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PROXIMATE GROUPS OF HIGHER ORDER
ANETA VELKOSKA!, NIKITA SHEKUTKOVSKI?, AND ZORAN MISAJLESKI?

ABSTRACT. Using the intrinsic definition of shape based on proximate sequences
for compact and all topological spaces based on proximate nets indexed by open
coverings in the paper Shekutkovski [5] we define proximate fundamental group. In
this paper will be introduced proximate groups of higher order and it will be shown
that these groups are invariants of pointed intrinsic shape.

1. INTRODUCTION

The intrinsic definition of a shape of compact metric spaces by using near continuous
functions given in [2] is generalized to paracompact spaces in [1]. More detailed
description of this approach for pointed shape, is given in [6]. Using the concept of
continuity over a covering introduced in [2], which was more developed in [1], a new
approach to the intrinsic definition of a shape of compacta was presented in [3] by
introducing the proximate sequences and corresponding homotopy. In this paper we
will combine that approach and continuity over a covering to make generalization
of intrinsic definition of pointed shape category on paracompact topological spaces.
After determining one dimensional proximate fundamental group in a paper [5] in this
paper we achieve to define proximate group of higher order and furthermore we prove
that it is an invariant of pointed shape of a space.

First in the paper are introduced pointed continuous functions over a covering
and homotopy over a covering that connects these functions. We define pointed
proximate nets, pointed over a covering homotopy and category of intrinsic shape in
Section 2. In the Section 3 we determine higher order proximate loop at a point over
a covering, homotopy relatively endpoints that connects higher order proximate loops
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at a point and prove that the set of all homotopy classes of higher order proximate
loops at a point is a commutative group for all orders greater than two. In the
last Section 4 we associate induced function to a pointed proximate net and prove
that it is a homomorphism between correspondent proximate groups of higher order.
Furthermore, associating proximate group of higher order to a pointed paracompact
topological space and associating to a pointed proximate net an induced function
we obtain a functor from category of pointed intrinsic shape to category of groups.
Therefore, we show that if two pointed paracompact topological spaces have same
pointed intrinsic shape, then their proximate groups of higher order are isomorphic.

2. PoINTED HoMoOTOPY OVER A COVERING

Let consider two topological spaces X and Y, xg € X, yo € Y. All coverings of
the spaces will be open. The coverings of the topological spaces will be chosen from
a fixed subset of coverings, which is cofinal in the set of all coverings, denoted as
Cov X, for topological space X. If X and Y are paracompact, it is enough to take
the coverings to be locally finite coverings, since locally finite coverings are cofinal in
the set of all coverings. So, let consider two paracompact topological spaces X and
Y and V € CovY.

First we will recall the definition of V-continuous function and homotopy over a
covering (see [3] and [4]).

Definition 2.1. Let V be a covering of Y. A function f : X — Y is V-continuous at
point = € X if there exists a neighborhood U, of x and V € V such that f(U,) C V.

A function f: X — Y is V-continuous on X if it is V-continuous at every point
x € X. In this case, the family of all U, form a covering U of X. By this, f: X — Y
is V-continuous on X if there exists a covering U of X such that for any x € X, there
exists a neighborhood U, € U of z and V € V such that f(U,) C V. We denote:
there exists U € Cov X, such that f (U) < V.

Definition 2.2. Let V be a covering of Y. A star of M C Y over the covering V,
denoted by st(M) is the union of all W € V such that M N W # 0, i.e.,

st(M)=U{W eV | MnW #0}.

Let X and Y be topological spaces, xo € X, yo € Y and V is a covering of V', i.e.,
VY € CovY. We form new covering of Y as st(V) = {st(V) | V € V}. Now, we will
define pointed V-homotopy.

Definition 2.3. Let f,g: (X, z0) = (Y,90) be V-continuous functions on paracom-
pact spaces X and Y and f (x¢) = g (x9) = yo. The functions f and g are pointed
V-homotopic functions if there exists a function F': (X x I, z9 x I) = (Y, yo) such
that:

(a) Fis st(V)-continuous, which is V-continuous on X x 91, I = {0,1};

(b) F(z,0) = f(x) and F (z,1) = g (x) for all points = € X;
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(c) F(xo,8) = f (x0) = g (x9) = yo for all points s € I.

When two V-continuous functions f and g are pointed V-homotopic we denote as

fr‘\;g (rel{zo}).

Theorem 2.1. The relation of pointed V-homotopy f;g (rel{zo}) of V-continuous

functions is an equivalence relation.

Proof. The proof is similar as the proof of the Proposition 2.4 in [3] about unpointed
homotopy. 0

Theorem 2.2. Let X, Y, Z be paracompact topological spaces, ro € X, yg € Y,
20 € Z and g : (Y,y0) — (Z, z0) is W-continuous function. If V is a covering such
that g (V) < W, then for any two V-continuous functions f1, fo : (X, z0) — (Y, o)
such that flr{;fg (rel {xo}), it follows that g o flvvg o fy (rel {xo}).

Proof. By the conditions of the proposition, it follows that the compositions g o fi,
g o fy are also W-continuous functions.

Since f1, fo : (X, z9) — (Y, yo0) are pointed V-homotopic, then there exists a function
F: (X x 1,29 x1)— (Y,yo) such that:

(a) F'is st (V)-continuous, which is V-continuous on X x OI;

(b) F(x,0) = fi1(z) and F (x,1) = fo (z) for all points z € X;

(c) F(xo,s) = f1(xo) = fa(zo) = yo for all points s € I.

Let consider function K : (X xI,z9x 1) — (Z,2) defined by K (z,s) =
(go F)(x,s). Since g(V) < W implies g (st(V)) < st(W) and F is st(V)-continuous
there exists an open covering U, such that F' () < st(V), we conclude that

(go F)U) =g (FU)) <g(st(V) <st(W).

Therefore, the function K is st(W)-continuous.
Since F' is V-continuous on X x 01, g(V) < W and ¢ is W-continuous function
then it follows that K = g o I’ is W-continuous on X X OI.
If x € X is an arbitrary point, then
K (2,0) =(go F)(z,0) = g (F(x,0))
K(z,1)=(go F)(z,1) =g(F(z,1)) =
Let s € I be an arbitrary point, then

K (20,5) = (g0 F) (20, 5) = g (F (x0,5)) = g (f1 (x0)) = (g © f1) (o)
=20 = (g © f2) (o).
Therefore, we showed that the functions g o fi, g o f5 are pointed VW-homotopic,
ie., go fl?vg o fo(rel{zo}). |

Theorem 2.3. Let G : (Y x I,yo x 1) — (Z,z) be a st(W)-continuous function,
W-continuous on'Y x OI.

(f1 (x)) = (g f1) (z),

g
9(f2(x)) = (g0 f2) (2).
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Then there exists a covering V of Y such that for each V-continuous function
[ (X,20) = (Y,yo) the function G (f xid) : (X x I,xg X I) = (Z,2) is st(W)-
continuous and the function G (f x id) is VWW-continuous on X x OI.

Proof. The unpointed version of this theorem is proved for compact metric case, in
[3, Theorem 3.0.5] and in paracompact case in more general situation is proved in [4,
Theorem 2.2]. d

3. POINTED PROXIMATE NETS. POINTED OVER A COVERING HOMOTOPY

Let consider two paracompact topological spaces X and Y, zg € X, yg € Y. Now,
we will define pointed proximate net from (X, xo) to (Y, o).

Definition 3.1. A pointed proximate net from (X, z) to (Y,yo) is a family
f = (fv|VeCovY) of V-continuous functions fy : (X,z9) — (Y,y0) such that
fw?;fy (rel {zo}) whenever W < V.

Definition 3.2. Two pointed proximate nets f and g from the pair (X, zg) to the
pair (Y,yo) are pointed homotopic if fvr;fgv (rel{zo}) for all coverings V € CovY.

We denote by f ~ g (rel {zo}).

Theorem 3.1. The relation of pointed homotopy of pointed proximate nets is an
equivalence relation.

The pointed homotopy class of proximate net f from the pair (X, z¢) to the pair
(Y, yo) we will denote by [iL )

Now, let introduce a notionoof composition of pointed proximate nets f : (X, zo) —
(Y,yo) and g : (Y, 90) = (Z, 20).

Let f={fy |V e€CovY}and g ={gw | W € Cov Z}.

Because gy is W-continuous, then, by the definition, there exists an open covering
V of Y such that gy (V) < W.

We define hyy = gw o fy : (X, 20) — (Z,29). This function is W-continuous. Al-
though the definition depends on the choice of V, the next lemma shows that for two
coverings VW,V € CovY such that gw(V),gw (V) < W 1is true that

gw © fursgw o fur (rel {zo}).

Lemma 3.1. If f is pointed prozimate net and V,V' € CovY such that
av(V),gw V) <W, W e Cov Z,

then gy o fV;;JVgW o fyr (rel{zo}).

Proof. Let V" € CovY be a common refinement of ¥V and V', i.e., V' < V,V'. Since
[ is pointed proximate net, by the definition, follows that fy//f; fv (rel {xo}) and

fv"‘jjfv' (rel {xo}). By Theorem 2.2 it follows that gy o fv";jvgw o fy (rel {xp}) and
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Gy © fvuryvvgw o fyr (rel {xo}). From the transitivity of the pointed homotopy we
conclude that gy o fv;“vgw o fyr (rel {xo}). O

Now, we will show that the function hy, = gw o fy : (X, 20) = (Z, z) from the
above discussion generates a pointed proximate net from (X, zg) to (Z,z), h =
{hw =gwo fy | W e Cov Z}, ie., we will show that for all W' < W is true that
hwf)r/vvhw (rel {zo}).

Let W' < W and since g is a pointed proximate net then 9w 9w (rel{yo}) by a
pointed homotopy G is a st(W)- continuous function and W-continuous on Y x 91.
By Theorem 2.3, there exists a V" of Y, such that for each V"-continuous function
for o (X, 20) — (Y,w0), the function G (fyr xid) : (X x [,xog X I) — (Z,2) is
st(W)-continuous, and the function G (fy x id) is W-continuous on X x 9I. It
follows gy o fyuryvvgw o fyr (rel {xo}).

Now, consider Ay = gyro fyr and hyy = gyo fy for some V' € CovY, gy (V') < W
and some V € CovY, gw(V) < W.

By Lemma 3.1, since gw(V), gw (V") < W, then gy o fv;»vgw o fyr (rel {zo}).

Now, consider V1 < V', V". Since gy (V1) , 9w (V') < W', by Lemma 3.1, follows
that gW/Ofvl{/\\}-’lgwlofVl (rel {zo}). Because W' < W then gW/ofV/;;ngv\,/oj};1 (rel {zo}).
By Theorem 2.2, since f is a pointed proximate net, i.e., fvl{)v,,fw (rel{zo}) and
gw (V") < W, then is true that gy o fVlyN\,gW’ o fyr (rel{xzo}). Therefore, gy o
fvl%gwl o fy, (rel{zo}) oW © for (rel{zo}) W © fyvr (rel{zo}), i.e., we showed
that hW/;/vth (rel{zo}).

Now, we will give the following definition.

Definition 3.3. Let { f} and [g} be two pointed homotopy classes of pointed
0

— o Y

proximate nets. We define a composition of pointed homotopy classes { f] and M
PAPS g

by g],, o l1],, = oo 1.,

Yo

Yo

From the discussion above in order to show that this composition is well defined
we have to show that if f ~ f (rel {xo}) and g ~ g (rel {zo}), then h ~ b (rel {zo}),
where h and b are the compositions of pointed proximate nets f and g, f and g/,
respectively.

Since g ~ g/ (rel{yo}), then for every W € Cov Z is true that gw%gw/ (rel{yo})
and, by Theorem 2.2, there exists a covering U € CovY, gy (U) < W, g}y, (U) < W
such that U-continuous function fi, : (X, z0) = (Y, 40) is g © fu%ng o fu (rel {xo}).

From the definition of the composition of two pointed proximate nets there exist
coverings V and V' of Y such gy (V) < W and gy’ (V') < W such hyy = gy o fy and
hw' =gw o fur'.
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Since f ~ f (rel{zo}), then fu;fu/ (rel{zo}), so by this fact, Lemma 3.1 and
Theorem 2.2, we can conclude that

hw = gw o vaNVQW o fu (rel{zo}) VNVQWI o fu(rel{zo}) %gw’ o A (rel {zo}) = hw',
ie., hw%hwl (rel {zo}) for all W € Cov Z.

Therefore, h ~ b (rel {zo}).
By the definition of the composition of pointed proximate nets and U-continuous
function the following theorem is valid.

., be three pointed homotopy classes of pointed

Theorem 3.2. Let [f} , M and [h)
— -0 —- Yo
proximate nets. Then

1,0 (g, o [1],,) = (1, 0[], ) o [4],,.

In this way we proved that the paracompact topological pointed spaces and pointed
homotopy classes of pointed proximate nets form category of pointed intrinsic shape.
We say that pointed paracompact topological spaces (X, z¢) and (Y1) has same
pointed intrinsic shape if they are isomorphic in this category.

4. PROXIMATE GROUP OF HIGHER ORDER

Let X be a paracompact topological space and
I"=100,1]" = {(t1,ta,...,tn) |0<t; <1,i=1,2,...,n}.

In the discussion below we use the following notation: °I" = I", 9"I"™ = (9I)" and
foralli=1,...,n— 1 we consider 9'I™ as: 9I" is a finite union of copies of 171, i.e.,

n

oI" = | J{(ti,ta, .. t) [t =0,0<t; <1, j i}

i=1
n

UUA{tr b, tn) [t =1,0 < t; <1, j #i},
i=1
O?I"™ is a finite union of copies of I"2, and for the others i = 3,...,n — 1, 1" is a
finite union of copies of 1",
For example, OI°® are all faces of a cube, that is a union of six copies of I2, 9*I3 are
all edges of a cube, that is a union of twelve copies of I and 9%I? are all vertices of a
cube, that is a union of eight points,

st2(U) = st(st(U)) = {st(W) | W € st(U)},...,st"(U) = st(st" ) U),
for all integers n > 1. Note, U < st(U) < st?*(U) < -+ < st™(U) < -~

Definition 4.1. Let U be a covering of X and zy € X is a fixed point. The function
ky @ (I",0I") — (X, x0) such that is st”* (U)-continuous on the set 9'I" for all
i=0,1,...,n, and ky (0I™) = xy is called n-dimensional U-loop at .
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Note, that a function ky : (I",01") — (X, zo) is st"* (U)-continuous on the set
O'I™ for all i = 1,...,n, if there exist open coverings V,_;, i = 1,...,n, of the sets
O'I™, respectively, such that ky(V,_;) < st (U).

Definition 4.2. Let U € Cov X and ky, Ly - (I",01") — (X, x¢) be n-dimensional
U-loops at xy. The n-dimensional U-loops k;; and I, are U-homotopic loops relatively
endpoints, if there exists a function F : [™ x I — X such that

(I) F is st™™'=" (U)-continuous on 91" for all i = 0,1,...,n,n + 1, and satisfies
the usual conditions of homotopy relatively endpoints;
(IT) F(t,0) =ky (t) and F (t,1) =l (t) for all t € I,
(IlI) F (f, s) = ky (f) =1y (f) = forallt € 9I"™ and s € I.

If two n-dimensional U-loops at xg, ky, lyy are U-homotopic loops relatively end-
points we denote as ku’zjlu (rel OI™).

Theorem 4.1. The relation of homotopy relatively endpoints of n-dimensional U-loops
at xo is an equivalence relation.

The homotopy relatively endpoints class of mn-dimensional U-loops at xg,
ko (I, 01") — (X, 0) we will denote by [k, -

Proof. Reflexive property. Let ky : (I, 01") — (X, o) be a n-dimensional U-loop at
9. We consider the following function F': I"™ x I — X defined by

F(t,s) = ky(t), forall(t,s)e " xI.

Since ky is st" ™ (U)-continuous on the set &°I™ for all i = 0,1,...,n, so there exist
open coverings V,,_;, i = 1,...,n, of the sets 9'I", respectively, such that ky,(V,_;) <
st"~(U). Let V be a covering of I, so V,_; x V are coverings for 9’1" i =0,... n,
and F(V,—; X V) = ky (Vi) < st™{(U) < st™ T (U).

Now, let ¢ = n 4+ 1. Then 9°I"+! = 6 {(t1,t2,...,tn) | t; =0,1, j=1,...,n+ 1},
j=1

i.e., O'I" = 9" x {0,1}. We consider a covering V x {0, 1} of 9' 1", where V, is a
covering of 0™I™ such that ki (Vo) < U since ky, is st™ ™ (U) = U-continuous on the set
o"I™. So, F(Vy x {0,1}) = ky (Vo) < U = st" 1=+ (f). Therefore, F is st (U)-
continuous on '™ for all i = 0,1,...,n,n+ 1, and F (t,0) = F (t,1) = ky(t) for
allt e I™, F (f,s) = ky (f) = qo forallt’ € 1" and s € 1. So, F'is a homotopy
relatively endpoints that connects the n-dimensional U-loop at xq, ky by itself and
therefore, the relation of homotopy relatively endpoints of n-dimensional U-loops at
xo is reflexive.

Symmetric property. Let two n-dimensional U-loops at xq ky, Iy be U-homotopic.
So, there exists a homotopy relatively endpoints F': I"™ x I — X that connects the
n-dimensional U-loops at xg ky, ly;. The function H : I" x I — X defined by

H(t,s)=F(t,1—s), forall(t,s)el” xI,
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is a homotopy relatively endpoints that connects the n-dimensional U-loops at g, Iy
and ky;. Therefore, the relation of homotopy relatively endpoints of n-dimensional
U-loops at z( is symmetric.

Transitive property. Let ky, lyy, myy = (I",01™) — (X, z9) be n-dimensional U-loops
at xg such that /fu;;lu (reldI™) and lua“mu (reldI™). So, there exist homotopies
relatively endpoints £ : I" x I — X and K : I" x [ — X that connects the n-

dimensional U-loops at xg ki and [y, l;; and my,, respectively. Let consider a function
H :I" x I — X defined for all t € I by

1

F(LQS), SS 5,
1.

IN

H(t,s) =

K(t,2s — 1), <s5<

N = D

By [4, Theorem 2.2], the function H is well defined and st"*'~* (i/)-continuous on
G for i = 0,1,...,n+ 1. Since, H(,0) = F(£,2-0) = ky (), H(t,1) =
K(t,2-1—1)=my(t) for all t € I" and for all t eol

F(t',2s) = ky(t) = o, <s<

’ Y

H(t,s) =

—_ N —

K(f,Qs —-1)= mu(f) = Zo, <s

IN

Y

N = O

the function H is a homotopy relatively endpoints that connects the n-dimensional
U-loops at xy ky and my. So, the relation of homotopy relatively endpoints of
n-dimensional U-loops at x( is transitive and equivalence relation. [l

Definition 4.3. Let consider two n-dimensional U-loops at xg, ky, iy = (1", 01") —
(X, z0) . The juxtaposition of these two n-dimensional U-loops at z is:

IA

1
(k* D)t ta, ... tn) = 2’
1.

Uty te, ... ty_1,2t, — 1),

E(ti,ta, ... tho1,2ty), 0<t,
! <t, <
2 — Yn =

By [4, Theorem 2.2], juxtaposition is well defined and st™~* ({)-continuous on 91"
for i =0,1,...,n. By the definition, ky * i (OI") = xo.
Therefore, ky * Iy, (0I™) = ¢ is n-dimensional U-loop at x.

Theorem 4.2. Let ky, ky' @ (I",01") — (X, x0), Iyl = (I",0I") — (X, x0) be
n-dimensional U-loops at xo such that kurzjkul (rel0I™), lufb\;lul (rel 0I™) and the juz-

tapositions ky * ly and ky' Iy are defined. Then ky * lu;k’u/ s Iy (rel OI™).

Proof. Since ky~ky (rel 0I™) and Iy~ (rel DI™), there are homotopies relatively
u u

endpoints K : I" x I — X and L : I" x I — X that connect the n-dimensional
U-loops at g, ky and ky and I, and I, respectively.
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We define a function H : I" x I — X by

1
K(ty, .. oy, 2, s), 0<t,<-=,
H(ty, ... ta_1,tn,s) = 1 2
Lt tas, 2ty — L), 5 <t <1
This function is well defined since for t,, = % and all t1,ts,...,t,_1,s € I is valid
1 cobn—1, "
K <t17 s 7tn—172 ' 278) :K(tla s 7t'rL—17 175)(1517 ! = et - kZ/{ ((tb s 7tn—17 1))

=Tp = ll/l ((tb s 7tn717 O)) (tl’m’tn_:ho)ealn

1
—L(tl,...,tn_1,2'2—1,8>.

From this equation and the fact that the functions K and L are st"™'~* (U)-
continuous on 91" for all i = 0,1,...,n,n + 1, by [4, Theorem 2.2], the function
H is st™™=% (U)-continuous 91" for all i = 0,1,...,n,n + 1.

The usual conditions (IT) and (IIT) from the Definition 4.2 are true by the definition
of the function H.

Therefore, kj, * lg;k&, 17 (rel {0,1}). O

L(tl, e ,tn,l,O, S)

Theorem 4.3. Let ky, ly,py : (I",01") — (X, x0) be n-dimensional U-loops in x
and the juztapositions ky * ly, ly * py are defined. Then

(k’u*lu) *pufzjku* (lu *pu) (7’6[8[”)
Proof. First let represent the n 4+ 1-dimensional cube [ x [ as union of the sets
I"''x A, I"!' x Band I"! x C, such that A = {(t,s) |lsel,0<t< %}, B =
{(t,s)|s€],%§t§%}and0={(t,s)|s€],%§t§1}.
Let define functions a : A — I, b: B - I and ¢ : C — I by a(t,s) = Si—tl,
b(t,s) =4t — 1 — s, c(t,s) = *2=2 and function H : I" x [ — X by

ky(ti, .. tao1,a(tn,8)), (ti,-- s ta 1 tn,s) € I X A,
H(E’S): llf{(tla"‘?tn—l?b(tn?‘s))J (th-..;tn—l;tnas)e.ln_l XB;
Pu (tl’ te 7t”—17c(tn78))7 (th s atn—latnus) S ]nil x C.

If (t,5) € (" x A)N (1" x B) = {(t1,.- ta-1, ", 5) | s € T}, then

1 1
k‘u <t1,...,tn1,a (Sjl_,8>> = Ty — lu <t1,...,tn1,b<8—£,8)> .

If (t,5) € (1" x BYyN ("' x C) = {(t1,.. ., tn1, *52,5) | s € T}, then

4

2 2
ly (tla'-‘atn—lab(sl_as)) = To = Pu <t1;-~,tn—1,c (iﬁ)) :

So, the functions are equal on the intersections (I"~' x A) N (I"~! x B) and
(I""'x Byn (" x C).
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Since the n-dimensional U-loops ki, Iy and py at xg are st™~* (U)-continuous on
O'I" for alli = 0,1, ...,n, and the functions a, b and ¢ are continuous on the sets A, B
and C, respectively, then, by Theorem 2.3, the functions ky (id x a) : ["' x A — X,
ly(idxb) : "' x B — X and py (id xc) : "' x C — X are st (U) and so
st" 1= (U)-continuous on 9* (I~ x A), & (I"~! x B) and &° (I"~! x B), respectively,
foralli =0,1,...,n, and st"~* (U)-continuous on & (AI"~! x A), 9" (I"' x B) and
0" (01! x B), respectively for all i = 0,1,...,n.

The function H is defined by three st~ ({f)-continuous functions on closed sets
foralli =0,1,...,n, which are equal on their intersection. Therefore, by [4, Theorem
2.2], the function H is st™™ = ({f)-continuous on O 1" for all i =0,1,...,n,n + 1.

The usual conditions (IT) and (IIT) from the Definition 4.2 are true by the definition
of the function H.

So, the function H is a homotopy relatively endpoints that connects the n-dimensio-
nal U-loops (ky * ly) * py and kyy * (I % py) at o, as required. O

Definition 4.4. Let X be a paracompact topological space and xq € X is fixed
point. The function ¢,, : I — X, defined by ¢, () = xq, t € I", is called constant
n-dimensional U/-loop at xy.

Theorem 4.4. Let ky : I" — X be a n-dimensional U-loop at xq. Then ky *
Czo’zjku (rel 0I™) and ¢y, * ku;;ku (rel OI™).

Proof. First we will prove that ky x cmoaku (rel OI™).

Let represent the n 4 1-dimensional cube I™ x I as union of the sets I"! x D; and
"' x Dy, such that Dy = {(t,s)|sel, 0<t<5} and Dy =
{t,s)[sel, =t <t<1)

Let define the function d : Dy — I by d(t,s) = 25 for all (t,s) € Dy and the
function H : I x I — X by

_ kZ/l (tla s 7tn717d(tn78))7 (tlv' s 7tnflatnas) S In—l X D17
H<t’ 8) N { o, (t17' N 7tn717tn78) € In_l X D2-

If (t,5) € (10 x D) N (1" x Dy) = {(tr,. . tnn, *5Ls) | s € T}, then

1
b (11t (55

B ,S)> = ku (tl, N ,tn,l, 1) = Xy.

Therefore, the function H is well defined.

Since ky and ¢,, are n-dimensional U-loops at g, they are st"* (U )-continuous
on 01", i = 0,1,...,n. Since d is continuous on D;, then, by Theorem 2.3, the
function ky (id x d) : I"™1 x D; — X is st (U) and so st"™1~¢ (U)-continuous on
9" (It x Dy) for all i = 0,1,...,n, and st"~* (U)-continuous on " (0I"~! x D) for
alli=0,1,...,n.
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The function H is defined by two st"*'~* (i )-continuous functions on closed sets
for alli =0,1,...,n ,which are equal at their intersection. So, by [4, Theorem 2.2],
the function H is st"™'~* (U)-continuous on 91"+ for all i = 0,1,...,n,n + 1.

The usual conditions (IT) and (IIT) from the Definition 4.2 are true by the definition
of the function H.

Therefore, the function H is a homotopy relatively endpoints that connects the
n-dimensional U-loops ky * ¢, and ki at xg, as required.

Similarly, is easy to verified that c,, * /fu;;ku (rel OI™). O

Definition 4.5. Let X be a paracompact topological space and ky : (I",0I") —
(X, o) is n-dimensional U-loop at zy. Inverse n-dimensional U-loop at z, k;[,l :
(I",0I") — (X,xp) is defined by k' (t1,...,t,) = ku(t1,. . tn1,1—1t,) for all
elements t € I". Notice (k;;');,' = ku.

Theorem 4.5. Let ky, ly - (I",01") — (X, x0) be n-dimensional U-loops at xq. If
h%adu(relaln),then/&gladgl(relalny

Proof. Since kufzjlu (rel OI™), there is homotopy relatively endpoints F': I x [ — X

that connects the n-dimensional U-loops ki, and [y at zg.

Let define a function H : I" x I — X by H(ty,...,th_1,tn,8) =
F (tl, PN 7tn—1; 1-— tn, S).

Since the function H is a composition of continuous function and the function F,
by [1, Proposition 1.3 (iv)], the function H is st"*'~* (i/)-continuous on 9*I"*! for all
1=0,1,...,n,n+ 1.

The usual conditions (IT) and (IIT) from the Definition 4.2 are true by the definition
of the function H.

Therefore, the function H is a homotopy relatively endpoints that connects the
n-dimensional U-loops kzjl and l[,l at g, as required. [l

Theorem 4.6. Let ky : (I",01") — (X, o) be a n-dimensional U-loop at xo. Then
Ky * k&lr&zcm (rel OI™) and k;;* * kuacxo (rel OI™).

Proof. By the definition of the juxtaposition

1
_1 kl/l (t1>"'7tn7172tn>7 Ogtng 57
(hush') ) =§ 1
kZ; (tla"'vtn—172tn_1)7 §§tn§17
1
kl/{(t1>---7tn—172tn>7 Ogtngiy
- 1
kl/{(t17"'7tn7172_2tn)7 igtngl
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Let define a function H : I" x [ — X by

k’u (tl,...,tn_l,Qtn (1—8)), 0
H(LS) = 1
2

k‘u (tl, e 7tn—17 (2 — 2tn) (1 — 8)),

It is well defined since for all ¢, = % and s € [ is true

Hts) =k (b, b1, (1= 8)) = kg (tl,...,tn_l, (2—2-;) (1—s>> .

Since the function H is defined by two st"~* (U)-continuous functions on the sets
o' (I”_l X {0, %} X I) and ' (I”_l X [%, 1} X ]) forall: =0,1,...,n, which are equal
at their intersection. So, by [4, Theorem 2.2], this function is st"*!'~* (i/)-continuous
on OI" " foralli =0,1,...,n+ 1.

The usual conditions (II) and (III) from the Definition 4.2 are true by the definition
of the function H.

Therefore, the function H is a homotopy relatively endpoints that connects the
n-dimensional U-loops ks * k‘b—,l and ¢, at x, as required.

Similar, we can prove that k' * k?u’i;cxo (rel 0I™). O

Definition 4.6. A proximate n-dimensional loop at zy (over Cov X) is a family
k ={ky |U € Cov X} such that ky;k’u (rel 0I™) for all V < U.

Definition 4.7. Two proximate n-dimensional loops k£ and [ at zy are said to be
homotopic over a covering if kufzjlu (reloI™) for all U € Cov X, we denote that by

k ~1(rel0I™).

Theorem 4.7. Homotopy relatively endpoints of prozimate n-dimensional loop at xq

is an equivalence. The homotopy class of proximate n-dimensional loop k at xq is
denoted by [k], -

Proof. Since, from the Theorem 4.1, the relation of homotopy relatively endpoints
of n-dimensional U-loops at xy is equivalence relation for any arbitrary covering
U € Cov X, then homotopy relatively endpoints of proximate n-dimensional loop at
To is an equivalence. O

Definition 4.8. Let k£ and [ be two proximate n-dimensional loops at xy. Then
their juxtaposition is the proximate n-dimensional U-loop k * [ at xy defined by
kxl=(kyxly|Ue CovX).

In order to justify that the juxtaposition in Definition 4.8 is well defined we will
show that k x [ is a proximate n-dimensional at z.

By the definition of the n-dimensional loop at xg, the juxtaposition ky * [y is n-
dimensional U-loop at zy for all coverings U € Cov X. Let consider an arbitrary
covering V < U. Since k and [ are proximate n-dimensional loops at xg, then
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l{;v;ku (rel 0I™) and lvfz;/lu (rel 0I™) for all coverings U € Cov X. By the Theorem
4.2, the following relation ky * lv’b\;k?u  ly (rel {0,1}) is true. Therefore, k * [ is a

proximate n-dimensional at z.
Now, let consider the following set:

prox m, (X, xg) = {[@mo | k is a proximate n-dimensional loop at :1:0} :

In this set we define the operation * by [&]zo % [L]xo = [k * l]mo, where k [ is defined
by the Definition 4.8.

This operation is well defined. Let k°, k' € [E]IO and %' € [l]xo be proximate
n-dimensional loops at xy from the homotopy classes of proximate n-dimensional
loops [k], and [l]_, respectively. Then k&;kﬁ, (rel 9I™) and l&rb\;li{ (rel 91™) for all
coverings U € Cov X. By the Theorem 4.2, kJ x lg;kﬁ, * 1}, (rel 9I™) for all coverings
U e Cov X.

Therefore, proximate n-dimensional loops at xq, k° * I° = {k) * I}, | U € Cov X}
and k'« I' = {k}, %I}, | U € Cov X} are homotopic over a covering, i.e.,

KO0k %1 € [kx1],, .

xo xo?

So, the operation * in the set prox m, (X, z¢) is well defined.

Theorem 4.8. The set prox m, (X, xg) with the operation x is a commutative group
for alln > 2.

Proof. Since proximate n-dimensional loop is a pointed proximate net, then, by The-
orem 3.2, for all homotopy classes of proximate n-dimensional loops [k],, [{]., and

[Plao at w0 is valid ([&],, +[1],,) * [p] = [&],, * ([l]zo «[p] )

By Theorem 4.4, identity element is the homotopy class of constant proximate
n-dimensional loop [cwo} at zy defined by the constant U-loop c,, at zg.
Szof .

By Theorem 4.6, inverse element of the homotopy class of proximate n-dimensional
loop [k]., at z¢ is the homotopy class of proximate n-dimensional loop [k '],, defined
by the inverse proximate U-loop k;, Lat x.

Therefore, prox m, (X, z¢) is a group. We will show that the commutative law for
the group prox m, (X, z¢) is valid for all n > 2.

We should show that if there are two homotopy classes of proximate n-dimensional
loops [k]., and [[],, at xq, then

(4'1) [k]xo * m»’to = mmo * [k]wO'
Since for the left side of the equality (4.1) is true
(4.2) [Elag * Uy = [k * Ua,

and for the right side of (4.1) is true
(4.3) [z * [Elag = [L Ela,
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in order to show that the equality (4.1) is true is enough to show [k * l],, = [l * k].,,
i.e., that the proximate n-dimensional loops k *x [ and [ x k at xy are homotopic over a
covering. It means that we should show that k;; * lu;;lu * kyg (rel 01™) for all coverings
U e Cov X.

Let ky; and [;; be n-dimensional U-loops at xq for all coverings U € Cov X.

We define functions F, G, H : I" x [ — X such that F (t,1) = G (¢£,0), G (t,1) =
H (t,0) and F (01" x I) =G (01" x I) = H (01" x I) = {x¢}.

Then we will show that the function K : I™ x I — X defined by

1

F(t,s), 0<s<—,

LY

K(t,s)=4 G(t,3s—1), §§ §§
2

H(t,3s —2), ggsgl,

is a homotopy relatively endpoints that connects n-dimensional U-loops ky; * l;; and
lu * k’u at Zg.
We define a function F : I" x I — X by

%, 1 92—

k ( t,...,tn_,2tn>, 0<t, <=, 0<t< ,

u 22_ 2 1 1_ g Vshs—

= t -

F(z,8> lu <187t27 >tn7172tn - 1) ) 5 St 1 ; S tl S 17

o, otherwise.

The function is well defined since for ¢; = % is ky (1,ta, ..., ty_1,2t,) = ¢ for
ty =5 is Iy (0,22, ..., ty—1,2t, — 1) = 20 and for ¢, = % is

2t1 1 2751-8 1
k Jto, oo tho1,2- =) = =k Jto, oo 1,2 = —1).
u(2_ 2, ) 1 2) Zo u<2 S 2 1 B )

By the definition of the function for all t € I"™ is F' (t,0) = (ky * ly) (t).
We define a function G : I" x I — X by

1 1
ku(2t17t27"'7tn7172tn_S>7 ;Stngsg O<tl<§
= 1— 2—5s 1
GL8) =3 1y (2 = 1otay. b1, 200 —1+5), 23§%§ 28A§§t 1,
Zo, otherwise.

The function is well defined since for t; = % is
]{?u (1,t2,...7tn_172tn - S) =Ty = lu (07t2,...,tn_1,2tn —1 —|—8),

for tn = % is k’u (tl,tg, Ce ,tn_l, 0) = X, for tn = S+1 is k’u (tl,tg, c. ,tn_l, 1) = T and
analogues for all other points from the edge.
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We define a function H : I" x I — X by

2tq 1 1+s
k ,t,...,tn,2tn—1), — <1,0<t ,
“(21t+312 ! 2 = i =
H(t 3): < 1 — +S ) — S
L b (2= b 1, 2tn), 0<t, < -, <t <1
U 1+ s 5 U2y s 1 5 1
xo, otherwise,

The function is well defined since for ¢,, = % is

2t 2t — 1+ s
k ( t,...,tn,0>: .y (ttl)
U 11 2 1 Zo u 1+ s 2 1

for t; = ﬂ is ky (1,69, .., th_1,2t, — 1) = xq, and for ¢; = % is
lu (O,tg, cee 7tn—17 2tn> = Xy.

By the definition of the function, for all t € 1™ is H (¢,1) = (Iyy * ky) (£)-

By the definitions of the functions F, G, H and [4, Theorem 2.2], the function
K is st"™* ()-continuous on 91" for all i = 0,...,n + 1, i.e., it is a homotopy
relatively endpoints that connects the proximate n-dimensional U-loops ky, * l;; and
ly % kyy at xq for all coverings U € Cov X, as required.

Therefore, the set prox m, (X, zg) with the operation * is a commutative group for
all n > 2. OJ

5. INDUCED FUNCTION

Let X and Y be paracompact topological spaces, and f = {fyv |V € CovY'} be a
pointed proximate net from (X, xy) to (Y, yo).

Definition 5.1. An induced function f,.. : prox m, (X, zo) — proxm, (Y, yo) asso-
ciated to a pointed proximate net f is defined as follows.

Let [k]., € proxm, (X, zo), where k = {ky | U € Cov X} be a proximate n-dimen-
sional loop at xo. Then p = fok = {py = fyoky |V € CovY} is a proximate
n-dimensional loop at yo and

fprom([@wo) = [B]y(r

We will show that this function is well defined.

Let £ and k' be proximate n-dimensional loops at z from the same homotopy
class of proximate loop [E]IO So there exists a homotopy K between the proximate
n-dimensional loops k° and k. Then the proximate n-dimensional loops f o k° and
f o k! are homotopic by a homotopy f o K. Therefore, the induced function f.o, is
well defined.

Theorem 5.1. Let X and Y be paracompact topological spaces, f ={fy |V € CovY}
is a pointed prozimate net from (X, z0) to (Y,yo). Then the induced function fprow
prox 1 (X, xg) — proxm (Y, f (zo)) is homomorphism.
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Proof. Let [k]z,, [}z, € proxm, (X, zo). We should show that
Forox (Kl * Way) = Forox (KL, ) * Forox (L) -

Because

Fovos ([K]y * [U,y) = Forox ([ ) = Forox | (e * l)yrecon x
= [(fv (ko lu))VECon]

Zo

Yo

and

Foron (K]y) * Forox (IW2y) = [(v 0 Bedhyecony], * [(F¥ 0 bidvecony]
= [((fv o k) * (fy o l)yecory]

Yo

yo
we should show that

(o (Bt % 1)) ecory | = [((F 0 k) (Fy 0 ) Jyecory ]

Yo Yo

The equality follows since

1
oky)(2t), 0<t< -,
((fvoku)* (fvolu)) (t) = oot 21 1 2
(fvoly) (2t —1), g St=1,
e, ose<s
fo a2 =1)), 5 <t<1,
i ((hu + ) (1), =

Since the proximate n-dimensional loop is a pointed proximate net, by Theorem
3.2, the following theorem is valid.

Theorem 5.2. Let f = {fv |V € CovY} be a pointed proximate net from (X, xq) to
(Y,y0) and g = {gw | W € Cov Z}is a pointed prozimate net from (Y, yo) to (Z, z).
For any [k], € proxm, (X, xo) is true that

(g01),.. (Fleo) = Gorox (fyror ([Klan))
Theorem 5.3. Let f ={fy |V € CovY} and f' ={f, |V € CovY} be two pointed

prozimate nets from?X, xo) to (Y,vo). For any proximate n-dimensional loop k at xy
if f and f' are homotopic, then proximate n-dimensional loop f ok and f' ok at y,

are homotopic.

Proof. The proof of this theorem is analogues to the proof of one dimensional case
given in [6]. O

By Theorem 5.1, 5.2 and 5.3, the following result is obtained.
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Theorem 5.4. Associating prox m, (X, x¢) to a pointed paracompact topological space
(X, x0) and associating to a prozimate net [f|,, the homomorphism

fproa} : prox ﬂ-n(Xa :EO) — prox 7.‘—n(}/? f (l’O))

we obtain a functor from category of pointed intrinsic shape to category of groups.

By this theorem is proved that the proximate group of higher order prox m, (X, o)
is an invariant of pointed intrinsic shape of a pointed paracompact space (X, z) and
if (X, x0) and (Y, o) have same pointed intrinsic shape, then their proximate groups
of higher order are isomorphic.
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