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BERGMAN-TYPE INTEGRAL OPERATORS ON SEMIPRODUCTS
OF THE TUBE DOMAINS OVER SYMMETRIC CONES AND
MULTIFUNCTIONAL ANALYTIC SPACES

S. KURILENKO! AND R. SHAMOYAN!

ABSTRACT. We introduce new Bergman type operators in semiproducts of tubular
domains over symmetric cones. Properties of such Bergman-type integral operators
on semi-products of the tubular domains over symmetric cones are obtained. We
also define new multifunctional analytic spaces in tubular domains over symmetric
cones and provide their basic properties.

1. INTRODUCTION

The goal of this paper is to provide complete analogues of our previous results from
[17,27] in the unit disk and unit ball in context of more complicated tubular domains
over symmetric cones.

This paper consists of two separate parts. The first part is devoted to new assertions
on integral Bergman-type operators acting on some new Bergman type spaces in prod-
ucts (or semi-products) of tubular domains over symmetric cones and the second one
with related new analytic multifunctional spaces in tubular domains over symmetric
cones. Previously it was noted these two topics are related in simpler domains in
the unit disk and in the unit ball (see [17,26,27]). Parallel assertions are also valid
in context of general bounded strictly pseudoconvex domains with smooth bound-
ary (see [29,32]). To summarize this paper and [29,32] show in most typical Siegel
domains such as bounded strongly pseudonconvex domains with smooth boundary
and unbounded tubular domains over symmetric cones main assertions from [17,27|
are also valid. It is a fundamental fact of the theory of analytic Bergman function
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spaces in the unit disk that the Bergman projection is a bounded operator in analytic
Bergman AP spaces, 1 < p < 0o, @ > —1 in the unit disk D (see [12,21,25,33]). This
fact alone has many application in function theory of one complex variables, and also
in operator theory and related areas. Various analogues and extensions of this result
to various domains in one and higher dimension and various related function spaces in
one and higher dimension and their applications are also well-known in literature. We
refer the reader again to [12,21,25,33] and to various references there. To formulate
this basic result in the unit disk we need several basic definitions.

Let D be a unit disk in complex plane C. Let H(D) be the spaces of all analytic
functions in the unit disk.

Then let

AY(D) = fEH(D):/|f(z)|p(1—|z|)adm2(z)<oo , forl<p<oo,a>-1
D

be the classical Bergman space in the unit disk. Replacing as usual A by L we get
the corresponding class of measurable functions in the unit disk. We denote as usual
by dms the Lebeques measure in the unit disk D. These spaces are Banach spaces.

Theorem 1.1 (see [12]|). The Bergman projection
Ts(F)(2) :/L;Qﬁ(z,w)F(w)(l— [wl)” dma(w),

15 a bounded operator from LY to AP and moreover the following estimate is valid.

[ Q) F@)1 = Jul) dimafw) | < [Pz,
D AP
where@>1+7"‘—1, a>—1,1<p< oo, Qa(z,w):%, z,w€ D.

A complete analogue of this theorem is valid in simplest high-dimensional domains
in C" namely in the unit ball and polydisk (see, for example, [12,21,22,25,33] and
various references there). They also serve as a base of many assertions in function
theory, but of several complex variables (in the unit polydisk and in the unit ball).

The intention of this paper is to search new complete extensions of Theorem 1.1 in
more difficult unbounded domains in higher dimension namely in tubular domains over
symmetric cones in C". These issues were under intensive study during last decade
(see, for example, [2,4,23,24,30] and references there). Note also to find applications of
such type theorems in tubular domain over symmetric cones is also an important issue
and various aspects of this topic can be seen in recent papers [2,4,23,24,30|. Our work
on the other hand is also related to issues related to product or semiproduct domains.
The product domains are very vital simply since they are the simplest examples
of domains with non-smooth boundaries. Recently many papers appeared in this
direction. As example we mention that in [11] and [10] authors recently studied the
existence and regularity of the well-known d-problem (equation) on product domains.
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We refer the reader also to [9] for some recent results on function spaces on product
domains related with studies of regularity of the d-problem using various techniques. In
particular various embeddings of function spaces on product domains have important
applications in [11] and [10]. Bergman type integral operators we consider in this
paper may have direct applications in various embedding theorems as we see that in
one dimension. Analytic function spaces on product domains were under intensive
study recently (see, for example, [7,11,14,15,21,32| and various references there).
Various other related problems of analytic function theory in tubular domain over
symmetric cones were under attention over last two decades and this paper can be
also considered as some continuation of that research at the same time.

The theory of one functional analytic spaces on convex and pseudoconvex domains
is well-developed by various authors during last decades (see [8,16, 18] and various
references there). One of the goals of this paper among other things is to define
for the first time in literature multifunctional analytic spaces in tubular domains
over symmetric cones and to establish some basic properties of these spaces. We
believe this new interesting objects can serve as a base for further generalizations
and investigations in this active research area. Multifunctional spaces we mentioned
above are closely connected also with so-called analytic function spaces on products
of strictly tubular domains over symmetric cones 75' = Ty X - -+ X Ty. Various such
connections in the unit ball in C™ and harmonic function spaces were found and
studied recently in [1,17,26]. We note basic properties of last spaces on product
domains are closely connected on the other hand with so-called Trace operator (see
[1,17]). Next in the final part of this paper we will turn to the study of certain new
embedding theorems for some new mixed norm analytic classes in tubular domains
over symmetric cones in C". At the end of paper various related to this topic remarks
will be added.

We denote by ¢, ¢y, ¢, ... various positive constants in various inequalities below.

2. BASIC PRELIMINARIES ON SYMMETRIC CONES {2 AND DETERMINANT
FuncTIiON

We first shortly remind the readers some basic facts on symmetric cones (see
[2-4,23,24]). A subset Q of R™ or V, so that dim V = n to be a cone if Az € Q, for
allz € O, A >0, if Ax 4+ py € Q for all x,y € Q, A\, u > 0 then it is convex. Let in
addition Q* = {y € R" : (y/x) > 0,for all x € Q\{0}} and Q* = Q. This type open
cone is selfdual (2* is dual cone).

Let G(2) = {g € GI(R") : ¢©2 = Q}, where GI(R™) denotes the group of all linear
invertible transformation of R™. If for all x,y € Q, y = gz, for some g € G(2) then
our open convex cone {2 is homogeneous, if also 2* = () then it is symmetric cone.
These are one of the main objects of this paper.

If the equation 2 = € + )y is not possible for each V; C R”, V5, C R", then our
cone is irreducible, here V; # @, i = 1,2 (€, 2y are symmetric cones), where also
Qi C V;, 1= 1, 2.
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We remind shortly the reader now basic facts on determinant A*(Im z), z € C",
t € (0,00). We fix V' - a simple Euclidean Jordan algebra with rank 7.

(a) A Jordan algebra V' over R is said to be Euclidean if there exists a positive defi-
nite bilinear symmetric form on V' which is associative (L(z)u/v) = (u, L(x)v),
where (u,v) is an inner product on R, for all x, u, v € V;

(b) A Jordan algebra is simple if all it’s ideals are trivial;

(c) We define rank of V.

Ifz € V, m(z) = min{k > 0 : (I,x,2% ..., 2%) are linearly dependent}, then
1 <m(z) <dim V and r = max{m(z) : x € V}, we say rank of V is r.

According to spectral theorem if V' has rank r, then x = 22:1 Aici; A\i € R; ¢; - are
elements of so called Jourdan frame, and {)\;} are determined uniquely by x (with
their multiplicities). We fix now a Peirce decomposition of V' = @®1<;<j<,V;j; (we
formally look at V as a space of symmetric matrices (V;;), Vi; = Rc;, where R is a
special mapping (see [13]), Vi; = V(c;, 1/2) NV (¢, 1/2) = {z € V : iz = ¢jo = T},
i<j,dim Vy=d= 2”5:1) We denote by P;; the orthogonal projection of V' onto
Vi; for i < j. Finally we denote by Aj(x), j = 1,...,r, the principal minors of z € V
with respect to the fixed Jordan frame {ci, ..., ¢, }. That is Ag(x) is the determinant
of the projection Pyx of x in the Jordan subalgebra V*) = Di<i<j<rVij-

It is well-known that Q@ = {& € V : Ag(z) > 0: k =1,...,7}. We have also
Ag(mz) = Ag(z), x € V, m € Z,, m > 0. See other properties of Ay in [2,24].

We define Ay(z) = [}, A;j_sj+1(x) = AP (). A (2), 1 € Q, s € C". We
have that |A;| = A(Im z) and A Y aic; =[]_ a5 a;,>0,i=1,...,r.

To formulate our theorems we will need basic facts of theory of analytic function
spaces in tubular domains over symmetric cones taken from [4,23,24|. Let dv(w) and
dve(w) = [A*"7 (v)] dudv, a > n/r — 1, be a standard Lebesque measure in tubular
domains over symmetric cone T, and weighted Lebesque measure in tube, w = u + 1v.
The weighted Bergman kernel B, of T, is given as usual by

n

w—2z\ "
) , w,z €Ty, veR,

Bt 2) = (@)

is a Bergman constant, where

?

d, = (CJI)F<V—|—§).

Let €2 be an irreducible symmetric cone in the Euclidean space V', and Ty, = V + i)
the corresponding tube domain in the complexified space V*. We shall note n the
dimension of V' and r the rank of 2. Moreover, we shall denote by (z|y) the scalar
product in V', and by A the determinant function. For the description of such cones
) in terms of Jordan algebras, one may use the book of Faraut and Koranyi [13]. One
may also have in mind the typical example that one obtains when V' is the space of
real symmetric r X r matrices, and 2 is the cone of positive definitive matrices. In
this example, the scalar product on V' is induced by the Hilbert-Schmidt norm of the
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matrices, and the determinant function is given by the determinant of the matrices.
The rank is r, while the dimension is w
We shall also make use the generalized wave operator on V', given by [ = A(%a%).
This is a differential operator of degree r, defined by the equality
10 , .
(350 ) 9 = a0, ¢

It’s name is due to another fundamental example, given by the forward light cone

in R",
{xER";xl > \/x§+--~+x%},

which is of rank 2. In this case, the determinant function is equal to

Alx) =a2] —a5 — - — 22,

3. BAsic LEMMAS AND THEOREMS ON BERGMAN SPACES AND BERGMAN TYPE
INTEGRAL OPERATORS

In this section several known assertions on determinant function, Bergman kernel,
Bergman spaces will be given. Almost all assertions will be used by us later.

Let Tq be the tube domain over symmetric cone, and H(Tg) be the space of all
analytic functions in tube (see [2]). We define Bergman spaces for 1 < p,q < oo,y >
2 — 1. Let

1
q

(A1) (Tn) = fGH(Tn):</Q ([ s impar) (@+) dy) < o0

Replacing A by L and H by L' we get as usual known larger spaces of measurable
functions in tube Ty. Note (A27) = {0} if v < 2 —1 (see [2]).

These spaces are Banach spaces. We will provide below some known facts in these
analytic spaces in tube T,. We will need them for our proofs below.

Lemma 3.1 (Whitney decomposition of the cone €2, see [2]|). Let § > 0. Given
y € Q we denote Bs(y) = {C € Q : d(C,y) < d}; whered : (2 x Q) — (Ry) is a
distance function, see [2|. There exist a sequence of points of Q0 such that the following
properties hold.

1) The balls Bs((y) are pairwise disjoint;

2) the balls Bs(x) form a covering of Q;

3) there is an integer N = N(Q) such that every y € Q) belongs to at most N balls

Bs(r) (finite overlapping property).

As a consequence we have [2] a natural covering of the cone and R, with invariant
balls and the dyadic decomposition of (0,00), (2971, 277!) = [Be2(27)] = {p € Q :
d(p,27) <log2}, j € Z (see [2]).

Let Bs(z;) = B; be the Bergman ball in tube (see [2]).
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Lemma 3.2 (Whitney decomposition of tube, see [2]). Given § € (0,1] there ezist a
sequence {z;} of points of To such that if Bj = B;(z;) : B} = Bs3(2;)
1) the balls (B}) are pairwise disjoint;
2) the balls (B;) form a cover of Tq;
3) there exists a positive integer N = N(§) (independent of §) such that every
point of Ty belongs to at most N balls B;.

We provide now a vital application of the first lemma.

Lemma 3.3 (sce [2]). Let v > % —1;1<p,q < oo. Then for every lattice {y;} in
there exist constant ¢ > 0 such that

(fllags) < (Z (A7(y;)) 1 f (= +iyj)||Z> <c(Ifllaga) . forall f € ALI(Tq),

J

1
c

where the norm in the middle is the Hardy space norm.

The sequence of points {z;} is called a § lattice of Tg, we have also (see [2])

Va(B)) < va(B}) < AGI(Imz;), o> ; —1, z€Tn, j=1,...n

Lemma 3.4 (Estimates for A’ function and Bergman kernel, see|2]).

1) Let A\ > —1 be fived. Then A(y+y') > A(y); for ally,y' € Q, ]A‘A(%ﬁ’ﬂ <
(A(y)™); for all x € Ry € Q.
2) Let «, 8 real, then

ua&=[&vw+nwawmy<m,

ifB>—-1,a+pB<(-2+1), and
(3.1) Lap(t) = (Cag) A*FPH2(1).

L = [ ja () < o,

ifa>27”—1; and

(3.2) Lo(y) = ca (A" (y))

where y € ().
3) Forf>—1,a>%~1, z=x+iy, w=u+iv, w,z € To we have

Moreover

/T (A’B(y))|Ba+5+%(z,w)| dv(z) < cA™%(v), veQ.
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Lemma 3.5 (Reproducing formulas, see [2]). For any analytic function from A2(Tg)
the following integral formula is valid

(3.3) f(z) = EQ/T Bu(z,w)(f(w)) dva(w), = € T,

Let 1 <p<oo,1<q< oo (n/r)gpl;pil—i-%zl; (2—-1) <.
Let f € AP? then (3.3) with a > (% — 1) is valid (Bergman representation formula
with « index is valid).

We provide below a well-known and important application of r-lattices of tubular
domains over symmentic cones.

Lemma 3.6 (Atomic decomposition of A?, see [2]). Let p >=1l,and v > > — 1. Let
{z;} be a d-lattice in To; 0 € (0,1); z; = x; +iyj,2; € To, j=1,...,r. Then

£ 1Laz = Z [ (E)PAY ().

Assume that Bergman projection P, is bounded on AY and let {z;} be a 0-lattice in
Tq. Then if f € AP then

(3.4) F(2) =Y NBy(z, ) A" (), 2 € To;
(3.5) D INIPAYT () < el 1B
j=1
If
D INIPAY () < o,
j=1

then the “sum with B,” (3.4) converges in AL and the reverse to (3.5) is true also.

We mention now several known results on Bergman type projections . The weighted
Bergman projection P, is the orthogonal projection from the Hilbert space L2(Tg)
onto its closed subspace A2(Ty) and it is given by the integral formula

(Pf)(2) = / B, (z,w) f (1) A% (Im w) dofw),

z€Tq, v>"—1 (see [2-4,23,24]).

The LP? boundedness of the Bergman projection P, is still an open problem and
has attracted a lot of attention in recent years. Today it is only known that this
projection extends to a bounded operator on LP? for general symmetric cones for the
range 1 < p <00, ¢, < ¢ < Qup; Qup = MIn{p,P'}q, ¢, = 1+ # and %+ z% =1
(see [23,24]).
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The importance can be seen for example from the following fact. If P, extends to
a bounded operator on L29 then the topological dual space (A2?)* of the Bergman
space AP identifies with A2 ¢ under the integral pairing

gh= [ FEREAT ) (o)
f e Apt g c A9 (see [23,24]). Let
(Top f)(2) =A%(Im 2) / B, (,w) f (w) A (Im ) do(w),

(T35, )(2) =A"(Im 2) [ By (z,w)|f(w) A" (Im w) dv(w),

Tq

z € Ty, [ € LY(TQ). The following assertions were proved in [24].

Theorem 3.1. There are vy = v1(a,n,r,q); va = vo(a,n,r,q) so that for 1 < p,q <
o, vER, y=a++ 7, a+ 8> -1 then TﬁLB7 is a bounded operator on LP9(Tgq)
for all v € (vy, ).

Theorem 3.2. Let (QT) be (T;Bv) operator fora =0, y=v+m; f=v—"2. Then
(QF) forv+m >2—1,1<p,q< o0, is a bounded operator from L4 to L)Y, . if
v € (v1,1n) for some vy = vi(p,q,n,1T,v); Vo = a(p,q,n,r,v), (T:B ) is a bounded
operator on L* ifa > —1, 8> =1, vy =a+ + 2. The same is valid for T,z

operator.

To formulate our theorems in next section we will consider various similar Bergman
type operators on products and semiproducts of tubular domains over symmetric cones.
Note our proofs are much simpler than parallel proofs in [24]. We, in particular, will
consider the following integral operators in functional classes in tube.

Let further

o i) AP
(Tsh) (@ / // @1ty T A WA g g

5+"/§:mn/’“ (:E]-Jrig—w]-
7

where W = {wy, ..., wm}:{C1+i77,---aCm+”I}ETQ

/ / (x+ zyl, o X Ym) AP (y) AP () iz dy,
IR H NS+ el (a*cﬂﬂq'_*wj)

- dYpm,

where W = {wy, ..., wn} ={(+im,...,(+inn} € Ty, and g = {P1,...,Bm}, where
B>2—-1,8>2-1j=1,...,m he€ LY(T5Y). Complete analogues of these
operators were introduced and studied in [27] in the unit disk. These operators, in
particular, can be considered as direct extensions of classical and well-studied Bergman
projection in tubular domains over symmetric cones.
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4. NEW INTEGRAL OPERATORS IN BERGMAN-TYPE ANALYTIC SPACES ON
SEMI-PrRODUCTS OF TUBULAR DOMAINS OVER SYMMETRIC CONES

This section is devoted to formulations and proofs of all our main results related to
integral operators. We, in particular, extend some results provided by us in previous
section. Note our results of this type may have various applications in function theory
and also in operator theory.

The following theorem gives a new complete extension of Theorem 1.1 to semi-
product of tubular domain over symmetric cones.

Note the complete analogue of Theorem 4.1 in the unit disk can be found in [27].

Theorem 4.1. Let1 <p < oo, > m™=—m—"+ EZ”I;) > (p—1) (222 —m —2)—1
andm € N, m>1, 7 —pBf <1— 2 then

/ //m B)PA(n) dndCy ... i
<c/ //|h WA (y) dydzy ... day,

where W = {wy, ..., wn} = {G +in,...,.(n+in} € TH, Z={z1,. .., 2m} = {x1 +
W,y + 1y} € T

Proof. We have

/ / /'Tﬂ GPAT () dndc - . .
%W=-wm+w>M<y>d ... i
n n n n JO ﬁ+n/r+mn/r <m> Z/ 1.-- m

)

A7) dydGy . dGo.

Denote

o X Fiy) AP
/ / / xl + Zya , L + Zy) (y> dy diCl o dxm
O N ey

)
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We add and subtract 2 4 ¢ below

e T+ 1Y) AP
/ / / M@y + iy, . T+ 1Y) A7(Y) dydzxy ... dx,
n nJq B+"/’;:m"/r+2+57278 <:Ej+igfwj>

i

By Holder’s inequality with power p we have <% + z% = 1),

(v1 + iy, ..., 2 +iy)AP
M(h) = / / \/Q 5+n1/r+mny/r y> ~ (y? dy de‘l . d:L‘m
n n H

+= +§+572f€ <a:j+11‘/7wj)
i

IN

)

) |PAPP
n n Q

[3+n/1;1—mn/r 7276)])4’2 (:ij-i-iﬂ—wj > ’

/

p/p

/ / / dydxy ... dxry,
n n ) mJJrzy u@)‘

7

By (3.1) and (3.2) the last factor can be calculated as follows

p/p’
/ / / dy dry .. dwm _ CA(75p’m72m+mn/r+n/r)p/p/ (n)’
n n a:]-‘,-zy w7> ‘
if ep/ +2> 22 —1 and m(ep/ +2) — 2% > 22 — 1. We have to choose now a correct

lower bound for ¢ in order to satisfy both our estimates which we need to use above.
An easy technical calculation shows that the following bound will satisfy our purposes

3n 3
(41) g > pTT — ]?
Finally we have

¢ / / / A (ep'm=2metmn/rn/rp/pl +05 ()
n n (9]

- pApﬁ
n n JQ H

ﬁ+n/T+mn/T 27€)p+2 <1’j+1y—wj ‘

7
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Applying Fubbini’s theorem we have

h)gc/ / /]h(:cl+iy,...,:cm+z'y)]pAp5(y)
n nJo

—ep'm—2m+mn/r+n/r)p/p’+7 (n)
/ / / dndCy ... d¢y, dydxy ... dx,,.

ﬂ+n/r+mn/r 2—s)p+2 <jj+ig77wj> ‘

7

Note that we can apply (3.1) and (3.2) again for the following values of parameters.

2
(4.2) ])—6+—+——2p—€p+2>—n—1
m - rm
2
(4.3) 77”,Ler77mer—p+T>—1
rp’ rp’
T —epm — 2mp/p" +mnp/(rp’) + np/(rp’) — Bp — pn/r — mpn/r
2
(4.4) +2mp 4+ emp — 2m + mn/r < L
r
Looking at (4.2) with respect to (4.1) we have
3n
L L L
m  mr p'r
pp' Br + npp’ + nmpp’ — 2pmrp — 3npm + Spmr + 2mrp’ — 2nmp’ + mrp’

, > 0,
mrp

n
ﬁr+n—nm+mr——lly>0,
b

R O L1 2
T r rip—1)
Looking at (4.3) with respect to (4.1) we have
2
N
r r

We will heavily simplify estimate (4.4) below.
We have

—ep'm—2m+mn/r+n/r)p/p’ +7 (T})
i . (Brnlrkmnlr 5 )pio <M)’

(2

= ¢( Ay)pﬂ epm— 2mp/p +mnp/(rp')+np/(rp')—Ppr/n—p—mp+2mp+emp—2m+mn/r+n/r

But given pp’ = p + p’ we obtain

T —epm — 2mp/p’ +mnp/(rp’) + np/(rp’) — Bp — pn/r — mpn/r + 2mp
+emp—2m+mn/r+n/r =1 —ppS.
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Now looking simply at the previous page and combining the estimates from there
we arrive at the new estimate

2
T—pﬁ——<——n+1 T—pﬁ<—;+1.

This means

I(h) SCQ/ / /|h(x1—|—iy,...,xm+iy)|pApB+T_pﬂ(y)dydx1... dz,,.
n n ﬂ

m

This completes the proof of our assertion. [l

We can prove almost similarly the following theorem for related T, 5 operator. We
omit the technical proof leaving it to interested readers. Note complete analogue of
Theorem 4.2 in case of unit disk can be seen in [27].

Theorem 4.2. Let f; > % —1,j=1,...,m, 1 <p < o0, 5J>2—|————”—3—2+
L—i_i Tj>%p_p_%ij_pﬁj<1_r:]:L"'am; then

rmp mp’

// (TN DPA™ (1) X - X A™ () dC iy .. dip

<o [ [ IEPAn ) o A ) e

where W= {C+im,....C+inn}, Z={z1,..., 2} ={v+iy;,...,2;m +1y;}, Z€ T,
we Ty,

Proof. Here is a short scheme of the proof. Denote
W= [ [ AT PAT )X XA ) i di, M = (T @)

Let add and subtract 2 4 € in denominator’s power:

p
/ / x+zyj,.. $+iyj)Aﬁl(y1)"'A6m(ym) dx dy, dy
m Jgn H AB LI g e g (w :
By Holders’ inequality with power p we have <?17 = 1>
M(h)
/ / x+zyg,.. i) PAP () X -} AP () drdy, ... dy

(53 "/Tt;”"” 2—a)p+2 <m+iz7j—wj) ‘
)
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R —”“waj)‘
m % »/p'
dz
= dyy . dyn |
- </m E /R" Amep’+2m (CE‘H'@g"—wj) ‘ h Yy >

By (3.1) and (3.2) with restriction for ¢ we obtain

/

p/p

p/p’

1
m

- dx
/ || / —— dyy - . dym
am R / (J:—Hyj'—wj) ‘

j=1

= AT 2R/ /IR () ) s AT 2R/ rm)an/op/e
So

I(h) < / A (=&’ =2+n/(rm)+n/r)p/p'+m1 (m)
m Rn

—ep' —=2+n/(rm)+n/r)p/p' +Tm (77m)

/ / [h(z +dy;, ... @+ iy;) P
m Jrn INC +AmIT 9 e)p+2 (£+z‘@j—wj)‘
i

X Apﬁl(yl) . Apﬁm(ym) drdy; ... dy,dCdn; ... dny,.

By Fubbini’s theorem and applying (3.1), (3.2) and Holder’s inequality again we
have

/ / A =2/ m)tmn 1/l £ () o s A 2 ) mn/rp/p 4T

1

X — dCdm ... dnm
[T | A=t —a—)pe <—f+i%j—“’f>‘
=1 '
S CQHATj_ij(yj); Y ES27 .]: ]-7"'7m7
j=1

where 3; and 7; satisfy the conditions of the theorem statement.

So
I(h) < 03/ |h(x + iy, ..., x +iy;)) [PA™ (y1) X -+ X AT (yp,) dzdy; . .. dyy,.
m R

The proof of the theorem is complete. U
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Note assertions related to boundedness of Bergman-type operators on products of
tubular domains over symmetric cones very similar to Theorem 4.1 and 4.2 have direct
applications in problems connected with traces in Bergman type analytic function
spaces and to various related problems in operator theory. We refer the reader to
recent paper [30] and references there and also separately to [4,23,24].

We also remark similar assertions based on same technique are valid in more
general analytic Bergman type mixed norm spaces on product of tubular domains
over symmetric cones. We refer the reader to [27,28,30] for other such type results in
analytic mixed norm spaces in context of tubular domains over symmetric cones and
also in the unit polyball.

Next let 1 <p < oo, f = f(z1,...,2m), we consider analytic subspaces of H(T}"),
Iy =Tox - xTov;>2—=1v>2%2—1,7=1,...,m. These are spaces (AD),,
(AP)y, (AP)3 with norms

HfH(Ap)l / / |f(x1 +iyr, .o T + 1Y, ]”HAJ " (y;) da; dy; < oo,
To Ta

7=1

11 azy, = / / /Q|f(x1+iy,...,xm+iy)]pA”_7(y) <H da:j> dy < o0,
||f||](JAzz)3 = / /Q "/Q|f($+iy1, . ,I+iym)|pHA”j_%(yj)d$dyj < 0.
v R i1

An estimate relating || || az), and || f|| 4z via Bergman type operator can be seen in
recent paper [30].

The natural problem which obviously arise here is to to find some relation between
these norms and to find appropriate embeddings between these spaces (A%L);, (A%),
(AP)s. Note in the unit disk this problem was solved in [27,28].

Let also for g € LY (T3

(Vy 59

i V(A )P x - x (A, )P
/ / / ZE + 291, ,Qfm+ Zym)( yl) X X ( ym) dx dy1 - dym,
" Ay (T
jl;ll ( ' )

Uﬁ
n n H A (erzy] 'wj>

w=(wy,...,wy),wj€Tn, j=1,....m, B;>2-1,>2-1,0; >0,j=1,...,m,

B =B....8n)or B =(B,....0)
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Let also for g € LY (TF)

(Gas())(@ + iy s + igm) = /

g(w)[A”(Im w)] dv(w)
[T, A (w f ﬂ))’
wherex e R", y;, € Q, j=1,....m,a; >0, 6>2—-1,7=1,...,m.

(Gag @@ +iy, ... o +iy) = /T gﬂ?iﬁ?fﬂiﬁgﬁ’

where 8> —1,7=1,...,mja; >0,2; €R", j=1,...,m, y € Q.
The analogue of this theorem in the unit disk can be found in [27].

Theorem 4.3. For 1 < p < oo, some a; € (ap,ap); 85 € (Bo,By), B € (ﬁo B
vi> (2 —=1), 7> (2—=1),j=1,...,m, for some fized positive oy, (q)’,535, (3 )
7=1....,m
The following estimates are valid:
1) Gas(9)llanys < llgllazyira); for some values v and T,

2) ||Gas(g Meary, < eallgllaryry); for some values v and T,

3) Va3l azy, < esllgllazys(rny; for some values v and 7,
4) ||U, (g)” 4y, < callgll (AB)y(To): for some values v and T.
where ag,... (ﬂé) depend on v;, 7;,p,n,v, T, J=1,...,m and%%—z%:l.

Remark 4.1. Note the following equalities are valid for G and G operators if — S i Vit
T=pB1+5)—p>lia+ %(1 + %) (for G operator) and —v + 7 = (1 + 5) -
pY i o+ n/r(m+ %) (for G operator).

Remark 4.2. Note such results may be true for all types of domains of tube type where
analogue of Lemma 3.4 can be found.

Remark 4.3. For less general case where R” is unit interval I, I = (0,1) and €2 is unit
circle T = {|z| = 1} such type results where proved previously in [27,28|.

Proof. We can now prove Theorem 4.3. Let us prove the first estimate. Let

(Gap(9))(x+iyy,. .., ¢+ iy,) = /T 1(_[4) [Aignzww)lﬂj()))

we need to prove that

w)[AP(Im w)]
/ / / / ( — | | JANEANES yj ) dy; dx < cllgll(azy(ry)-
n To H A% <+>

With some restriction on parameters using Holder’s inequality we have

Gap(@))(x+iyr,....,¢+ iy,
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|g(w)|PA7(Im w) dv(w) Af(Im w) dv(w)
= /TQ [T, |APh (w x+%ya)>‘ /TQ T, ‘Ap/bj (w—(fiﬂﬂj))‘ ’

where h; +b; = o, Il)—l—z%:l,j:l,...,m
Let us estimate the second integral using the third estimate of Lemma 3.4

P P

l /

AP (S w) do(w) 0 AP(Im w) dv(w)
/TQ I1 o () <1l /T vty (2=tzm )

7=1
S 1 HA(/B_
7=1

Denote (8/m — p'b; +2n/(mr)) 5 = —v; + T, j=1,...,m. In this case we have

me’ (1),

p

w B m w)aviw i ._n
I= /Rn /TQ lg_[(Z)AAa(jI(w—(Zi;))) JHIAV] "(y;) dx

P AB
/ / lg(w)[PA"(Im w)dv(w) , -
o T [ (2|

Using Fubbini’s theorem we obtain

- dx
I <¢ |g( |pA5 Im w H /R Ao, (w—(i-ﬁ-iﬂj))’ dv(w)

Jj=1

From (3.2) we have

m

I<e | |g(w)[PA%(Im w)H

To

So

m

J < CQ/Q.../Q . |g(w)[PAP (Im w)H ! 7_>’ dv(w) dyy . .. dyp,.

- ‘ Aph;—n/(mr) (M

Next using Fubbini theorem and Lemma 3.4 we have

= 1
J<e g(w)|PAP(Im w / —— dy,; dv(w),
2 [ o)l A >H o [arm o (e (w)

T < ey | lg(w)PAPTPRIm bt mn I (I ) do(w) = / |g(w)[PAT(Im w) dv(w),

Tq Ta
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where 7= 3 —p> " hj+mn/r+n/r. But (=30 vy +50) = Bp/p' —pd il b+

2np/(rp') and =37 v+ 7 =B+ 5) = pXi oy + 11+ 2.
We prove the second case now. Let

] w)AP(Im w) dv(w
[Gas(9)](1 +iy,..., v +1iy) = /T gH(m)AAS (@;

We assume that all a;, j = 1,...,m are large enough numbers.
We need to prove that

p

/n // /TQ I A:ahz%; A (y)dy (ﬁ dxf) < cllgllaz)(m)-

J=1

With some restriction on parameters using Holder’s inequality we have

G s (@1 + s s + )P < /

|g(w)[PA" (Im w) dv(w)
o (=)

y / AP(Im w) dv(w)
7o 7, ’Ap'bj (w)‘ ’

where h; + b; = a;, %—i—}%zl,j:l,...,m
Let us estimate the second integral using third part of Lemma 3.4

AP(Im w) dv(w) ﬁ AP(Im w) dv(w)
/:rQ 1, ‘Ap'bj(w)‘ /TQ Ap'mb; ( (mij+zy)>‘

\‘
~

j=1

me' (y)
j=1
= o AT Egm bn )

Denote (8 —p' > 7%, b +2n/r) 5 = —v 4 . In this case we have

p

I_/n /n /TQ v A:a(hz%; AV (y) (H dxj>
o[ ] st

N
<.
ﬂ.: 3
oW
=
<.
~__—
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Using Fubbini’s theorem we obtain

1
)P /3
I<c¢ Tﬂ|g( JPA Imw/n /n ‘Aph Imw %Hy)’(”dx]) dv(w

From Lemma 3.4 we have for large enough hj,j=1,...,m

AP(Im w)

AZ;ZI phj—mn/r (Im w—ig)
i

I < Ig(w)l”‘ dv(w).

So

AB(1
e [ ewr—— Im©) ) dy.
Ta AP 2j=1 hy—mn/r (w)

Next using Fubbini’s theorem and Lemma 3.4 we have

1
J< PAA(T /
< . lg(w)PA”(Im w) o )N,Z;n:l g/ (Im iz

J <cs |g(w) [P AP=P Ty hitmn/rn/m ([ ) do(w)
Ta

=c3 [ |g(w)PAT(Im w) dv(w),
Ta
where 7 = 3 —p>>0, hj +mn/r +n/r. But (—v+ 1) =L —p37, b+ 2n/rh
and —v+7=p(1+ L) —p3>" a; +n/r(m+ %).
We omit proofs of the third and forth cases because they are similar. The proof of
theorem is complete. 0

dy dv(w),

Remark 4.4. As a direct corollary of Whitney decomposition of 2 cone and Theorem
4.3 we have the following estimate

lg(@)PA(Im w)*™> dv(w g(x1 +iyr, - T+ 1Y) [P
Q Jrn n

m

X HA(Im w;) dv(w;),
j=1
where w; = x +iy;, j=1,...,m, g € H{TJ), aj € (&,00), a € (&, 00), a > 2 — 1,
a;>=—1,7=1,...,m, 0 < p < oo for some fixed & and ag, where o depends on
all Q.

The proof of this estimate repeats arguments provided in one dimensional case of
unit disk in [27] which is also based on Whitney decomposition of unit interval (0, 1)
and the fact that inner integral is monotonic in cone (see [3, page 30]).
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Similar estimate

// @) PAIm w)® idv(w)gcl/ / l9(z +iyr, ..., 2+ iym) [P
n TQ TQ

m

X HA(Im w;)* 7~ dv(w;),
j=1
where 1 <p<oo,a; >2—1,a>2—1,j=1,...,m, where a parameter depends
on all a;, j =1,...,m was obtained recently in [30].

Both assertions for unit ball can be seen in 28] and [26].

5. MULTIFUNCTIONAL ANALYTIC SPACES IN TUBULAR DOMAINS OVER
SYMMETRIC CONES.

The intention of this section is to introduce for the first time in literature multi-
functional analytic spaces in tubular domains over symmetric cone and provide their
basic properties.

Similar results for harmonic function spaces and for analytic spaces in the unit ball
can be seen in [1,17].

We will need for all proofs various properties of r-lattice of T, (see for example [24])
and various nice properties of Bergman balls from recent papers [3,4]). We listed all
these properties in detail in previous section.

Theorem 5.1. Leta > —1, F; € H(Tax---xTg),i=1,...,m, T, =T x -+ xTg,
teN. Let 0 <p;, ¢ <oo,i=1,...,mso Yy ", pl—l. Then we have

/ |Fi(w,...,w)|"* X X |Fy(w,...,w)P"A%(In w)dv(w)

To
. . a“
<] /.../m(wl,...,wt) “ ] A% (Im w)) do(wy) |
=L\ T =
where
5, = (2:+O‘)ql_2_">_1, i=1,...,m

If all p; = q; =p, j =1,...,m above then we get the “limit case” of Theorem 5.1.

Theorem 5.2. Let F; € HTg x ---xTg),i=1,...,m, Ty =Tg x --- x T, t €N,
a>—-1l,a>tn—n—1, 5; >—1,0<p<oo. Then

/HyF W)PA%(Tm w) dv(w)
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t

/ /H‘F (wi, . w) P T A% (Im wy) do(w),

1 =1
Ta To 7 J

where

Remark 5.1. Note for t = 1,m = 1 these estimates are obvious. For m =1, > 1 in
case of unit disk, polydisk these estimates can be found in [25,27]. For case of unit
ball D = B™ C C™ these results can be found in [17].

Remark 5.2. For case of unit ball B C C" these results can be found in [17]. Form =1,
t > 1 this result for unit ball can be found in [17]. For unit disk D = {z € C : |2| < 1}
these estimates were found much earlier by various authors (see, for example, |25, 33|
and references there).

Let p be a measure supported in the boundary of the cone. M. Vergne and H. Rossi
([13,31]) studied analytic function spaces of Hardy type

HﬁI{FeH<TQ sup/aQ Rn\F(x+z(y+t))|”da:d,u()<oo}

yeN
Similar spaces will be considered by us below.

Theorem 5.3.
1) Let u be a positive Borel measure on T and let {ax} be a sequence an r-lattice based

on Bergman balls. Let f; € H(Tq), 7 =1,....,m, 0 < p;,q < o0, i=1,....,m+1,
Sk =1 0f

Pm+1

Im+l N\ g

Pm+1

i / dp(2) <,

=1
k B, (ax)

then we have the following estimate

/ Hlfz AT 2™ du(z) < e H > / fi(2)|P" du(2)

=1
BTQ (ak)

2) Let pu be a positive Borel measure on T and let {ay} be a sequence an r-lattice based
on Bergman balls. Let f; € H(Tq),j=1,...,m, 0<p; <¢q <oo,i=1,...,m+1,
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so that Y7 B=11f

el G
(5.1) Z / du(z) <c¢ < oo,
k=1

Br, (ak)

then we have following estimate

Q'L dU

/ Hm At ) EE g(2) < cH / iz

Below based on preliminaries we provided complete proofs of our assertions (The-
orems 5.1-5.3) will be given, some proofs however are missed. We refer the reader
for them to [17], where analogues for unit ball can be found. The main idea is the
adaptation of r-lattice of Ty to r-lattice of unit ball and we leave this partially to
readers.

Various results on product domains can be seen in [15] and for other product
domains in [7]. Hence our results also can be seen as some supplement of results
from [15] and [7]. All these results can be seen also as direct extensions of estimates
previously known in polydisk which is the simple case.

Note again our proofs are parallel to the unit ball case and we will omit some
of them here. We again should heavily use in all proofs certain nice properties of
r-lattices in tubular domains over symmetric cones which can be seen for example in
[24]. In the case of unit ball we heavily used similar properties of r-lattice, but for
unit ball (see [17]), moreover our arguments are similar.

Let us prove of Theorem 5.1 now.

Proof. Let {a} be an r-lattice based on By, (ax, R) = Br,(ax) Bergman balls. Using
properties we listed above we have:

]:/H|Fi(w,...,w)|piAo‘(Im w) dv(w)
To i=1
/ H|F )P A% (T w) do(w)
k= IBTQ(ak)

<c Z sup H |Fi(z, ..., 2)[PPA%(Im ag)v(Br, (ax))
k=1 2€B1g(ar) j=y
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§C2Z...Z sup ’F1(Zla-"7zt)’pl

ki=1 ki=1 z1 € BTQ(akl)
2t € BTQ (akt)

X - X sup |Fm(21,...,zt)|pm><...]
Z1 € BTQ(GJ]ﬂ)

2 € By, (ak,)
2 +a P +a
X {A © (Im ag,) x -+ x A77 (Im akt)] .

Using Holder inequality for m-functions and again properties of r-lattice we listed

above we have
pfs

m 00 t (277}+a)q3 as
[S C4H< Z sSup ‘FS<217"'727&) quA fmps (Im aks))
k1 s=1

,,,,, k=1 21 € Br,(ak,)

VAN
&
s
]2
N —
!
—
5
B
B

j=1
P1
t a1
< ¢ / /\Fl(wl, cw)|” T[(AIm w,)) do(w,) .. . dv(w,)
Ta Ta s=1
: o
ST / /|Fm(w1, ) LA w)) do(wr) . do(w) |
Ta To J=1
1
:+TR’ R € (0,1)
The proof of theorem is complete. U

Proof of Theorem 5.2. can be obtained by small modification of Theorem 5.1 and we
omit here details, referring the reader also to unit ball case (see [17]). O

And now we can prove Theorem 5.3.
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Proof. We again follow arguments of unit ball case and properties of r-lattice from
[3,4] which we listed above, we omit the first part referring to our mentioned paper
[17] and concentrate only on proof of second part of our theorem.

Note also the proof of first part has similarities with the proof of second part
below. We have the following estimates. Suppose (5.1) holds then we have by Holder
inequality

S EE <A(2”i21 " (Im z>) au(2)

-> (H |fz-<zz->|m> A7(1m =) du2)

k=1

)

BTQ (ak ’T)

oo m

< II suwp 1fi2)1”

k=1 i=1 *€B1q (ak:7)

>
—~
3 ‘g’
SN—
ﬁ'
A
Sl
—~
[a—
B
N
SN—
=N
=
~—~
N
SN—

BTQ (ak »7')
Pl

00 a1
< Z sup |f1(z)]q1A27n(Im z)
k=1 ZGBTQ (ava)

Pm

am

k=1 ZGBTQ (ak: ,T‘)

X e X (Z sup |fm(z)|q’”A27n(Im z))

Pm+1

Idm+1 dma1

Pm+1

s / du(=)

k=1

BTQ(G/IWT)
x e
m a; 00
<[] / @) | | S0 / du(2)
=1\ 7, =1 By (a)
Py
m 5
<[] | [1p@0 v
=1 To
Theorem 5.3 is proved. U

Finally we add a series of various remarks.

Remark 5.3. We note that various (not sharp) embedding theorems can be obtained
from the following simple observation also related with r-lattices (we give only one
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function model). We search condition on positive Borel measure p so that

/ FEP du(z) < I,

where Y is a holomorphic subspace of H(Tg). We have for any {a;} - r-lattice

o0

/If(Z)I”A“(Im z) dpu(z) < max | f(z)["A%(Im 2)p(Br, (ak, 7))

- 2€BT (ag,r)
<c [11EPaEA @ 2 do(e),
To

where g1(2) =Y 1, A_(QTn)(Im ar) [11(Brg (@, 1) X Br (0 (2)]; 2 € Ta, 0 < p < 00,
a > —1.

Remark 5.4. Note also estimates of this section can be partially extended to some
mixed norm spaces defined on product domains. For these type spaces in pseudoconvex
domains we refer the reader to [20].

We define these mixed norm spaces on product domains as spaces with norms

/ / / |f(z17,,_72m)|dfl}1...dl‘m HA% y] dy];
¢ N——

where 1 <p <oo,1<qg<o0,v;>2—-1,j=1,...,n
Note for m =1 and p = ¢ we get ordinary Bergman space Ag(Tg) with norm

1
p

/]f(z)]pAﬁ(Im 2)dv(z) | , l<p<oo, [>-1,

and for m > 1, p = q¢ we get the Bergman spaces on product domains with the norm

3 =

/ /\f 21 Zn) [PAP (I 21) X - x AP (Im 2,,) do(z) ... dv(z,) |

where 1 < p < oo, B; > =1, 7 =1,...,m. At the end we discuss some issues related
to integral operators on product of cones.

Remark 5.5. Tt is known (see [6])

/(/fv+y )y ”/’”dy)qA(fu)”"/’”dv
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(52) <c [ @@ wyrardy
.
fl1<g<gq, f>0,m>n/r—1,v>n/r—1, Ly < co for some fixed g,.
We can consider for m > n/r —1, f >0, f = f(vy,...,v5), v; € Q, 7 =1,...,k

more general versions

(ﬂNWZAwawﬂwwM@WW@,k@i

and

k P P
MJmmmww—L %#m+mww%+%
k

X A(yl)ml_”/r X e X Am’“_”/r(yk) dyy . .. dy,

ke N, m; >n/r—1, 7 =1,...,k and show analogues of (5.2) as we did with
Bergman type integral operators on product domains in previous section.

It is known also (see [6]) the classical Bergman projections are closely related with
Hardy type inequalities and some duality theorems in AP¢ spaces. We give an example
of Hardy type inequality.

[Ellzpe < cpollA0m y)DF || pa,

where p € (po,p1), ¢ € (qo,q1), v > n/r — 1 where O is so-called generalized wave
operator (see [6]), for some fixed pg, p1, qo, ¢1 numbers.

Hence results of previous section can be related to such type estimates but on
LPA(TE) and AR9(TH) type spaces on product domains which are based on norms

(Lo [ (o o anan,) T80

J=1

Q=

or
1

/Vl </V </v1 (/v [f (2, zm)” dwl)ql/m> X eeex Ay dw)‘]m,

pi,¢; > 1, v;>n/r—1,j=1,...,m, where V] or V is equal to R" or 2.

We can finally define new mixed norm AP9(7T{") spaces on products of T¢}* domains
in two natural ways. Some results previous section can be extended to such spaces.
We define analytic spaces with norms in H(75'), m > 1 as follows

lT(Tg):{feH(Tén): (/Q</ </Q(/n!f<z1,...,zm)|mcza;1)’q”i

A

=Ty
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P2

X Nl_ﬁ(yl)dm) X +ee X AA/m_Z(?Jm))dUm) < OO},

where 1 < pj,q; <oo,v; >2—1,i=1,....m, z; =x;+1y;, j=1,...,m and

hSES

AZNTY) = fEH(TgT):/Qm /n---/n|f(21,...,zm)|pdx1...
—_———

QU

Tm

X HAW_%(yj)dyj <00 p,

Jj=1

where 1 <=¢q,p<o0,v;>>—1,2z;=x;+1y;,7=1,...,m.

Note for particular values of parameters we get spaces studied in [23,24] and in this
paper (m=1lorp=gqorp;=¢q;=s,7 =7, J =1,...,m). It can be shown that all
these new scales of analytic spaces are Banach spaces. We finally remark the study
of these scales of analytic spaces on products of tube domains and related spaces on
semiproducts of tube domains is a large interesting and separate problem.

We finally provide a sharp embedding theorem for multifunctional analytic spaces in
tubular domains over symmetric cones. The proof repeats the ideas used in proofs of
previous theorems and we also follow arguments of the parallel result of Shamoyan-Li
(see [17]) in the unit ball. The key ingredient is the estimate from below of Bergman
kernel on Bergman ball obtained Recently by Sehba and Nana (see [19]). We need
some lemmas.

In the following lemma we denote by B the unweighted Bergman kernel (B(z,w) =
By(z,w)).

Lemma 5.1 ([5], Theorem 1.1). For every § > 0, there is a constant Cs > 0 such
that

B((, %)
— 1‘ < Csd(z,w),
B (=
for all ¢, z,w € Tq, with d(z,w) <.
For v > % —1 and w € Tg, for simplicity, let us consider the normalized reproducing
kernel

Cw :—By<"w) — AVF —w %(V'i'%) m w
kG0 = T ol 5 ()A (I w).

For z € T, we define
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and for § € (0,1) we define the average of the positive measure u at z by
B )
i) = 1Br(2.8)

UV(BTQ (Z7 5))

The following lemma is a straightforward consequence of |2, Corollary 3.4| and
Lemma 5.1.
Lemma 5.2 (see [19]). Let v > 2 — 1,6 > 0 and z,w € To. There is a positive
constant Cs such that for all z € Br,(w,J),

v, (B, (w, 0)) |k, (z,w)|* < Cs.
If 6 is sufficiently small, then there is C' > 0 such that for all z € Br,(w,9),
0o (B w0, )k (2, )P > (1 — C6).

The following two results are direct consequences of the above lemma.

Lemma 5.3 (see [19]). Let § € (0,1). Then there exists a constant C' = Cs > 0 such
that

fis(z) < Csp(2),
for any z € Tg.

Lemma 5.4 (see [19]). Let v > 2 — 1, §,t € (0,1). Let 0 < 61,082,035 < & with
t < 01/0y < t7'. Then there exists a constant C' = C(6,t) > 0 such that for any

z,w € Tq such that w € Br,(z,d3),
1 UV(BTQ (Z, (51))
- < < C.
C  v,(Br,(w,d))

We have the following sharp result based on these lemmas.

Theorem 5.4. Let 1 be a positive Borel measure on Tq and let {ai} be a sequence
an r-lattice based on Bergman balls. Let f; € H(Tg), j =1,...,m, 0 < p;,¢; < o0,
a>-1,i=1,...,m. If

/ dp(z) < eA(Im a,)™r+9),

Brg, (ar)

then we have the following estimate
1
i\ o,

JTlserae < TS| [ mer

=1 i=1 k=1
To BTQ (ak)

A(Im 2)*dv(z)

Moreover the reverse assertion is also valid.
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