gy) form a pair of non-cospectral, equienergetic graphs of equal order
and with equal number of edges.

Comparing Theorems 4.2 and 4.3 a deep analogy between ordinary graph energy
and Seidel energy can be envisaged.

From Theorem 4.2, it is now easy to generate large families of Seidel equienergetic
graphs. For instance, there are 2, 5, 19, and 85 connected regular graphs of degree 3
and of order 6, 8, 10, and 12, respectively. No two of these are Seidel cospectral as they
are adjacency non-cospectral (see [4], pp. 268-269). Their second and higher iterated
line graphs form families consisting of size 2, 5, 19, 85, ..., Seidel equienergetic graphs.
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