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CONCIRCULAR VECTOR FIELDS AND PSEUDO-KAEHLER
MANIFOLDS

BANG-YEN CHEN!

ABSTRACT. A vector field on a pseudo-Riemannian manifold N is called concircular
if it satisfies Vxv = puX for any vector X tangent to N, where V is the Levi-Civita
connection of N. A concircular vector field satisfying Vxv = puX is called a non-
trivial concircular vector field if the function u is non-constant. A concircular vector
field v is called a concurrent vector field if the function u is a non-zero constant. In
this article we prove that every pseudo-Kaehler manifold of complex dimension > 1
does not admit a non-trivial concircular vector field. We also prove that this result
is false whenever the pseudo-Kaehler manifold is of complex dimension one. In the
last section we provide some remarks on pseudo-Kaehler manifolds which admit a
concurrent vector field.

1. INTRODUCTION

A. Fialkow introduced in [8] the notion of concircular vector fields on a Riemannian
manifold N as vector fields which satisfy

(1.1) VXv:uX

for vectors X tangent to NV, where V denotes the Levi-Civita connection of N and
i is a non-trivial function on N. A concircular vector field satisfying (1.1) is called
non-trivial if the function p is non-constant. Concircular vector fields can also be
defined on pseudo-Riemannian manifolds exactly in the same way.

A concircular vector field v is called a concurrent vector field if the function p in
(1.1) is equal to one. However, for simplicity we call a concircular vector field v a
concurrent vector field if the function p in (1.1) is a nonzero constant throughout this
article.
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Concircular vector fields also known as geodesic fields in literature since integral
curves of such vector fields are geodesics. Concircular vector fields appeared in the
study of concircular mappings, i.e., conformal mappings preserving geodesic circles
[8,13]. Concircular vector fields also play an important role in the theory of projective
and conformal transformations. Such vector fields have interesting applications in
general relativity, e.g. trajectories of time-like concircular fields in the de Sitter model
determine the world lines of receding or colliding galaxies satisfying the Weyl hypoth-
esis [12]. Furthermore, it was proved by the author in [3] that a Lorentzian manifold
is a generalized Robertson-Walker spacetime if and only if it admits a time-like con-
circular vector field. For some further results related to concircular vector fields, see
[4,6-8,11-13] for instance.

A pseudo-Riemannian metric g on a complex manifold (M, J) is called pseudo-
Hermitian if the metric g and the complex structure J on M are compatible, i.e.,

(1.2) g(JX,JY)=g(X,Y), X,YeT,M, pecM.

A pseudo-Hermitian manifold, by definition, is a complex manifold equipped with a
pseudo-Hermitian metric. A pseudo-Hermitian manifold is called a pseudo-Kaehler
manifold if its complex structure J is parallel with respect to its Levi-Civita connection
V, ie.,, VJ = 0. Notice that the real index of a pseudo-Hermitian metric is always
even, say 2s, due to (1.2). The integer s is called the complex indez.

The main result of this article is the following.

Theorem 1.1. We have:

(a) every pseudo-Kaehler manifold M™ with n = dimg M™ > 1 does not admit a
non-trivial concircular vector field;
(b) the result is false for pseudo-Kaehler manifolds M™ with n = 1.

In the last section we provide some remarks on pseudo-Kaehler manifolds which
admit a concurrent vector field.

2. PROOF OF THEOREM 1.1

For general references on pseudo-Riemannian and pseudo-Kaehler manifolds, we
refer to books [1,2,5,9,10]. Throughout this article, we shall follow the notations
given in the book [2| closely.

Assume that M™ is a complex n-dimensional pseudo-Kaehler manifold which admits
a non-zero concircular vector field v satisfying condition (1.1).

Let R denote the Riemann curvature tensor of M™ which is defined by

(2.1) R(X,Y)Z =VxVyZ —VyVxZ —Vixy|Z
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for vector fields X, Y, Z tangent to M™. It is well-known that the Riemann curvature
tensor R satisfies

(2.2) R(X,Y)=—R(Y, X),

(2.3) R(X,Y)JZ = J(R(X,Y)Z),

(2.4) R(JX,JY)Z = R(X,Y)Z,

(2.5) g(R(X,Y)Z, W) = g(R(Z,W)X,Y).

It follows from (1.1) and (2.1) that the curvature tensor R satisfies
R(X,v)v =VxV,w =V, Vxv — Vix,v
(2.6) = Vx () = Vy(uX) — pVxv + puV, X
= (Xpv — (vp)X,

for any vector field X tangent to M™. Thus after taking the inner product of (2.6)
with v we find

(2.7) (Xu)g(v,v) = (vpu)g(X,v), forall X € TM".
In particular, (2.7) implies the following

(2.8) v =0, whenever g(v,v) =0,

(2.9) Xu =0, whenever g(v,v) # 0 and g(X,v) =0.

Let X be a vector satisfying g(X,v) = 0. By taking the inner product of (2.6) with
X, we find

(2.10) g(R(X,v)v, X) = —(vu)g(X,X), whenever g(X,v)=0.
Similarly, by applying (1.1), (2.1) and (2.3), we also have
R(Y, Jv)Jv = J(R(Y, Jv)v)
= J{VyV v = V1, Vyv = Vy v}
= J{Vy(uJv) = Vs (0Y) = uVy (Jv) + pV 5, Y}
= —Ypv = ((Jo)u)JY

for any vector field Y tangent to M™. Therefore, by combining (2.11) with (2.7), we
obtain

(2.12) g(R(Y, Jv)Jv,Y) =0

for any tangent vector Y satisfying ¢g(Y,v) = 0.
Next, by applying (2.2), (2.4), (2.5) and (2.12) we have

0=—g(R(Y,Jv)Juv,Y) = g(R(JY,v)Jv,Y)
(2.13) = g(R(Jv,Y)JY,v) = —g(R(v, JY)JY,v)
= g(R(JY, v)v, JY)
for any Y satisfying ¢g(Y,v) = 0.

(2.11)
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Now, by combining (2.10) and (2.13) we get
(2.14) (vp)g(X, X) =0
for any tangent vector X satisfying g(X,v) = g(JX,v) = 0.

Proof of Theorem 1.1. Statement (a). Let p be an arbitrary fixed point in M™.
Case (a.i): v(p) is either space-like or time-like. In this case, there exists an orthonor-
mal basis ey, ..., e, of T,M" such that

(2.15) ea =Jey, glei,e;) =€di;, v(p) = ceq,
where ¢ # 0 and ¢; = £1. It follows from (2.14) and (2.15) that vy = 0 whenever
n =dimg M" > 1.
On the other hand, we find from (2.9) that eapt = - - - = e9,u = 0. Hence we have

Up=0, forallUeT,M".

Case (a.ii): v(p) is light-like. In this case, it follows from (1.1), (2.1), and VJ = 0
that

(2.16) R(X, Jv)v = (Xp)Jv — ((Ju)p) X,

for any vector X tangent to M". Thus, after taking the inner product of (2.16)
with v, we find

0 = ((Jo)u)g(X, v).
Since v(p) is a light-like vector, there exists another light-like vector u at p such

that g(u,v) = —1. Therefore we also have
(2.17) (Ju)p = 0.

Now, by combining (2.16) and (2.17) we obtain
(2.18) R(X, Jv)v = (Xu)Jv.

Similarly, we also find from (1.1), (2.1) and (2.8) that
(2.19) R(JX,v)v = (JXp)v.

Since we have R(X, Jv) = —R(JX,v) from (2.4), we may obtain from (2.18) and
(2.19) that

(2.20) (Xp)Jv+ (JXp)v=0.

Because v and Jv are linearly independent vector, (2.20) implies that Xy =
JXp = 0. Therefore we also have Up = 0 for any vector U € T,M". Because
p can be chosen to any any arbitrary point with v(p) # 0, this shows that pu is
a constant function. Consequently, M" admits no non-trivial concircular vector
fields whenever n > 1. This proves statement (a) of the theorem.
Statement (b). Assume that M™ is a pseudo-Kaehler manifold with n = 1. Then it
follows from (1.2) that M? is either space-like or time-like.
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Case (b.i): M! is space-like. Let us consider the complex projective line C'P(4)
equipped with the Fubini-Study metric of constant Gauss curvature 4. Let

z = x + iy be a local complex coordinate on C'P'(4) so that the metric ten-
sor of CP'(4) is given by

dzdz
2.21 —
(2.21) I (1+22)?
It is easy to verify that the Levi-Civita connection of C'P'(4) satisfies
c o 2z 0 2y 0
W0rge ~ 1+ 2201 1+ 220y’
0 2y 0 2¢O
2.22 Voo = ——o—— — =,
(222) o/0 dy 14+2z20x 14 2zZ0y

0 2¢O 2y 0

Va/aya_y T 1+220r 1+220y
Let us consider the function ¢ defined by
1—2z2z
L=

By applying (2.21) and (2.22). It is straight-forward to verify that the gradient
vector of ¢, denoted by grad ¢, is given by

0 0
dep=—4le—+y—|.
grad ¢ <x8x+y(9y)
It is direct to show that grad ¢ satisfies
Vxgrad ¢ = —4¢pX

for any X tangent to C'P'(4). Therefore grad ¢ is a non-trivial concircular vector
field defined on C'P'(4).

Case (b.ii): M" is time-like. Let Wl(él) denote the unit disc D = {z € C: 2z < 1}
equipped with the following time-like metric:

—dzdz
2.23 = —.
(2.23) g (1—22)2

It is easy to verify that the Levi-Civita connection of ﬁl(él) satisfies
0 2¢O 2y 0

va/azgzl—zza_x_l—zza_y’

0 2y 0 2v 0

2.24 — = — —
(2:24) va/a‘”ay 1—z28x+1—z28y’
N T )
gy~ 1—2200  1—z220y

It follows from (2.24) that ﬁl(él) has constant Gauss curvature 4 as well.
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Now, let us consider the function

1+z2z
V=1
— 2Z
defined on C’Pl(4). By applying (2.23) and (2.24), we find

0 0
dy=—-4rv—+y=—
o= (s 442
Vx grad ¢ = pX,
with © = —41. Therefore grad 1 is a non-trivial concircular vector field on

Wl(ll). This proves statement (b) of the theorem.
U

3. SOME REMARKS ON CONCURRENT VECTOR FIELDS

Recall that a vector field v on a pseudo-Riemannian manifold is called concurrent
if it satisfies

(3.1) Vxv=rcX
for any tangent vector X, where ¢ is a non-zero constant.

Proposition 3.1. Let M™ be a pseudo-Kaehler manifold. Then we have the following.

(a) For any concurrent vector field v on M"™, Jv is never a concurrent vector field
on M™.

(b) The complex distribution D := Span {v, Jv} is always integrable.

(¢) If D is non-degenerate, then the leaves of D are flat totally geodesic surfaces.
Moreover, M"™ is foliated by totally geodesic flat holomorphic curves.

Proof. For a concurrent vector field v on M", we have
(3.2) VxJv=JVxv=cJX, XeTM",

which implies that Jov is not a concurrent vector field. This proves statement (a).
From (3.1) and (3.2), we find

(3.3) Vv = V,Ju = cJu.

Thus we have

[v, Jv] = V,Jv =V 0 =0,
which implies that the distribution D is an integrable distribution. Moreover, it
follows from (3.1) and (3.2) that

(3.4) V.o = -V ,Jv=cv.

Hence the leaves of D are totally geodesic surfaces in M. Also, it is easy to verify from
(3.3) and (3.4) that the leaves are flat surfaces. Therefore, we also have statements
(b) and (c). O
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Let eq,..., €2, be an orthonormal frame on the pseudo-Kaehler manifold M™, the
Ricci tensor Ric of M™ is defined by
2n
(3.5) Ric(X,Y) =) eig(R(e;, X)Y, e;),

i=1
where g(e;, ej) = €;0;5. Since v is a concurrent vector field, it follows from (2.6), (2.11)
and (3.1) that

(3.6) R(X,v)v = R(X, Jv)Jv = 0.
Therefore, we find from (3.5) and (3.6) that
(3.7) Ric(v,v) = Ric(Jv, Jv) = 0.

Consequently, we have the following.

Proposition 3.2. Fvery pseudo-Kaehler manifold with positive (or negative) Ricci
curvature admits no concurrent vector fields.

An immediate consequence this proposition is the following.

Corollary 3.1. If an Einstein pseudo-Kaehler manifold admits a concurrent vector

field, then it is Ricci-flat.

Remark 3.1. The complex pseudo-Euclidean n-space C? with the pseudo-Kaehlerian

metric s .
g =— Z ledi'Z + Z dedzj,
i=1 j=s+1
is a Ricci-flat pseudo-Kaehler manifold which admits a concurrent vector field; namely,
the position vector field of C7.

Let N™ be a Riemannian m-manifold with m > 2. Denote by K () the sectional
curvature of a plane section # C T,N™, p € N™. For any orthonormal basis ey, ..., €,
of T,N™, the scalar curvature 7 at p is defined by

T(p) =D Klei Aej).
i<j
Let L be a r-subspace of T,N™ with r > 2 and {ey,...,e,} an orthonormal basis
of L. The scalar curvature 7(L) of L is defined by

7(L) = ZK(ea/\eﬁ), 1<a,p<r.
a<f
For given integer k > 1, we denote by 8(m, k) the finite set consisting of k-tuples
(ny,...,ny) of integers satisfying 2 < nq,--- ,n; < m and Z?:ﬂ <m.
For each k-tuple (nq,...,nx) € 8(m, k), the author introduced in the early 1990s
the invariant §(nq,...,nx) defined by

o(ni,...,m)(p) = 7(p) —inf{7(Ly) +--- +7(Ly)}, pEN",
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where Ly, ..., L; run over all £ mutually orthogonal subspaces of T, N™ such that
dimL; =n;, j=1,...,k (cf. |2, page 253] for details).
Another immediate consequence of (3.6) is the following.

Corollary 3.2. If a Kaehler manifold M"™ admits a concurrent vector field, then we

have
d(2n —1) > 0.

Proof. This corollary follows from (3.7) and the fact that

d(2n—1) = hax Ric(u, u),

where T7 M™ is the unit tangent bundle of M™. 0
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