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FRACTIONAL HERMITE-HADAMARD TYPE INEQUALITIES
FOR FUNCTIONS WHOSE SECOND DERIVATIVE ARE

(s, r)-CONVEX IN THE SECOND SENSE

K. BOUKERRIOUA1, T. CHIHEB1, AND B. MEFTAH2

Abstract. In this paper the authors introduce a new class of convex functions
called (s, r)-convex functions in the second sense and establish some new Hermite-
Hadamard type inequalities involving Riemann-Liouville integral operator.

1. Introduction

One of the most well-known inequalities in mathematics for convex functions is so
called Hermite-Hadamard integral inequality

(1.1) f

(
a+ b

2

)
≤ 1

b− a

b∫
a

f(x)dx ≤ f (a) + f (b)

2
,

where f is a real continuous convex function on the finite interval [a, b]. If the function
f is concave, then (1.1) holds in the reverse direction (see [24]).

The Hermite-Hadamard inequality play an important role in nonlinear analysis and
optimization. The above double inequality has attracted many researchers, various
generalizations, refinements, extensions and variants of (1.1) have appeared in the
literature, via classical integration and fractional calculus, we can mention the works
[2–4,6–12,14–17,19–23,25–32] and the references cited therein.

Recently, Wang et al. [29], proved the following Hermite-Hadamard’s inequalities
whose power of second derivatives are r-convex via fractional integrals.
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Theorem 1.1 ([29], Theorem 4.1). Let f : [0, b∗] → R be a twice differentiable
mapping with b∗ > 0. If |f ′′|q (q > 1) is measurable and r-convex on [a, b], for some
fixed 0 ≤ r < ∞ and 0 ≤ a < b, then the following inequality holds for fractional
integrals: ∣∣∣∣f (a) + f (b)

2
− Γ (α + 1)

2 (b− a)α
[Jαa+f(b) + Jαb−f(a)]

∣∣∣∣ ≤ Ir,

where

Ir =
2

1−r−qr
qr (b− a)2

α + 1

(
1− 2

pα + p+ 1

) 1
p (
|f ′′(a)|q + |f ′′(b)|q

) 1
q

(
r

r + 1

) 1
q

,

for 0 < r ≤ 1, and

Ir =
(b− a)2

2 (α + 1)

(
1− 2

pα + p+ 1

) 1
p (
|f ′′(a)|q + |f ′′(b)|q

) 1
q

(
r

r + 1

) 1
q

,

for r > 1;

I0 =
(b− a)2

2 (α + 1)

(
1− 2

pα + p+ 1

) 1
p
(

|f ′′(a)|q − |f ′′(b)|q

q ln |f ′′(a)| − q ln |f ′′(b)|

) 1
q

,

for |f ′′(a)| 6= |f ′′(b)|, and

I0 =
(b− a)2

2 (α + 1)
|f ′′(a)|

(
1− 2

pα + p+ 1

) 1
p

,

for |f ′′(a)| = |f ′′(b)|; and 1
p

+ 1
q

= 1.

Theorem 1.2 ([29], Theorem 4.2). Let f : [0, b∗] → R be a twice differentiable
mapping with b∗ > 0. If |f ′′|q (q > 1) is measurable and r-convex on [a, b], for some
fixed 0 ≤ r < ∞ and 0 ≤ a < b, then the following inequality holds for fractional
integrals: ∣∣∣∣f (a) + f (b)

2
− Γ (α + 1)

2 (b− a)α
[Jαa+f(b) + Jαb−f(a)]

∣∣∣∣ ≤ Ir,

where

Ir =
2

1−r−qr
qr (b− a)2

α + 1

(
|f ′′(a)|q + |f ′′(b)|q

) 1
q

[
r

r + 1
− β

(
r

r + 1
, αq + q + 1

)
− r

αqr + qr + r + 1 + 1

] 1
q

,

for 0 < r ≤ 1, and

Ir =
(b− a)2

2 (α + 1)

(
|f ′′(a)|q + |f ′′(b)|q

) 1
q

[
r

r + 1
− β

(
r

r + 1
, αq + q + 1

)
− r

αqr + qr + r + 1 + 1

] 1
q

,
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for r > 1;

I0 =
(b− a)2

2 (α + 1)

 |f ′′ (a)|q − |f ′′ (b)|q

q (ln |f ′′ (a)| − ln |f ′′ (b)|)

−
∞∑
i=1

(ln |f ′′ (a)| − ln |f ′′ (b)|)i−1

(qα + q + 1)i

[
qi−1 |f ′′ (b)|q − (−q)i−1 |f ′′ (a)|q

]
1
q

,

for |f ′′(a)| 6= |f ′′(b)|, and

I0 =
(b− a)2

2 (α + 1)
|f ′′(a)|

(
1− 2

qα + q + 1

) 1
q

,

for |f ′′(a)| = |f ′′(b)|; and 1
p

+ 1
q

= 1.

In [18], Lin et al. proved the following Hermite-Hadamard’s inequalities whose
second derivatives are r-convex via fractional integrals.

Theorem 1.3 ([18], Proposition 4.2). Let f : [a, b] → R be a twice differentiable
mapping with 0 ≤ a < b. If |f ′′| is integrable and r-convex on [a, b] for some fixed
0 ≤ r <∞, then the following inequality for fractional integrals holds∣∣∣∣ Γ (α + 1)

2 (b− a)α
[Jαa+f(b) + Jαb−f(a)]− f (a) + f (b)

2

∣∣∣∣ ≤ Kr,

where

Kr = 2
1
r
−2 (b− a)2

|f ′′(a)|+ |f ′′(b)|
α + 1

[
r

r + 1
− r

αr + 2r + 1
− β

(
1

r
+ 1, α + 2

)]
,

for 0 < r ≤ 1,

Kr = (b− a)2
|f ′′(a)|+ |f ′′(b)|

α + 1

[
r

r + 1
− r

αr + 2r + 1
− β

(
1

r
+ 1, α + 2

)]
,

for r > 1,

Kr =
(b− a)2 |f ′′(b)|

2 (α + 1)

[
|k| − 1

ln |k|
− |k|

∞∑
i=1

(−1)i−1
(ln |k|)i−1

(α + 1)i
−
∞∑
i=1

(ln |k|)i−1

(α + 1)i

]
,

for r = 0, and k = |f ′′(a)|/|f ′′(b)|.

Theorem 1.4 ([18], Proposition 4.5). Let f : [a, b] → R be a twice differentiable
mapping with 0 ≤ a < b. If |f ′′|q, q > 1 is integrable and r-convex on [a, b] for some
fixed 0 ≤ r <∞, then the following inequality for fractional integrals holds∣∣∣∣ Γ (α + 1)

2 (b− a)α
[Jαa+f(b) + Jαb−f(a)]− f (a) + f (b)

2

∣∣∣∣ ≤ Kr,
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where

Kr =
2

1
qr
−1 (b− a)2

α + 1

[
1− 2 (q − 1)

qα + 2q − 1

]1− 1
q
[(
|f ′′ (a)|q + |f ′′ (b)|q

) r

r + 1

] 1
q

,

for 0 < r ≤ 1,

Kr =
2

1
q
−1 (b− a)2

α + 1

[
1− 2 (q − 1)

qα + 2q − 1

]1− 1
q
[(
|f ′′ (a)|q + |f ′′ (b)|q

) r

r + 1

] 1
q

,

for r > 1,

Kr =
2

1
q
−1 (b− a)2 |f ′′ (b)|

α + 1

[
1− 2 (q − 1)

qα + 2q − 1

]1− 1
q
(
|k|q − 1

q ln |k|

) 1
q

,

for r = 0, and k = |f ′′(a)|/|f ′′(b)|.

Motivated by the above results, in this paper we extend those results for a new
class of convexity called (s, r)-convex functions in the second sense.

2. Preliminaries

In this section we recall some concepts of convexity which are well known in the
literature. Let I be an interval of R.

Definition 2.1. [24] A function f : I → R is said to be convex, if

f (tx+ (1− t) y) ≤ tf (x) + (1− t) f(y),

holds for all x, y ∈ I and all t ∈ [0, 1].

Definition 2.2. [24] A positive function f : I → R is said to be logarithmically
convex, if

f(tx+ (1− t)y) ≤ [f(x)]t [f(y)](1−t) ,

holds for all x, y ∈ I and all t ∈ [0, 1].

Definition 2.3. [5] A nonnegative function f : I ⊆ [0,∞)→ R is said to be s-convex
in the second sense on I, for some fixed s ∈ (0, 1], if

f(tx+ (1− t)y) ≤ tsf(x) + (1− t)sf(y),

holds for all x, y ∈ I and t ∈ [0, 1].

Definition 2.4. [1] A positive function f : I ⊆ [0,∞) → R is said to be s-
logarithmically convex function in the second sense on I for some fixed s ∈ (0, 1],
if

f(tx+ (1− t)y) ≤ [f(x)]t
s

[f(y)](1−t)
s

,

holds for all x, y ∈ I and t ∈ [0, 1].
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Definition 2.5. [23] A positive function f : I ⊆ [0,∞) → R is said to be r-convex
on I, if

f(tx+ (1− t)y) ≤

{
[tf r (x) + (1− t) f r(y)]

1
r , if r 6= 0,

[f(x)]1−t [f(y)]tλ , if r = 0,

holds for all x, y ∈ I and t ∈ [0, 1].

Definition 2.6. [13,14] Let f ∈ L1[a, b]. The Riemann-Liouville integrals Jαa+f and
Jαb−f of order α > 0 with a ≥ 0 are defined by

Jαa+f(x) =
1

Γ (α)

x∫
a

(x− t)α−1 f(t)dt, x > a,

Jαb−f(x) =
1

Γ (α)

b∫
x

(t− x)α−1 f(t)dt, b > x,

respectively, where Γ(α) =
∞∫
0

e−ttα−1dt, is the Gamma function and J0
a+f(x) =

J0
b−f(x) = f(x).

Lemma 2.1. [29] For α > 0 and k > 0, z > 0, we have

J (α, k) =

1∫
0

(1− t)α−1 ktdt =
∞∑
i=1

(ln k)i−1

(α)i
<∞,

H (α, k, z) =

1∫
0

tα−1ktdt = zαkz
∞∑
i=1

(−z ln k)i−1

(α)i
<∞,

where (α)i =
∏i−1

j=0 (α + j).

Lemma 2.2. [29] Let f : [a, b] → R be a twice differentiable mapping on (a, b) with
0 ≤ a < b. If f ∈ L[a, b], then the following equality for fractional integrals holds:

f (a) + f (b)

2
− Γ (α + 1)

2 (b− a)α
[Jαa+f(b) + Jαb−f(a)]

=
(b− a)2

2 (α + 1)

1∫
0

[
1− (1− t)α+1 − tα+1

]
f ′′ (ta+ (1− t)b) dt.

Also, we recall that the Euler Beta function is defined as follows

β (x, y) =

1∫
0

tx−1 (1− t)y−1 dt =
Γ (x) Γ (y)

Γ (x+ y)
.
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3. Main Results

In order to prove our results, we first introduce a new concept of convexity called
(s, r)-convexity in the second sense.

Definition 3.1. A positive function f : I ⊆ [0,∞) → R, is said to be (s, r)-convex
in the second sense, if

f (tx+ (1− t)y) ≤

{
[tsf r (x) + (1− t)s f r(y)]

1
r , if r 6= 0,

[f(x)]t
s

[f(y)](1−t)
s

, if r = 0,

holds, for some fixed s ∈ (0, 1], t ∈ [0, 1] and all x, y ∈ I.

Example 3.1. We define the function g as follows:

g (t) =

{
a

1
r , if t = 0,

(bts + c)
1
r , if t > 0,

where a, b, c, r ∈ R and s ∈ (0, 1] such that b ≥ 0 and 0 ≤ c ≤ a and r > 0.
The function g is (s, r)-convex in the second sense, because

gr(t) = f (t) =

{
a, if t = 0,

bts + c, if t > 0,

is s-convex in the second sense, for more details see [12].

Remark 3.1. Obviously Definition 3.1, recapture all definitions cited above for well-
chosen values of s and r.

Theorem 3.1. Let f : [a, b] → (0,∞) be twice differentiable mapping with a < b,
f ′′ ∈ L ([a, b]). If |f ′′| is (s, r)-convex function in the second sense for some fixed
s ∈ (0, 1], then the following inequality for fractional integrals with α > 0

(3.1)
∣∣∣∣f (a) + f (b)

2
− Γ (α + 1)

2 (b− a)α
[Jαa+f(b) + Jαb−f(a)]

∣∣∣∣ ≤ T,

where

T =
c(r) (b− a)2

2 (α + 1)

[
r2 (α + 1)

(s+ r) (s+ r (α + 2))
− β

(s
r

+ 1, α + 2
)]

[|f ′′ (a)|+ |f ′′ (b)|] ,

for r > 0,

T =
(b− a)2

2 (α + 1)
E(a, b, s)

 1

s |f ′′(b)|
× |f ′′ (a)|s − |f ′′(b)|s

ln |f ′′ (a)| − ln |f ′′(b)|
−
∞∑
i=1

(
ln
∣∣∣f ′′(a)f ′′(b)

∣∣∣s)i−1
(α + 2)i

−
∣∣∣∣f ′′ (a)

f ′′(b)

∣∣∣∣s ∞∑
i=1

(−1)i−1

(
ln
∣∣∣f ′′(a)f ′′(b)

∣∣∣s)i−1
(α + 2)i

 ,
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for r = 0 and |f ′′(a)| 6= |f ′′(b)|, and

T =
α (b− a)2

2 (α + 1) (α + 2)
N(b, s),

for r = 0 and |f ′′(a)| = |f ′′(b)|, holds for r ≥ 0 where

(3.2) c(r) =

{
1, if r ≥ 1,

2
1
r
−1, if 0 < r ≤ 1,

(3.3) E(a, b, s) =


|f ′′(b)|s , if |f ′′ (a)| , |f ′′(b)| ≤ 1,

|f ′′(b)| , if |f ′′ (a)| ≤ 1 ≤ |f ′′(b)| ,
|f ′′ (a)|1−s |f ′′(b)|s , if |f ′′(b)| ≤ 1 ≤ |f ′′ (a)| ,
|f ′′ (a)|1−s |f ′′(b)| , if |f ′′ (a)| , |f ′′(b)| ≥ 1,

(3.4) N(b, s) =

{
|f ′′(b)|s , if |f ′′ (a)| = |f ′′(b)| ≤ 1,

|f ′′(b)|2−s , if |f ′′ (a)| = |f ′′(b)| ≥ 1,

and (α + 2)i =
∏i−1

j=1 (α + 2 + j).

Proof. From Lemma 2.2 and property of the modulus, we have∣∣∣∣f (a) + f (b)

2
− Γ (α + 1)

2 (b− a)α
[Jαa+f(b) + Jαb−f(a)]

∣∣∣∣
≤ (b− a)2

2 (α + 1)

1∫
0

[
1− (1− t)α+1 − tα+1

]
|f ′′ (ta+ (1− t)b)| dt.(3.5)

Case 1: r > 0.
Since |f ′′| is (s, r)-convex in the second sense, we get

(3.6) |f ′′ (ta+ (1− t)b)| ≤
[
ts |f ′′ (a)|r + (1− t)s |f ′′(b)|r

] 1
r ,

it is easy to see that

(3.7) |f ′′ (ta+ (1− t)b)| ≤ c(r)
[
t
s
r |f ′′ (a)|+ (1− t)

s
r |f ′′(b)|

]
,

where c(r) is defined as in (3.2).
Substituting (3.7) into (3.5), we obtain

(b− a)2

2 (α + 1)

1∫
0

[
1− (1− t)α+1 − tα+1

]
|f ′′ (ta+ (1− t)b)| dt

≤ c(r) (b− a)2

2 (α + 1)
|f ′′ (a)|

1∫
0

[
t
s
r − t

s
r (1− t)α+1 − t

s
r
+α+1

]
dt
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+
c(r) (b− a)2

2 (α + 1)
|f ′′(b)|

1∫
0

[
(1− t)

s
r − (1− t)

s
r
+α+1 − tα+1 (1− t)

s
r

]
dt

=
c(r) (b− a)2

2 (α + 1)
|f ′′ (a)|

[
r2 (α + 1)

(s+ r) (s+ r (α + 2))
− β

(s
r

+ 1, α + 2
)]

+
c(r) (b− a)2

2 (α + 1)
|f ′′(b)|

[
r2 (α + 1)

(s+ r) (s+ r (α + 2))
− β

(
α + 2,

s

r
+ 1
)]

=
c(r) (b− a)2

2 (α + 1)

[
r2 (α + 1)

(s+ r) (s+ r (α + 2))
− β

(s
r

+ 1, α + 2
)]

(3.8)

× [|f ′′ (a)|+ |f ′′ (b)|] .

Case 2: r = 0.
Since |f ′′| is (s, 0)-convex, we have

(3.9) |f ′′ (ta+ (1− t)b)| ≤ |f ′′ (a)|t
s

|f ′′(b)|(1−t)
s

,

using the fact that φts ≤ φst and ψt
s ≤ ψst+1−s is valid for all 0 < φ ≤ 1 ≤ ψ and

t, s ∈ (0, 1], we get

(3.10) |f ′′ (ta+ (1− t)b)| ≤ E(a, b, s)

(
|f ′′ (a)|
|f ′′(b)|

)st
, if |f ′′ (a)| 6= |f ′′ (b)| ,

and

(3.11) |f ′′ (ta+ (1− t)b)| ≤ N(b, s), if |f ′′ (a)| = |f ′′ (b)| ,

where E(a, b, s) and N(b, s) are defined as in (3.3) and (3.4) respectively.
Substituting (3.10) into (3.5), we obtain∣∣∣∣f (a) + f (b)

2
− Γ (α + 1)

2 (b− a)α
[Jαa+f(b) + Jαb−f(a)]

∣∣∣∣
≤ (b− a)2E(a, b, s)

2 (α + 1)

1∫
0

[
1− (1− t)α+1 − tα+1

]( |f ′′ (a)|
|f ′′(b)|

)st
dt

=
(b− a)2E(a, b, s)

2 (α + 1)

 1∫
0

(
|f ′′ (a)|
|f ′′(b)|

)st
dt

−
1∫
0

(1− t)α+1

(
|f ′′ (a)|
|f ′′(b)|

)st
dt−

1∫
0

tα+1

(
|f ′′ (a)|
|f ′′(b)|

)st
dt

 .(3.12)
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From Lemma 2.1, with z = 1, we get

1∫
0

(1− t)α+1

∣∣∣∣(f ′′ (a)

f ′′(b)

)s∣∣∣∣t dt =
∞∑
i=1

(
ln
∣∣∣(f ′′(a)f ′′(b)

)s∣∣∣)i−1
(α + 2)i

,(3.13)

1∫
0

tα+1

∣∣∣∣(f ′′ (a)

f ′′(b)

)s∣∣∣∣t dt =

∣∣∣∣f ′′ (a)

f ′′(b)

∣∣∣∣s ∞∑
i=1

(−1)i−1

(
ln
∣∣∣f ′′(a)f ′′(b)

∣∣∣s)i−1
(α + 2)i

,(3.14)

and
1∫
0

∣∣∣∣(f ′′ (a)

f ′′(b)

)s∣∣∣∣t dt =

∣∣∣f ′′(a)f ′′(b)

∣∣∣s − 1

ln
∣∣∣f ′′(a)f ′′(b)

∣∣∣s
=

1

s |f ′′(b)|
× |f ′′ (a)|s − |f ′′(b)|s

ln |f ′′ (a)| − ln |f ′′(b)|
,(3.15)

using (3.13), (3.14) and (3.15) in (3.12), we obtain∣∣∣∣f (a) + f (b)

2
− Γ (α + 1)

2 (b− a)α
[Jαa+f(b) + Jαb−f(a)]

∣∣∣∣
≤ (b− a)2

2 (α + 1)
E(a, b, s)

 1

s |f ′′(b)|
× |f ′′ (a)|s − |f ′′(b)|s

ln |f ′′ (a)| − ln |f ′′(b)|

−
∞∑
i=1

(
ln
∣∣∣f ′′(a)f ′′(b)

∣∣∣s)i−1
(α + 2)i

−
∣∣∣∣f ′′ (a)

f ′′(b)

∣∣∣∣s ∞∑
i=1

(−1)i−1

(
ln
∣∣∣f ′′(a)f ′′(b)

∣∣∣s)i−1
(α + 2)i

.(3.16)

Now, substituting (3.11) into (3.5), we get∣∣∣∣f (a) + f (b)

2
− Γ (α + 1)

2 (b− a)α
[Jαa+f(b) + Jαb−f(a)]

∣∣∣∣ ≤ α (b− a)2

2 (α + 1) (α + 2)
N(b, s).(3.17)

From (3.8), (3.16) and (3.17) we obtain the desired inequality in (3.1). The proof
is complete. �

Remark 3.2. With the same assumptions of Theorem 3.1, if |f ′′ (x)| ≤ M2 on [a, b],
inequality (3.1) becomes

(3.18)
∣∣∣∣f (a) + f (b)

2
− Γ (α + 1)

2 (b− a)α
[Jαa+f(b) + Jαb−f(a)]

∣∣∣∣ ≤ T,

where

T =
c(r) (b− a)2

(α + 1)

[
r2 (α + 1)

(s+ r) (s+ r (α + 2))
− β

(s
r

+ 1, α + 2
)]

M2,
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for r > 0, and

T =
α (b− a)2M2

2 (α + 1) (α + 2)
,

for r = 0.

Corollary 3.1. Let f : [a, b] → (0,∞) be twice differentiable mapping with a < b,
f ′′ ∈ L ([a, b]). If |f ′′| is convex function, then the following inequality for fractional
integrals with α > 0, holds∣∣∣∣f (a) + f (b)

2
− Γ (α + 1)

2 (b− a)α
[Jαa+f(b) + Jαb−f(a)]

∣∣∣∣
≤ α (b− a)2

4 (α + 1) (α + 2)
[|f ′′ (a)|+ |f ′′ (b)|] .(3.19)

Corollary 3.2. Let f : [a, b] → (0,∞) be twice differentiable mapping with a < b,
f ′′ ∈ L ([a, b]). If |f ′′| is s-convex function in the second sense for some fixed s ∈ (0, 1],
then the following inequality for fractional integrals with α > 0, holds∣∣∣∣f (a) + f (b)

2
− Γ (α + 1)

2 (b− a)α
[Jαa+f(b) + Jαb−f(a)]

∣∣∣∣
≤ (b− a)2

2 (α + 1)

[
(α + 1)

(s+ 1) (s+ α + 2)
− β (s+ 1, α + 2)

]
[|f ′′ (a)|+ |f ′′ (b)|] .(3.20)

Corollary 3.3. Let f : [a, b] → (0,∞) be twice differentiable mapping with a < b,
f ′′ ∈ L ([a, b]). If |f ′′| is r-convex function, then the following inequality for fractional
integrals with α > 0, holds∣∣∣∣f (a) + f (b)

2
− Γ (α + 1)

2 (b− a)α
[Jαa+f(b) + Jαb−f(a)]

∣∣∣∣ ≤ T,(3.21)

where

T =
c(r) (b− a)2

2 (α + 1)

[
r2 (α + 1)

(1 + r) (1 + r (α + 2))
− β

(
1

r
+ 1, α + 2

)]
[|f ′′ (a)|+ |f ′′ (b)|] ,

for r > 0,

T =
(b− a)2

2 (α + 1)

 |f ′′ (a)| − |f ′′(b)|
ln |f ′′ (a)| − ln |f ′′(b)|

− |f ′′(b)|
∞∑
i=1

(
ln
∣∣∣f ′′(a)f ′′(b)

∣∣∣)i−1
(α + 2)i

− |f ′′(a)|
∞∑
i=1

(−1)i−1

(
ln
∣∣∣f ′′(a)f ′′(b)

∣∣∣)i−1
(α + 2)i

 ,
for r = 0 and |f ′′(a)| 6= |f ′′(b)|,

T =
α (b− a)2 |f ′′(b)|
2 (α + 1) (α + 2)

,
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for r = 0 and |f ′′(a)| = |f ′′(b)|.

Remark 3.3. Corollary 3.3, is similar to the Proposition 4.2 from [18].

Corollary 3.4. Let f : [a, b] → (0,∞) be twice differentiable mapping with a < b,
f ′′ ∈ L ([a, b]). If |f ′′| is logarithmically convex function, then the following inequality
for fractional integrals with α > 0, holds

(3.22)
∣∣∣∣f (a) + f (b)

2
− Γ (α + 1)

2 (b− a)α
[Jαa+f(b) + Jαb−f(a)]

∣∣∣∣ ≤ T,

where

T =
(b− a)2

2 (α + 1)

 |f ′′ (a)| − |f ′′(b)|
ln |f ′′ (a)| − ln |f ′′(b)|

− |f ′′(b)|
∞∑
i=1

(
ln
∣∣∣f ′′(a)f ′′(b)

∣∣∣)i−1
(α + 2)i

− |f ′′(a)|
∞∑
i=1

(−1)i−1

(
ln
∣∣∣f ′′(a)f ′′(b)

∣∣∣)i−1
(α + 2)i

 ,
for |f ′′(a)| 6= |f ′′(b)|, and

T =
α (b− a)2 |f ′′(b)|
2 (α + 1) (α + 2)

,

for |f ′′(a)| = |f ′′(b)|.

Theorem 3.2. Let f : [a, b] → (0,∞) be twice differentiable mapping with a < b,
f ′′ ∈ L ([a, b]), satisfying |f ′′ (b)| > 1. If |f ′′|q for q > 1 is (s, r)-convex function in
the second sense for some fixed s ∈ (0, 1], then the following inequality for fractional
integrals holds for r ≥ 0 and α > 0

(3.23)
∣∣∣∣f (a) + f (b)

2
− Γ (α + 1)

2 (b− a)α
[Jαa+f(b) + Jαb−f(a)]

∣∣∣∣ ≤ T,

where

T = [c(r)]
1
q

(b− a)2

2 (α + 1)

(
α

α + 2

)1− 1
q [
|f ′′(a)|q + |f ′′(b)|q

] 1
q

×
[

r2 (α + 1)

(s+ r) (s+ r (α + 2))
− β

(s
r

+ 1, α + 2
)] 1

q

,

for r > 0,

T =
(b− a)2

2 (α + 1)

(
α

α + 2

)1− 1
q

(E(a, b, s, q))
1
q

×

 |f ′′ (a)|qs − |f ′′ (b)|qs

qs ln |f ′′ (a)| − qs ln |f ′′ (b)|
− |f ′′(b)|qs

∞∑
i=1

(
ln
∣∣∣f ′′(a)f ′′(b)

∣∣∣qs)i−1
(α + 2)i
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− |f ′′(a)|qs
∞∑
i=1

(−1)i−1

(
ln
∣∣∣f ′′(a)f ′′(b)

∣∣∣qs)i−1
(α + 2)i


1
q

,

for r = 0 and |f ′′(a)| 6= |f ′′(b)|, and

T =
α (b− a)2

2 (α + 1) (α + 2)
(N(b, s, q))

1
q ,

for r = 0 and |f ′′(a)| = |f ′′(b)|, where

(3.24) E(a, b, s, q) =


|f ′′(b)|qs , if |f ′′ (a)| , |f ′′(b)| ≤ 1,

|f ′′(b)|q , if |f ′′ (a)| ≤ 1 ≤ |f ′′(b)| ,
|f ′′ (a)|q(1−s) |f ′′(b)|qs , if |f ′′(b)| ≤ 1 ≤ |f ′′ (a)| ,
|f ′′ (a)|q(1−s) |f ′′(b)|q , if |f ′′ (a)| , |f ′′(b)| ≥ 1,

and

(3.25) N(b, s, q) =

{
|f ′′(b)|qs , if |f ′′ (a)| = |f ′′(b)| ≤ 1,

|f ′′(b)|q(2−s) , if |f ′′ (a)| = |f ′′(b)| ≥ 1,

c(r) is defined as in (3.2) and (α + 2)i =
∏i−1

j=0 (α + 2 + j).

Proof. Using Lemma 2.2, property of the modulus and power mean inequality, we get∣∣∣∣f (a) + f (b)

2
− Γ (α + 1)

2 (b− a)α
[Jαa+f(b) + Jαb−f(a)]

∣∣∣∣
≤ (b− a)2

2 (α + 1)

 1∫
0

[
1− (1− t)α+1 − tα+1

]
dt

1− 1
q

×

 1∫
0

[
1− (1− t)α+1 − tα+1

]
|f ′′ (ta+ (1− t)b)|q dt


1
q

=
(b− a)2

2 (α + 1)

(
α

α + 2

)1− 1
q

(3.26)

×

 1∫
0

[
1− (1− t)α+1 − tα+1

]
|f ′′ (ta+ (1− t)b)|q dt


1
q

.

Case 1: r > 0.
Since |f ′′|q is (s, r)-convex in the second sense, we have

(3.27) |f ′′ (ta+ (1− t)b)|q ≤
[
ts |f ′′(a)|qr + (1− t)s |f ′′(b)|qr

] 1
r ,
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the inequality (3.27) can be estimate as

(3.28) |f ′′ (ta+ (1− t)b)|q ≤ c(r)
[
t
s
r |f ′′(a)|q + (1− t)

s
r |f ′′(b)|q

]
,

where c(r) is defined as in (3.2).
Now, substituting (3.28) into (3.26), we obtain∣∣∣∣f (a) + f (b)

2
− Γ (α + 1)

2 (b− a)α
[Jαa+f(b) + Jαb−f(a)]

∣∣∣∣
≤ [c(r)]

1
q

(b− a)2

2 (α + 1)

(
α

α + 2

)1− 1
q

×

|f ′′(a)|q
1∫
0

[
t
s
r − t

s
r (1− t)α+1 − t

s
r
+α+1

]
t
s
r dt

+ |f ′′(b)|q
1∫
0

[
(1− t)

s
r − (1− t)

s
r
+α+1 − tα+1 (1− t)

s
r

]
dt


1
q

= [c(r)]
1
q

(b− a)2

2 (α + 1)

(
α

α + 2

)1− 1
q [
|f ′′(a)|q + |f ′′(b)|q

] 1
q(3.29)

×
[

r2 (α + 1)

(s+ r) (s+ r (α + 2))
− β

(s
r

+ 1, α + 2
)] 1

q

.

Case 2: r = 0.
Since |f ′′| is (s, 0)-convex, we have

(3.30) |f ′′ (ta+ (1− t)b)|q ≤
(
|f ′′ (a)|q

)ts (|f ′′(b)|q)(1−t)s .
Repeating a similar argument in Theorem 3.1, we obtain

(3.31) |f ′′ (ta+ (1− t)b)|q ≤ E(a, b, s, q)

(
|f ′′ (a)|q

|f ′′(b)|q
)st

, if |f ′′ (a)| 6= |f ′′ (b)| ,

and

(3.32) |f ′′ (ta+ (1− t)b)|q ≤ N(b, s, q) if |f ′′ (a)| = |f ′′ (b)| ,

using (3.32) into (3.26), it yields∣∣∣∣f (a) + f (b)

2
− Γ (α + 1)

2 (b− a)α
[Jαa+f(b) + Jαb−f(a)]

∣∣∣∣
≤ (b− a)2

2 (α + 1)

(
α

α + 2

)
(N(b, s, q))

1
q .(3.33)
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Now, substituting (3.31) into (3.26) and using the fact that (1− t)n ≤ 21−n − tn,
we get∣∣∣∣f (a) + f (b)

2
− Γ (α + 1)

2 (b− a)α
[Jαa+f(b) + Jαb−f(a)]

∣∣∣∣
≤ (b− a)2

2 (α + 1)

(
α

α + 2

)1− 1
q

(E(a, b, s, q))
1
q

 1∫
0

(∣∣∣∣f ′′ (a)

f ′′(b)

∣∣∣∣qs)t dt
−

1∫
0

(1− t)α+1

(∣∣∣∣f ′′ (a)

f ′′(b)

∣∣∣∣qs)t dt−
1∫
0

tα+1

(∣∣∣∣f ′′ (a)

f ′′(b)

∣∣∣∣qs)t dt


1
q

=
(b− a)2

2 (α + 1)

(
α

α + 2

)1− 1
q

(E(a, b, s, q))
1
q

[
|f ′′ (a)|qs − |f ′′ (b)|qs

qs ln |f ′′ (a)| − qs ln |f ′′ (b)|

(3.34)

− |f ′′(b)|qs
∞∑
i=1

(
ln
∣∣∣f ′′(a)f ′′(b)

∣∣∣qs)i−1
(α + 2)i

− |f ′′(a)|qs
∞∑
i=1

(−1)i−1

(
ln
∣∣∣f ′′(a)f ′′(b)

∣∣∣qs)i−1
(α + 2)i


1
q

.

Making as (3.34), (3.33) and (3.29), we get the required inequality in (3.23). �

Theorem 3.3. Let f : [a, b] → (0,∞) be twice differentiable mapping with a < b,
f ′′ ∈ L ([a, b]). If |f ′′|q for q ≥ 1 and 1

p
+ 1

q
= 1, is (s, r)-convex function in the second

sense for some fixed s ∈ (0, 1], then the following inequality for fractional integrals
with α > 0

(3.35)
∣∣∣∣f (a) + f (b)

2
− Γ (α + 1)

2 (b− a)α
[Jαa+f(b) + Jαb−f(a)]

∣∣∣∣ ≤ T,

where

T =
(b− a)2

2 (α + 1)

(
p (α + 1)− 1

p (α + 1) + 1

) 1
p

[c(r)]
1
q

(
r

s+ r

) 1
q [
|f ′′(a)|q + |f ′′(b)|q

] 1
q ,

for r > 0,

T =
(b− a)2

2 (α + 1)

(
p (α + 1)− 1

p (α + 1) + 1

) 1
p

(E(a, b, s, q))
1
q

[
|f ′′ (a)|qs − |f ′′ (b)|qs

qs ln |f ′′(a)| − qs ln |f ′′(b)|

] 1
q

,

for r = 0 and |f ′′ (a)| 6= |f ′′ (b)|, and

T =
(b− a)2

2 (α + 1)

(
p (α + 1)− 1

p (α + 1) + 1

) 1
p

(N(b, s, q))
1
q ,

for r = 0 and |f ′′ (a)| = |f ′′ (b)|, holds for r ≥ 0, where c(r), E(a, b, s, q) and N(b, s, q)
are defined as in (3.2), (3.24) and (3.25) respectively.
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Proof. Using Lemma 2.2, property of the modulus and Hölder’s inequality, we get∣∣∣∣f (a) + f (b)

2
− Γ (α + 1)

2 (b− a)α
[Jαa+f(b) + Jαb−f(a)]

∣∣∣∣
≤ (b− a)2

2 (α + 1)

 1∫
0

[
1− (1− t)α+1 − tα+1

]p
dt


1
p
 1∫

0

|f ′′ (ta+ (1− t)b)|q dt


1
q

≤ (b− a)2

2 (α + 1)

 1∫
0

[
1− (1− t)p(α+1) − tp(α+1)

]
dt


1
p

×

 1∫
0

|f ′′ (ta+ (1− t)b)|q dt


1
q

=
(b− a)2

2 (α + 1)

(
p (α + 1)− 1

p (α + 1) + 1

) 1
p

 1∫
0

|f ′′ (ta+ (1− t)b)|q dt


1
q

,(3.36)

noting that for any t ∈ [0, 1], α > 0 and fixed p ≥ 1[
1− (1− t)α+1 − tα+1

]p
=
[(

1− (1− t)α+1
)
− tα+1

]p
≤
[
1− (1− t)α+1

]p − tp(α+1)

≤ 1− (1− t)p(α+1) − tp(α+1),

where we have use the fact that for all t, n ∈ [0, 1], (1− t)n ≤ 21−n − tn.
Case 1: r > 0.

Since |f ′′|q is (s, r)-convex in the second sense, we have

(3.37) |f ′′ (ta+ (1− t)b)|q ≤
[
ts |f ′′(a)|qr + (1− t)s |f ′′(b)|qr

] 1
r ,

and

(3.38) |f ′′ (ta+ (1− t)b)|q ≤ c(r)
[
t
s
r |f ′′(a)|q + (1− t)

s
r |f ′′(b)|q

]
,

where c(r) is defined as in (3.2).
Using (3.38) into (3.36), we obtain∣∣∣∣f (a) + f (b)

2
− Γ (α + 1)

2 (b− a)α
[Jαa+f(b) + Jαb−f(a)]

∣∣∣∣
≤ (b− a)2

2 (α + 1)

(
p (α + 1)− 1

p (α + 1) + 1

) 1
p

[c(r)]
1
q

×

 1∫
0

t
s
r |f ′′(a)|q dt+

1∫
0

(1− t)
s
r |f ′′(b)|q dt


1
q
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=
(b− a)2

2 (α + 1)

(
p (α + 1)− 1

p (α + 1) + 1

) 1
p

[c(r)]
1
q

(
r

s+ r

) 1
q [
|f ′′(a)|q + |f ′′(b)|q

] 1
q .(3.39)

Case 2: r = 0.
Since |f ′′|q is (s, 0)-convex, by a similar argument to Theorem 3.2, we have

(3.40) |f ′′ (ta+ (1− t)b)|q ≤ E(a, b, s, q)

(
|f ′′ (a)|q

|f ′′(b)|q
)st

, if |f ′′ (a)| 6= |f ′′ (b)| ,

and

(3.41) |f ′′ (ta+ (1− t)b)|q ≤ N(b, s, q), if |f ′′ (a)| = |f ′′ (b)| ,

using (3.41) into (3.36), we obtain∣∣∣∣f (a) + f (b)

2
− Γ (α + 1)

2 (b− a)α
[Jαa+f(b) + Jαb−f(a)]

∣∣∣∣
≤ (b− a)2

2 (α + 1)

(
p (α + 1)− 1

p (α + 1) + 1

) 1
p

(N(b, s, q))
1
q .(3.42)

Now, substituting (3.40) into (3.36), it yields∣∣∣∣f (a) + f (b)

2
− Γ (α + 1)

2 (b− a)α
[Jαa+f(b) + Jαb−f(a)]

∣∣∣∣
≤ (b− a)2

2 (α + 1)

(
p (α + 1)− 1

p (α + 1) + 1

) 1
p

(E(a, b, s, q))
1
q(3.43)

×
[

|f ′′ (a)|qs − |f ′′ (b)|qs

qs ln |f ′′(a)| − qs ln |f ′′(b)|

] 1
q

.

From (3.43), (3.42) and (3.39), we get the desired inequality in (3.35). This completes
the proof. �

Remark 3.4. Theorem 3.3 will be reduced to Theorem 4.1 from [29] also to the
Proposition 4.5 from [18], in the case s = 1.

Theorem 3.4. Suppose that all the assumptions of Theorem 3.3 are satisfied, then
the following inequality for fractional integrals with α > 0, holds

(3.44)
∣∣∣∣f (a) + f (b)

2
− Γ (α + 1)

2 (b− a)α
[Jαa+f(b) + Jαb−f(a)]

∣∣∣∣ ≤ T,

where

T =
[c(r)]

1
q (b− a)2

2 (α + 1)

[
|f ′′(a)|q + |f ′′(b)|q

] 1
q

×
[

r2q (α + 1)

(s+ r) (s+ rq (α + 1) + r)
− β

(
q (α + 1) + 1,

s

r
+ 1
)] 1

q

,
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for r > 0,

T =
(b− a)2

2 (α + 1)
(E(a, b, s, q))

1
q

 |f(a)|qs − |f(b)|qs

qs ln |f ′′ (a)| − qs ln |f ′′ (b)|

− |f ′′(b)|qs
∞∑
i=1

(
ln
∣∣∣f ′′(a)f ′′(b)

∣∣∣qs)i−1
(q (α + 1) + 1)i

− |f ′′(a)|qs
∞∑
i=1

(−1)i−1

(
ln
∣∣∣f ′′(a)f ′′(b)

∣∣∣qs)i−1
(q (α + 1) + 1)i


1
q

,

for r = 0 and |f ′′ (a)| 6= |f ′′ (b)|, and

T =
(b− a)2

2 (α + 1)
(N(b, s, q))

1
q

[
q (α + 1)− 1

q (α + 1) + 1

] 1
q

,

for r = 0 and |f ′′ (a)| = |f ′′ (b)|, where c(r), E(a, b, s, q) and N(b, s, q) are defined as
in (3.2), (3.24), and (3.25) respectively.

Proof. Using Lemma 2.2, property of the modulus, and Hölder’s inequality, we get∣∣∣∣f (a) + f (b)

2
− Γ (α + 1)

2 (b− a)α
[Jαa+f(b) + Jαb−f(a)]

∣∣∣∣
≤ (b− a)2

2 (α + 1)

 1∫
0

dt


1
p
 1∫

0

[
1− (1− t)α+1 − tα+1

]q |f ′′ (ta+ (1− t)b)|q dt


1
q

≤ (b− a)2

2 (α + 1)

 1∫
0

[
1− (1− t)q(α+1) − tq(α+1)

]
|f ′′ (ta+ (1− t)b)|q dt


1
q

.(3.45)

Case 1: r > 0.
Since |f ′′|q is (s, r)-convex in the second sense, we have

(3.46) |f ′′ (ta+ (1− t)b)|q ≤
[
ts |f ′′(a)|qr + (1− t)s |f ′′(b)|qr

] 1
r ,

the inequality (3.46) can be reformulated as

(3.47) |f ′′ (ta+ (1− t)b)|q ≤ c(r)
[
t
s
r |f ′′(a)|q + (1− t)

s
r |f ′′(b)|q

]
,

where c(r) is defined as in (3.2).
Using (3.47) into (3.45), we obtain∣∣∣∣f (a) + f (b)

2
− Γ (α + 1)

2 (b− a)α
[Jαa+f(b) + Jαb−f(a)]

∣∣∣∣
≤ [c(r)]

1
q (b− a)2

2 (α + 1)

|f ′′(a)|q
1∫
0

[
t
s
r − t

s
r (1− t)q(α+1) − t

s
r
+q(α+1)

]
dt
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+ |f ′′(b)|q
1∫
0

[
(1− t)

s
r − (1− t)

s
r
+q(α+1) − tq(α+1) (1− t)

s
r

]
dt


1
q

=
[c(r)]

1
q (b− a)2

2 (α + 1)
(3.48)

×
[
|f ′′(a)|q

[
r2q (α + 1)

(s+ r) (s+ rq (α + 1) + r)
− β

(s
r

+ 1, q (α + 1) + 1
)]

+ |f ′′(b)|q
[

r2q (α + 1)

(s+ r) (s+ rq (α + 1) + r)
− β

(
q (α + 1) + 1,

s

r
+ 1
)]] 1

q

=
[c(r)]

1
q (b− a)2

2 (α + 1)

[
r2q (α + 1)

(s+ r) (s+ rq (α + 1) + r)
− β

(
q (α + 1) + 1,

s

r
+ 1
)] 1

q

×
[
|f ′′(a)|q + |f ′′(b)|q

] 1
q .

Case 2: r = 0.
Since |f ′′|q is (s, 0)-convex, by a similar argument to Theorem 3.3, we have

(3.49) |f ′′ (ta+ (1− t)b)|q ≤ E(a, b, s, q)

(
|f ′′ (a)|q

|f ′′(b)|q
)st

, if |f ′′ (a)| 6= |f ′′ (b)| ,

and

(3.50) |f ′′ (ta+ (1− t)b)|q ≤ N(b, s, q), if |f ′′ (a)| = |f ′′ (b)| ,

using (3.50) into (3.45), we obtain∣∣∣∣f (a) + f (b)

2
− Γ (α + 1)

2 (b− a)α
[Jαa+f(b) + Jαb−f(a)]

∣∣∣∣
≤ (b− a)2

2 (α + 1)
(N(b, s, q))

1
q

[
q (α + 1)− 1

q (α + 1) + 1

] 1
q

.(3.51)

Now, substituting (3.49) into (3.45) using Lemma 2.1, we get∣∣∣∣f (a) + f (b)

2
− Γ (α + 1)

2 (b− a)α
[Jαa+f(b) + Jαb−f(a)]

∣∣∣∣
≤ (b− a)2

2 (α + 1)
(E(a, b, s, q))

1
q

 |f ′′ (a)|qs − |f ′′ (b)|qs

qs ln |f ′′ (a)| − qs ln |f ′′ (b)|
(3.52)

− |f ′′ (b)|qs
∞∑
i=1

(
ln
∣∣∣f ′′(a)f ′′(b)

∣∣∣qs)i−1
(q (α + 1) + 1)i
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− |f ′′ (a)|qs
∞∑
i=1

(−1)i−1

(
ln
∣∣∣f ′′(a)f ′′(b)

∣∣∣qs)i−1
(q (α + 1) + 1)i


1
q

.

From (3.48), (3.51) and (3.52), we obtain the desired inequality in (3.44). This
completes the proof. �

Remark 3.5. Theorem 3.4 will be reduced to Theorem 4.2 from [29], in the case s = 1.
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