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BAZILEVIC P-VALENT FUNCTIONS ASSOCIATED WITH
GENERALIZED HYPERGEOMETRIC FUNCTIONS

E. EL-YAGUBI! AND M. DARUS?

ABSTRACT. The aim of this paper is to introduce and study a new class of Bazilevi¢
p-valent function of order 8 by using the subordination concept between this function
and a generalized derivative operator. Some interesting properties are also obtained.

1. INTRODUCTION

Let A, the class of functions f(z) normalized by

f(z)=2P+ Zapmzp*", (z€eU,peN),
n=1

which are analytic and p-valent in the unit disk U = {z : z € C, |z| < 1}. For f(2) and
g(z) are analytic in U, we say that f is subordinate to g if there exists an analytic
function w in U, with w(0) = 0 and |w(z)| < 1 such that f(z) = g(w(z)),z € U.
We denote this subordination by f(z) < ¢(z). If g(z) is univalent in U, then the
subordination is equivalent to f(0) = ¢(0) and f(U) C g(U).

Now, we define new generalized differential operator Dz’i\w(ai, b,) of analytic p-
valent functions as follows.

Definition 1.1. Let f be in the class A,, then we have

?

{p + (A +A)n 4+ 01" (a1)n - (ar)n apyn2P™

m,b _
Dy, (aib) f(2) = 27+ ) P Ve—— B)n - (bs)n 7

n=1
where p € Nym,b € Ny = NU {0}, \a > A\ >0, a0, € C, b, € C\{0,—-1,-2,...}
(t=1,...,r,q=1,...;8) and r < s+ 1; r;s € Ny, and (), is the Pochhammer
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symbol defined by

(x)n:M—{l’ n =0,

[(x) z(z+1)---(x+n—-1), n={1,2,3,...}.

It follows from the above definition that

(1.1)

(p+ Aan + b) DY (0, bg) f(2) = (p + Aan — pAr + b)DYS (i, b,) f(2)

+ pAiz <DZ’,I}2,p(ai, bq)f(2)> :

Remark 1.1. It should be remarked that the linear operator @Tl’f’/\Q (@i b) f(2) is a
generalization of many operators considered earlier. Let us see some of the examples:

e For \y = b =0, the operator Dﬁ’f’/\w(ai, by) f reduces to the operator was given
by Selvaraj and Karthikeyan [18].

e For m = 0, the operator Dﬁ’g27p(ai, b,)f reduces to the operator was given by
El-Ashwah [9].

e For m = 0 and p = 1, the operator D;”l’f’/\w(ai, by) f reduces to the well-known
operator introduced by Dziok and Srivastava |8].

e For m=0,r =2,5s =1 and p = 1, we obtain the operator which was given by
Hohlov [12].

eforr=1s5s=0,a0 =1\ =1, =b=0and p =1, we get the operator
introduced by Salagean [17].

e Forr=1,5s=0,ay =1, =b=0and p =1, we get the generalized Salagean
derivative operator introduced by Al-Oboudi [1].

e For m = 0,r = 1,s = 0,a; = 0 + 1 and p = 1, we obtain the operator
introduced by Ruscheweyh [16].

e Forr=1,s = 0,a; = 0+ 1 and p = 1, we obtain the operator studied by
El-Yagubi and Darus [10], [11].

e For m=0,r=2and s =1,a, =1 and p = 1, we obtain the operator studied
by Carlson and Shaffer [4].

e Forr=1,5s=0,a; =1, =0 and p = 1, we get the operator introduced by
Catas [5].

By making use of the differential operator Di\”b)\ (a;,b,) and the principle of sub-
. . . . . 17 2,p . . .
ordination between Bazilevi¢ p-valent functions, we introduce and investigate the
following subclass of A,,.

Definition 1.2. Let f € A, is said to be in the class Smb (@i, by,7, B, A, B) if it
satisfies the following subordination condition

(1 _ ’y) <Df\ri’,b>\2,p(ai, bq)f(z)>ﬁ . <Df\’f)\12’zy(ai7 bq)f(2)> (D;ri’,b)%pmi, bq)f(z)>6

=
1+ Bz

A1,A2,p

2P ZP

D, (i b0) f(2)

1+ A
T2 (peN,zel),
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where v € C, R(B) > 0, m,b € Ny = NU{0}, o > N\ > 0,a;, € C, b, €
C\{0,-1,-2,..} i =1,....1,qg=1,...,8), r < s+ 1;r,s € Ng, -1 < B <1
and A # B € Ny.

Clearly, if weput p=1,m=0=0,\; = A =1,r=1,s =0 and a; = 1 in the

class Sﬁ’b& p(ai, by, v, 5, A, B), then we obtain the class of Bazilevi¢ functions studied

by Liu and Noor [14].
To prove our main result, the following lemmas are required.

Lemma 1.1. [1| Let h(z) be analytic and conver univalent in U with h(0) = 1.
Assume also the function o(z) given by

(1.2) 0(2) =1+ 2"+ cppr 2"+
be analytic in U. If

o(2)+ D L he) (R0) 20,6 £0,2 € U,

then

(1.3) 0(z) < (z) = 0~ / ) th()dt < h(z) (2 € U),

n

and 1) 1s the best dominant.

Lemma 1.2. [19] Let q(2) be a convex univalent function in U and let o,n € C with

() - ())

If the function p is analytic in U and

op(z) +nzp'(2) < 0q(2) + 124 (),
then p(z) < q(z) and q(z) is the best dominant.

Lemma 1.3. [15] Let q be conver univalent in U and k € C. Further assume that
R(k) > 0. If p(z) € H[q(0),1] N Q and p(2) + kzp'(z) is univalent in U, then

q(2) + kzq'(2) < p(2) + k2p/(2)

implies q(z) < p(z) and q(z) is the best subdominant.

2. MAIN RESULTS

In what follows we aim to study some interesting properties of the class

S/T\ri:l;\z,pmi? by, 7, B, A, B).
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Theorem 2.1. Let f(z) € Sy )\w(ai,bq,%ﬁ,A, B), then

m, B
D>\1 b)\g p(a’i’ bq)f<z) ~ (p + )\Qn + b ﬁ 1 + Azu (P+>\21";':b)ﬁ ldu
zP pAIVY 1+ Bzu
1+ Az
U
< T B> (z € U),

where v € C, R(B) > 0, p € N, mb € Ng = NU{0}, \» > A\ >0, a; € C,
by € C\{0,-1,-2,...} (i=1,...,r,q=1,....s), r<s+LirseNy,, -1<B<1
and A # B € Ny.

Proof. Let
m,b ] e B
o) p@y_<thAzﬁﬂﬂ)) ew

2P

Then p(z) is analytic in U with p(0) = 1. By taking the derivative in the both sides
in equality (2.1) and using (1.1), we get

@_WO(Dﬁkﬁwﬁ>ﬂ@>6+7<DZ%Kw&Aﬂ@><Dﬁxﬁmwﬁﬂd>6

2 DY (ai b)) f(2) 2
B PALY , 1+ Az
(2.2) = p(z) + B0+ dan 7 0) (2) < T B> (z € U).

By applying Lemmal.l in the last equation, we get

pAIny pA1nYy
2P pALIY 1+ Bt
C/ ¢ 1+ Azu <1+Az
= — un U
1+ Bzu 1+ Bz

(p+A2n+b)B 0
pAy

m B
(D,\f,b)\z,p(aia bq)f(2)> < (p+ Aon + b)ﬁ —(pAgntb)s /z t(P“an’)B a1+ At gt
0

(2.3)

(z €U),

where ¢ =

Theorem 2.2. Let q(z) be univalent in U. Suppose also that q(z) satisfies
/! )\ b
(2.4) 9%(1+Zq, (z)) >max{o,—§)fe((p+ 2n 7+ )ﬁ)}.
q'(z) Ay
If f(2) € A, is satisfying the following subordination

(1 o ’}/) (Dgribh ’p(a’iv bq}f(z))ﬁ i N (kalﬁzl;(a bq)f(z)) (Dzlllibp(a“bq)f(z))ﬁ
# DY, (@i b) f(2) o

Py /
(2.5) < q(z) + oo+ 05" (2),
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zP

D™ aibg) f(z h . .
then < A2 p (0t )> < q(z), and q(2) is the best dominant.

Proof. Let p(z) be defined by (2.1). We know that (2.2) is true. Combining (2.2) and
(2.5), we see that

pA1Y , PALY )
(2.6) p(z) + 5ot )7 (2) < q(z) + 30t o 10 (2).

By using Lemma 1.2 and (2.6), we get the assertion of Theorem 2.2. ([l

1+ Az

Taking ¢(z) = T

in Theorem 2.2, we get the following result.

Corollary 2.1. Let v € C and —1 < B < A < 1. Suppose also that iigi satisfies

the condition (2.4). If f(z) € A, satisfies the following subordination

o (Dt (DR e b)f ) (DR800
! g ot et fa) e

. 14+ Az pAMY(A — B)z
14+ Bz (p+An+b)B(1+ Bz)?’

oyt (@b i\’ s as ,
then . < 115 and 5= s the best dominant.

Theorem 2.3. Let q(z) be convex univalent in U, v € C, with R(vy) > 0. Also let

Db a;,b z A
( Al,Az,pip ) f( )) c H[q(O),l]ﬂQ and

(1 (Dl’i’,‘iz,Aai,bq)f(z))ﬁ . (D;Z;z:‘;,(ai,baf(z)) <D;f;:’;2,p<ai,bq>f<z>>ﬁ

& D (i b) f(2) &

be univalent in U. If

m,b ) - B8
1)+ 3 ) < (1) (DAI,AQ,Mbq)f( >)

B(p+ Aon+b 2P

m 5 m, 6

DY (a3, bg) f(2) ) [ D5, (@i ) f(2)

+7 | s > ,
D>\1:A2,p(ai7 bq)f(z) <

Dyt b f(2)) . |
then q(z) < Lo2b and q(z) 1is the best subdominant.
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Proof. Let p(z) be defined by (2.1). Then

Dmb @hbq z p
q(z) + 5 fi\;l - b)qu(z) < (1—7) ( AL Azp(zp )f( ))

(Dm;(ai,bqv(z)) (D;f;xp(aubq)f(z))ﬁ
+7

D)n\j b)\2 p(aia bq)f(z)

B PALY ,
= p(2) B0t D) (2).

An application of Lemma 1.3 yields the assertion of Theorem 2.3. 0

Corollary 2.2. Let q(z) be conver univalent in U and —1 < B < A <1,y € C with

m,b

. A\ 7
R(7) > 0. Also let (prw’”” >) € Hig(0),11NQ and

zP

- (D”‘( bﬂf@)ﬁ . (D”‘< bq>f<z>) (D"W bq>f<z>>5

@ DY, (@i bg) f(2) 2

be univalent in U. If

1+ Az pAMY(A — B)z ,r\nlb,\zp(au be) f(2) ’
1+Bz+(p+)\2n+b)6(1+Bz)2<(1_7)< 2P

DY (ay, bq)f(2)> (Dﬁfb,p(ai,bq)ﬂz))ﬁ

+ m,b
D)q xap( @i bg) (2) 2
m,b
1+ Az Dy” '\ (ai,bg) f(2) 1+ Az .
then 5= < ( T and 15= is the best subdominant.

Theorem 2.4. Let f(z) € Sﬁ’igp(ai,bq,’y,ﬁ,A, B), then

inf §R (p + )\2” + b 6 1 + AZU (p+AA217::/b)5 1du
et pAinry 1+ Bzu
B
DY, pla bq)f(Z)
<R ( >
< sup R <p + Aon + b B "1 + Azu (p+)\217:;;b>ﬁ "
e pAiny 1+ Bau'

where v € C, R(B) > 0, p € N, m,b € Ngo = NU{0}, 9 > A\ >0, a; € C,
by € C\{0,-1,-2,...}i=1,....,r,¢q=1,...,8), r<s+1LirseNy -1<B<1
and A # B € Ny.
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Proof. Suppose that f(z) € Sﬂ’f\w(ai, by, 7, B, A, B), then from Theorem 2.1 we know
that

m B
(Dxligp(ai,bﬂf@)) Xt b)B M1t Az e

PALY du.
2P pAINY 14 Bzu 1 “

Therefore, from the definition of the subordination, we have

m,b B8
R (DA1 Ao p(% bq)f(2)> < inf R { (p+ Xan +b)5 14 Azu (p+/\2n+b)ﬁ ldu}

ALy
2P 2€U pAINY 1+ Bzu

and

. (Dﬁﬁ,x,p(ai,baﬂz))ﬁ

zP

< sup R
zeU
Corollary 2.3. Let v € C, R(f) > 0, p € N, m,b € No, Ao > Ay >0, q; €
C, b, € C\{0,-1,-2,...} i =1,....r,q = 1,...,8), r < s+ 1ir,s € Ny and
—1<B< A< If f(2) € SV5, (i by, 7, B, A, B). then

(p + )\gn + b 5 1 + Azu (p+>\2n-:b)6 1d
ALn u p .
pAInYy 1+ Bzu

pAINY
pAINY 1- Bu 2P

m, B
+ Aon + b) M- Au @ (eanth)s DY a;,bq) f(z
(p 2n & U tAgnt Ly < R < /\1)\2]7( Jf( ))

(2.7)
(p+ Aon+0)8 Y14+ Au (et2gnih)s

pALNY d U).

- pAny 1+ Bu" u (2€D)

Proof. Suppose that f(z) € SAI
that

rop(@is bg, Y, B, A, B), then from Theorem 2.1 we know

m B
(Dxliw(ai,bq)f(Z)) LA dan D) (M1 Az ooy

PALPY du.
2P pAINY 14 Bzu 1 “

Therefore, from the definition of the subordination and A > B, we have

m,b B
R (DA1 A2 p(% bq)f(z)) < inf R { (p+ Xan +b)5 L1+ Azu (pFAgn+b)8 ldu}

pAInY
2P 2€U pALINY 1+ Bzu

1 n
> (p + Aom + b)ﬂ inf 14+ Azu u(p+p/\)‘21n:b)5 ldu
- pAITY 0 zeU | 1+ Bzu
Lt Xt B [T A e,

PAITY 1-— Bu



118 E. EL-YAGUBI AND M. DARUS

and
B
Dm b n
R A1,A2 p(azy b )f(z) < sup?R (p + Aon + b ﬁ 1 + Azu (p+/\21 -:b)ﬁ ldu
zP 2€U PAINY 1+ Bzu
1 n
< (p+ Xan + )3 Sup{l—i—Azu}uw_ldu
pAINY 0 seu | 14+ Bzu
B L R
PAINY 1+ Bu"
which proves the result. [l

Corollary 2.4. Let v € C, R(f) > 0, p € N, m,b € Ng, g > Ay >0, a; €
C, b, € C\{0,-1,-2,...} (i=1,....r,q=1,...,8), r < s+ 1irs € Ny and
—1<B<A<1. Iff(z)e S;’;gzp(az, 0 5B, A, B) then

1

1 m B
(p+Xan+0)8 11— Au (p?ff;:b)ﬁ " 2 R D)\l”b)%p(ai, bq)f(z)
PAIY 1-— Bu 2P

1

2
2.8 Py U).
(28) pAIY 1+ Bu" u) (z€U)

< <(p + Xon + b)3 14 Au (g +b)8

Proof. Suppose that f(z) € SZ rap(@is g, 7, B, A, B), then from Theorem 2.1, we have

m B8
(DA;,”AQ,pwq)ﬂz)) (144

1+ Bz (z€0).

2P

Since —1 < B < A <1, we have

m B
1< 4w (Dxlxp(a@»baﬂw) 144
~1-B

< .
zZP 1+ B
Thus, from the inequality (2.7), we can get the inequality (2.8). O

Corollary 2.5. Let v € C, R(6) > 0, p € N, m,b € No,\ys > Ay > 0, a; €
C, b, € C\{0,-1,—-2,...} b =1,...;rqg =1,...,8), 7 < s+ 1;r,s € Ny and
—1<A<B<L Iff(2) € S\, (@i by, 7, B, A, B), then

1 m B
(p+don+0)8 114 Au wognene N2 DY (@i, b)) f(2)
pAITY 1+ Bu" 2P

(p+dan+0b)p [t 1— Au (wtdgnit)s 2
< pAiny d ).
( pAIVY 1-— Bu ' Y (zeD)

Proof. By applying snmlar method as in Corollary 2.4, we get the required result. [
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Note that other work related to classes of Bazilevi¢ functions can be found in [2],
131, [6], [7], [13].
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