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SOLUTION AND STABILITY OF A CUBIC TYPE FUNCTIONAL
EQUATION: USING DIRECT AND FIXED POINT METHODS

V. GOVINDAN!, S. MURTHY?, AND M. SARAVANAN?

ABSTRACT. In this concept, we investigate the generalized Ulam-Hyers-Rassias
stability for the new type of cubic functional equation of the form
g (azy + bxy + 2cx3) + g (axy + bry — 2cx3) + 8 alg(x1) + 8 b2 g(x2)
=2g(ax1 + bxo) + 4 (9(azy + cx3) + glawy — cx3) + g(bxs + cx3) + g(bxe — cx3))

by using direct and fixed point alternative.

1. INTRODUCTION

Sometime in modeling applied problems there may be a degree of uncertainty in
the parameters used in the model or some measurements may be imprecise. Due to
such features, we are tempted to consider the study of the functional equation in the
alternative settings. One of the most interesting questions in the theory of functional
equations, concerning the famous Ulam [38] stability problem, is as follows: when is
it true that a mapping satisfying a functional equation approximately must be close
to exact solution of the given functional equation?

In 1940, S. M. Ulam [39] raised the following question. Under what conditions does
there exist an additive mapping near an approximately additive linear mappings? The
case of approximately additive function was solved by D. H. Hyers [15] under certain
assumptions. In 1978, a generalized version of the Theorem of Hyers for approximately
linear mappings was given by Th. M. Rassias [34]. A number of mathematicians were
attracted by the result of Th. M. Rassias. The stability concept that was introduced
and investigated by Rassias is called the Hyers-Ulam-Rassias stability. One of the
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most famous functional equation is the additive functional equation

flx+y) = fl@)+ f(y).

In 1821, it was first solved by A. L. Cauchy in the class of the continuous real valued
functions. It is often called an additive Cauchy functional equation in honor of A. L.
Cauchy [39]. The theory of additive functional equations in frequently applied to the
development of the theories of the other functional equations. Consider the functional
equation

flz+y)+ flz—y) =2f(x) + 2/ (y).
The quadratic function f(z) = cz? is a solution of this functional equation, so one
can usually say that the above functional equation is quadratic [3-6,20,21,27,30].
Recently, Bae, Lee and Park [32] established some stability results for the functional
equation

k(k*—1)

kf(z+ky) + f(kr —y) = T(f(wy) + flx—y)+ (k£1)f(y),

where k£ > 2 is a fixed integer, in the setting of non-Archimedean L-fuzzy normed
spaces.

The Hyers-Ulam stability problem of the quadratic functional equation was first
proved by F. Skof [37] for functions between a normed space and a Banach space.
After wards, the result was extended by P. W. Cholewa [11] and S. Czerwisk [12].

The cubic function g(z) = ca? satisfies the functional equation

(1.1) 9(2r +y) +g(2r —y) = 29(x +y) + 29(z — y) + 129(z).

Hence, throughout this concept, we promise that equation (1.1) is called a cubic
functional equation and every solution of equation (1.1) is said to be a cubic function.
The stability result of equation (1.1) was obtained by K. W. Jun and H. M. Kim [17].

In this concept, we present the general solution and generalized Ulam-Hyers-Rassias
stability of the new type of cubic functional equation of the form

(1.2) g(axy + bxy + 2cw3) + g (awy + brg — 2cx3) + 8a’g(xy) + 8b3g(xs)
=2g(azy + bx2) + 4 (g(az1 + cxs) + glazs — cxs) + g(bre + cx3)+
g(bzy — cx3)).
The main goal of this concept is to obtain the generalized Hyers-Ulam-Rassias stability
result for the functional equation (1.2) by using the direct and fixed point alternative
[7,13,18,19,22-26,29,33,35,36] in [1,2,8-10, 14, 16,28, 31].
For completeness, we will first investigate solution of the functional equation (1.2).

Proposition 1.1. Let X and Y be real vector spaces. A function g : X — Y satisfies
the functional equation (1.1) if and only if g : X — Y also satisfies the functional
equation (1.2).



SOLUTION AND STABILITY OF A CUBIC TYPE FUNCTIONAL EQUATION 9

Proof Substituting (x,y) by (0,0) in (1.1) yields g(0) = 0. Replacing (z,y) by (0, x)

n (1.1), gives g(—x) = —g(z) for all x € X, which implies that g is odd. Now,
replacing (x,y) by (z,0) in (1.1), we obtain g(2m) = 8¢(x), and replacing (z,y) by
(z,x) in (1.1), we get that g(3x) = 27g(x) for all x € X. Substituting (z,y) by
(ax,az + by) in (1.1), we have

g9(2azx + ax + by) + g(2ax — (ax + by)) =2g(ax + ax + by)
+ 2¢g(ax — (ax + by)) + 12¢g(azx),
g(3ax + by) + g(ax — by) =2g(2az + by) + 2g(—by) + 12¢g(ax),
(1.3) g(3ax + by) + glax — by) =2g(2ax + by) — 2g(by) + 12g(azx),
for all z,y € X. Replacing (z,y) by (az,ax — by) in (1.1), we get
9(2azx + ax — by) + g(2ax — (ax — by)) =2¢g(ax + ax — by)
+ 2¢g(ax — (ax — by)) + 12¢g(azx),
(1.4) 9(3azx — by) + g(ax + by) =2¢g(2ax — by) + 2g9(by) + 12g(ax),
for all z,y € X. Adding (1.3) and (1.4) and then using (1.1), we see that
9(3azx + by) + g(ax — by) + g(3azx — by) + g(azx + by)
=2g(2ax + by) — 29(by) + 12g(ax) + 2g(2ax — by) + 2g(by) + 12¢g(azx),
9(3azx + by) + g(3ax — by) + g(azx + by) + g(ax — by)
=2¢g(2ax + by) + 29(2ax — by) + 24¢(ax),
9(3azx + by) + g(3ax — by) + g(azx + by) + g(ax — by)
=2 (2g(ax + by) + 2¢(ax — by) + 12¢g(ax)) + 24g(az),
9(3azx + by) + g(3ax — by) + g(azx + by) + g(ax — by)
=4g(azx + by) + 4g(ax — by) + 24g(az) + 24¢(azx),
9(3azx + by) + g(3ax — by) + g(azx + by) + g(ax — by)
=4g(azx + by) + 4g(ax — by) + 48¢(ax),
(1.5) g(3ax + by) + g(3ax — by) = 3g(ax + by) + 3g(ax — by) + 48¢(ax),
for all x,y € X. Now, replacing (az, by) by (az + by, ax — by) in (1.5), respectively,
we have
9(3(ax + by) + (ax — by)) + g(3(ax + by) — (ax — by))
=3g((ax 4+ by) + (ax — by)) + 3g((ax + by) — (ax — by)) + 48¢g(ax + by),
g(3ax + 3by + ax — by) + g(3ax + 3by — ax + by)
=3¢(2azx) + 39(2by) + 48g(ax + by),
g(dax + 2by) + g(2ax + 4by) = 3¢g(2ax) + 3g(2by) + 48¢g(ax + by),
for all ,y € X, which, in view of the identity g(2x) = 8¢(z), reduces to

g(dazx + 2by) + g(2ax + 4by)



10 V. GOVINDAN, S. MURTHY, AND M. SARAVANAN

=3 (8g(ax)) + 3 (89(by)) + 48g(ax + by),
8¢g(2ax + by) + 8¢g(ax + 2by) = 24g(ax) + 24g(by) + 48¢g(ax + by),
and dividing by 8, we get
(1.6) 9(2azx + by) + g(ax + 2by) = 3g(ax) + 3g(by) + 6g(az + by),
for all x,y € X. Now, replacing (ax, by) by (azx + 3by, ax — 3by) in (1.6), we arrive to
9(2(az + 3by) + (ax — 3by)) + g (ax + 3by + 2(az — 3by))
=3g(ax + 3by) + 3g(azx — 3by) + 6g(ax + 3by + ax — 3by),
9(2az + 6by + ax — 3by) + g (ax + 3by + 2ax — 6by)
=3g(ax + 3by) + 3g(ax — 3by) + 6g(2azx),
g (3azx + 3by) + g (3ax — 3by) = 3g(azx + 3by) + 3g(ax — 3by) + (6 x 8)g(ax),
27g (ax + by) + 27g (ax — by) = 3g(azx + 3by) + 3g(ax — 3by) + 48¢(ax),
(1.7) 9g (ax + by) + 9¢ (ax — by) = g(ax + 3by) + g(ax — 3by) + 16g(azx),
for all x,y € X. Let us interchange az in by and by in ax in (1.7) to get the identities
9g (ax + by) + 99 (by — ax) = g(3ax + by) + g(by — 3ax) + 16g(by),

(1.8) 9¢ (ax + by) — 9¢g (ax — by) = g(3ax + by) — g(3ax — by) + 169(by),
for all ,y € X. Then, by adding (1.7) and (1.8), we get
(1.9) 99 (azx + by) + 9g (ax — by) + 9g (ax + by) — 9g (ax — by) v

=g(ax + 3by)zx + g(ax — 3by) + 16g(ax)
+ g(3azx + by) — g(3ax — by) + 16g(by),
18¢g(ax + by) =g(ax + 3by) + g(ax — 3by) + g(3ax + by)
(1.10) — g(3az — by) + 16g(ax) + 16g(by),
for all z,y € X. Now, we interchange ax with by and by with az in (1.5), respectively
we get
g (3by + ax) + g (3by — ax) = 3g(by + ax) + 3g(by — ax) + 48¢(by),
(1.11) g (azx + 3by) — g (ax — 3by) = 3g(ax + by) — 3g(ax — by) + 48¢(by),
for all z,y € X. Hence, according to (1.5) and (1.11), we obtain
g (3ax + by) + g (3ax — by) = 3g(ax + by) + 3g(ax — by) + 48g(ax),
g (azx + 3by) — g (ax — 3by) = 3g(ax + by) — 3g(azx — by) + 48¢g(by).
Adding the above equations we get

g (3azx + by) + g (3ax — by) + g (ax + 3by) — g (ax — 3by)
=6g(ax + by) + 48¢g(ax) + 48¢(by),
6g(azx + by) =g(3ax + by) + g(3ax — by) + g(azx + 3by) — g(ax — 3by)
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(1.12) — 48¢(ax) — 48¢(by),
for all z,y € X. Again by adding (1.10) and (1.12), we get
18¢(ax + by) =g(ax + 3by) + g(ax — 3by) + g(3ax + by)
— 9(3az — by) — 16g(azx) — 16g(by),
6g(ax + by) =g(3ax + by) + g(3ax — by) + g(ax + 3by)
— g(az — 3by) — 48g(ax) — 48g(by),
24g(ax + by) =2¢g(ax + 3by) + 29(3ax + by)
— 32g(az) — 329(by),
12g(ax + by) =g(ax + 3by) + g(3ax + by) — 16g(azx) — 16g(by),
(1.13) g(ax + 3by) + g(3ax + by) =12g(az + by) + 16g(ax) + 16g(by),
for all x,y € X. Taking (1.5), we have
g(Bax + by) + g(3ax — by) = 3g(ax + by) + 3g(ax — by) + 48¢g(ax),
g(3ax + cz) + g(3ax — cz) = 3g(ax + cz) + 3g(ax — cz) + 48¢(ax),
g(3by + cz) + g(3by — cz) = 3g(by + cz) + 3g(by — cz) + 48¢9(by),
9(3azx + cz) + g(3ax — cz) + g(3by + cz) + g(3by — c2)
=3g(ax + cz) + 3g(ax — cz) + 48g(ax)
+ 3g(by + ¢z) + 3g9(by — cz) + 48g(by),
16g(3ax + cz) + 16g(3ax — cz) + 16g(3by + cz) + 16g(3by — cz)
(1.14) =48¢g(ax + cz) + 48g(ax — cz) + 48¢g(by + cz)
+ 48¢(by — cz) + 768¢g(ax) + 768¢(by),
for all z,y € X. Also, replacing (ax,by) by (3ax + cz,3by + cz) in (1.13), respectively
we get
glax + 3by) + g(3ax + by) = 12g(ax + by) + 16g(ax) + 169(by),
9(3azx + cz + 3(3by + cz)) + g(3(3ax + cz) + 3by + c2)
=12¢(3ax + cz + 3by + cz) + 16g(3ax + cz) + g(3by + cz),
9(3azx + cz + by + 3cz) + g(9ax + 3cz + 3by + c2)
=12¢(3ax + cz + 3by + cz) + 16g(3az + cz) + 16g(3by + cz),
g(3ax + 4cz + 9by) + g(9ax + 4cz + 3by)
(1.15) =12¢9(3ax 4 2cz + 3by) + 16g(3ax + cz) + 16¢(3by + cz),
for all z,y € X. Replacing (ax,by) by (3ax — cz,3by — cz) in (1.13) we obtain
glax + 3by) + g(3azx + by) = 12g(ax + by) + 16g(ax) + 16g(by),
9(3ax — cz + 3(3by — c2)) + 9(3(3ax — cz) + 3by — c2)
=12¢(3ax — cz + 3by — cz) 4+ 16g(3ax — cz) + g(3by — cz),
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9(3ax — cz + 9by — 3cz) + g(9ax — 3¢z + 3by — c2)
=12¢(3ax — cz + 3by — cz) + 16¢(3ax — cz) + 169(3by — cz),
9(3ax — 4cz + 9by) + g(9ax — 4cz + 3by)
(1.16) =12¢(3ax — 2cz + 3by) + 169(3ax — cz) + 169(3by — cz),
for all z,y € X. Using (1.15) and (1.16), we get the following identities
g(3az + 4cz + 9by) + g(9ax + 4cz + 3by) + g(3ax — 4ez + 9by)
+ g(9ax — 4cz + 3by)
=12¢(3ax + 2cz + 3by) + 16g(3ax + cz) + 16¢(3by + c2)
+ 12¢g(3ax — 2¢z + 3by) + 16g(3ax — cz) 4+ 16¢(3by — cz),
9(3ax + 4cz + 9by) + g(9ax + 4ez + 3by) + g(3ax — 4ez + 9by)
+ g(9ax — 4cz + 3by) — 12¢g(3ax + 2¢z + 3by) — 12¢g(3ax — 2¢z + 3by)
(1.17)  =16g(3ax + cz) + 169(3by + cz) + 16g(3ax — cz) + 169(3by — cz),
for all z,y € X. Using (1.5) we obtain
g(3ax + by) + g(3azx — by) = 3¢g(ax + by) + 3g(ax — by) + 48¢(ax),
g(3(ax + 3by) + 4cz) + g(3(azx + 3by) — 4cz)
=3g(ax + 3by + 4cz) + 3g(azx + 3by — 4cz) + 48g(ax + 3by),
g(3azx + 9by + 4cz) + g(3ax + by — 4cz)
(1.18) =3¢(ax + 3by + 4cz) + 3g(ax + 3by — 4cz) + 48¢g(ax + 3by),
for all z,y € X. Again using (1.5) it follows that
g(3ax + by) + g(3azx — by),
=3¢g(az + by) + 3g(ax — by) + 48¢(ax),
9(3(3ax + by) + 4cz) + g(3(3ax + by) — 4cz)
=3¢(3ax + by + 4cz) + 3¢(3ax + by — 4cz) + 48¢(3ax + by),
g(9az + 3by + 4cz) + g(9ax + 3by — 4cz)
(1.19) =3¢(3ax + by + 4cz) + 39(3ax + by — 4cz) + 48¢(3ax + by),
for all z,y € X. Adding (1.18) and (1.19), we obtain
g(3ax + 9by + 4cz) + g(3ax + by — 4cz) + g(9ax + 3by + 4cz)
+ g(9ax + 3by — 4cz) = 3g(ax + 3by + 4cz) + 3g(ax + 3by — 4cz)
+ 48¢g(ax + 3by) + 3g9(3ax + by + 4cz)
(1.20) + 3g(3ax + by — 4cz) + 48¢(3ax + by),
for all x,y € X. Then applying (1.20) in (1.17), we get
169(3ax + cz) + 16¢(3by + cz) + 16g(3ax — cz) + 16g(3by — cz)
=3g(ax + 3by + 4cz) + 3g(ax + 3by — 4cz) + 48g(ax + 3by)



SOLUTION AND STABILITY OF A CUBIC TYPE FUNCTIONAL EQUATION 13

+ 39(3azx + by + 4cz) + 3g(3ax + by — 4cz)
(1.21) — 12¢(3az + 3by + 2cz) — 12¢(3ax + 3by — 2¢z) + 48¢(3ax + by),
for all z,y € X. From (1.5), we obtain
g(3azx + by) + g(3ax — by) = 3g(ax + by) + 3g(ax — by) + 48¢(ax),
g(3(ax + by) + 2¢z) + g(3(ax + by) — 2¢z) = 3g(azx + by + 2cz)
+ 3g(ax + by — 2cz) + 48¢g(ax + by),
g(3az + 3by + 2¢z) + g(3ax + 3by — 2¢z2)
(1.22) =3¢g(ax + by + 2cz) + 3¢g(ax + by — 2¢z) + 48¢(ax + by),
for all z,y,z € X. Using (1.22) in (1.21), we get
169(3ax + cz) + 16¢(3by + cz) + 16g(3ax — cz) + 16g(3by + cz)
=3¢g(az + 3by + 4cz) + 3g(ax + 3by — 4cz) + 48¢g(ax + 3by)
+ 39(3ax + by + 4cz) + 3g9(3ax + by — 4cz) + 48g(3ax + by)
— 36g(az + by + 2cz) — 36g(ax + by — 2cz) — 576g(ax + by),
16g(3azx + cz) + 16g(3by + cz) + 16g(3ax — cz) + 16g(3by + c2)
=3g(ax + 3by + 4cz) + 3g(azx + 3by — 4cz) + 48g(ax + 3by)
+ 3¢(3ax + by + 4cz) + 3g9(3ax + by — 4cz)
+ 48 g(3ax + by) — 36g(ax + by + 2cz) — 36¢g(ax + by — 2¢z) — 576g(ax + by),
for all z,y,z € X, which, by modifying of (1.14), yields to the relation
3g(ax + 3by + 4cz) + 3g(ax + 3by — 4cz) + 48¢g(ax + 3by)
+ 3g9(3ax + by + 4cz) 4+ 3g9(3ax + by — 4cz) + 48¢(3ax + by)
— 36g(ax + by + 2c¢z) — 36g(ax + by — 2cz) — 576g(ax + by)
=48¢(ax + cz) + 48¢(ax — cz) + 768¢(ax) + 48¢(by + c2)
+ 48¢(by — cz) + 768¢(by).
Then we obtain
3g(ax + 3by + 4cz) + 3g(ax + 3by — 4cz) + 48¢g(ax + 3by)
+ 3g(3ax + by + 4cz) + 39(3ax + by — 4cz) + 48g(3ax + by)
=36g(ax + by + 2¢z) + 36g(ax + by — 2¢z) + 576g(ax + by) + 48g(ax + cz)
(1.23) 4+ 48¢g(ax — cz) + 768g(ax) + 48¢(by + cz) + 48¢(by — cz) + T68g(by),

for all z,y, z € X. With the concept of (1.13) and (1.5), the left side of (1.14) can be
written in the form

g(3ax + by) + g(3ax — by) = 3g(ax + by) + 3g(ax — by) + 48¢(ax),
9(3(3az + by) + 2¢z) + g(3(3ax + by) — 2¢z)
=3¢(3ax + by + 2¢z) + 3¢g(3azx + by — 2cz) + 48¢(3ax + by),
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g(9ax + 3by + 2cz) + g(9ax + 3by — 2¢z) = 3¢g(3ax + by + 2¢z)
(1.24) + 3g(3ax + by — 2¢z) + 48¢(3ax + by),
g(3(azx + 3by) + 2¢z) + g(3(azx + 3by) — 2¢z)
=3g(ax + 3by + 2cz) + 3g(ax + 3by — 2¢z) + 48g(ax + 3by),
g(3ax + 9by + 2¢z) + g(3ax + by — 2¢z) = 3g(ax + 3by + 2cz)
(1.25) + 3g(ax + 3by — 2¢z) + 48g(ax + 3by).
Adding (1.24) and (1.25), we get
g(3ax + 9by + 2¢z) + g(3ax + by — 2¢z) + g(9ax + 3by + 2cz)
+ g(9az + 3by — 2cz) = 3g(ax + 3by + 2cz) + 3g(azx + 3by — 2cz)
+ 48¢(ax 4 3by) + 3¢9(3ax + by + 2cz)
+ 3g9(3ax + by — 2¢z) + 48¢(3ax + by),
g(3ax + 9by + 2¢z) + g(3ax + by — 2¢z) + g(9ax + 3by + 2cz)
+ g(9az + 3by — 2cz) — 48¢(3ax + by) — 48¢g(ax + 3by)
=3¢9(3azx + by + 2cz) + 3g(ax + 3by — 2¢z) + 3g(ax + 3by + 2cz)
+ 3g(ax + 3by — 2cz),
9(3az + 9by + 2cz) + g(3ax + by — 2cz) + g(9ax + 3by + 2¢z)
+ g(9ax + 3by — 2¢2) — 12¢g(3ax + 3by) — 12¢g(3ax + 3by)
=3g(ax + 3by + 2cz) + 3g(ax + 3by — 2¢z)
(1.26) + 3g(azx + 3by + 2¢z) + 3g(azx + 3by — 2c¢z),
for all z,y,2z € X. Using (1.26), we get the identity
169(3ax + cz) + 16¢(3by + cz) + 16g(3ax — cz) + 16g(3by — cz)
=3g(ax + 3by + 2cz) + 3g(az + 3by — 2cz) + 48¢(ax + 3by)
(1.27) + 39(3ax + by + 2cz) — 648g(ax + by) + 48¢g(3ax + by),
for all x,y,z € X. Replacing z by 2z in (1.27) and then using (1.23), we get
16g(3ax + 2¢z) + 169(3by + 2¢z) + 16g(3ax — 2¢z) + 169(3by — 2¢2)
=3g(ax + 3by + 4cz) + 3g(ax + 3by — 4cz) + 48¢(ax + 3by)
+ 39(3azx + by + 4cz) + 3g9(3ax + by — 4cz)
(1.28) — 648¢(ax + by) + 48¢(3ax + by),
for all 2,y € X. Using (1.28) in (1.23), we obtain
16g(3ax + 2cz) + 16g(3by + 2¢z) + 16g(3ax — 2¢z) + 16g(3by — 2¢2)
=48¢(ax + cz) + 48¢(ax — cz) + 768¢g(ax) + 48g(by + c2)
+ 48¢g(by — cz) + 768¢(by) + 36g(ax + by + 2¢z)
(1.29) + 36g(ax + by — 2¢z) + 576g(ax + by) — 648¢g(ax + by),
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for all z,y,z € X. Again making use of (1.13) and (1.5), we get
16g(3ax + 2¢z) + 169(3by + 2¢z) + 16g(3ax — 2¢z) + 16g(3by — 2¢2)
=g(12az + 4cz) + g(12ax — 4cz) — 12g(6ax) + g(12by + 4cz)
+ g(12by — 4cz) — 129(6by)
=64g(3az + cz) + 64g(3ax — cz) — 2592¢g(ax) + 649(3by + cz)
+ 64¢g(3by — cz) — 2592¢g(by)
=64(g(3ax + cz) + g(3ax — cz) + g(3by + cz) + g(3by — cz))
— 2592¢(ax) — 2592¢(by)
=64(3g(ax + cz) + 3g(ax — cz) + 48g(ax) + 39(by + cz) + 3g(by — cz)
(1.30) + 48¢(by)) — 2592g(ax) — 2592¢(by),
for all z,y,z € X. Using (1.30) we have the following reduction
16g(3ax + 2cz) + 16¢(3by + 2¢z) + 169(3ax — 2cz) + 16g(3by — 2¢z)
=192¢(ax + ¢2)192¢g(ax — cz) — 480g(ax)
(1.31) +192¢g(by + cz) + 192¢g(by — cz) — 480¢g(by),
for all z,y,z € X. Finally, if we compare (1.31) with (1.29), we can conclude that
48¢g(ax + cz) + 48g(by + cz) + 48g(ax — cz) + 48¢(by — cz) + 768g(ax) + 768¢(by)
+ 36g(az + by + 2¢z) + 36g(ax + by — 2¢z) + 5769 (ax + by) — 648¢g(ax + by)
=192¢g(az + cz) + 192g(ax — cz) — 480g(ax) + 192g(by + cz) + 192¢g(by — c=z)
— 480g(by),
36g(ax + by + 2¢z) 4+ 36g(ax + by — 2¢z) = 192g(ax + cz) — 48¢g(ax + c2)
+192¢g(azx — cz) — 48¢(ax — cz) + 480¢g(ax) — 768¢g(ax) — 192¢(by + cz)
— 48¢(by + cz) + 1929(by — cz) — 48g(by — cz) + 480g(by) — 768¢(by)
+ 72¢g(az + by),
36g(ax + by + 2cz) + 36g(ax + by — 2cz) = 144g(ax + cz) + 144g(ax — cz)
+ 144¢9(by + cz) + 144¢9(by — cz) + 72g(ax + by) — 288¢g(ax) — 288¢(by),
glax + by + 2cz) + g(ax + by — 2¢z) = 2g(ax + by) + 4g(ax + cz)
+4g(ax — cz) + 4g(by + cz) + 4g(by — cz) — 8g(ax) — 8g(by),
for all z,y,z € X. By considering g(ax) = a®g(x), we get
glax + by + 2cz) + g(az + by — 2cz) = 2g(ax + by)
+4(g(ax + cz) + glax — c2) + g(by + c2) + g(by — cz)) — 8a’g(x) — 8b°g(y),

for all x,y,z € X, which implies that g is cubic. Conversely, suppose that g : X — Y
satisfies the functional equation (1.1). Putting x =y = z = 0 in (1.2) we get ¢g(0) = 0.

—r T XC

Changing (z,y, z) by (7, 7 7) in the result we get g(—z) = —g(z), which implies
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that g is odd. Replacing y = 0 in (1.2) and employing the fact that ¢ is odd, we
obtain that

glax + 2¢z) + g(ax — 2¢z) = 2g(ax) + 4g(ax + cz) + g(ax — cz)
+4g(cz) + 4g(—cz) — 8a’g(x),
glax + cz) + glax — 2¢2) = —6a’g(x) + 4g(azx + cz) + 4g(ax — cz),
(1.32) glax + 2¢2) + g(ax — 2cz) = —6a*g(x) + 4g(ax + c2) + 4g(ar — cz),
for all z,y,z € X. Replacing (z,y, z) by (z,0,0) in (1.6), we get
glaz) = a’g(x),

g(az) + g(az) = (ax) + 4g(ax) + 4g(ax) — 8a’g(x),
2g(ax) = 10g(azx) — 8a’g(x),
2g(ax) —10g(ax) = —8a’g(x),
—8g(ax) = —8a’g(x),
glaz) = a’g(x).

So we replace « by 2z in (1.32) and we get
g(2ax + 2cz) + g(2ax — 2cz) = —6a’g(2x) + 4g(2ax + cz) + 4g(2ax — cz),
8g(ax + cz) + 8g(ar — cz) = —48a’g(x) + 4g9(2ax + cz) + 4g(2ax — cz),
2g(ax + cz) + 2g(ax — cz) = —12a°g(x) + g(2az + cz) + g(2ax — cz),
g(2ax + cz) + g(2ax — cz) = 12a°g(x) + 2g(azx + cz) + 2g(ax — cz),

and
92z +y) + 92z —y) = 129(x) + 29(z + y) + 29(x — y),
for all x,y, z € X, which implies that ¢ is cubic. This completes the proof. 0

In this section, we present the generalized Hyers-Ulam-Rassias stability of the
function (1.6).

Theorem 1.1. Let j € {—1,1} and a : X3 — [0,00) be a function such that
© o (aij,akjy,aka)

3k

k=0
converges in R and
e (aij, akjy,aka>
(1.33) kz_% i —0,
forallxz,y € X. Let g: X — 'Y be an odd function satisfying the inequality

(1.34) |Dg(x,y, 2)|| < a(z,y,2),
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for all x,y,z € X. Then there exists a unique cubic mapping C : X — Y which
satisfies the functional equation (1.6) and

« (aij,0,0>

Y

(1.35) I1F@) -l < 5 3

_i=J
-2

for all x € X. The mapping C(z) is defined by

C(z) = lim M

n—oo  g3ki

forallx € X.

Proof. Assume that j = 1. Replacing (z,y, 2) by (z,0,0) in (1.34), we get
(1.36) H8g(ax) - 8a3g(x)H < a(z,0,0),

for all z € X. From (1.36) it follows that

g(aaf) —g(z)| < %O‘@’O’O)’

as | i

for all x € X. Replacing = by az in (1.37) and dividing by a*, we obtain

Hgméax))_g(ax) <1 o(az,0,0),

6 @ || = 8ab
g(a*z)  g(ax) 1
(1.38) H & o < 5 aﬁa(ax,0,0),

for all x € X. From the identity (1.37) and (1.38), it follows that

2 1 1
Hg(ZGm) — g(x)H < —af(x,0,0) + @a(ax, 0,0)

1 1
< o {oz(x, 0,0) + ga(a:r:, 0, 0)}
11 (a(d*z,0,0)
< ? )
<L)
g(a™x) 1 = (a(dbr,0,0)

akx
for all z € X. We prove the convergence of the sequence {g(agk >} for all z € X.
Replacing z by a™z and dividing by a™ in (1.39), we obtain

1 "2 (a(a™™mz,0,0)
< &“?’kz_:o{ a3(m+n) ’

glaz) gl ma)
ad3m a3(m+n)
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for all x € X. Hence, the sequence {%} is a Cauchy sequence. Since Y is complete

normed space, there exists a mapping C': X — Y such that

C(z) = lim M

n—oo a3kj ’

for all x € X. Letting k — oo in (1.39), we see that (1.34) holds for x € X. To prove
that C satisfies (1.6), we replace (z,y, z) by (a"z,a™y,a"z) and divide (1.34) by a®",
which gives that

1 1
| Dy (a"z,a"y,a"z)|| < —— a(a"z,a"y,a"z),

a?m a3”

for all z,y,z € X. As n approaches to oo in the above inequality and using the
definition of C'(z), we have DC(x,y, z) = 0. Hence, C satisfies (1.6) for all z,y, z € X.

We will show that C' is unique. Let B(z) be another cubic mapping satisfying (1.6)
and (1.35), such that

1C(z) = B(z)|| = algn le(a"z) = B(a"z)]|

< 5 1C("e) — g(a"n) | + lg(a"e) ~ Ba"0)]}
1 & a(a™™x,0,0,)

< 8 a3n l;) a3(m+n)

— 0 asn— oo,

for all x € X. Hence, C' is unique. Now, replacing z by ¥ in (1.34), we get

HSg(ax) — 8a?’g(a:)H <a (2, 0,0) ,

lg(az) = *g(a) | < ;oz (Z 0, 0) ,

for all x € X. The remaining part of the proof of this theorem for ;7 = 1 with replacing
x by % in (1.37) is similar. Also, we can prove the theorem for j = —1 in the same
manner. This completes the proof of the theorem. 0

Corollary 1.1. Let A\ and q be a non-negative real numbers. Let an odd function
g : X =Y satisfying the inequality

A,

1Dg(x,y, 2)Il < A=l + [lyll* + [12[1}
3 3 3
M2 g1 1207 + el + 1yl + 12177
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for all x,y,z € X. Then there exists a unique cubic mapping C : X — Y such that

1 1
8 ad—1’
o)~ c@)l < 13-
g <08 TP
3
A [l
8 a3 — a4’
forallx € X.
Proof. Setting
A,

a(ryz) < AN {2l + gl + 112017
3 3 3
AN Iyl 120 + 12l + gl + [121%}
for all x € X and using a(z,y, z) in Theorem 1.1, we obtain desired result. O

In this section, we investigate the generalized Ulam-Hyers-Rassias stability of the
functional equation (1.6).

Theorem 1.2 (The Alternative of Fixed Point, [29]). Suppose that complete generali-
zed metric space (1,d) and a strictly contractive mapping T : T — T with Lipchitz
constant L are given. Then for each given x € T, either

d (T"x,T”+1:z:) = 00,
for all m > 0 or there exists a natural number ng such that
(a) d(Tmx, T"x) < 0o for alln > 0;
(b) the sequence {T"x} is convergent to a fixed point y* of T';
(c) y* is the unique fized point of T in the set
Y={yeY :dP" z,y) <oo};

(d) d(y*,y) < 127 d(y, Py) forally €Y.

Utilizing the above mentioned fixed point alternative, we now obtain our main
results, that is the generalized Hyers-Ulam-Rassias stability of the functional
equation (1.6).

From now on, let X be a real vector space and Y be a real Banach space. For given
mapping g : X — Y, we get

Dyg(z,y, z) =g(ax + by + 2cz) + g(ax + by — 2cz) — 2g(azx + by) — 4g(ax + cz)
—4g(ax — cz) — 4g(by + c2) — 4g(by — cz) + 8a’g(x) + 8b%g(y),
for all z,y,z € X. Let ¥ : X x X x X — [0,00) be a function such that

O (pha, plby, pbz
(1.40) lim ( - ) —
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for all z,y, 2z € X, where

Theorem 1.3. Suppose that function g : X — 'Y satisfies the functional inequality
(1.41) 1Dg(z,y, 2)|| < ¥(z,y,2),

for all x,y,z € X. If there exists L = L(i) such that function
1 T
v Bla) = 5 o (£,0,0)),
has the property
1
(1.42) Eﬁ(ﬂix) = LpB(x),

for all x € X, then there exists a unique cubic function ¢ : X — Y that satisfies the
functional equation (1.6) and

Ll—i

lg(z) = (@)l < p(x),

forallx € X.
Proof. Consider the set W = {p/P : X — (,p(0) = 0} and introduced generalized

metric on X
d(p,q) = inf {k € (0,00) : [[p(x) — q(z)| < kf(z),z € X}.

It is easy to see that (X, d) is complete. Define T': X — X by

1

Tp(x) = —p(pi),

i

for all x € X. Now, for p,q € X, we have
dp,q) <k, €W,

[lp(z) — q(@)|| < kB(z), zeW,

1 1 1
‘ Ep(/vbix> - EQ<N2'$) < —kB(piz),

[Tp(x) — Tq(x)| < L k B(z), €W,
d(Tp,Tq) < Lk, ze€W.

This implies that d(T'p, T'q) < Ld(p, q) for all p,q € X.That is, T is strictly contractive
mapping on X with Lipschitz constant L. From (1.36) it follows that

(1.43) H8g(ax) — 8a?’g(x)H < a(z,0,0),
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for all z € X. From (1.43) it follows that

‘ A | < ;aga(x,o,o%

a3
for all z € X. Using (1.42), for the case i = 0, this reduces to
glaz)| 1
o) - 290 < Zp(o),

for all z € X, that is
1
d(ga, Tga) < 1= L=L"<co.
Again replacing = by Z in (1.43), we get

ot =0 (3)] = 52 (5.09).

for all z € X. Using (1.42) for the case ¢ = 1, this reduces to

o) -y (2)] < 350,

for all x € X, that is d(ga, T'9,) < 1. This implies that d(g,, Tg9,) < 1= L° < 0co. In
the above case, we write d(g,,Tg,) < L'~*. Therefore, the first two conditions (a)
and (b) of the Alternative fixed point theorem holds for 7', and it follows that there
exists a fixed point C' of T"in X such that

v
(1.44) C(z) = kh_)nglo i for all x € X.

In order to prove that C': X — Y is cubic we replace (x,v, 2) by (ufx, pky, pkz) and
divide (1.41) by p2*. From that, using (1.40) and (1.44), we see that C satisfies (1.6)
for all z,y,z € X. Hence, C satisfies the functional equation (1.6).
By fixed point condition (2), C' is the unique fixed point of 7" in the set
Y ={g9.€ X :d(Tg,,C) < o0}.
Using the fixed point alternative result, C' is the unique function such that

ga(2) = C(@)[| <k 5(x),
for all z € X and k > 0. Finally, by (4), we obtain
1
< — Tg,).
d(9a, C) < 7— (94, T'9a)

That is, we have
Ll—z‘
1—-L

d(g., C) <

Hence, we conclude that

lo@) - Cla)]) < L

plx),
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for all x € X. This completes the proof of the theorem. O

Corollary 1.2. Let g: X — Y be a mapping and let t v and p be real numbers such
that
Vs

1Dg(z, y, 2)I| < <7 {ll=l” + lyll” + 11217},

3 3 3
{2l P =17 + (1% + )+ 1121%) }
forall x,y,z € X. Then there exist a unique cubic mapping C' : X — Y such that

vy 1

8 a3—;’

7 =]l

lite) =@ < 15 5 P

v )™

g'a3_a3q7 p%17
forallx € X.
Proof. Set

Vs

afz,y,2) = (v {llzl” + lyll” + 1207} :

3 3 3
Il Iyl 1212 + (l ] + gl + 120°7) )
for all z € X. Now,

o (pka, ply, plz)

pi*
s
uj-;’“’
el ot )
st kol el + (ol + ot + k=] )
0, k— oo,
—<¢0, k— o0,
0, k— oo.
That is, (1.40) holds. But we have §(z) = % a (%,0,0). Hence,
Y
1 T 8’
6(1:) =5 a( ’07(]) = 237ap ||x||p’
s Il
23 a3p
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Also,
0
3 _
1 8,{# » My ’ ﬁ(l‘),
i) =g Il =™ Ba),
' s I ‘H3p N?p_3 B(z).
g M
Hence, the inequality (1.42) holds.
Case (i). L=a"3,i =0,
L (@)™
_C < 7
lote) — Clol < iy < L
-3
< . A 1
- L8788 &-1
Case (ii). L = (a—13>71, i=1,
PR it
lofa) - Ol < 2wy < 0
L oy v 1
1—a® 8 =8 1—a?
Case (iii). L=a""3 p<3,i=0,
(=)
lof@) - @)l < 0 e
o el
S1—a g I
="y 1
Jofa) — Oy < 7T L

-3
Case (iv). L:(%)” p>3,i=1,L=a""p>3i=1,

lg(x) = C(z)]| <

@y [
—-C < A, P < . .
lg(x) =C@l < Z—5 g IlIF < =g ——3

Case (v). L=a**3 p<1,i=0,

1—3 ( 3p—3)1_0

——B(x) <

Y 3p
. ],

1 — a3 23g3

lg(z) = Cz)]| <

23
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a®? oy o | R A
lg(z) = Ol < T o ™ < T =
Case (vi). L=a*>% p>1,i=1,
Lo @
lgx) = C)ll < =hla) < oLl
Loy e ey 1
lg(z) — C(z)]| < 1= o8 5 g5 ]| < S o o _ b
Hence, the proof is completed. 0
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NEW STRONG DIFFERENTIAL SUBORDINATION AND
SUPERORDINATION OF MEROMORPHIC MULTIVALENT
QUASI-CONVEX FUNCTIONS

ABBAS KAREEM WANAS! AND ABDULRAHMAN H. MAJEED?

ABSTRACT. New strong differential subordination and superordination results are
obtained for meromorphic multivalent quasi-convex functions in the punctured unit
disk by investigating appropriate classes of admissible functions. Strong differential
sandwich results are also obtained.

1. INTRODUCTION AND PRELIMINARIES

Let 3, denote the class of all functions f of the form:

f(z)=2"P+ i arz® (peN=1{1,2,...}),

k=1-p

which are analytic in the punctured unit disk U* = {z € C: 0 < |z| < 1}.
A function f € ¥, is meromorphic multivalent starlike if f(z) # 0 and

—Re{zf/(z)} >0 (zeU).

f(z)
Similarly, f € 3, is meromorphic multivalent convex if f’(2) # 0 and
Zf”(Z)}
—Req1+ >0 (zeU").
S cH RO

Moreover, a function f € ¥, is called meromorphic multivalent quasi-convex func-
tion if there exists a meromorphic multivalent convex function g such that ¢'(z) # 0

Key words and phrases. Strong differential subordination, strong differential superordination,
meromorphic functions , quasi-convex functions, admissible functions.
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and
i /
—Re{W} >0 (zeU").
g'(z)
Let H(U) be the class of analytic functions in the open unit disk
U ={z¢€C:|z| <1}. For a positive integer n and a € C, let H [a, n]| be the subclass

of H(U) consisting of functions of the form:
f(Z) =a+ anzn + anJrlZnJrl + - )

with H = H[1, 1].

Let f and g be members of H(U). The function f is said to be subordinate to g, or
(equivalently) g is said to be superordinate to f, if there exists a Schwarz function w
which is analytic in U with w (0) = 0 and |w (z) | < 1(z € U) such that f(z) = g(w(z)).
In such a case, we write f < g or f(z) < g(z), z € U. Furthermore, if the function g
is univalent in U, then we have the following equivalent (see [5])

f(2) <g(z2) & f(0)=g(0)and f(U) C g(U).

Let G(z,¢) be analytic in U x U and let f(z) be analytic and univalent in U.
Then the function G(z,() is said to be strongly subordinate to f(z) or f(z) is said
to be strongly superordinate to G(z,(), written as G(z,¢) << f(z), if for ( € U =
{z € C: |z| <1}, G(z,() as a function of z is subordinate to f(z). We note that

G(z,¢) =< f(2) & G(0,¢) = £(0) and G(U x U) C f(U).

Definition 1.1. [6] Let ¢ : C> x U x U — C and let h be a univalent function in
U. If F is analytic in U and satisfies the following (second-order) strong differential
subordination:

(1.1) 6 (F(2),2F'(2), 2 F"(2); 2,C) <= h(2),

then F' is called a solution of the strong differential subordination (1.1). The univalent
function ¢ is called a dominant of the solutions of the strong differential subordination
or more simply a dominant if F(z) < ¢(z) for all F' satisfying (1.1). A dominant ¢
that satisfies §(z) < ¢(z) for all dominants ¢ of (1.1) is said to be the best dominant.

Definition 1.2. [7] Let ¢ : C3 x U x U — C and let h be analytic function in U.
If Fand ¢ (F(z),2F'(z),2*F"(2); 2,() are univalent in U for ( € U and satisfy the
following (second-order) strong differential superordination:

(1.2) h(z) <= ¢ (F(2), 2F'(2), 2 F"(2); 2,€)

then F' is called a solution of the strong differential superordination (1.2). An analytic
function ¢ is called a subordinant of the solutions of the strong differential superor-
dination or more simply a subordinant if ¢(z) < F(z) for all F' satisfying (1.2). A
univalent subordinant ¢ that satisfies ¢(z) < ¢(z) for all subordinants ¢ of (1.2) is said
to be the best subordinant.
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Definition 1.3. [6] Denote by @ the set consisting of all functions ¢ that are analytic
and injective on U\ E(q), where

Blg) = {¢ € 0U :lim () = oo

and are such that ¢/(§) # 0 for £ € OU\E(q).
Furthermore, let the subclass of @ for which ¢(0) = a be denoted by Q(a),

Q(0) = Qo, and Q(1) = Q1.
Definition 1.4. [9] Let Q be a set in C, ¢ € @, and n € N. The class of admissible

functions W, [€, q] consists of those functions 1 : C* x U x U — C that satisfy the
following admissibility condition: v (r, s,t; z, () ¢ €2, whenever

r—qle), s—ked(€) and Re{i—i—l}sze{g;/;g)Jrl},

zeU,£€dU\E(q), ¢ €U, and k > n.
We simply write ¥y [, q] = U [Q, ¢].

Definition 1.5. [8] Let 2 be a set in C and ¢ € H [a,n] with ¢/(z) # 0. The class of
admissible functions W! [, q] consists of those functions ¢ : C3 x U x U — C that
satisfy the following admissibility condition: ¢ (r,s,t; &, () € €2, whenever

B _2q(2) t 1 o 2q"(2)
r=gq(z), s= - and Re{8+1}§mR { 7(2) +1}’

2eU,£€dU,(eU,andm>n>1.
In particular, we write W/ [Q, q] = ¥/ [, ¢].

In our investigations, we will need the following lemmas.
Lemma 1.1. [9] Let ¢ € V,, [Q, q] with q(0) = a. If F € H|a,n| satisfies
Y (F(Z), 2F'(2), 22 F"(2); 2, C) €Q,
then F(z) < q(2).

Lemma 1.2. [8] Let v € W, [Q,q] with q(0) = a If F € Qa) and
U (F(2),2F'(2),2°F"(2); 2,¢) is univalent in U for € U, then

Q C { (F(2),2F(2), 2 F"(2);2,¢) : 2 € U, ¢ € U}
implies q(z) < F(z).

In recent years, several authors obtained many interesting results in strong differen-
tial subordination and superordination [1-4]. In this present investigation, by making
use of the strong differential subordination results and strong differential superordina-
tion results of Oros and Oros [8,9], we consider certain suitable classes of admissible
functions and investigate some strong differential subordination and superordination
properties of meromorphic multivalent quasi-convex functions.
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2. STRONG SUBORDINATION RESULTS

Definition 2.1. Let 2 be a set in C and ¢ € Q1NJ. The class of admissible functions
Pgc [, g] consists of those functions ¢ : C3 x U x U — C that satisfy the admissibility
condition: ¢(u, v, w;z, () ¢ ), whenever

v=a@, =" g 20 ma ref T re {08 ],
where z € U, ( € U, £ € OU\E(q), and k > 1.

Theorem 2.1. Let ¢ € Oy [Q, q]. If f € X, satisfies

(2.1)

{¢ <_(Z”f/(2))' 2(2f(2)"  29"(2) 22 (PF(2)" EAGANC )"
g() 7 (2f(2) gk (f(2) (22 f'(2))

x(l— ((pr( ))///) ZQg///( )+zg//( ) ( 2 ( )_1>;Z’C> :ZEU,CEU}CQ,

2 f'(2)) g(z)  gz) \ g(2)
then Y
EEIC
Proof. Let the analytic function F' in U be defined by
_ ()
(2.2) F(z) = O

After some calculation, we have
2F'(z) _ 2 (2Pf(2))" 29" (2)
F(z) (zrfi(2))  g(2)
Further computations show that
PF'(z)  2F'(2)  (2F(2)\_ [2(Pf(2)" z4"(2)
24 Fe) TRG) <F<z> ) ) [ (zpf () <z>]
a (Z”f’(Z))"'+Z(Z”f/(Z))' ( z (2P f(= ) 229" ( )
(22 f'(2)) (22 f'(2)) (27 f"(=
zg”(z) zg”(z) B
6 <gf<z> 1)‘

Define the transforms from C3 to C by

(2.3)

Let

29) g =l uing =6 (5 YT ),
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The proof will make use of Lemma 1.1. Using equations (2.2), (2.3) and (2.4), it
follows from (2.5) that

(26) W (F(2),2F'(2), 2’ F"(2); 2,¢)
_<b< (Pf'(2)) 2 ("f'(2))"  29"(2) 22(Pf(2)" | 2(f(2)"
g(z) 7 (f(2) g2) T (f(2)) (22 f'(2))
B Z(pr'(z))” 229///( ) zg”( ) ”(Z) .
: (1 (z2f'(2)) ) 9 96) ( g'(z) ) ’ ’C> '
Therefore, (2.1) becomes ¢ (F(z), 2F'(2), 22F"(2); 2,¢) € Q.
To complete the proof, we next show that the admissibility condition for ¢ €

D4 [, ] is equivalent to the admissibility condition for ¢ as given in Definition 1.4.
Note that

+

t w + v?
LA .
s v

Hence ¢ € V[, ¢]. By Lemma 1.1, F(z) < ¢(z) or equivalently
(=" f'(2))

- J(2)
We consider the special situation when 2 # C is a simply connected domain. In this

case 2 = h(U), for some conformal mapping h of U onto € and the class ®g [R(U), g] is
written as ®g [h, g]. The following result is an immediate consequence of Theorem 2.1.

Theorem 2.2. Let ¢ € Oy [h, q]. If f € X, salisfies

27) ¢ (_ (22f'(2)) = (pr/(z))/” B zg”(z)’ (zpf’(zi

=< q(2). O

,)l// + (pr/( ))//l

g(z) 7 (22f(2)) g(z) " (2f'(2) (2P f'(2))
(1 2(22f(2)"\  229"(2) | 29"(2) (29"(2) . s
<1 @W%W) /C) *gv><¢@ )")44“%
then
—<ZZ{(S)) =< q(z).

By taking ¢(u,v,w;z,{) = u +
following corollary.

ﬂuv+w 8,7 € C, in Theorem 2.2, we state the

Corollary 2.1. Let f,v € C and let h be convexr in U with h(0) = 1 and
Re{Bh(z) + v} > 0. If f € ¥, satisfies

2 Zp 1"
PR ey () -2 ()

7 g =B
()

g (2)

<= h(z),

then
< q(2).
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The next result is an extension of Theorem 2.1 to the case where the behavior of ¢
on QU is not known.

Corollary 2.2. Let Q € C and q be univalent in U with q(0) = 1. Let ¢ € Py [h, q,]
for some p € (0,1), where q,(z) = q(pz). If f € £, satisfies

¢<_(zpf’(2))' 2(2Pf(2))"  zg"(2) 2 (pr'(Z))"'+2(zpf’(2))/"

gz 7 ) gz () (27f(2))
y (1 B Z(zpf’(Z))") _29") | 29" (29”(2) B 1) ;Z’<> cq.

(2 f(2)) gz gk \ g
then /
(" f'(2))
22 2 g(2).
g'(2) )
Proof. Theorem 2.1 yields —%S))/ < q,(2). The result is now deduced from the fact
that g,(z) < q(2). O

Theorem 2.3. Let h and g be univalent in U with ¢(0) = 1 and set q,(2) = q(pz)
and hy(z) = h(pz). Let ¢ : C* x U x U — C satisfy one of the following conditions:

(1) ¢ € Oy [h, q,] for some p € (0,1);
(2) there exists po € (0,1) such that ¢ € Py [hy, q,] for all p € (po, 1).

If f € 3, satisfies (2.7), then

(=" f'(2))

——— < q(z).

g'(2) )

Proof. (1) By applying Theorem 2.1, we obtain —%S)), < q,(#), since g,(z) <
q(z), we deduce

(=" f'(2))

— 22 < q(2).

g'(z) )

(2) Let F(z) = — L8 and F,(2) = F(pz). Then

6 (Fp(2), 2F)(2), 22 F})(2); p, ) = ¢ (F(pz), 2F'(p2), 22 F"(p2); p2, ) € hy(U).
By using Theorem 2.1 and the comment associated with
6 (F(2),2F'(2), 22 F"(2);w(2),¢) € Q,

where w is any function mapping U into U, with w(z) = pz, we obtain F,(z) <
q,(z) for p € (po,1). By letting p — 17, we get F'(z) < ¢(z). Therefore,
(=2 f'(2))'
—— < q(2). O
g'(2) )

The next result gives the best dominant of the strong differential subordination (2.7).
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Theorem 2.4. Let h be univalent in U and ¢ : C* x U x U — C. Suppose that the
differential equation

(28) ’ (q<z>, () 2q'(2) | 2d(:) <zCJ’(2)) . g) _ h2)

q(z) "~ az)  qlz) q(2)

has a solution q with q(0) =1 and satisfies one of the following conditions:
(1) g € Q1 and ¢ € Py [h, q];
(2) q is univalent in U and ¢ € Py [h, q,] for some p € (0,1);
(3) q is univalent in U and there exists py € (0,1) such that ¢ € ®g¢ [h,,q,] for all
pE (:007 1)
If f € ¥, satisfies (2.7), then
(2" f'(2))
— T (2
9'(z) )
and q is the best dominant.

Proof. By applying Theorem 2.2 and Theorem 2.3, we deduce that ¢ is a dominant
of (2.7). Since g satisfies (2.8), it is also a solution of (2.7) and therefore ¢ will be
dominated by all dominants. Hence, ¢ is the best dominant of (2.7). U

In the particular case ¢(z) = 1+ Mz, M > 0 and in view of Definition 2.1, the
class of admissible functions @4 [2, g] denoted by P4 [2, M| can be expressed in the
following form.

Definition 2.2. Let Q2 be a set in C and M > 0. _The class of admissible function
g [Q, M] consists of those functions ¢ : C* x U x U — C such that

kM kM + Le KM \?
2.9 1+ Me" : S _ | 0
(2.9) ¢( T N e Mt <M+e—“’> ’Z’C)gz ’

whenever z € U, ( € U, § € R, Re {Le‘ie} > k(k—1)M, for all # and k > 1.
Corollary 2.3. Let ¢ € Ogc [, M]. If f € X, satisfies
. (_ F ) (2R ') 2EFE) @)
)l /

7 (PR gk @re) T ()

) (1 _z (z”f’<2))”> 2" |, ') (zg' () 1) . C) o

(27 f'(2)) 9'(z) g(z) \ ¢'(2)
then , /
CAL0) SR
9'(2)

When Q = ¢(U) = {w : |w— 1| < M}, the class ®q [Q2, M] is simply denoted by
®q¢ [M], then Corollary 2.3 takes the following form.
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Corollary 2.4. Let ¢ € Oy [M]. If f € £, satisfies
l¢( PR PR () 2 )
7 () )
)

?/// (pr,( ) "

0@ PR PR

) )
B (pr/( ) " 229///( ) zg”( ) ”(Z) . B
" (1 (7 772) ) B RrTE <gf<z> > ’C> <t
then
CILC) .
9'(z) ‘
Ezxample 2.1. If M > 0 and f € X, satisfies
2R (2 f(2) 29"(2) | (29"(2)
(1)) ( (f(2)) ) gz ( e ) =
then
I |y
9'(2) '

This implication follows from Corollary 2.4 by taking ¢(u,v,w;z,() = w —v + 1.
Ezample 2.2. If M > 0 and f € ¥, satisfies

p £/ " "
P (), N M
(27 f'(2)) g'(2) M+1
then Y
p
7(2 {(2» + 1| < M.
g'(z)
This implication follows from Corollary 2.3 by taking ¢(u,v,w;z,{) = v and Q =
h(U), where h(z) = MHZ M > 0. To apply Corollary 2.3, we need to show that

¢ € Dy [Q, M], that is the admissibility condition (2.9) is satisfied follows from
kM kM + Le™ ( kM )2 <) kM M

1+ Me® . . < 2
‘QS( + (& ’M—|—€77‘07 M_|_6719 M_‘_efzg M+1_M+1

for z€ U, (€U, €eR, and k > 1.

3. STRONG SUPERORDINATION RESULTS

In this section, we obtain strong differential superordination. For this purpose the
class of admissible functions given in the following definition will be required.

Definition 3.1. Let € be a set in C and ¢ € H. The class of admissible functions
Pl [, g] consists of those functions ¢ : C3 x U x U — C that satisfy the admissibility
condition: ¢(u,v,w;&, () € , whenever

== z v = Zq,(Z) z all € w_l—UQ l (S Zq”(Z)
wmal o= 020 ma re{ "< pe O,
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where z € U, ( € U, £ € OU, and m > 1.

Theorem 3.1. Let ¢ € @1 [Q,q]. If f € X, —(ng{é;)), € @1, and

¢<_<pr’(2))' 2(2f(2)"  29"(2) 2 (Pf(2)"
g(z) 7 () k=) (f(2)
2(2Pf)" [, 2@ 2P9"(R) | 2d"(2) (29"(2) .

) (1 (2 f'(= ))') 7 96 <9’(2) 1)’ ’C>

is univalent in U, then

(3.1)

C@Pf(2) 2 (P f(2)" 2g"(2) 2 (2Pf(2)"
"e {¢< g e G ’

(2 f(2)"
) )

~—

(125 ) - L (U 1)) s evice ]
implies
p a(2) < —<gf(()”

Proof. Let F defined by (2.2) and ¢ (F(z),2F'(2), 22F"(2); 2,() defined by (2.6).
Since ¢ € ¥4, [€2, ¢, from (2.6) and (3.1), we have

QcC {1/1 (F(z),zF’(z),zZF"(z);z,C) rze U Ce U}

From (2.5), we see that the admissibility condition for ¢ € ®/, [, ¢ is equivalent to
the admissibility condition for ¢ as given in Definition 1.5. Hence ¢ € ¥'[Q, q] and
by Lemma 1.2, ¢(z) < F(z) or equivalently

(2" f'(2))
g(z)
We consider the special situation when €2 # C is a simply connected domain. In this

case {2 = h(U), for some conformal mapping h of U onto € and the class @4, [h(U), g] is
written as ®/; [h, g]. The following result is an immediate consequence of Theorem 3.1.

q(z) < d

Theorem 3.2. Let ¢ € P [h,q], ¢ € H, and h be analytic in U. If f € X,
(pr )
€ @1,

¢( (2 f'(2)) Z(zpf’(Z))”_zg”(Z) 22 (22 f(2))"
7 (re) ¢G@) T (e

Corer : (1 - >>>>’N> - gg<(> SR <5<(>) - 1) ' C)
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is univalent in U, then

(3.2) / ., "
h(z) <=0 (— = QS)) , Z((;p]fi/(f))))/ - %) 22(;7}{;(5);
Rerine /<(Z>)>)’H (1 - >)>)’”> S ORaTo] <5<(>) ) 1) - g)
implies /
q(z) < —w-

By taking ¢(u,v,w;z,{) = u + ﬁuUTw B,y € C, in Theorem 3.2, we state the
following corollary.

Corollary 3.1. Let 5,7 € C and let h be convex in U with h(0) = 1. Suppose that

the differential equation q(z) + 54(2()J2v = h(z) has a univalent solution q that satisfies

q(0) =1 and q(z) < h(z). If f € %,, —(zp’,c(iz)) e HNQq, and

PR Grard () - )

7@ ge) Bl )

1s univalent in U, then

(1) Gy () —29"()

MO =Ty Y ) B
implies
(=)
() = g(z)

The next result gives the best subordinant of the strong differential superordination
(3.2).

Theorem 3.3. Let h be analytic in U and ¢ : C* x U x U — C. Suppose that the
differential equation

¢ (CI(Z), Zq,(z), 20(e) + 20(z) <Zq,<z>>2;z, C) = h(2)

q(z) * q(2) q(z) q(z)
has a solution q € Q1. If ¢ € P4 [h,q], f € X, e gf(z) € Qq, and

6 (_(pr’(z))’ 2" 2'(2) 2 (EL(R)"
7)) ¢G0T ()

Corer : (1 - >>>>’”> s <5<(>) - 1) ' 4)
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is univalent in U, then
CEPfR) 2 FR) 2" (2) 2 (Pf(2)”
e <o (< TG e ey

o (G ) e e G )=o)

implies
()

a(z) <~ g (2)

and q is the best subordinant.

Proof. The proof is similar to that of Theorem 2.4 and is omitted. O

4. SANDWICH RESULTS

By combining Theorem 2.2 and Theorem 3.2, we obtain the following sandwich
theorem.

Theorem 4.1. Let hy and g, be analytic functions in U, hy be univalent in U, qo € Q1

with q1(0) = ¢2(0) = 1 and ¢ € o [ha, @a] NPl [hy, qu]. If f € %, —EHEL € HNQ,

and

¢(_0ﬂf@»’zoff@»”_z¢%@ 2 (2 f(2))"

7@ @R 9 @)

(PR (| 2EIE) 2 | ') (2
INETIE) O @ww>y> J(2) ¢@><yw> 1)")

is univalent in U, then

Q) PR ) 2 ENE)”
h“”**¢< 7@ e @) @R
(PR (| 2R 20 | w6 (6
ETes @ uww>Y> y@)*‘d@)(@@) 1)")
<=<hy(z)
implies

(=" f'(2))

q(z) < —W < q2(2).

By combining Corollary 2.1 and Corollary 3.1, we obtain the following sandwich
corollary.

Corollary 4.1. Let 5,7 € C and let hy, hy be convez in U with hy(0) = hg( ) =

Suppose that the differential equations q;(z)+ 5;‘1(1 =hi(2), @2(2)+ 5;(1(2) = ha(z )
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have a univalent solutions ¢, and qs, respectively, that satisfy ¢1(0) = ¢2(0) = 1 and
ql(Z) =< hl(Z), QQ(Z) =< hg( ) .[ff c Ep, ey (Z)) eHnN Ql; and

g'(2)

() G () = 2d'(2)
g'(z) vg'(z) — B (22 f(2))

1s univalent in U, then

(f(z)  EEEEG(2) — 2g"(2)
7() " g(z) =B f(2))

hi(z) << — <= hy(2)

implies

(22 f'(2))

q(z) < —W =< q2(2).
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ON THE TRANSMISSION-BASED GRAPH TOPOLOGICAL
INDICES

R. SHARAFDINI! AND T. RETI2

ABSTRACT. The distance d(u,v) between vertices u and v of a connected graph G is
equal to the number of edges in a minimal path connecting them. The transmission
of a vertex v is defined by o(v) =}, cy(g) d(v,u). A topological index is said to be
a transmission-based topological index (TT index) if it includes the transmissions
o(u) of vertices of G. Because o(u) can be derived from the distance matrix of G, it
follows that transmission-based topological indices form a subset of distance-based
topological indices. So far, relatively limited attention has been paid to T'T indices,
and very little systematic studies have been done. In this paper our aim was i)
to define various types of transmission-based topological indices ii) establish lower
and upper bounds for them, and iii) determine a family of graphs for which these
bounds are best possible. Additionally, it has been shown in examples that using a
group theoretical approach the transmission-based topological indices can be easily
computed for a particular set of regular, vertex-transitive, and edge-transitive graphs.
Finally, it is demonstrated that there exist TT indices which can be successfully
applied to predict various physicochemical properties of different organic compounds.
Some of them give better results and have a better discriminatory power than the
most popular degree-based and distance-based indices (Randi¢, Wiener, Balaban
indices).

1. INTRODUCTION AND PRELIMINARIES

Let G be a simple connected graph with the finite vertex set V(G) and the edge set
E(G), and denote by n = |V (G)| and m = |E(G)| the number of vertices and edges,
respectively. Using the standard terminology in graph theory, we refer the reader to
[44]. The degree d(u) of the vertex v € V(@) is the number of the edges incident to
u. The edge of the graph G connecting the vertices v and v is denoted by uw.

Key words and phrases. Graph distance, topological index, transmission.
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The role of molecular descriptors (especially topological descriptors) is remarkable
in mathematical chemistry especially in QSPR/QSAR investigations. In mathematical
chemistry, the first Zagreb index M;(G) and the second Zagreb index Ms(G) belong
to the family of the most important degree-based molecular descriptors. They are
defined as [22,23,25,31, 36]

Mi(G)= > du)+dv)= > d*(u), My(G) = > d(u)d(v).
weFE(G) ueV(G) weE(G)
Similarly, the first variable Zagreb index and the second variable Zagreb index are
defined as 33,36, 46]

MYNG)= > dw)™, Mp(G)= 3 d(u)*d(v)",
ueV(G) weE(G)
where A is a real number.
The Randi¢ index R(G), the ordinary sum-connectivity index X (G), the harmonic
index H(G) and geometric-arithmetic index GA(G) are also widely used degree-based
topological indices [17,40,45,48-50]. By definition,

1 1
R(G) = 1 xe-= —
AP O 7 MRy v ey
9 2y /d(u)d(v)
H<G>=W€ZE(G) d(w) + d(v)’ GA(G):WGZM d(w) + d(v)’

Let A = A(G) and § = §(G) be the maximum and the minimum degrees, respectively,
of vertices of G. The average degree of G is 27"1 A connected graph G is said to be
bidegreed with degrees A and 6, A > § > 1, if at least one vertex of GG has degree A
and at least one vertex has degree ¢, and if no vertex of G has degree different from A
or §. A connected bidegreed bipartite graph is called semi-regular if each vertex in the
same part of a bipartition has the same degree. A graph G is called reqular if all its
vertices have the same degree, otherwise it is said to be irregular. In many applications
and problems in theoretical chemistry, it is important to know how a given graph is
irregular. The (vertex) regularity of a graph is defined in several approaches. Two
most frequently used graph topological indices that measure how irregular a graph
is, are the irregularity and variance of degrees. Let imb(e) = |d(u) — d(v)| be the
imbalance of an edge e = uv € E(G). In [1], the irreqularity of G, which is a measure
of irregularity of graph G, defined as

(1.1) irr(G) = > imb(e) = Y |dg(u) — de(v)|.

ecE(G) weL(G)

The variance of degrees of graph G is defined as [7]

(1.2) Var(@) = = Y (i) - Qm)g _M(G) _ Am”

2
" wevia) n n n
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Another measure of irregularity, which is called degree deviation, defined as [37]

(@)=Y ‘d(u)—2—m.

weV(Q) n

It is worth mentioning that is nothing but the mean deviation of the data set
(d(u) | v e V(G)).

The distance between the vertices u and v in graph G is denoted by d(u, v) and it is
defined as the number of edges in a minimal path connecting them. The eccentricity
g(v) of a vertex v is the maximum distance from v to any other vertex. The diameter
diam(G) of G is the maximum eccentricity among the vertices of G. The transmission
(or status) of a vertex v of G is defined as o(v) = 0¢(v) = X ey () d(v,u). A graph
G is said to be transmission reqular (3] if o(u) = o(v) for any vertex v and v of G. A
transmission regular graph G is called k-transmission regqular if there exists a positive
integer k, for which o(v) = k for any vertex v of G. In K, the complete graph of
order n, each vertex has transmission n — 1. So it is (n — 1)-transmission regular.
The the cycle C,, and the complete bipartite graph K, , are transmission regular. It
has been verified that there exist regular and non-regular transmission regular graphs
[3]. Consider the polyhedron depicted in Figure 1. It is the rhombic dodecahedron
that contains 14 vertices, (8 vertices of degree 3 and 6 vertices of degree 4), 24 edges
and 12 faces, all of them are congruent rhombi. The graph Ggrp of the rhombic

s5(G)

FI1GURE 1. The rhombic dodecahedron

dodecahedron is a bidegreed, semi-regular 28-transmission regular graph (see Figure
2). An interesting observation is that the 14-vertex polyhedral graph Grp depicted in
Figure 2 is identical to the semi-regular graph published earlier in an alternative form
in [3]. It is conjectured that G'gp is the smallest non-regular, bipartite, polyhedral
(3-connected) and transmission regular graph.

If w is a vertex weight of graph G, then one can see that

(1.3) > (wlu) +w)d(u,v) = > wv)o(v).

{uv}CV(G) veV(G)
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©. @)

G O

F1GURE 2. The edge-graph of the rhombic dodecahedron which is a
28-transmission regular graph but not regular

It is easy to construct various transmission-based indices having the same structure
as the known degree-based topological indices. Based on this analogy-concept, the
corresponding transmission-based indices are defined.

Let us define the transmission Randi¢ index RS(G), the transmission ordinary
sum-connectivity index XS(G), the transmission harmonic index HS(G) and the
transmission geometric-arithmetic index GAS(G) as follows:

1 1
RS(G) = — XS(G) = —
(©) uveZE(G) o(u)o(v) ) quZE(G) o(u) +o(v)
) ) o 2ewe
HS5(G) = W;E(G) o(u) + o(v)’ GAS(G) = 2m UU;E(G) o(u) + o(v)

It follows that GAS(G) < %, with equality if and only if G is a transmission regular
graph.

The Wiener index W (G), the Balaban index J(G) and the sum-Balaban index
SJ(G) represent a particular class of transmission-based topological indices. They
are defined as [4-6,9,10,16,21,51]

WE) =y XY dw)=g Y o),

ueVG) veV(G) ueVG)
m 1 m
J(G)=—— = RS(G),
m—n—l—QuU;E(G) o(u)o(v) m—n -+ 2
SIG) =— 3 ! =" XS(a).

m—n—|—2uv€E(G) o(u) +ow) mM—n+2
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In [39] the first transmission Zagreb index M S (G) and the second transmission Zagreb
index M Sy(G) are defined as

MSi\(G)= > o) +ow)= Y duwo(u), MS(G)= > ouo(v).

weFE(G) ueV(G) weE(G)

It is important to note that M.S;(G) coincides with the degree distance DD(G) that
was introduced in [11,24] and [43].
In fact by (1.3),

(1.4) DD(G)= > (dw)+dw))d(u,v)= > dw)o(v)=MSi(G).

{u,w}CV(G) veV(G)

Consequently, if G is a k-transmission regular graph with m vertices, then DD(G) =
MS,(G) = 2mk.

Let us propose the variable degree transmission Zagreb index M SD*(G) and the
variable transmission Zagreb index M S*(G) as follows

MSDNG)= Y dwo(™ ', MSNG)= Y o(w?,

ueV(G) ueV(G)

where \ is a real number.
The eccentric distance sum of a graph G, denoted by £4(G), defined as [20]

G = > e(wolu).

ueV(G)

It follows from (1.3) that
(1.5) NG = Z (e(u) +e(v))d(u,v) = Z e(v)o(v).

{u,v}CV(G) veV(Q)

Starting with (1.6) and (1.7) we introduce two transmission-based irregularity in-
dices defined as follows. Let G be a connected graph with n vertices and m edges.
The transmission imbalance of an edge e = wv € E(G) is defined as imby(e) =
log(u) — og(v)|. Let us define the transmission irregularity irrr.(G) and the trans-
mission variance Var,(G) of G as follows:

(1.6) irr, (G) = Z imbry(e) = Z log(u) — oc(v)],

e€E(G) weE(G)
1 2W(G)\?2 1 4W (G)?
(1.7) Varp(G) = — Z (ag(u) — ( >> —— Z oc(u)® — (2 )
" wevio) n " wevio) n
1 2
_ MSHG)  4W(G) >0,
n n?
where %(G) is the average vertex transmission of G. It is obvious that Varp(G) is

equal to zero if and only if G is transmission regular.
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Let us also define the transmission-based topological indices @S.(G) and @S, .(G)
as follows
n

QSe(G) = ;irrTr(G)v QS’U,E(G) = 5 (1 + ;lrr’ﬂ(G)> = g(l + QSe(G)> :

Remark 1.1. Let G be an n-vertex graph. Comparing topological indices GAS(G)
and QS,.(G), we get
GAS(G) < 5 < Q...

Equalities hold in both sides simultaneously if and only if G is transmission regular.

2. ESTABLISHING LOWER AND UPPER BOUNDS

Lemma 2.1. Let G be a connected graph with n > 2 vertices and m edges. Then
0 <irry (G) < m(n — 2),
0< > (ow)— o(v))® < m(n—2)%
weE(G)
The equality on the right-hand sides holds if and only if G is isomorphic to S,,. The

equality on the left-hand sides holds if and only if G is transmission reqular.

Proof. For an arbitrary edge uv of G, we have |o(u) — o(v)| < n — 2. Therefore,
i (G) = > o(w) —o@)] < D (n—2)=m(n—2).
weE(G) weE(G)
It is trivial that in both formulas the equality on the right-hand side holds if and only

if G isomorphic to S, since the star is the only graph where equality holds for each
edge. O

Corollary 2.1. Let T be a tree with n > 2 vertices. Then
0 <irry(T) < (n—1)(n — 2),
0< > (o(w) —o(v)* < (n—1)(n—2)%

weE(T)

The equality on the right-hand sides holds if and only if G is isomorphic to S,,. The
equality on the left-hand sides holds if and only if G is transmission reqular.

Proof. Tt is a consequence of Lemma 2.1 and the fact that a tree with n vertices has
exactly n — 1 edges. U

Corollary 2.2. Let G be a connected graph with n > 2 vertices. Then
(n—2)>QS.(G) >0
and
"("2_1) > QS,.(6G) 2 5.

The upper bounds are achieved if and only if G is isomorphic to S, and the lower
bounds are achieved if and only if G is transmission reqular.
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Proof. 1t is a direct consequence of Lemma 2.1. O

Lemma 2.2. Let G be a connected graph with n > 3 wvertices and with maximum
vertex degree A. Then for each arbitrary vertex u of G

o(u)=22n—1)—du)>2(n—1)—A>n-—1.
Proof. Because n — 1 > A > d(u) one obtains that
o(u) = > d(u, w) + > d(u, w) = d(u)+ > d(u, w)
(weVl|d(u,w)=1) (weVld(u,w)>1) (weVld(u,w)>1)
>du)+2n—1—du)=2n—2—-du) >2(n—1)—A>n—1. O

Remark 2.1. There are several graphs containing a vertex u for which o(u) =n — 1.
For example, o(u) = d(u) =n — 1 for any vertex u of a complete graph K.

Remark 2.2. Let G be a connected graph. It is easy to see that for any u € V(G),
o(u) = 2(n—1) — d(u), with equality if and only if e(u) < 2. This implies that
(i) o(u) =2(n — 1) — d(u) for any vertex u of a connected graph G if and only if
diam(G) < 2;
(ii) if G is a connected graph with diam(G) < 2, then G is transmission regular if
and only if G is regular.

Proposition 2.1. Let G be a connected graph with n vertices. Then
MSD2(G) > 2(n — 1)MSY(G) — MS2(G),

with equality if and only if diam(G) < 2.

Proof. 1t follows from Lemma 2.2 that

> d(u > > (2n—2-0)c’(u) =2(n—1) > o*(u)— Y. *(u),

ueV(G) ueV (G) ueV(G) ueV(G)
and by Remark 2.2, the equality holds if and only if diam(G) < 2. O

Proposition 2.2. Let G be a connected graph with n vertices. Then
MS,(G) = 4(n -~ )W (G) — MSY(G),

with equality if and only if diam(G) < 2.

Proof. 1t follows from Lemma 2.2 that

Yo dw)o(u)> Y. (2n—2-0c()ou)=2n—-1) > o) — > o*(u).

ueV(G) uGV (@) ueV(G) ueV(G)
It follows from Remark 2.2 that the equality holds if and only if diam(G) < 2. O
Lemma 2.3. Let G be a connected graph with n vertices and m edges. If diam(G) < 2,
then

(i) irrpy(G) = irr(G) > 0;

(i) QS,e(G) =5 (1 + Lirr(G)) >

s
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In particular, in both cases equality holds if and only if G is regular.

Proof. (i) It is a direct consequence of Lemma 2.1 and Remark 2.2.
(ii) It follows directly from part (i). O

Corollary 2.3. Let K, , be the complete bipartite graph with p + q vertices and with
parts of size p and q. Then

(i) irrne(Kpq) = palp —q| = 0;
(H) QS%@(KP,Q) = Z% (1 + ’p - q‘) Z L;rq, Specmlly QSv,e(Sn) - n(n2—1)'

In particular, the equalities in (i) and (ii) hold if and only if p = q.

Proof. (i) Since diam(K,,) =2 and |E(K,,)| = pq, it follows from Lemma 2.3 (i)
that irrm (Kp,q) = I1(Kpq) = Cuvenx, ) [P — 4l = palp — |-
(ii) Since diam(K,,) = 2 and |V (K,,)| = p + ¢, it follows from Lemma 2.3 (ii)
that

)_p+q S Pta

QSU,6<Kp,q - T (1 + |p - QD = 92

Specially, let n > 2 and p =1 and ¢ = n — 1. Then K, is isomorphic to the
star Sy, (n = p+ ¢). Consequently, we obtain that

n n(n —1
QS,0(50) = 1+ 2y = "
It follows from Lemma 2.3 that the equalities in (i) and (ii) hold if and only if
K, , is regular if and only if p = q. O

An edge uv of a connected graph G is said to be a strong edge of G, if |d(u) — d(v)| >
0. Denote by es(G) the number of strong edges of G. It is obvious that if G is a
connected graphs, then es(G) = 0 if and only if G is regular. From this observation it
follows that the topological invariant es(G) can be considered as a graph irregularity
index. There are several graphs in which each edge is strong, that is es(G) = |E(G)].
For example, es(K,,) = |E(K,4)| = pq if p is not equal to ¢. It can be easily
constructed a tree graph 7" with an arbitrary large edge number m(T"), for which
es(T) = m(T). Consider the (n > 5)-vertex windmill graph denoted by Wd(n).
It is a graph with diameter 2, with the vertex number n = 2k + 1 and with the
edge number m = 3k, where £k > 2 is an arbitrary positive integer. Note that

es(Wd(n)) =2k =3m=n—1.

Proposition 2.3. For the windmill graph Wd(n) we have
(i) irrp (Wd(n)) = es(Wd(n))(n —3) = 2m(n — 3) = (n — 1)(n — 3);
(i) QS,c(Wd(n)) =3 (1+5(n - 3)).

Proof. (i) Let Ey be the set of strong edges of Wd(n). It is easy to see that
Ey = {uv € E(Wd(n)) | d(u) = 2,d(v) =n—1}, es(Wd(n)) = |Eq|.
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Since diam(Wd(n)) = 2, it follows from Lemma 2.3 (i) that
it (Wd(n)) = irr(Wd(n)) = Y |d(u) —d(v)]= > [2—(n—1)|

uve Ey uv€ FEy
=es(Wd(n)) |2 — (n—1)|

_ ;m(n —3)=(n—1)(n—3).

(ii) It follows from part (i

QSy(Wd(n 73111"1"'1\1« Wd(n))> g (1 + g( 3)>

) th

. (

2
1

=2 ( (n—1)(n — 3)) . O

2

Lemma 2.4. [32] Let P, be a path of order n such that V(P,) = {vo,v1,...,0n_1}

and E(P,) ={vvig1 | i=0,...,n—2}. Then for each 0 <i<n—1

1
o, (v) = (21'2 9 — )i+ (n—1)%+ (n— 1)).
The following is a direct consequence of Lemma 2.4.

Proposition 2.4. The transmission irreqularity index of P, is given by

%, if n is even,

irrm (P,) =
(n—1)2 . .
5, ifnois odd.

For an edge uv of a connected graph G, define the positive integers N, and N,
where N, is the number of vertices of G whose distance to vertex wu is smaller than
distance to vertex v, and analogously, N, is the number of vertices of G whose distance
to the vertex v is smaller than to u. The number of vertices equidistant from u and v
is denoted by N,,. An edge uv of GG is called a distance-balanced edge if N, = N,. A
graph G is said to be distance-balanced [26] if its each edge is distance-balanced. It is
known that a connected graph G is transmission regular if and only if G is distance
balanced [3,26].

The Szeged index Sz(G) and the revised Szeged index Sz*(G) of a connected graph
G are defined as [29,35, 38]

S2(G)= ¥ NN, s@= 2 (Mer ) (v ).

uweE(G) weE(G)

Remark 2.3. For any connected graph GG with n vertices, the following known relations
are fulfilled [3,12,13,16,28,29,35,38,47].
(i) For any edge uv of G, n = N, + N, + N,,. This implies that a graph G is
bipartite if and only if n = N, + N, holds for any edge uv of G.
(ii) The inequality Sz(G) > W(G) is fulfilled.
(iii) Sz(G) < Sz*(G) with equality if and only if G is bipartite.



50 R. SHARAFDINI AND T. RETI

(iv) For an n-vertex tree T', W(S,,) < W(T) < W(P,).
(v) For a tree graph T, Sz*(T') = S=(T) = W(T).

The fundamental properties of Wiener index and their extremal graphs are sum-
marized in [9,12,13,16,21]. Transmission regular graphs are characterized by the
following property.

Lemma 2.5. [3,26,29] Let G be a connected graph with n vertices and m edges. Then

n2m

4 7
with equality if and only if G is transmission reqular.

S2*(G) <

Lemma 2.6 ([3,12]). Let G be a connected graph and let uwv be an edge of G. Then
o(u) —o(v) = N, — N,.
Lemma 2.7. Let G be a connected graph. Then the following hold:
(i) it (G) = Y. [Ny — Ny| >0;

weE(G)
(i) 3 (Nu—N,)? = MSD3(G) — 2MS,y(G) > 0;
weE(G)
(i) Y (o) —o(@)’ = > (NJ+N)—252(G) > 0;
weE(G) weFE(G)
(iv) > (NZ+N2)=MSD(G) +252(G) — 2MSy(G).
uweE(G)

In (i), (ii), and (iii) the equality holds if and only if G is transmission regular.

Proof. (i) This is a direct consequence of Lemma 2.6.
(i)
0< 3 (Nu-N)'= Y (o(u) —o(v))’

weFE(G) weE(G)
= Y (Pw+o’w)-2 X o(uo()
weE(G) weE(G)
= > d(u)o®(u) — 2MS5(G)
ueV(G)

= MSD?(G) — 2MS5(G).
(i)
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(iv) It follows from the proof of the part (ii) and (iii) that

SN2 = > (o(w) - o(v)’ +282(G)
weE(G) weE(G)
= MSD?(G) — 2MS5(G) + 252(G). O
Remark 2.4. Based on Lemma 2.7, the transmission-based topological index @95, .(G)
can be represented in the following alternative form:

Q5,.(G) =% (1 FY Jolw) —a(v)|> -7 (1 oY Na- Ny|> |
weE(G) weE(G)
Proposition 2.5. Let G be a connected graph with n vertices and m edges. Then
n’m > MSD?(G) + 452(G) — 2M S5(G),
with equality if and only if G' is a bipartite graph.
Proof. Let G be a connected graph with n vertices. It follows from Remark 2.3 (i)

that for any edge uv of G, N, + N, < n, with equality if and only if G is bipartite.
This implies that

n® > (N, + N,)* = (N2 + N2) + 2N, N,,
with equality if and only if G is bipartite. Consequently, by Lemma 2.7 (iv) we have
TLQm: Z nQZ Z (N3+N3)+2 Z NN,
uweE(G) uweE(G) weE(G)

= Y (NZ+N2)+25:(G)
weE(G)

= MSD2(G) + 452(G) — 2M S5 (G),

with equality if and only if G is bipartite. O
Proposition 2.6. Let G be a connected graph with n vertices. Then
1
(2.1) i (G) = Y [Nu— N[> > |NZ- N
wEE(G) " weE(G)

with equality if and only if G is a bipartite graph.

Proof. Let G be a connected graph with n vertices. It follows from Remark 2.3 (i)
that for any edge uv of G, N, + N, < n, with equality if and only if G is bipartite.
Therefore, it follows from Lemma 2.6 and

N2 = NZ2| = (Nu+ N) [Ny = No| <0 [Ny = Ny| = nlo(u) = o(v)],

with equality if and only if G is bipartite. This implies that (2.1) holds with equality
if and only if G is bipartite. U



52 R. SHARAFDINI AND T. RETI

Corollary 2.4. Let T,, be an n vertex tree. Then

1 2(n—1
MSy(T,) =2W(T,) + 5 MSD3(T;,) - ”(”2)
1
i (1) =— > ‘Nj — N2|.
" weE(T,)

Proof. 1t is a consequence of Proposition 2.5, Proposition 2.6 and Remark 2.3, since
a tree with n vertices is bipartite and has exactly n — 1 edges. 0

Proposition 2.7. [12] Let Gg be a connected bipartite graph with n vertices and m
edges. Then

an

4

n2m

> (o) - o)’ <

weE(Gp)

SZ*<GB) = SZ(GB) =

I

with equality if and only if G is transmission regular.

Corollary 2.5. Let Gg be a connected bipartite graph with n vertices and m edges.
Then

QS.e(Gr) < \/n2 - Lsa(cn),
with equality if and only if |o(u) — o(v)| is constant for any edge uv € Gg.
Proof. Using Cauchy-Schwartz inequality and Proposition 2.7 one obtains for G that
2
(1 > ww—dm)sl > (olw) ~ o) =n” ~ 52(Chn),
M weE(GE) M weEGp) m

with equality if and only if |o(u) — o(v)| is constant for any edge uv € Gp. Conse-
quently,

L Y o(u) —o(v)] < \/n2 - :lSZ(GB)y

m weE(GpR)
with equality if and only if |o(u) — o(v)| is constant for any edge uv € G. Because
non

st,e(GB) - 5 = 5 Z |O'('Ll,) - 0<U>’ )
2 2m weFE(Gp)
we have
n _n 4
QS'U,B(GB) - 5 S 2\/712 - ESZ(GB),
with equality if and only if |o(u) — o(v)| is constant for any edge uv € Gp. O

Lemma 2.8. [12] Let T,, be an n-vertez tree. Then

S=(T) = W(T,) = 111 (n(n — 1)+ MSy(T,)).
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The following proposition demonstrates that the Wiener index and the first trans-
mission Zagreb index are closely related.

Proposition 2.8. Let T,, be an n-vertex tree. Then
(2.2) MS\(T,) =4W(T,) —n(n —1) =4S2(T,) — n(n — 1).
Proof. For any connected graph GG we have
MS\(G)= > (cw+o)= > duo(u).
weE(G) ueV(G)
Therefore, by Lemma 2.8 the result follows. 0J

Remark 2.5. As a consequence of (2.2), we conclude that in the family of n-vertex trees
there is a linear correspondence (a perfect linear correlation) between the topological

indices W(T,,) and M S, (T,,).
In [39] it is reported that for a connected graph G, W(G) < MS1(G). This relation

can be strengthened as follows.

Proposition 2.9. Let G' be a connected graph with minimum degree § and maximum
degree A. Then
20W(G) < MS1(G) < 2AW(G),

and equalities hold in both sides if and only if G is a reqular graph.

Proof. Because for any connected graph G, MS\(G) = X ,.epq) (0(u) +0(v)) =
Yuev(e) d(u)o(u), and for any vertex u of G, § < d(u) < A, we have that

2WG)< Y (o(w)+o(w)= 3 du)o(u) <2AWG).
weE(G) ueV(G)

Consequently, if G is an r-regular graph, we have MS;(G) = 2riV(G). O
Corollary 2.6. Let T,, be an n-vertex tree. Then

(n—1)3n—4) < MS(T,) < ;n(n —1)(2n —1),

where

(i) the right-hand side equality holds if and only if T, is the path P,;

(i) the left-hand side equality holds if and only if T, is the star S,.
Proof. For an n-vertex tree T, we have W(S,) < W(T,,) < W(F,), where W(S,,) =
(n—1)* and W(P,) = Lgn). Therefore, from Proposition 2.8, we have the following
inequalities:

dn(n —1)(n+1)
MS\(T,) < 6

with equality if and only if 7}, is the path P,, and
MS(T,) > 4n—12—-nn—1) = (n—1)(3n — 4),
with equality if and only if 7, is the star S,,. U

—n(n—1) = ;n(n —1)(2n — 1),
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The following is a direct consequence of Proposition 2.9.
Corollary 2.7. If Gy is a benzenoid graph with A =3 and § = 2, then
AW (Gpe) < M S1(Gre) < 6W (Gpe).

It is easy to show that the inequality represented by

MS(G)= Y oluol) < JMSD(G)

uweE(G)

can be sharpened in the following form.
Proposition 2.10. Let G be a connected graph with m edges. Then
1 : 1.
MSy(G) < 5MSD%(G) — 5, (G,
with equality if and only if |o(u) — o(v)| is constant for any uwv € E(G).

Proof. Using Cauchy-Schwartz inequality we have

(7711 3 |a(u)—0(v)]) gnll o (o(u) —a(v)?,
weE(G) weE(G)
=3 Pl PP -2 Y o(wolv),
€EE(G weE(G)

with equality if and only if |o(u) — o(v ] is constant for any uv € E(G). It follows
that

1 I
MSy(G) < 5MSD%(G) - %mﬂ(a){
with equality if and only if |o(u) — o(v)| is constant for any uv € E(G). O
Corollary 2.8. Let G be a connected graph with m edges. If diam(G) < 2, then

1 3 1
< — 2 - 2
MS,y(G) < 2MSD2(G) lerr(G) )
with equality if and only if |d(u) — d(v)| is constant for any uv € E(QG).
Proof. Let G be a connected graph with m edges. It follows from Remark 2.2 that
for any uv € E(G), |d(u) — d(v)| is constant if diam(G) < 2. Now the result follows
from Lemma 2.3 and Proposition 2.10. U

Lemma 2.9. [14,43] Let G be a connected graph with n vertices and m edges. Then
W(G) > n(n—1) —m,

with equality if and only if diam(G) < 2. (For ezample, the equality holds for complete
graphs, complete bipartite and complete multipartite graphs, moreover wheel graphs
and windmill graphs composed of triangles.)
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Proposition 2.11. Let G be a connected k-transmission reqular with n vertices and
m edges. Then

with equality if and only if diam(G) < 2.

Proof. Since G is k-transmission regular, W(G) = ¢ holds. Now the result follows
from Lemma 2.9. O

Proposition 2.12. Let G be a connected graph with n vertices and m edges. Then
MSY(G) > 4(n — )W(G) = MSy(G) > 4(n— 1) (n® —=n —m) — MS(G),

and equalities hold in both sides simultaneously if diam(G) < 2.

Proof. The result follows directly, using Lemma 2.9 and Proposition 2.2. 0J

Proposition 2.13. Let G be a connected graph with n vertices and m edges. Then

(2.3) MSi(G) < \/m (MSD(@) +2M8,(G)),
with equality if and only if o(u) + o(v) is constant for each edge uwv € E(G).
Proof. Using the Cauchy-Schwartz inequality, we obtain

(1 ) (a(u)—l—a(v))) g; > (o(w) +o(v)’

weFE(G)

1

== ( > (P +atw)+2 Y U(U)J(v)) :
weE(G) weE(G)

with equality if and only if o(u) + o(v) is constant for each edge uwv € E(G). This

implies that

(;Mgl((;)f < ; (MSD?(G) +2MS,y(@))

with equality if and only if o(u) + o(v) is constant for each edge uv € E(G). Conse-
quently, we have

MS,(G) < \/m (MSD3(G) + 2MSy(G)). O

Let G be a connected graph with n vertices. Let us define the topological invariant
O (G) as follows

d(G) = <“€§(G>U(U)>2 _AW(G)?

n Y o%(u)  nMSYG)
ueV(G)

The following theorem shows that ®(G) quantifies the degree of transmission regularity
of a connected graph G.
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Theorem 2.1. Let G be a connected graph with n vertices. Then ®(G) < 1, with
equality if and only if G' is transmission regular.

Proof. Using Cauchy-Schwartz inequality, we obtain

( Z O'(U)) <n Z o(u)?,

ueV(G) uweV(G)

with equality if and only if o(u) = o(v) for each u,v € V(G). This completes the
proof. 0

Proposition 2.14. Let G be a connected graph with n vertices and m-edges. If pp(G)
denotes the distance spectral radius of G, then

2m _ 2W(G)

Z(n—l)—T < - < pp(G).

The left-hand side equality holds if and only if diam(G) < 2. The right-hand side

equality holds if and only if G is transmission reqular.

Proof. The left-hand side inequality is nothing but Lemma 2.9. From Theorem 2.1
and [2, Theorem 5.5] one obtains that %(G) < /EMSYHG) < pp(G), with equality
if and only if G is transmission regular. U

Let us finish this section with following result showing how W (G), M S;(G), and
¢%(@) relates to each other.

Theorem 2.2. [27] Let G be a connected graph on n > 3 vertices. Then
MS\(G) < 2nW/(G) = £(G),

with equality if and only if G = Py, or G £ K,, — ke, for k=0,1,..., 5], where ke
denotes a matching of size k.

3. VERTEX AND EDGE TRANSITIVE GRAPHS

In this section, following Darafsheh [8,34], we aim to use a method which applies
group theory to graph theory. For more details regarding the theory of groups and
graph theory one can see [15] and [19], respectively.

Let I" be a group acting on a set X. We shall denote the action of « € ' on x € X
by x®. Then U C X is call an orbit of I" on X if for every x,y € U there exists o € '
such that x* = y. The action of group I' on X is called transitive if X is itself an
orbit of I' on X.

Let G be a graph. A bijection o on V(G) is called an automorphism of G if it
preserves E(G). In other words, « is an automorphism if for each u,v € V(G),
e =uv € F(G) if and only if u*v® € E(G). Let us denote by Aut(G) the set of all
automorphisms of G.

It is known that Aut(G) forms a group under the composition of mappings. This
is a subgroup of the symmetric group on V(G). Note that Aut(G) acts on V(G)
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naturally, i.e., for each a € Aut(G) and v € V(G) the action of @ on v, v, is defined
as a(v). The action of Aut(G) on V(G) induces an action on F(G). In fact, for
a € Aut(G) and e = uwv € E(G), the action of a on e = uv, €%, is defined as u*v®.

A graph G is called vertez-transitive (edge-transitive) if the action of Aut(G) on
V(GQ) (E(Q)) is transitive.

Let G be a graph, V;, V4, ..., V; be the orbits of Aut(G) under its natural action on
V(G). Then for each 1 < i <t and for u,v € V;, o(u) = o(v). In particular, if G is
vertex transitive (¢ = 1), then for each u,v € V(G), o(u) = o(v). Therefore vertex-
transitive graphs are transmission regular. It is known that any vertex-transitive
graph is (vertex degree) regular [19] and transmission regular [8], but note vice versa.

Lemma 3.1. Let G be a connected k-transmission reqular graph with n vertices and
m edges. Then

2

SJ(G):(m_nJrz)m, GAS(G) = 3. HS(G) =
S a—— T

Lemma 3.2. Let G be a connected vertex-transitive graph with n vertices and m edges
and the valency r. Then

SJ(G) = my/n Gas(e) = MG
2(m —n+2)/W(G) n
"5 =5 = ey
J(G) = m?n _ mn2r

20m —n+2)W(G) 4(m—n+2)W(G)

Proof. If G is a connected vertex-transitive graph with n vertices and m edges, then
G is of valency r (r-regular) and k-transmission regular, for some natural numbers r

and k. It follows that 2m = nr and 2W(G) = nk. O

Lemma 3.3. Let G be a connected k-transmission reqular with n vertices and m
edges. Then

with equality if and only if diam(G) < 2.
Proof. Follows from Proposition 2.11 and the fact that for a k-transmission regular
graph G with n vertices and m edges, HS(G) = . O

Theorem 3.1. Let G be a connected graph with n vertices and m edges. Let us
denote the orbits of the action Aut(G) on E(G) by Ey, Es, ..., E;. Suppose that for
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each 1 < i <t, e; = uv; is a fired edge in the orbit F;. Then

HS(G) = ; U(uj’fi o

E;
SJ(6) = —n+2; u’)la(v)’

n A |E; u;)o (v, !
GAS(G) = QmZ‘a(‘M’ irrTr(G):;|Ei||U(ui)

l

MS,\(G Z |Ei|(o(u;) + o(v;)), MSy(G) = ; |Es|o(u;)o(v;).

—o(v)l,

Corollary 3.1. Let G be a connected graph with n vertices and m edges. If G is
edge-transitive and uv is a fized edge of G, then

2m m?
H5(G) o) +o(v)’ IG) = (m—n+2)\/o(u) + a(v)7

GAS(G) zgm
irry (G) =mo(u) —o(v)|, QS(G) = |o(u) —a(v)|,

Q5ue(G) :g (1 +]o(u) —o@)]), MS(G) =m(o(u) +a(v)).

Fullerenes are zero-dimensional nanostructures, discovered experimentally in 1985
[30]. Fullerenes C’ can be drawn for n = 20 and for all even n > 24. They have
n carbon atoms, 7' bonds, 12 pentagonal and § — 10 hexagonal faces. The most
important member of the family of fullerenes is Cﬁo [30]. The smallest fullerene is
Cy. Tt is a well-known fact that among all fullerene graphs only Cy and Cgg (see
Figure 3) are vertex-transitive [18]. Since for every vertex of v € V(Cy), o(v) = 50
and for every v € V(Cg), o(v) = 278, then

SJ(Cyp) =75, GAS(Cy) =50, HS(Cy) = 0.6,
J(Cy) =15, SJ(Cep) =10.73, GAS(Ce) = 278,
HS(Cgp) =0.32, J(Cep) = 0.9.
A nanostructure called achiral polyhex nanotorus (or toroidal fullerenes of parameter
p and length ¢, denoted by T'= T'[p, q] is depicted in Figure 4 and its 2-dimensional

molecular graph is in Figure 5. It is regular of valency 3 and has pq vertices and 3pq
edges. It follows the following proposition.

MSy(G) = mo(u)o(v),

Proposition 3.1.

SJ(T) = 9(]7(])2\/]3_61 . GAS(T) = M’
8(pq + 2)\/W(T) pq
Hs(T) = 2P) 9(pg)’

—AW(T)’ ( >:8(pq+2)W(T)'
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FIGURE 3. 2-dimensional graph of fullerene Cyq

FIGURE 4. A achiral polyhex nanotorus (or toroidal fullerene) T'[p, ¢|

FIGURE 5. A 2-dimensional lattice for an achiral polyhex nanotorus T'[p, ¢

The vertex set of the hypercube H, consists of all n-tuples (by,bs,...,b,) with
b; € {0,1}. Two vertices are adjacent if the corresponding tuples differ in precisely
one place. Moreover, H,, has exactly 2n vertices and n2"~! edges.

Lemma 3.4. [8] The hypercube H, is (n2"~Y)-transmission reqular which is vertex-
and edge-transitive.

Therefore from Lemma 3.1 and Lemma 3.4 we have the following result.
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Corollary 3.2.

n292(n—1)
SJ(H,) = . GAS(H,)=n, HS(H,)=2n?2*""1),
(H) (n2n=1 — 2n + 2)y/n2" (Ha) =n (Ha) = 2n
222(n—1)
J(H,) =i

(n2n=1 — 2n 4 2)n2n—1

4. ON THE APPLICATION POSSIBILITIES OF TRANSMISSION-BASED TOPOLOGICAL
INDICES IN QSPR STUDIES

As we have already mentioned, the transmission-based topological indices represent
a particular family of distance-based topological invariants. In what follows we demon-
strate in examples the promising applications of TT indices in QSPR studies. In the
literature we found some TT indices used successfully for predicting physico-chemical
properties of unbranched alkanes. Ren [41] introduced a topological index denoted by
Xu, it is defined for an n-vertex connected graph G as follows:

> d(u)o?(u)

ueV(G)

> d(u)o(u)

ueV(G)

Xu(G) = v/nlog

Analyzing the mono-parametric correlations with different degree-based and distance-
based indices (Randié¢ connectivity index, Balaban’s J index), the linear prediction
model based on Xu(G) index gives the best results.

Shamsipur et al. [42] proposed a family of bond-additive TT topological indices,
called as shamsipur indices (Shy—Shqg indices) and used them for prediction of different
physico-chemical properties of a large number of alkanes and alkane isomers. In [42]
for 379 organic compounds ten different versions of Sh indices were calculated and
their ability were evaluated in QSPR studies. The resulting regression data were
compared with the results based on several known topological indices, and in most
cases, betters results were obtained by the Sh;—Shyo indices. For example, using the

Shy index defined as

o(u)o(v)
Shi(G) =log —r |
ey A0
a correlation coefficient of 0,983 between the boiling point (BP) and Shy was obtained.
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ON A NEW CLASS OF UNIFIED REDUCTION FORMULAS FOR
SRIVASTAVA’S GENERAL TRIPLE HYPERGEOMETRIC
FUNCTION F®[z,y, 2]

YONG SUP KIM!, ADEM KILICMAN? AND ARJUN K. RATHIE?*

ABSTRACT. Very recently, by applying the so called Beta integral method to the
well-known hypergeometric identities due to Bailey and Ramanujan, Choi et al. [Re-
duction formula for Srivastava’s triple hypergeometric series F'3) [x,y, z], Kyungpook
Math. J. 55 (2015), 439-447] have obtained three interesting reduction formulas for
the Srivastava’s triple hypergeometric series F(3)[z,, z].

The aim of this paper is to provide three unified reduction formulas for the Sri-
vastava’s triple hypergeometric series F'3) [x,y, 2] from which as many as reduction
formulas desired (including those obtained by Choi et al.) can be deduced.

In the end, three unified relationships between Srivastava’s triple hypergeometric
series and Kampé de Fériet function have also been given.

1. INTRODUCTION

The generalized hypergeometric function ,F; with p numerator parameters
ai,...,ap such that o; € C, j = 1,...,p, and ¢ denominator parameters f,. .., 3,
j=1,...,q,such that 5; e C\Zy, j=1,...,q, Zy :=ZU0={0,—-1,,—2,--- }, is
defined by (see, for example [14, Chapter 4], see also [19, pp. 71-72]

A1y ...y Op,
qu[Oq,...,Oép;ﬁl,...,ﬁq;z]_qu[61:” ’ ;’; Z]

°)

(1 -3 e 2

Key words and phrases. Generalized hypergeometric function ,F,, gamma function, Pochhammer
symbol, beta integral, Kampé de Fériet function, Srivastava’s triple hypergeometric series F'() [x,y, z].
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p<gqgand |z| <oo,p=qg+1land |z| <1,p=q+1, |z =1 and Re(w) > 0, where
q p
w=> B>
=1 j=1

and («),, denotes the Pochhammer symbol defined in terms of Gamma functions by

T(a+n) 1, n=0a€cC\{0},
(1.2) (a)n::F(Q):{a((x+1)...(a+n—1), nEN,aeC\{}

It is to be noted here that whenever the hypergeometric function 5/} and the
generalized hypergeometric function ,F}, reduce to be expressed in terms of Gamma
functions, the results are very important in view of applications as well as themselves.
Thus the well known classical summation theorems [3] such as those of Gauss, Gauss
second, Kummer and Bailey for the series o F, and those of Watson, Dixon, Whipple
and Saalschiitz for the series 3F5, and others have played important roles.

Moreover, it is well known that, if the product of two generalized hypergeometric
series can be expressed as a generalized hypergeometric series with argument x, the
coefficient of 2" in the product should be expressed in terms of gamma functions.
Following this technique and using above mentioned classical summation theorems, in
a well known, popular and very interesting paper [2], Bailey derived a large number of
new as well as known results involving products of generalized hypergeometric series.
Here, in our present investigation, we choose to recall some of those results in [2]:

(1.3) e "1Fi(a; psx) = 1Fi(p— a; p; —o),
sla+B), lat+f+1) 5 2
C o SR ) — 2 2 el
(14) 1F1(0472Oé,l')1F1(ﬁ726, J]) 2F3[&+;75+§’a+5 : 4 ?
2
S o) — @, p— T
(15) 1F1(a,p,ft)1F1(Oé,p, I) QFS[p’ g’g_i_% : 4]7
e} a—p+1
OC—B—F; B_a+l xQ
—2F3[ 2 T3 3 2 Y
SR
(2a—p)(1—p)x2F3[a—3’§;r1,’g—ap+1 : 962]
p(2—p) 3 ot L 295 ;4

It is interesting to note here that if we use the result (1.3) in (1.4), (1.5) and (1.6),
we get, respectively, the following alternative forms, that we will use in our present
investigations:

(L.7) e 1Fi(a; 2a52)1F1(B; 28;2) = oF; [ ;(aj 5) %(Oi—'—ﬁ—k 1) ’ ‘ﬁ] 7
2
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2
. a,p—a ;T
(1.8) e ””1F1(a;p;x)lFl(p—oz;p;x)=2F3[p, S,pSJré : 4],
—x « ) 11—« ;
(1.9) e 1F1lp ; T 1F1l2_p | ;p]
_2F3[ 12 2’123 2
LR TR Rl B
(QQ—P)(l—P)xF a—L+1,2—a+1 ; 2°
p2—p) "7 S 8+L2-% 5 4

Also in 1987, Henrici [10] gave the following elegant result for a product of three
generalized hypergeometric functions:

(1.10) oF1 [ 6; : x] oF1 l 670 : wx] oF1 [ 670 : w%]
3¢ — 17 3c+ 1 ; 4x 3
=F7 4 4 g
6672672C+%726+§,4C—%,4C,4C—|—% ; 9 ’

where w = exp(3%).

It is interesting to mention here that by making use of certain known transformations
in the theory of generalized hypergeometric functions, in 1990, Karlsson and Srivastava
[11] established a general triple series identity which readily yields the Henrici’s identity
(1.10).

On the other hand, just as the Gauss function 3 F; was extended to ,Fy, by increasing
the number of parameters in the numerator as well as in the denominator, the four
Appell functions were introduced and generalized by Appell and Kampé de Fériet
[1] who defined a general hypergeometric function in two variables. The notation
defined and introduced by Kampé de Fériet for his double hypergeometric function
of superior order was subsequently abbreviated by Burchnall and Chaundy [4, 5].
We, however, recall here the definition of a more general double hypergeometric
function (than the one defined by Kampé de Fériet) in a slightly modified notation
given by Srivastava and Panda [22, pp. 423, (26)]. For this, let (H,) denote the
sequence of parameters (Hy, Ho, ..., Hp) and for nonnegative integers define the
Pochhammer symbols ((Hy)), = (Hi), (Hs), ---(Hp),, where, when n = 0, the
product is understood to reduce to unity. Therefore, the convenient generalization of
the Kampé de Fériet function is defined as follows:

wap | (Hp) o (Ad) 5 (By) 5
Fost | (G (€5 (Do) T

S H, n Aamenxm”
:ZZEE )i é( N (Bb)), 2™ y

(1.11)

GQ))ern (Ce)),, (Dg)), m! n!’
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The symbol (H) is a convenient contraction for the sequence of the parameters
Hy, Hs, ..., H, and the Pochhammer symbol (H), is defined by in (1.2). For more
details about the convergence for this function, we refer to [21].

Later on, a unification of Lauricella’s 14 triple hypergeometric series F1, ..., Fi4 [20]
and the additional three triple hypergeometric series H4, Hg and Ho was introduced
by Srivastava [18] who defined the following general triple hypergeometric series
F®l[z,y, 2] (see, e.g., [20, pp. 44, (14) and (15)]:

o ] @5 @ 0 @) @ (@ (@)
POl A= F0 G (g () () (g () (s &0

™yt 2P
1.12 = A(m, n,
(1.12) mz m.m.p) T
where, for convenience,

1"

HgAzl (aj)m-i-n-i-p Hf 1 (b )m-i-n Hlel (b;)n+p H?:l (b;‘l)p-i-m

f:l (ej)m+n+p Hj:l (gj)m+n H]G:I (93)71-&-19 Hyc';:l (92'/)p+m
o TL () T2 () TI52, ()

it () THE (B)n T (RY),

and (a) abbreviates the array of A parameters ay,...,ax, with similar interpretations
for (b), (0'), (b"), and so on.

Recently, Choi et al. [8,9] have obtained the following very interesting reduction
formulas for the Srivastava’s triple hypergeometric series F® |z, y, 2] by applying the

so-called Beta integral method (see [12], see also [7]) to the Henrici’s triple product
formula (1.10) and using (1.7) to (1.9):

(1.13) A(m, n, p) =

ex = ~ ~! 5 5 = 4 wa]
) )

(3)
(114} F [d:: — — —: b6c; 6c; 60

3¢—1, 3¢+ & £+3, £+43 A
= 4 37 30 3713 (2
5F10[60 2c, 20—1—1 20—1—2 40—7 4(: 4dc + ,g %—i—%,%—i—% ; (9) ’

where w = exp(3%),

@lds = = -0 =5 o B
(1.15) F [e:: D e 28 1,1, 1]
_F, | 2@t B) slat B, 5 g4 g L
+3, 8+ a+8, 8 5+35 4|’
(1 16) F(3)ld Ty - a5 p (o _1, 17 11
€ ] ] - ) pa 1)
d d 1
a, p—a, 3, 7+7; 1
=4F 2, 2 -1,
) B[P’§>§+§»2’2+33 41
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(3) d Ty Ty T - a, 1 047
(117)  F [ L e, 111]
1 1 d d_ 1.
SR M B A
§’§+§7§_§7§7§+5, 4
— - d 1
(1.18) 4ol p>4Fsla_§j;1’ g_a:rle’ 3t di1;1
ep(2—p) Seqpl,2-8 el 2+1 1

In this sequel, motivated essentially by the results (1.14) to (1.17), we establish three
unified reduction formulas for the function F®(z, y, 2) by using the identities (1.7),
(1.8) and (1.9) due to Bailey [2] and Ramanujan [15] which will be given in the next
section.

2. MAIN RESULTS

In this section, we shall establish three unified reduction formulas asserted by the
following theorem.

Theorem 2.1. For all finite z, each of the following reduction formulas holds true:

@lds = = - 5 o B
(2.1) F [e:: - = = = 2w 20 T T x]
2
_F, | 2@th) satBtl), 5, %f%; all
+276+27a+ﬁ7275 57 4
I e e
:4F5la’ /)_0471 gv g+%7 IQ]
Py gt g gta 4]
(2.3) F(?’)[z o (;’ 12_a, -z, T, x]
O./—B—I—l, B_a_|_l d, d_|_l 7?2
SR MRS B A
22 T 2027 22202 T
_ _ d 1 d L2
(24) +xd(20& )0)(1 p)4F5 §_‘;1 g_aj_la 51_‘_657 §+17 2 .
ep(2—p) patl2=55+5 541 4

3. OUTLINE OF PROOF OF THEOREM 2.1

The proofs of the above results (2.1) to (2.3) are quite straightforward. In order
to prove (2.1), we first replace e by ¢Fo[—; — —=z] in (1.7), then multiply each side
of the resulting identity by 2971 (1 — 2)¢"?"! and expand the involved generalized
hypergeometric functions as series. Now integrate both sides of the present resulting
identity with respect to x between 0 to 1 and then change the order of integration
and summation, which is easily seen to be justified due to the uniform convergence of
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the involved series. The integrations are easily evaluated to be expressed in terms of
Gamma functions I' by just recalling the well known relationship between the Beta
function B(«, ) and the Gamma function (see, e.g., [19, pp. 8, (42)]. After some
simplification, the left-hand side of the last resulting identity becomes

I'(d)I'(e —d) i (Dmtntp (1™ (@n By msnep
I'(e) m,n,p=0 (€)mtntp mb (2a),n!(28),p! ’
which, except for the Gamma fraction in front of the triple summations, in view of
(1.12), is easily seen to correspond with the left-hand side of (2.1).

On the other hand, applying the Legendre’s duplication formula for the Gamma
function (see, e.g., [19, p. 6, (29)]):
3

1 1
(3.1) VT (22) :22z—1r(z)r<z+2), 240, —5 —1, —5r
to the right-hand side of the above last resulting identity, we obtain

I'(d)I'(e —d) i (3(a+8)n GlatB4+1))n(Pn(§+3)n 1 20
F(e) n=0 (O‘“’%)n (ﬁ‘l’%)n (a‘i’ﬁ)n (%)n (%‘{'%)n 4m ! 7
which, except for the head-located Gamma fraction, is easily seen to correspond with
the right-hand side of (2.1). This completes the proof of (2.1). A similar argument
will establish the results (2.2) and (2.3).
We conclude this section by mentioning some special cases of our main results. The
special case of (2.1) when 5 = « is equal to that of (2.2) when p = 2. The special
case of (2.3) when p = 2« is also equal to that of (2.1) when =1 —a.

4. SPECIAL CASES

In our unified reduction formulas (2.1), (2.2) and (2.3), if we take x = 1, we at once
get the known results (1.5), (1.6) and (1.7) respectively due to Choi et al. [9]. Further
since our results are valid for all finite x, so from our results, we can obtain as many
reduction formulas as desired new and interesting results.

5. FURTHER OBSERVATIONS

On the other hand, if we apply beta integral method to (1.4) to (1.6), we, after
some simplification, obtain the following transformation formulas between Kampé de
Fériet functions and generalized hypergeometric functions:

v | 4wy By
(51) Fl:l;l [ e : 20[, 2/87 xz, .CL"|
1 1 171 1 2
sla+p8), s(a+B+1), 5d, 5d+5 ;
=4Fs 2(+1ﬁ)5%£1 g )1212 17 ;
99 27a+/87 267 26+2 ;A4

«
11l d: oo a;
5.2) Fiin k L x, —x
(5.2) L e pr ps
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1 1 1 2
a,e—a, =d, zd+ = ;T
=Fs | 0 R 2 ;
p7 2p7 2p+27 267 2€+2 ? 4
1:1;1 d Qa; Oé—€—|—1; .
(53) Fl:l;lle p: 2—p: ) JU]
1 1 1 1 1 1 2
_4F5[a—12q+2,12€—a+%,2§i, §d1—|—5 ’x]
20 3P T2 2 2P 3% 36T 3 4
+d(2a—p)(1—p)xF a—sp+1,sp—a+1,id+3, 3d+1 xj
ep2—p) 7] St L2ogpgetgigetl T4

It is noted that the results (5.1) and (5.2) are seen to be special cases when p = ¢ =1
of the more general results [21, pp. 31, (47) and (46)], while (5.3) is a special case of
a more general result in [13, pp. 21, (2.6)].

Finally, comparing (1.15), (1.16) and (1.17) with (5.1), (5.2) and (5.3), respectively,
we get the following transformation formulas between Srivastava’s triple hypergeomet-
ric series F©®) (z, y, z) and Kampé de Fériet double series:

D B ]

i i . —T, T,
) 2047 2/87

(5.4) F®) l d::

(55) F(S) d:: ) ) 7 a p— o —z, T
e ) ) 5P P;
d: «; ;
:Fi%:i[e . : : xz, _xla
@ | d: ; ; D oa; -
(56) s [63' ) ) 7P 2— ) wyx?x‘|

ot | doa; a—p+1; B
—Fl:l;lle; 0 2 p: z, x]

Similarly other results can also be obtained.

Remark 5.1. For recent works in this area, we refer [6,16,17].
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CONSERVATION LAWS OF THE TIME-FRACTIONAL
ZAKHAROV-KUZNETSOV-BURGERS EQUATION

AZADEH NADERIFARD!, S. REZA HEJAZI?, AND ELHAM DASTRANJ?

ABSTRACT. An important application of Lie group theory of differential equations
is applied to study conservation laws of time-fractional Zakharov-Kuznetsov-Burgers
(ZKB) equation with Riemann-Liouville and Caputo derivatives. This analysis is
based on a modified version of Noether’s theorem provided by Ibragimov to construct
the conserved vectors of the equation. This is done by non-linearly self-adjointness
of the equation which will be stated via a formal Lagrangian in the sequel.

1. INTRODUCTION

Fractional order differential equations (FDEs) are important concepts in physic,
mathematics and engineering. The theory of derivatives and integrals of fractional
order illustrate the previous time history in the mathematical models of natural
phenomena.

In the recent years, FDEs have been widely used and have numerous applications in
various fields of sciences, as example probability and statistics, engineering, chemistry,
electro-chemistry, biology, economics, modeling, astrophysics, electronics, dynamics,
thermodynamics, vibration, viscoelasticity, control theory, electromagnetic theory,
signal processing, arheology, geology, polymer and systems identification [2,6,9-14,
16-19,25-27,29,30] and [37].

Conservation laws can be used in the analysis of the essential properties of the
solutions, particularly, investigation of existence, uniqueness and stability of the
solutions [22]. There are some methods for constructing of conservation laws for

Key words and phrases. Generalized Zakharov-Kuznetsov-Burgers equation, Riemann Liouviile
derivative, Caputo fractional derivative, Lie point symmetry, fractional conservation laws.
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PDEs, for example the Noether’s theorem [20] and Ibragimov’s theorem [7]. Almost
all of these methods can be used for differential equations with fractional derivatives.

Lukashchuk, considered the fractional generalizations of the Noether’s operators
without Lagrangian and derived conservation laws for an arbitrary time-fractional
FPDEs by formal Lagrangian [15].

One of the most important PDE which has a vast application in solitary wave’s
theory is the ZKB equation, also it makes an important role in electromagnetic and
describes the propagation of Langmuir waves in an ionized plasma. Some of its
modified forms illustrate the interactions of small amplitude, high frequency waves
with acoustic waves. There are useful articles for finding the solitary waves solutions
(specially for ZKB equation), see [5,32,34-36]. In this article, we focus on the time-
fractional ZKB equation by omitting the details of derivation in the following form:

(1.1) Ofu + auuy + bgyy + Clgyy — dugy — ey, =0,

where O0fu is the fractional derivative of order @ and « (1 < v < 2) is the order of
the time-fractional. Taking o = 1, Zakharov and Kuznetsov established non-linear
evolution equation which is related to nonlinear ion-acoustic waves in magnetized
plasma including cold ions and hot isothermal electrons. We can see some useful
papers in the literature to study the applications of this equation, see [33,38] for more
details. This equation by omitting the details of derivatives can be written as

(12) U + auu, + bumcm + Clgyy — dumﬁ — CUyy = 07

where a, b, ¢, d and e are constant quantities which involve the physical quantities and
x,y,t are independent variables where u(t, x, y) is the dependent variable indicates the
wave profile. El-Bedwehy and Moslem acquired the ZKB equation from an electron-
positron-ion plasma [1].

This paper is organized as follows. Section 2 describes some basic properties of time-
fractional derivatives and four particular cases of time-fractional of ZKB equation.
In Section 3 Lie symmetry analysis of the fractional ZKB equation is investigated.
In Section 4, the concept of non-linear self-adjointness of ZKB equation is studied
and conservation laws of (1.1) are obtained by using the Noether’s operators. Some
conclusions are given in the last section.

2. NOTATIONS OF TIME-FRACTIONAL GENERALIZATIONS

There are several types of definitions for fractional derivatives, such as Riemann-
Liouville derivative, Caputo derivative, the modified Riemann-Liouville derivative,
Riesz derivative and etc. [28,31].

Functions that have no first-order derivative could have Riemann-Liouville deriva-
tive but could not have Caputo fractional derivative and on the other hand Caputo
fractional derivative is related to physical models.

In this paper we adopt the fractional derivatives in Riemann-Liouville derivatives
as D¢ and Caputo derivative as “D.
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Definition 2.1. Let f(t) € L'(a,b), be the set of all integrable functions, the time-
fractional integrals and left-sided and right-sided time-fractional integrals of order «
are defined respectively as follow:

(6% . 1 ¢ a—
T =gy [, FE =)
o f (%) Fl/ )t —7)* T,
(2.1) JEF() Fl/ )e=ldr,

where ¢t > 0 and J2f(t) = f(¢).
Definition 2.2. For o > 0, the Riemann-Liouville time-fractional is defined as

1 8”/t - f(& x)

mat" 0 _§)a+1—ndfa n—1<a<n,

D?f(tvx) =

dt”f<) a=necN.

Definition 2.3. The Caputo derivative of order « is defined as

1 t 1 I"f(€ @)
F(n—a)/o (= garin  gen d¢, n—1<a<n,
“Dpf(t,x) =
dt”f( ), a=n¢cN.
Now we should introduce some notations. Let

(M) +g(t) = AP () + I g(t),

T (TP F@) = T (R f(0) = T f o),

Dpf(t) =Dy (Jp~f(t)) = Df (D" f(1))
(2.2) Dy (D f (1)) = £(1),

CDf‘c =0, cis constant,

“DyDf(E) = f(1),

where a € R such that n — 1 < a < n and n € N. The classical ZKB equation can be
written as follows: u; = Clu],

C[U] = —aUUy — buw:px — Clygyy + duwx + EUyy-
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In this paper we consider four forms of time-fractional generalization of ZKB equation

(2.3) ur = JPClul,
(2.4) uy = D} Clul,
(2.5) uy = CJ1 /],
(2.6) uy = C[D}~ul,

where D;~® and J® are left-sided fractional Riemann-Liouville derivative of order
1 — a and Riemann-Liouville integral of order «, respectively.

One can rewrite (2.3)-(2.6), so that their right-hand sides are exactly the right-hand
side of (1.1). For this, we act on each of (2.3)-(2.6) by different operators.

Now, by acting the operator D on (2.3) and denoting the dependent variable u by
v, and using formula (2.2), we can rewrite (2.3) as:

(2.7) Di'vy = —avv, — DUy — CUzyy + dUgy + €0y
By actting classical integral operator on (2.4) with respect to ¢, we have
u(t,z) — u(0,2) = J¥ (—auuy — Dlgyy — Clgyy + dig, + ety,) .

Now we act the operator “ D¢ on the above equation and denote the dependent
variable u by v. We get

(2.8) DY = —avvy — bUggy — CUgyy + AUgy + vy,

In (2.5), we denote a new non-local dependent variable v by J2u, then we have
u = Djv. Hence this equation can be rewritten as

(2.9) DIy = —avvy — DUppy — CUgyy + AUy + €0y,
In (2.6), by taking u = J}~*v, we obtain u, = J! “v, and other expressions. Finally

this equation can be rewritten as:
(2.10) Di'v = —avvy — bUggy — CUzyy + AUy + €Uy,

Thus, four different time-fractional (2.7)-(2.10) are different forms of time-fractional
generalization of ZKB equation. After replacing v by u, we can formally rewrite the
(2.7)-(2.10) as

2.11 Diuy = —autly — Digpy — Clgyy + AUy + €1y,
t Yy Yy
(2.12) CDfu = —aUlly — Dlyyy — ClUyyy + dUyy + ey,
(2.13) Dy = —auuy — Wigpy — Clgyy + diig, + ety
2.14 Diu = —autly — bigyy — Clgyy + AUy, + €Uyy.
t vy Yy

Clearly these equations coincide with the classical ZKB (1.2) in the limiting case of
a = 1. In this paper, the order of time-fractional differential, in all of equations
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belongs to (1,2). So 1 < a < 2. By using of summary mode of (2.11)-(2.14), we have
(2.15)  F(t,z,y,u, Df( )u, Uy, oy Ugyy) = —AQUUy — DUy — Clgyy + AUy, + €Uy,

where D* denotes Riemann-Liouville operator or Caputo operator in (2.11)-(2.14).

3. LIE SYMMETRY ANALYSIS OF THE TIME-FRACTIONAL GENERALIZED ZKB
EQuATION

In this paper we consider Lie symmetry method in order to find conservation laws
of the ZKB equation [4,22,23,39]. Consider one-parameter Lie group of infinitesimal
transformations for that (2.15)

t=t+er(t,z,y,u) + O(?),

T =z +e&(t,z,y,u) + O(e?),

y =y +ep(t,x,y,u) + O(?),

@ =u+ enlt, z, y,u) + O(),
a3 =uf + en(t, .y, u) + O(2),
Uz =Uy + 577w(t,x,y,U) +0(),

— Txrxr
Uzzzs =Ugaz + €N (

Ugy =y, + en??(t, 2, y,u) + O(e?),
(31) aggi =Uyyz + gnyym<t7 T, Y, u) + 0(52)7

where ¢ is the group parameter, then the associated Lie algebra of symmetries is the
set of vector fields of the form

L, x,y,u

0 0 0 0

(32) X - T(tv x,Y, u)a + £(t7 x,Y, U)% + P(t7 x,Y, u)aiy + n(t7 x,Y, U)%,
where

dt dz

= =1 = =¢

dE o T( 71'7 y7 u)? dE o §< 7x7 y? u)7

dy du

R ( = = .

ie| plt 2,y u), B n(t, =y, u)
The third order prolongation of (3.2) leaves invariant (2.15). In other words
(3.3) X (F(t,2,y,u, D, v, - tayy)) (r=0)= 0,

satisfied on solutions of (2.15), where X (*3) is the third prolongation of the generator
(3.2). By keeping the essential terms we have

0 0 0 0 0

TTX Yy yyx Q@
o gy o My i Dty i Oy R oug’

(3.4) X@3) =X 49 88
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Expanding the invariance condition (3.3) yields
(3.5) Ny + anu, + aun® + ™ + en?* — dn*™* —en” = 0.
The prolongation coefficients are
i =D (1 — Tur = §ua — puy) + 7D (ur) + EDF (ua) + pDf (uy),
1 = Dy (1 — Tty — €1ty — i) + Tty + Etg + iy,
0" = Dy (n — Ty — §Up — pUy) + TUize + Elaae + PUyas,
1" = Daga (N — Tt — §Ua — plly) + Tligze + Ellazze + Plysaa,
" = Dy, (n — Tu; — §ux PUy) + Ty + EUgyy + Plyyy,
N = Dyye (n — T — §uy — pUiy) + TUsyye + EUyyar + Plyyys-

By using the generalized chain rule for a composite function and the generalized
Leibnitz rule, we have the explicit form of ng* (see [18,21,24]),

S e !
o m _ Dn+1 a—n o, le'
U ngl Kn) Oy’ N (n 4 1) t (7—)] Oy "+ Of'n — ud;n,

-5 (2)or© ) + (1 - @D

where p is

n okl By e Iy g
=555 () () () ey G g

n=2m=2 k=2 [=0

After substituting the values of n*, n™ n*™* n¥¥ n™¥ and n;* into (3.5) and equating
the coefficients of derivatives u to zero, the determining equations are obtained.
The solutions of this system are

52017 02027 7—2037

where C;, 1 = 1,2, 3, are arbitrary constants.

The lower limit of the integral in Riemann-Liouville derivative and Caputo derivative
is fixed. So the condition ¢ = 0 should be invariant with respect to transformation
(3.1) and therefore we have 7(t,z,u) |—o= 0. So for C5 = 0 vector field £, is not a
symmetry for (2.15).

Consequently, (2.15) admits two Lie point symmetries:

0

X1 = g and X2 = .
Ay

ox

4. CONSERVATION LAwWS

The theory of finding conservation laws for PDEs have a lot applications. This
theory can describe some physically measures. Until three decades ago, all paper
about conservation laws refer to problems with integer derivatives.
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Let us define components of a conservation law C' = (C*, C*, CY) for (2.15) in the
same manner that is defined for PDEs. Let

C'=C"(t,x,y,u,...),
c* =C*(t,x,y,u,...),
CY =CY (t,z,y,u,...).
These components satisfy in
(4.1) D,C"'+D,C* +D,CY =0,

on all solutions of (2.15).

Many definitions and concepts for constructing conservation laws of FDEs as the
formal Lagrangian, the adjoint equation and Euler-Lagrangian operator are similar
to PDEs. Emmy Noether illustrated symmetry and conservation law are connected
for all linear and non-linear equations. Using Noether’s theorem, the equation must
be derived from the variational principle and have a Lagrangian in classical sense.
Finding Lagrangian is not easy. In the other hand, there are equations that do not
have classical Lagrangian.

In this paper, we construct the conservation laws of the ZKB fractional (2.15) via
Ibragimove’s method [3, §].

The formal Lagrangian can be written

L=vF(t z,y,u, Df(a)u, Ugy -y Ugyy),

where v is new dependent variable. We can define the formal Lagrangian for (2.15)
by:

(4.2) L= va(a) + avuty, + bty + CVULy, — VU, — vy, v =v(t,z,y).

The Euler-Lagrange operator with respect to u for a finite time interval ¢ € [0, T is

) 0 0 > 0
2 _ Y pHlays T -n"p, -..D. ——
(SU, au ( t ) 8(])#(‘1)) + Tngl( ) 51 im auih”,,im )

where (D)* will be adjoint operator of (D). The adjoint operator is different
for Riemann-Liouville derivative and Caputo fractional derivatives.

(Dg)* is adjoint operator for Riemman-Liouville derivative and (“D&)* is adjoint
operator for Caputo fractional derivatives that are defined as follows (see [15])

(0Dy)" = (=1)"J7~(D}) = Dy,
(6 D7) = (-1)"D} (e Iy~") = DF,
where ;J7~* is the right-sided fractional integral (2.1), ;D% and ¢D% are the right-sided

Riemann-Liouville and Caputo fractional derivative of order a.
The adjoint operator F* of (2.15) is

oL
(4.3) Ff=— =( f(a))*v — AUU — DUggy — CUgyy — dUzy — €Uy,

ou
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Then adjoint operator (D"®)*, for each of (2.11)-(2.14) is

(4.4) for (2.11) (DMY)* = (DeD,)* =, DD,
(4.5) for (2.12) (D)) = (°Dp)" =D,
(4.6) for (2.13) (D) = (Dp*) = £yt
(4.7) for (2.14) (DM®)* = (D) = °Dg.

Similar to PDEs, the fractional (2.15) is non-linearly self-adjoint, if there exists
function v = v(t, z,y) that solve the adjoint (4.3) for all solutions u(z) of (2.15) and
v#£0][7].

Substituting v = v(t, z,y) = ¢(t)(x)n(y) into (4.3), yields:

(4.8) W (@)n(y)u+dy" (x)nly) + 0" (2)n(y) + e (x)n’ (y) + ¥’ (x)n (y) = 0,
(D) (p(t)) = 0.

The first equation in the above system is the second order PDE, which one of its
solution is: ¥ (x)n(y) = 1, where 1 # 0 and is constant functions.

The second equation in system (4.8) depends on the type of fractional differential
operator D"
(2.14).

For (2.11) we have (DyDy(®(t)))* = 0, so by (4.4): ®(t) = ¢1(T — )™ + ¢, for
(2.12) we have (°D2(®(t)))* = 0, so by (4.5): ®(t) = ¢1(T — t), for Eq. (2.13) w
have (D¢H(®(1)))* = 0, so by (4.6): ®(t) = 11> + ot + ¢3, for (2.14) we have
(Dy(@(t)))* = 0, so by (4.7): ®(t) = ¢1t + ¢a, where ¢y, ¢o and ¢35 are arbitrary
constants. Note that for solving all of above equations we have used properties
Riemann-Liouville and Caputo time-fractional derivatives.

In the Ibragimove’s method, the components of conserved vector are obtained with
effect the Noether’s operators on the Lagrangian. Noether operators can be found from
the fundamental operator identity, whose formula depends on the number of variables.
The fundamental identity for ZKB equation with three independent variables ¢, z,y
and a dependent variable u(t, z,y) can be written as follows:

u, then (2.15) must be solved separately via each of equations (2.11)-

(4.9) X + D7) +D.(6)T + Dy(p)T = W(;L + DN+ DN + DN,

where X is prolongation operator (3.4), T is identity operator, % is the Euler-

Lagrangiane operator and W is characteristic for Lie point group generator (3.2),
W =n—1u; — §uy — puy,.

Finally N*, N* and NV are Noether operators. Because (2.15) do not have the
fractional derivatives with respect to x and y, definitions for them are exactly the
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same as general formula that are given for each of symmetries as follows (see [7]):

§I+W<a(z —DaimjLDDkaim )

(4.10) D;(W) ( T &iik ) + DD (W) ( &iik — . ) ,
Ny—pI+W<aiy ZauyZJrDkaazik—--.)

(4.11) D;(W) (8% azm —) + D;Dr(W) (6%; - ) ;

where ¢ and k are z or y.
Since (2.15) has fractional derivatives respect to ¢, Nother's operator N for the
case with the Riemann-Liouville time-fractional derivative is:

(12 N =7 S DD s — (007 (WP s )

For the another case, with the Caputo time-fractional derivative N is

el ? 0
t k a—1—k o n
(4.13) N _TI+k§:Oth (W)DS 505 J(Dt (W), 5 ?u)>'

In (4.12) and (4.13),
(fg //Tf}rl'y Iu’xy)d dr.
n—a —7' n-o

This integral has the following property:
DJ(f,9) = [+I7" "9 — 90T f.

The (2.15) is non-linearly self-adjoint, because there exists a non-unique function
v = v(t,z,y) such that (4.3) is satisfied for any solution of (2.15). We act on both
sides of (4.9) by formal Lagrangian (4.2). Because formal Lagrangian £ vanishes on
the solutions of (2.15), the left-hand side of equallity (4.9) is equal to zero:

XL+ Dy(T)I(L) + Do(E)Z(L) + Dy(p)Z(L) =XL + Di(7)L + Do (E)L + Dy(p) L
=0,

and by considering (4.9),

W§+Dt( 'L) + D, (N"L) + D, (NVL) = 0.

ou
Since for non-linearly self-adjoint equation this condition is valid, i.e., % =0, so

(4.14) Dy (N'L) + Ds (N*L) + D, (ML) = 0.

(2.15)
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By comparing (4.1) and (4.14), we have

C'=N'L), C"=N*(L), CY=NYL).
In the sequel, conserved vectors associated with different symmetries and different
terms of (2.15) are constructed.

Now we will find the conservation laws of the (2.11). The formal Lagrangian for
(2.11) after substitution acceptable v is defined by

L= (T —t)* + o) (Df(a) + auty + gy, + Clgyy — dtg, — euyy) .

In this case, using (4.10), (4.11) and (4.13), one can get the components of conserved
vectors:

C" =a (Y1 (T — )" + o) uW — d (vo1(T — )™ + b)) W,
+0 (W1 (T — 1) + ¢d2) Woy + ¢ (W1 (T — 1) + Yp2) Wy,

CY =e (Y1 (T — )" + o) Wy + c (Vo1 (T — 1) + Ppa) Wy,

Ct =J = Wihon (T — 1) + F} " Witbepy + T~ (apepy (T — £)°71) W
+J (W, anpepy (T — 1))

By applying above equations and considering W = —u, coordinate with X; the
following components are obtained:

C" = —auy (Y1 (T — 1) + o) u + dugy (Vo1 (T — )" + 1pg2)
= by (Y1 (T — 1) + V2) — CUayy (V1 (T — )" + Vo),
CY = — eUyy (YOr(T = 1)* + Ya) — Cligyy (Vo1 (T — )" + Yeha),
C' = = T umthdr (T — 1) = T “uartppy — us (o + 1)3hehy
+ iy (g, (T —)*7")
Similarly, by considering X5, the conserved vectors are:
C" = —auy (Vo1 (T — 1) + o) u+ dugy (Y1 (T — )" + Peh2)
= Dtigay (Vo1 (T — )" + Pba) — cuyyy (Vo1 (T — 1) + Vo) ,
CY = — euyy (Vo1 (T — )" + 2) — cuyyy (Vo1 (T — )" + ga)
C" = =y T~ 0n (T — )" = T uytbn — Tp* (atn (T — 1)* ")
= J (ugy, atppy (T — 1))

The corresponding conserved vectors for (2.12)-(2.14) are presented in Tables 1 and
2.
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TABLE 1. Components of conservation laws for (2.12) and (2.13)

X \ W; \ [oR R \ Components of conservation laws for (2.12)
c* —a (Y1 (T —t)%) ugu + dugy, (Vo1 (T — t)%)
—bUgza (1/@1 (T - t)a) — Clgyy (¢¢1 (T - t)a)
X1 | —uy cY —CUgy (1/}9751 (T - t)a) — ClUgyy (¢¢1 (T - t)a)
Cct —p1Yu (@) — prvvug L(a) (T —t) + ¢ J (uztt, (T - t)a’l)
c” —a (Vo1 (T — 1)) uyu + dugy (Vo1 (T — 1)*)
—bUgay (Po1(T — 1)) — cuyyy (Y1 (T — 1))
Xo | —uy | CY —etyy (Y1 (T — 1)) — cuyyy (Vo1 (T — 1)*)
ct —¢1¢uyf(a) - ¢1¢Uytr(04)(T —t)+ g1 J (uytta (T — t)a_l)
X; [ W [Cmvt] Components of conservation laws for (2.13)

(O —a (Vo112 + ot + hd3) ugu + dugy (Vo1t* + Vot + Pebs)
—bugss (¢¢1t2 + ot + ¢¢3) — ClUgyy (quth + Yoot + Wﬁs)

X1 | —ug cY —CUgy (1/}9751752 + Yoot + ¢¢3) — ClUgyy (1/}¢1t2 + Yot + "/’¢3)

ct D (—uz) (Vprt? + Yoot + Ys) + D~ (ua) (2001t + o)
+J (um 2¢¢1)

c® —a (V1% + ot + Vo3) uyu + dugy (V112 + ot + Vs)
—bugey (Vo182 + ot + V3) — cuyyy (VPr1* + Yoot + hs3)

Xs —Uy cY —CUyy (¢¢1t2 + Yot + 'L/)QSS) — Clyyy (1/1¢1t2 + Yoot + ¢¢3)

ct D (—uy) (Vprt® + Yot + Yo3) + D~ (uy) (201t + o)
+J (uy7 2¢¢1)

85
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TABLE 2. Components of conservation laws for (2.14)

X; | W; | C®=%t | Component of conservation laws for (2.14)

ce —a (Y1t + Pd2) upu + dugy (Po1t 4+ Pdo)
_bumxz (w(blt + ¢¢2) — Clgyy (qp(blt + /(/)QSZ)

X1 | —ugz | CY —€Ugy (VP1t + Yd2) — CUgyy (V1T + Vo)

C! DY (—uy) (Y1t + Pd2) + Dy~ (uy) 19
ce —a (Y1t + d2) uyu + dugy (Yo1t + Vo)
—bugyy (Vo1t + V2) — cuyyy (Vo1t + Pepa)

Xo | —uy cv —eUy, (Y1t + o) — cuyyy (Yo1t + Peo)

ct D (—uy) (Y1t + Y2) + Dy (uy) 19

5. CONCLUSION

In this paper the time-fractional generalizations of the Zakharov-Kuznetsov-Burgers

equation is studied. This is an important topic in investigation of nonlinear cold-ion-
acoustic waves and hot-isothermal electrons in magnetized plasma. The conservation
laws of the equation is found via a modified version of Noether’s theorem. This version
is provided by Ibragimov and stated by considering a formal Lagrangian for a given
PDE or FDE. Consequently, a generalized fractional version of Ibragomov’s theorem
between fractional symmetries and conservation laws are presented.
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A NEW CLASS OF LAGUERRE-BASED GENERALIZED
HERMITE-EULER POLYNOMIALS AND ITS PROPERTIES

N. U. KHAN!, T. USMAN?, AND W. A. KHAN?

ABSTRACT. The special polynomials of more than one variable provide new means
of analysis for the solutions of a wide class of partial differential equations often
encountered in physical problems. Motivated by their importance and potential
for applications in a variety of research fields, recently, numerous polynomials and
their extensions have been introduced and investigated. In this paper, we introduce
a new family of Laguerre-based generalized Hermite-Euler polynomials, which are
related to the Hermite, Laguerre and Euler polynomials and numbers. The results
presented in this paper are based upon the theory of the generating functions. We
derive summation formulas and related bilateral series associated with the newly
introduced generating function. We also point out that the results presented here,
being very general, can be specialized to give many known and new identities and
formulas involving relatively simple numbers and polynomials.

1. INTRODUCTION

The generating function of the two variable Laguerre polynomials (2-VLP) L, (z,y)
[5] is defined by

1 < —xt ) >
T NPT/ ) = Z Ln(x7y)tna |yt| < 17

which is equivalently [6] given by
o0 tn
(1.1) exp(yt)Co(at) = ) Ln(%y)m7
n=0 :

Key words and phrases. Hermite polynomials, Laguerre polynomials, generalized Euler polynomi-
als, Laguerre-based generalized Hermite-Euler polynomials, summation formulae, bilateral series.
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where Cy(z) denotes the 0" order Tricomi function. The n'® order Tricomi functions
Cy(z) are defined as:

(1.2) Co() = 2% ne N,

with the following generating function:

exp(t—) Z Ch(

for t # 0 and for all finite x.
The Tricomi functions C,,(x) are characterized by the following link with the Bessel
function J,(x):

Co(z) = 273J,(2V/x).

From equations (1.1) and (1.2), we obtain

sxsyns n T
xy—nz )—yLn<>.

Y
Thus, we have
(~1)a”

b, (z,0) = o

} Ln(ov y) = yn’ Ln(.fE, 1) = Ln(x)7

where L, (x) are the ordinary Laguerre polynomials [1].
The 2-variable Hermite Kampé de Fériet polynomials (2VHKAFP) H,(z,y) [2,4]
are defined as:

[%} T n—2r

y'x
H'n/ ) = * )
(z,y) =n = ri(n —2r)!

and is supported by the following generating function:
JOTRTR.. tn
(1.3) em T = Z H(,y) 5

When y = —1 and z is replaced by 2z, (1.3) reduce to the ordinary Hermite polyno-
mials H,(z) (see [2]).

Currently, Dattoli et al. ([8], p. 241) introduced the 3-variable Laguerre-Hermite
polynomials (3VLHP) ; H,(x,y, z) which is defined as:
=nl [%:/2 —kLn 26T y).

H,(
rHn(,y, 2 Kl (n — 2k)!

The 3-variable Laguerre-Hermite polynomials (3VLHP)  H,(z,y, z) of the following
generating function:

1 —uat yt? >
= Hn ) ) tn’
(1—zt)eXp<1—zt+l—zt2> 712::0L (2,9, 7)
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equivalent to

o0 tTL
exp(yt + th)C’O(mt) = Z LH,(z,y, Z)ﬁ
n=0

It is clear that |
LHn <[L’, Y, _2> = LHn($7y)a

LHn<x7 17 _1) = LHn($)7

where 1 H,(z,y) denotes the 2-variable Laguerre-Hermite polynomials (2VLHP) (see
[6]) and 1 H,(x) denotes the Laguerre-Hermite polynomials (LHP) (see [7]), respec-
tively.

The generalized Bernoulli B{*)(z), Euler E*(z) and Genocchi G{® () polynomials
of order a € C, each of degree n are defined respectively, by the following generating
functions (see [3,5,10,18,20]):

t (e o0 tn
< > et =" Bfla)(x)—', [t] < 2m, 1% =1,
n!

n=0
(1.4) ( 2 )aeﬂ:iw)(l«)” it <717 =1
P 2 Bty =1

2t “ Tt = (a) " a
() =2 A0 fH<mt=1
It is easy to see that

BW(z) = B,(z), EWV(x)=E,(z), GV(z)=Gn(z).

Recently, Kurt [17] introduced and investigated the generalized Euler polynomials
Elom=1(z), m € N defined in a suitable neighborhood of ¢+ = 0, by means of the
generating function:

«

om o] tn
(15) T ext = Z ET[La7m71]<£L'>7‘.
6t+ Z Q n=0 n:

h=0 h

Furthermore, we recall here an interesting (partly bilateral and partly unilateral)
generating function for L{*(x) due to Exton [9] in the following modified form (see
Pathan and Yasmeen [19], Pathan and Bin-Saad [22]):

e _— e —
w (‘Hz ) P m+n) |
where m* = max{0, —-m}, m € Z :={0,£1,...}.

The reason of interest for this family of Laguerre-based generalized Hermite-Euler
polynomials is due to their intrinsic mathematical importance and to the fact that
these polynomials are shown to be natural solutions of a particular set of partial
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differential equations which often appears in the treatment of radiation physics prob-
lems such as the electromagnetic wave propagation and quantum beam life-time in
storage rings. Motivated by their importance and potential for applications in certain
problems in number theory, combinatorics, classical and numerical analysis and other
field of applied mathematics, a number of certain number and polynomials, and their
generalizations have recently been extensively investigated.

The organization of this paper is given as follows. In Section 2, we introduce a new
class of generalized Laguerre-based Hermite-Euler polynomials 7 H 2" ™" (x,y,z) and
develop some elementary properties by using generating functions for the numbers.
In Section 3, we derive the summation formulae for these generalized polynomials by
using different analytical means on their respective generating functions. In Section
4, we establish generating function for Laguerre-based Hermite-Euler polynomials
involving bilateral series, some of whose special cases are also presented. Relevant
connections of some results presented here with those involving simpler known partly
unilateral and partly bilateral representations are also indicated.

2. A NEw CLASS OF LAGUERRE-BASED GENERALIZED HERMITE-EULER
POLYNOMIALS

In this section, we introduce the Laguerre-based generalized Hermite-Euler polyno-
mials  H Eylem] (x,y, z), for a real or complex parameter a defined by means of the
generating function in a suitable neighborhood of ¢ = 0:

«

2m 42 > [or,m—1] "
(2.1) a1, eVt Co(xt) = Z LH (z,y,z)ﬁ,
et + hgo % n=0 :

so that

n

LHE Ny ) = (:}) E™ Y H, (2, y, 2).

r=0
It contain as its special cases not only generalized Euler polynomials (1.5), El*™~1(z)
(see (1.4)), but also generalization of Laguerre-Hermite polynomials (see (1.5)).
Setting m = 10, 2z =0, y — x, z — y in (2.1), the result reduces to known result
of Khan et al. [11]. Again setting z =0, y — z, 2 — ¥, the result reduces to known
result of Pathan and Khan [20].
Form=1 =0,y — x, 2z — y, we obtain from (2.1):

2 2
yt+zt E( )
<€t + 1) Z H ya .7

which is a generalization of the generating function of Dattoli et al. ([4], p. 386 (1.6))

in the form:
2 t+yt?
I R Ea(
(et + 1) Z 1En( y
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Now, here we investigate the connection between Laguerre-Hermite polynomials
H,(x,y, 2) and generalized Euler numbers El*™~1 which are great importance in
the following theorems.

Theorem 2.1. The following formula involving Laguerre-Hermite polynomials
LHy(x,y,z) and  Laguerre-based  generalized — Hermite-Euler  polynomials
LHE "N (5 g, 2) holds true:

1 : :
(2.2) L Hy(z,y,2) = 3 (LHEn[l 1 (2, y+1,2) + LHP" 1](%% z)) '

Proof. Consider equation (2.1), we have
et +1 (
2 el +1

1 2 2 2 2
__ 2 ) Syt O (zt ( ) yt+at? o (ot ) '
2<<6t+1)6 U(x)+ et +1 € 0(1’)

Then by using the definition of Kampé de Fériet generalization of the Laguerre-
Hermite polynomials ;H,(z,y) and Laguerre-based Hermite-Bernoulli polynomials
L H B (x,y, z), we have

eyt+zt2 Co (It) _

) eyt—i—ztz Ch (l’t)

o TL ’ tn
> rHu(z,y,2 5 Z (LH @y +1,2) + HP (g, 2)) — ok
n=0
Finally, comparing the coefficients of ';—, in both sides, we get (2.2). |

Theorem 2.2. The following formula involving Laguerre-based generalized Hermite-
Euler polynomials L HE (x,y, z) holds true:

n

[a+B8,m—1] n o,m— [8,m—1]
23) o HE iy = Y (1) B ) ),

r=0

Proof. By analyzing definition (2.1), we have

a+f
2m E, [a+B,m—1] tn
T (exp(y—l—w)t—l—zt)Co (t) Z H™" (T, y,2)—
_ i E[a,mq}( t" i ey (z z)i
n=0 " n‘ r=0 ¥ T! .

Now replacing n by n — r in the r.h.s. of above equation and comparing the
coefficients of L in both sides, we obtain the result (2.3). O

Theorem 2.3. The followmg formula involving Laguerre-based generalized Hermite-

Euler polynomials L H B (x,y, 2) holds true:

(2.4) L HE ol (1,9, 2 ZELT;I]LHE”[Q_I’m_H(:C,y, z).
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Proof. Definition (2.1) can be written as

a—1
e [a,m—1] t'I’L 2m 2m
Z LHE (x,y, z)m = - - exp(yt + 2t*)Co(xt)
- e |es s e
h=0 h=0
t e [ae—1,m—1] tT
o m 1] HEn v
Z n' 7§)L (xuy)z)r!'

On replacing n by n —r in the r.h.s. of above equation and comparing the coefficients
of & in both sides, we arrive at the desired result (2.4). O

3. SUMMATION FORMULAE FOR LAGUERRE-BASED GENERALIZED
HERMITE-EULER POLYNOMIALS

For the derivation of implicit summation formulae involving the LHEP
L HE (x,y,z) the same consideration as developed for the Hermite-Bernoulli
polynomials in Pathan [20] and Khan et al. [12-16] holds as well. First, we prove the
following result involving the LHEP , HZ"""(z,y, z) by using series rearrangement
techniques and considered its special case.

Theorem 3.1. The following summation formula for Laguerre-based generalized
Hermite-FEuler polynomials L HE (x,y,2) holds true:

o, m— q7l l o, m—
(3.1)  pHE g, 2) = Y (q)< ><w—y>"+pLHEq+l—n—p“ a,y,2).

n,p=0 n p

Proof. Replacing ¢ by ¢ + u in (2.1) and then using the formula ([21], p. 52(2)):

m

(z + y y
(32) Z FN =3 frm Sl
n,m=0
in the resultant equation, we find the following generating function for the Laguerre-
based Hermite-Euler polynomials , HZ'“" " (z, y, 2):

«

o0 e 190!
AT Oyt +u)) = e v 3T L H Pt (x7y72)7£'

aw+ztﬂ st g 1l

2m

Replacing y by w in the above equation and equating the resultant equation to the
above equation, we find

(3.3)
e [ae,mm—1] tq ’LLl

exp((w —y)(t +u)) > L H (®.9:2) 17 = Z HEe" (2w, Z>q| I
q,l=0 U q,l=0
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On expanding exponential function (3.3) gives

= W=yt +)]Y &g, e 9 !
H"a+t (Y, 2) =
L s I
N=0 N! q;O q' !
= Z L H Bar (x,w,2z)— u ,
=0 l ll

which on using formula (3.2) in the first summation on the left hand side becomes

i (w — y)'njptnup i HEqul[a m—l]( s )tq' u'l

gm0 nlp! S1=0 ql!
s £ u!
(3.4) = Z L H P (x,w, Z)q' z;'
q,l=0 :

Now replacing g by ¢ — n, [ by | — p and using the lemma ([19, p. 100(1)]):

(5 53 Al k) = 303 Al — ),

k=0 n=0 k=0 n=0

in the Lh.s. of (3.4), we find

00 n+p q l
w y Eq 7n7p[a,7n—l] t Uu
R ) T )
q,l=0n,p=0 p q
= Z pHP " (a0, 2) lul
2,1=0 q' !

Finally, on equating the coefficients of the like powers of ¢t and u in the above equation,
we get the assertion (3.1) of Theorem 3.1. O

Remark 3.1. Taking [ = 0 in assertion (3.1) of Theorem 3.1, we deduce the following
consequence of Theorem 3.1.

Corollary 3.1. The following summation formula for Laguerre-based Hermite-Euler
polynomials LB (x,y, z) holds true:

q

(3.6) L H P (z,w,2) = (Z) (w — y)"LHEq—"[a’m_ll (2,9, 2).
n=0
Remark 3.2. Replacing w by w + y in (3.6), we obtain

q

LHE w4y, 2) = 3 (Z) W' HP= " 2y, 2).

Next, we prove the following result involving the product of the Laguerre-based
Hermite-Euler polynomials ; H Eylem ] (z,y,z) by using series rearrangement tech-
niques.
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Theorem 3.2. The following summation formula involving the product of Laguerre-
based Hermite-Euler polynomials LB (x,y,z) holds true:

n,s

LHE,Lam 1 (x,w,u)LHES[a’mfl] (X, W,U) = Z (n) (Z) Ho(w —y,u— 2)
r,k=0 r

(z,y, 2)Hy(W — Y, U — Z) HZ+"""(X Y, 2).

[oe,m—1]

(3.7)  x pHEr

Proof. Consider the product of the Laguerre-based Hermite-Euler polynomials gener-
ating function (2.1) in the following form:

2m 2m
7} exp(yt + 21*)Cy(xt) I — exp(YT + ZT?)Co(XT)
et + Z & el + hXZ:O =

(3.8)
0 a,m—1 tTL 0 a,m—1 TS
=3 L HE 2= 3 L HE XY, 2)
n=0 n. s=0 8

Replacing y by w, z by u, Y by W and Z by U in (3.8) and equating the resultant
equation to itself, we find

ZOE%HE T ) L HPTTTX, WU>tn.j:
=exp((w — y)t + (u— 2)t?) exp(W = Y)T + (U — 2)T?)

% fsm—1] forym—1] T
X Z:OZ%LHE" (2,,2) LH™ "X, 2) =T

which on using the generating function (3.5) in the exponential on the r.h.s, becomes

ZZ e 1](x w,u)g, He"™ 1](X W,U)—
n=0s=0 nl S‘
> o [ae,m—1] tn-ﬁ-?“
= Z Z Hr(w_yvu_z)LHEn (fE,y,Z) 101
n,r=0 s,k=0 ner:
Ts-i—k

x Hy(W =Y, U — Z) H*"" (XY, Z) e
slk!

Finally, replacing n by n — r and s by s — k and using equation (3.5) in the r.h.s.

of the above equation and then equating the coefficients of like powers of ¢t and T', we

get assertion (3.7) of Theorem 3.2. O

Remark 3.3. Replacing u by z and U by Z in assertion (3.7) of Theorem 3.2, we
deduce the the following consequence of Theorem 3.2.
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Corollary 3.2. The following summation formula involving the product of Laguerre-
based Hermite-Euler polynomials LB (x,y,z) holds true:

LHE" o, 2)  HE (X oW 2) = Y (Z) (Z) (w=y)’
r,k=0

(2, y,2)(W = Y)Y LHP "N (XY, 7).

v LHEnfr[a’mil]

Further, we prove the following results concerning the Laguerre-based Hermite-Euler
polynomials ,HZ"" " (z,y, z) with 2VgLP L,(z,y) and the generalized Hermite
Euler polynomials HELO"m_” by using operational techniques.

Theorem 3.3. The following summation formula for Laguerre-based Hermite-FEuler
polynomials L HET (x,y,z) holds true:

k.l
[ee,mm—1] ’ k l o,m—
(39) LHE" ' (Z, w, y) = Z (n) (p) HEl[+k—n1—]p<m7 y)an-‘rr(wa Z = JZ)

n,p=0
Proof. We start by a recently derived summation formula for the generalized Hermite-
Euler polynomials yE“™~1 (see [18]):

n

k,l
o,m— . k l n o,m—
(310) HEI[HZI 1}(2, y) — Z ( > < ) (Z - l’) +pHEl[+k—nl—]p(x7 y)

n,p=0 n p

Operating exp (D‘l‘s—q> on both sides of equation (3.10), we have

w Hz4

0 o
exp (D 1) BT ()

gz
e k l [a;m—1] -1 01 n+p
(3.11) :n%::o n) \p HE (2, y) exp | D, 521 (z —x)"™.

Using the operational definitions (see [12]) in the Lh.s. and r.h.s. respectively of
equation (3.11), we get assertion (3.9) of Theorem 3.3. O

4. GENERATING FUNCTIONS FOR THE LAGUERRE-BASED HERMITE-EULER
PorLyNOMIALS INVOLVING BILATERAL SERIES

Let us consider the following a function:

«

2m

V(a,m) — V(a:m) (:E, y, Z, w7 3’t> — Tlth
et + hz::O Al

es~ “’TtertJrzt2 CO (.Z't) )

Expanding exp(s — %) in series form and then by using (2.1), we get

M oo Kloo tN

> s —wt am—1
SIS (FE) e )

(4.1) ylem) —
M=o M g=g\ S N=0
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Upon replacing the summation indices M and N in (4.1) by K+ N =nand M — K =
m, respectively and rearranging the summation series:
[e'e) o0 n K
4.9 V(a,m) _ myn (—U)) HEH,K[Q*W’”
(4.2) 2 2 R ki R (9,2,

m=—00 n=m*

(which can be justified by absolute convergence of the series involved), we are led to
the generating function:
00 00 n K
esf—+yt+zt2 (xt) — Z Z PR Z (_w) LanK(xyy; Z).
= K!(m + K)!(n — K)!

m=—00 n=m*

Some special cases of the result (4.2) are as follows.
(i) Setting x =0, y = 1 and using L,(0,1) = 1, (4.2) reduces to

a
m
2 S—M—l—th
[ s

: m—1 ih
et + Z Bl

h=0

n )K

3 3 (_w E [ee,m—1]
2,z K'Z:O K\(m + K)l(n — K)I* (0,1, 2).

m=—00 n=m*

(if) Settmg s=t=4%,a=r=0and y=11in (4.2), we get
w 2/4_ g (_w) HEanam 1] 0 1
m—foonm (2 XZK'(m+K>(n—K)|L (7 72)

2 in (3.2), we get a new

(iii) Setting s =t = 9, x = landa =y =0, z =

representation of Tricomi function:

()= 2 G L m e (102).

m=—00 n=m*

(iv) Taking m = 1,2 =1 and y = 0 in (4.2), we obtain

( 2 ) eEErG

et +1

n )K

.- o~ myn (—w E,_glo
> Zsth::OK!(m+K)!( — e (1,0, 2).

m=—00 n=m*

(v) Letting « =m =1 and y = 0 in (4.2), we obtain
2
< )es—+zt20 ($t)

et +1

n )K

2 2 R +(_I:;!(n — ey T (,02).

m=—o0 n=m*
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ON THE LOCAL VERSION OF THE CHERN CONJECTURE: CMC

HYPERSURFACES WITH CONSTANT SCALAR CURVATURE IN
Sn+1

S. C. DE ALMEIDA!, F. G. B. BRITO? M. SCHERFNER?, AND S. WEISS*

ABSTRACT. After nearly 50 years of research the Chern conjecture for isoparametric
hypersurfaces in spheres is still an unsolved and important problem and in particular
its local version is of great interest, since here one loses the power of Stokes’ Theorem
as a method for proving it. Here we present a related result for CMC hypersurfaces
in S**! with constant scalar curvature and three distinct principal curvatures.

1. INTRODUCTION

The Chern conjecture for isoparametric hypersurfaces in spheres can be stated as
follows. Let M be a closed, minimally immersed hypersurface of the (n + 1)-dimensi-
onal sphere S"* with constant scalar curvature. Then M is isoparametric.

One obvious generalization is that on non-closed manifolds, i.e., a local version of
the conjecture. This has in particular been proposed by Bryant for the case n = 3.

Let M C S* be a minimal hypersurface with constant scalar curvature. Then M is
1soparametric.

For more details, a short history and an overview of results we would like to refer
to the review article [3] by Scherfner, Weiss and Yau.

Here we will give a result related to the local version.

Let n > 3 and M C S™! be a hypersurface with constant mean and scalar cur-
vatures which has three pairwise distinct principal curvatures everywhere, then M 1is
1soparametric.

Key words and phrases. Constant mean and scalar curvature, isoparametric hypersurfaces, Chern
conjecture.
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2. PRELIMINARIES

Let M be an n-dimensional hypersurface in a unit sphere S"*!(1). We choose a local
orthonormal frame field {e1,...,e,11} in S""1(1), so that restricted to M, ey, ..., e,
are tangent to M. Let wy,...,w, 1 denote the dual co-frame field in S"™!(1). We use
the following convention for the indices: A, B, C, D range from 1 ton+ 1 and ¢, 7,k
from 1 to n. The structure equations of S"™!(1) as a hypersurface of the Euclidean
space R"*2 are given by

dwa=—) wapAwp, wap+wpa =0,
B
1
dwap ==Y wac Awep + 3 > Rapepwe A wp,
c C.D

where R is the Riemannian curvature tensor

RABCD = 5AC(SBD - 5ADéBC'

The contractions Rac = >B Rupcp and R = Y AB Rupap are the Ricci curvature
tensor and the scalar curvature of S"**(1), respectively. Next, we restrict all the
tensors to M. First of all, since wy41 = 0 on M, 3, wpy1, Aw; = dwpyr = 0. By
Cartan’s lemma we can write

(2.1) Wniri = Y higwi, i = hyi.
J

Here h = 37, ; hijjw;w; denotes the second fundamental form of M and the principal
curvatures \; are the eigenvalues of the matrix (h;;). Furthermore the mean curvature
is given by H = %Zi hi; = %Zi Ai and K = det(h;;) = [I; Ai is the Gauss-Kronecker
curvature. We also define

(2.2) Si=[h* =3 hiy =3 N
i, A
and for r > 3

(2.3) fri=tr((hy)).

Independently of the choice of the e; we have

(2.4) f3 = hijhjihi = Z AL =Y hihkhghy = Z A

ihj?k: i7j7k7l
and so on.
On M we have
(25) dwi = — Zwij VAN Wi, Wij + Wi = 0,
J

1
(26) dwij = — Zw,;k A Wkj + 5 Z Rijklwk N Wi,
k k,l
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where R is the Riemannian curvature tensor on M with components satisfying
0= Rijm + Rijik-
These structure equations imply the following integrability condition (Gauss equation):
(2.7) Rijii = (01050 — 6u0jx) + (highji — hihjk).
For the scalar curvature we have
k=n(n—1)+n*H*-S.

If we consider minimal hypersurfaces, the Ricci curvature and scalar curvature are
given by, respectively,

(2.8) R;; =(n — 1)5ij - Z hirhji,
(2.9) k=n(n—1)—S5.

It follows from (2.9) that x is constant if and only if S is constant. The covariant
derivative Vi with components h;;;, is given by

(210) Z hijkwk = dhzj + Z hjkwik + Z hikwjk.
k k k

Then the exterior derivative of (2.8) together with the structure equations yields
the following Codazzi equation

(2.11) hiji = hik; = Rjig.

In addition we have

(2.12) hijie =(hij)k + zl: hjwil(er) + ZI: hawii(ex),

(2.13) higet =(Pigie)t + D Pmjeim (€1) + Y Pimrwjm(€r) + Y hijmrm(er),
(2.14) Rijit =hijis + D Pong Rt + Y i R

(2.15) > h?jk =(S —n)S —nHf;+n*H>.

We will use the following result by Otsuki given in [2].

Lemma 2.1. Let M be a hypersurface in a (n+1)-dimensional Riemannian manifold
of constant curvature such that the multiplicities of the principal curvatures are all
constant. Then the distribution of the space of principal vectors corresponding to each
principal curvature is completely integrable. If the multiplicity of a principal curvature
is greater than 1, then this principal curvature is constant on each integral submanifold
of the corresponding distribution of the space of principal vectors.
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3. PROOF OF THE THEOREM

Theorem 3.1. Let n > 3 and M C S™ be a hypersurface with constant mean and
scalar curvatures which has three pairwise distinct principal curvatures everywhere,
then M 1is isoparametric.

Proof. Let A, p und v be the distinct principal curvatures with corresponding multi-
plicities r1, ro and r3. From r; 4+ ro + r3 = n and the definitions of H and S one has
a system of equations with continuous coefficients which the r; solve uniquely. Thus
the r; are continuous functions and therefore constant.

Locally we choose the e; such that A is diagonal in every point. For the directional
derivatives of the principal curvatures one has

(3.1) T1 Ak + ol + T3k = T1ANg + Poppiy + r3vyg = 0.

Let the principal curvature directions corresponding to the three principal curvatures
be called ey, e, and e,. Then (2.12) implies

for \; = A\; and

1
(3.3) Wz‘j(ek) = mhijk,
for )‘z 7é /\j'

We consider different cases for the multiplicities of the principal curvatures. Without
loss of generality, let ry > ry > rs3.
Case 1: 11,719,753 > 1. Then Lemma 2.1 implies Ay = p, = v, = 0, and with (3.1) it
follows that all derivatives of the principal curvatures vanish.
Case 2: r1,r9 > 1, r3 = 1. Without loss of generality let & = n. Then Lemma 2.1
and (3.1) imply that the derivatives of the principal curvatures in directions e4 and
e, vanish. From (3.2), (3.3) and (2.13) one has

hAaBa :(hAaB)a + Z hmanAm(ea) + Z hAmbam(ea) + Z hAamme(ea)

2 A fhn
= haAnhaBn + 5AB a >
v—A v—p

2 Anfhn
hAaaB = haAnhaBn + 5AB a .
v— [ v—A

From (2.14) one has
hAaBa - hAaaB = ()\ - M)RAaBa = 5,43()\ — ,u)(l + [L)\)

and thus
(3.4) hoanhapn = %51437
where

21 = (V - A)(V - N)(l + Al’d) + Anfin-
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Let v, be the column vector of the h,4, for a given a, then this can be expressed in
the matrix equation
t 21 .
VU, = gzd.
Since the left hand side can only have rank 0 or 1, it follows that z; = 0 and therefore
hoan = 0 for all @ und A. From (3.1) it follows that
lv—p lv—2A

Vn, n — Un
a To A — b

A = —
T — A

and thus
Z hz2]k =3 Z h124An +3 Z hian + hgmn = 37’1)\3 + STQIUEL + V72L
ijk A a
3 — 1)? 3 —\)?
_ ( (v M)2 7(1/ )2 + 1) %
r(p=A)? " r2(A—p)
1 1 9

_ 2 —)\)? A=) ——— 2
(3ra(v = p)” 431 (v = A"+ rira(A — ) )7‘17“2 ()\—M)Qyn

On the other hand, z; = 0 implies

]_ ]. 2 An,un
77”77, = — - 1 + )\
rira Oh — 1)’ = —N a

and one has
1
ro(v — p)? + (v — N2+ e — p)? =3 > (N =X\ =nS—n*H>
ij
Then (2.15) is of the form
(3.5) (S —n)S+n?H? = (1 4+ M) (3nS — 3n*H? — 2riro(X — p)?) + nH fs.
From
P Frop+v=nH, r\N4+rp+ri=205,
one has
ri(L+r)A2 4+ ro(1 +ro)p? +n*H? — 2nHri A — 2nHrop + 2rirodp — S = 0.

Solving for A yields
~nH —ryp

1+’I"1

A + w,

where

v iJ —nrou? + 2nroHp + (14 1r1)S — n?2H?
' ri(1+7)? '
If w = 0 on an open set, then p and consequently A and v are constant there. Therefore
it is sufficient to show the proposition under the assumption that the sign of w remains
the same. One calculates
nHpy — ryp?

1+ M= L

+ 14 wp,
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2

H—p
J— 2:
H—p 2

2_92H H?
—n2t pt + 2n w4+ w
(1 +7’1)2 1 —|—T1
n’ry —nr 2nH(ry — nr S
_n'n 3#2 (> 21)M+
ri(1+m) ri(14r) ri(1+m)
2H? —1 H —
nrnzy G ) + 2n "
T1(1+7’1)2 1—|—T‘1
fa =ri\3 +rop® + 02
=11 (1 — )N+ 1ro(1 — r3)p® + nPH? — 3n>H?r X\ — 3n>H?rop
+ 3nH7"f)\2 + 37”LH7“§,LL2 — 37“%7“2)\% — 3r17’§)\u2 + 6nHriro A\

= e dwp( ),

w,

that is
(14+ M) (3nS — 3H? — 2ryro(\ — p)?) +nH fs = Pi(p) + Po(p)w,
where P, and P, are polynomials of constant coefficients. For P, one has
B dnriroH
1 + ™ ’

therefore, it is not identically zero if H # 0. For the case H = 0 the same follows
from

Pt)=... 24+ . .+ ...t

(3n + 3nry — 2r9)S + 4nr1r2t
1 -+ T1

Py(t)=...t° +

with
3n+3nry —2ry > 3n—2ry > n > 0.
It follows that w — R(u) = 0 for a rational function R. The function

—nrot? + 2nroHt + (1 4+ 1r1)S — n?H? B
7“1(1 +T1)2

F(t) = iJ R(t)
is analytical and not constant. F'(x) = 0 then implies that p is constant. Consequently
A and v are also constant and the proposition follows.
Case 3: ri=:r=n—2>1,rpy=r3=1.

Without loss of generality let @ = 1 and @ = n. Then the derivatives of the principal
curvatures in e4 direction vanish, and analogously to case 2 one has

AV 2
hAan :5AB (Ann + Bt ) + )\hlAnhana

W—v
I/1>\1 4 Vn)\n 1 2)\%
W—A v—A A—v

2
hAnnB :5AB < ) + I VhlAnhan
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and thus
z
(36) hlAnhan - 525AB7
where
- A -V /\nVn 2)‘3
222:)\1V1+('u )\)_(/lj“/ )(()\_y)(1+)\y)—)\nn+y_)\+>\_y>
As in case 2 it follows that hya, = 0 for all A. From z5 = 0 one has
AV 22 A—vU
An =(A=1v)(1+ A G L A
( V)( + V)+V—)\+/\—V+<M—)\)(M—]/) 11
A—v (n+1p—v—nH _,
3.7 =A=v)1+ M) —(n—-2 A AL

and in the same way it follows that

(n+1)v—p—nH

(A=) (v —p) (v—p)32 "

From hg1an — haing = 0 one has

_ 2 _ 2 _ _ 1 _ 2 _ H
59 o BTAOZWPO D) bl = D=0 H)

(b =v)*(A = p)(A—v)

and again the same holds true for reversed indices:

_ 2 _ 2 _ _ 1 _ 2 _ H
(310) Ay = (n=2)A=v)A=p) +nn—Dp-v)A=H),

(n =12 (A =) (A =v)
(2.15) is of the form

|Vh|? =3(n — 2)A2 + 12 + 30 +3(n — 2)\2 + 32 + 12

_ n— " — 2()‘_’/)2 " — 2(/\_,“)2 2
_<3( 2)+(n—2) (V—u)2+3( 2) (M_V)2>)\1
_ n— 2(>\_’/)2 n— 2()\—#)2 2
+<3(n 2) 4+ 3( 2) (V—M)2+( 2) (,u—l/)2>)\”’

that is
(v = w*| VA =(3(n — 2)(nS — H?) = 2(n — 2)*(A — v)*)A]
(3.11) +(3(n —2)(nS — H?) —2(n — 2)*(A — p)*)\2.
If Ay = 0 on an open set, (3.8) and (3.11) imply
VR = (3nS — 3H? — 2(n — 2)(\ — u)?)(1 + M)

and as in case 2 it follows that the principal curvatures are constant. The same holds
true for A\, = 0, therefore we can presume in the following that A\; # 0 and A\, # 0.
Deriving (3.11) in direction e; yields

2(v — ) (1 — ) [VA* + (v — p)*(IVA|*)
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(nS — H?) — 2(n —2)2(A — 1))\ A

+2(3(n —2)(nS — H2) — 2( — 22N — 1)) A A
and with

(VA )1 = —nH(f3)1 = =3n(n — 2)H(A — p)(A = v)\

one has

AIVHP(H = 3) = S H (= )= )3~ )

A—v A—p
=—2n(n—2)(u—H X —oamn—2)v—H A2
nln = 2)(0 = H)Z— N = 2n(n = 2)(v = H)J— X,

+ (3nS — 3H? = 2(n — 2)(A — v)H) A1,
(3.12) + (3nS — 3H? —2(n — 2)(\ — u)Z)i”Anl.

1
To simplify notation, we set
Ai(z,y) = 3(nS — H?) = 2(n — 2)(z — y)*.
Putting (3.8) and (3.10) into (3.12) we have
3n
n|VAI(H = )) - 7H(u VO = 1) = 1) — A ) (A — (1 + )

_ A— V(n—l-l)l/—lu—n[—] 9

<2n(n 2)(1 — H)M (e )A

—<2n(V—H))\_M+3n5_3H2+2(n_2)<)‘_M)()\—V)
v— —v

_ nn=1)(A—H)

(n—2)A— ) (A —v)

Analogously we have

(3.13) Al(A,u)> (n —2)\2.

nIVHP(H = 3) = 2 H = 0200~ )= ) = A )8~ ) (14 )

= —-2nn—-2)(v— A—p (n+1p—v—nHY\
_< 2n(n - Dl — )32 4 a0 T )xn
B <2n(M_H))\—V+3nS—3H 1 2(n —2)(\ — 1) (A — )
m—= V—U
__n(rn=1)(A—H) AT
(3.14) (n—2)()\—,u)()\—y)A1<)\’ ))( 2)A2.
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From (3.11) one has
(v = w?IVh? _ (n—2)e(v)

2.
Al(/\nu) Al()‘nu) !

(3.15) (n—2)A2 =

As in case 2
(n—2)A+pu+v=nH, (n—-2)N+p*+v°=5,

yield
1 1 1
(3.16) /\:n_l(nH—V)—mw, u:n_l(nH—y)—f—w,
with
vn—2
(3.17) w =Y \/—ny2 +2nHv + (n—1)S —n?H?,

n—1
where again the sign of w can be assumed to remain the same. We set

EO0p ) = A3 1) Ay 1, ) Ag (A 1, ) + Ay 2) A3\, v, 1) A (A, ),
where A; was already defined by
Ay(z,y) :==3nS — 3H* — 2(n — 2)(z — y)?,
and Ay and Az given by
As(z,y,2) =y — 2)(w — 2) (n(n — 2)|VEP(x — H)(z — y)Ai (w, 2)
+ gn(n —2)H(y — 2)*(z — y)*(x — 2)Ai(z, 2)
+(n = 2)(1 +zy)(z — y)*Ai (7, 2)?
+2n(n = 2)|Vh*(y — H)(z — y)(z — 2)(z — y)
HTAR((n+ 1)z —y —nH)(z 1) A(x, ).
As(w,y,2) === 2(n = 2)"n(y — H)(z — y)(z — 2)*As(2, p)
+ (n—2)*(z — y)(z — 2)(3nS — 3H* +2(n — 2)(z — y)(z — 2)) A1 (z,9)
+n(n—1)(n—2)(z— H)(y — 2)A1(z,y)A1(z, 2)
—2n(n —2)*(z — H)(z — y)*(x — 2)Ai(z, 2)
—n=2)(x—y)((n+1)y—2z—nH)A (x,y)A1(z,2).
From (3.13), (3.14) and (3.15) one has the following condition for A\, x and v:
(3.18) e\, i, v) = |[Vh[*(u — v)? As(\, p, v) Az (N, v, o).
Using (3.16) and (3.17) the terms in (3.18) can be written as polynomials in v and w
whose leading coefficients are given by
Ay(\ p) =2nv* — dnHv + (n + 2)S + (2n® — 3)H?,

n—2n%—n An
M) =20 (Y,
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A0 i) = — 8n*(Tn® — 42n° + 57n* + 44n® — T9n? — 18n — 1) 10

(n—2)(n—1)8
8n*(n® — 6n° — In* + 68n® — 41n? — 46n + 1) ,
+ VoA Jw,
(n—2)(n—-1)7
8nt(3n% — 6n + 1) 8nt(n? — 2n + 3)
Ao( A = 104 ... 94 ...
2( 7V7N) (TL—]_>4 v + + (n_1)3 Ve + w,
2(n —2)n3(Tn® —1Tn?* — 19n + 1)
A —_
3()‘7#7 V) (n_ 1)3 v+
2n?(12n* — 20n* + 3n +1)
_ + w,
(n—1)?
8(n —2)n3(nt —4n3 — 2n* +12n + 1)
A3(>\aV7H): (n_1)4 V6+
4n3(6n* — 9n® — 256n% +29n + 15)
+ VPt | w.
(n—1)?

(3.18) is then of the form

(3.19) Q1(v) + Qa2(v)w = 0,

for polynomials ()7 and ()2 with constant coefficients. The leading coefficient of @)y is

given by

32(n—2)n®

- (n—11
— 1089n* — 6461n® 4+ 1048n* + 134n — 4)t*® + - ..

Q:1(t) (730" — 709n° + 2273n° — 12550 — 7101n° + 12067n°

)

therefore, () is not identically zero. One then has from (3.19) that w = R(v) for a
rational function R or that Q;(v) = 0; in both cases the proposition follows. U
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TWO-SIDED LIMIT SHADOWING PROPERTY ON ITERATED
FUNCTION SYSTEMS

M. MOHTASHAMIPOUR! AND A. ZAMANI BAHABADI'*

ABSTRACT. In this article, we introduce the two-sided limit shadowing property on
an iterated function system (I F'S) and attain some results such as totally transitivity,
and shadowing property. Also, by means of the strong shadowing property, we
achieve topologically mixing for this IFS. Then, we study the strong two-sided
limit shadowing property and obtain the topologically mixing property, immediately.
Moreover, we find a criterion to obtain the two-sided limit shadowing property.

1. INTRODUCTION AND DEFINITIONS

To find real trajectories close to approximate trajectories, usually, the shadowing
property and its various cases are used. What we want to study on iterated function
systems, the systems with several generators, is two-sided limit shadowing property.
Some mathematicians, like Oprocha, Carvalho and Kwietniak worked on the systems
with just one generator, ordinary dynamical systems, that have this property and
obtained remarkable results. For example, in [4], authors showed that systems having
two-sided limit shadowing property are transitive and have the shadowing property.
The relationship between two-sided limit shadowing property and another kinds of
shadowing was studied in [3] and [6].

Let us mention some notations and necessary definitions on ordinary dynamical
systems and iterated function systems. One can see these definitions in [2], [5], [8],
and [10] for dynamical systems with one generator.

Let (X,d) be a compact metric space and f : X — X be a homeomorphism.
Assume that ¢ and § are positive integer numbers. A sequence {z;},., is said to be a

Key words and phrases. Iterated function system, two-sided limit shadowing property, totally
transitive, topologically mixing, skew product.
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d-pseudo trajectory, if d(f(x;),z;41) < 0, for all i € Z. This sequence is e-shadowed
whenever there exists x € X such that d(f"(x),x;) < ¢, for all i € Z. We say that f
has the shadowing property if for every € > 0 there is § > 0 such that every d-pseudo
trajectory is e-shadowed by some point of X.

A sequence {x;},., is a limit pseudo trajectory, provided that d(f(x;),xiy1) — 0 as
i — 400, and it is limit shadowed if there is x € X such that d(f*(z),z;) — 0 as i —
+00. Also, a sequence {x;},., is a negative limit pseudo trajectory if d(f(z;),xi41) — 0
as ¢ — —o0, and it is negative limit shadowed whenever there exists x € X such that
d(f(z),z;) = 0 as i — —o0.

If d(f(x;), vi41) — 0 as |i] — oo, then {z;},., is called a two-sided limit pseudo tra-
jectory. The sequence {z;},_, is said to be two-sided limit shadowed if d(f*(x),x;) — 0
as |i| — oo, for some x € X. Principally, f has the two-sided limit shadowing property
while every two-sided limit pseudo trajectory is two-sided limit shadowed. Analo-
gous definitions can be presented for limit shadowing and negative limit shadowing
properties.

There is a weaker case, namely, the two-sided limit shadowing property with a gap
(see [4]). A sequence {w;}, ., is two-sided limit shadowed with gap K if d(f*(x),z;) — 0
as 1 — —oo and d(f"(z),r;) — 0 as i — 400, for some z in X. f is said to have
the two-sided limit shadowing property with gap N if every two-sided limit pseudo
trajectory is two-sided limit shadowed with gap K for K € Z and |K| < N. Generally,
f has the two-sided limit shadowing property with a gap if there exists such N.

A homeomorphism f is transitive whenever for every two nonempty open subsets
U and V, there is a non-negative integer n such that [ (U) NV # (. Also it is
topologically mixing if for every two nonempty open subset U and V there is m € N
such that for all n. > m, f*(U)NV # 0.

The following theorems were proved by Carvalho and Kwietniak in [4].

Theorem 1.1. If a homeomorphism f of a compact metric space X has the two-
sided limit shadowing property with a gap, then it is transitive and has the shadowing
property.

Theorem 1.2. If a homeomorphism of a compact metric space has the two-sided limit
shadowing property then it is topologically mixing.

They also borrowed expansivity and specification properties as tools to obtain
the two-sided limit shadowing property in [3]. For definitions of expansivity and
specification properties, see [3] and [7].

Theorem 1.3. Fvery expansive homeomorphism f : X — X with the shadowing and
specification properties has the two-sided limit shadowing property.

Now, we extend some of these definitions to iterated function systems.
Let ' ={fi, fa, ..., fx} be a finite sequence of homeomorphisms on compact metric
space X.
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An iterated function system is the semigroup action generated by F', and denoted
by IFS(F). The elements of F' are called generators of IFS(F').

Let w = (...,w_1,wp,ws,...) € {1,...,k}Z. We set fO = id, and for all n > 0,
J2 = fun1Ofun s0...0fu and fo™ = fi'o...of " . Consider o : {1,--- ,k}* —
{1,-- kY, o(- ,wog,wh,wi,wa, o+ ) = (- ,w_1,Wo,w},ws, - ), be the shift map.
The map

0: {1 B} x X = {1, kY x X, 0w, 2) = (0w, fu,(2)),

is called the skew product of IFS(F), which F'={f1,---, fx}.
Assume that e> 0 and § > 0 are given. A sequence {z;},, is called a §-pseudo
trajectory for IFS(F') if there exists w € {1,..., k:}Z such that

d(wa (ﬁl) ) $i+1)<67

for every ¢ € Z. A d-pseudo trajectory is said to be e-shadowed whenever there are
ye X and ¢ € {1,...,I<:}Z such that

d(f; (y) >xi> <ég,

for every i € Z. We say that IFS(F') has the shadowing property, if for every e> 0,
there is 0> 0 such that every d-pseudo trajectory for I F'S(F') is e-shadowed and it
has the strong shadowing property whenever ¢, in the definition of the shadowing
property, is equal to w, in definition of d-pseudo trajectory for IFS(F).

Remark 1.1. If IFS(F) has the strong shadowing property, then every generator has
the shadowing property but its converse is not true (see Example 1.5 in [11]).

In continuation of the previous definitions, we define limit, negative limit and
two-sided limit shadowing properties on iterated function systems.

A sequence {z;},., is called a (negative) limit pseudo trajectory for IFS(F) if there
exists w € {1,...,k}” such that

d(fu, (5) , 2ig1) — 0,

as (i — —o0) i — +o00. This sequence is said to be (negative) limit-shadowed if there
are y € X and ¢ € {1,...,k}” such that

as (i — —o0) i — +oo. We say that [FS(F) has the (negative) limit shadowing
property whenever every (negative) limit pseudo trajectory for I F'S(F') is (negative)
limit shadowed by some point of X.

A sequence {z;},., is called two-sided limit pseudo trajectory for 1FS(F) if there

is we {1,...,k}” such that
d(fur (i), Tig1) = 0,
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as |i| — oo. This pseudo trajectory is said to be two-sided limit shadowed while there
are y € X and ¢ € {1,...,k}” such that

as |i] = oco. Also it is strong two-sided limit shadowed whenever ¢ =w . We say that
IFS(F) has the (strong) two-sided limit shadowing property whenever every two-sided
limit pseudo trajectory is (strong) two-sided limit shadowed.

Remark 1.2. If an iterated function system has the strong two-sided limit shadowing
property, then one can see that every its generator has the two-sided limit shadowing

property.

An iterated function system is called chain transitive while for all 6 > 0, and every
(z,y) € X x X, there exist n € N and a finite d-pseudo trajectory {r;}_, such that
ro = = and r,=y. We say that IFS(F) is transitive if for every two nonempty
open subsets U and V, there are w € {1,... Jc}Z and a positive integer n such that
fMU)YNV # 0. Let {1,...,k}" be the set of all words of length n. We say that
IFS(F) is totally transitive whenever [FS(F™) is transitive, for all n € N, where
Fr={f"we{1,...,k}"}.

IFS(F) is called topologically mizing if for every two nonempty open subsets U
and V in X, there is m € N such that for all n > m there exists w™ € {1,..., k:}Z
such that f7, (U) NV # (. We say that IFS(F) is uniformly contracting, whenever

el vin  d@,Y)

exists and is smaller than 1.

In the next section, we show that the iterated function systems equipped by the
two-sided limit shadowing property are totally transitive and if these IFS’s have the
strong shadowing property then they also are topollogically mixing. Moreover, we
find a relation between two-sided limit shadowing and shadowing properties as in the
following.

Theorem A. If I F'S(F') has the two-sided limit shadowing property, then it is totally
transitive and has the shadowing property.
Theorem B. Let I F'S(F’) has the two-sided limit shadowing and the strong shadowing
properties.Then it is topologically mixing.

Moreover, we study the strong two-sided limit shadowing property on iterated
function systems and obtain the topologically mixing property, immediately.
Theorem C. If [F'S(F') has the strong two-sided limit shadowing property, then it
is topologically mixing.

Also, we find a relation between iterated function system and its skew product,
whenever, they have the two-sided limit shadowing property.

Theorem D. [FS(F) has the strong two-sided limit shadowing property if and only
if its corresponding skew product has the two-sided limit shadowing property.
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After that, in Section 3, we introduce a criterion to obtain the two-sided limit
shadowing property by the following theorem.
Theorem E. Every uniformly contracting iterated function system with one to one
continuous generators has the strong two-side limit shadowing property.

2. TRANSITIVITY AND MIXING PROPERTY

Along to this section, we assume that X is a compact metric space and F =
{f1, f2, -, fx} is a finite sequence of homeomorphisms on X.

Proposition 2.1. Let [FS(F) has the two-sided limit shadowing property and F~':=
o ftY Then IFS(F) and IFS(F~Y) have the limit shadowing property.
1 k

Proof. Let {x;},., be a limit pseudo trajectory for IF'S(F) and let {z},., be a

limit pseudo trajectory for IFS(F~'). There exist w,t € {1,...k}” such that
d(fu, (i) ,xi11) = 0 as i — o0 and d(f~', (2),2i11) — 0 as i — +00.

Since f; , i1 =1,...,k, is a homeomorphism, we have d(z;, fi,(zi+1)) = 0 as i — +o0.
Set 2z 1:=wx_;, for all i > 0. It is easily seen that {z;},_, is a two-sided limit pseudo
Wi, 7 Z O,

trajectory for IF'S(F) with s = L. <0

IFS(F) has the two-sided limit shadowing property, so there are y € X and
¢ € {1,...,k}” such that

(2.1) d(f; (y),x;) > 0asi— —0

and

(2.2) d(f5 (y) ;@) = 0 as i — +oo.

(2.1) implies that IF'S(F~!) has the limit shadowing property and by (2.2) IFS(F')
has the limit shadowing property. 0

In the following, we prove the chain transitivity of iterated function systems
equipped to the two-sided limit shadowing property.

Proposition 2.2. If IFS(F) has the two-sided limit shadowing property, then it is
chain transitive.

Proof. Let (z,y) € XxX. Denote the w-limit set of x for f; and a-limit set of y for
f1 by wy, (z) and ayp, (y), respectively.
[z, n<o,
fr(w), n>0.

The sequence {p,} is a two-sided limit pseudo trajectory, so there are p € X and
w e {1,...,k}” such that

{ d(fi(p),pi) = 0asi— —oo,

Assume z € wy, (z),w € ay, (y) and p, = {

d(ffj (p),p;) = 0as i — +oo.



118 M. MOHTASHAMIPOUR AND A. ZAMANI BAHABADI

Infact,

{ d(f; (), fi(2)) = 0asi— —oo,
d(f; (p), fi(w)) — 0 as i — 4o0.

For § > 0, there exists M € N such that

d (£ (), f1M () < 6/2,
d (3 (p), [ (w)) < §/2.

Since fi M (2) € wy, (v) and fM (w) € ay, (y), there are M; > 0 and My > 0 such

that
{ d (" (x), 7 (2)) < 6/2,
d(f" ), f (w) < 5/2
So,
{ d gf;M (p) . fi" <x>§ <3,
d(f3 (), [T (y) < 6.
Hence, we have the chain z,f (x),..., ff"7 (@), £M0), M (0), ..., fX1 (p),
M2 (), M (y), ..., y. Tt shows chain transitivity of IFS(F). O

Now, we are ready to approximate pseudo trajectories by real trajectories.

Proposition 2.3. If [FS(F) is chain transitive and has the limit shadowing property,
then it has the shadowing property.

Proof. Consider IFS(F) does not have the shadowing property. Therefore, there
exists € > 0 such that for every n > 0 there is w™ € {1,..., k:}Z and there exists
a finite %—pseudo trajectory A“" that it cannot be e-shadowed by any points of
X. By assumption, [FS(F) is chain transitive, so for all n > 0 there exist 7" €
{1,...,k}” and a 1-pseudo trajectory By" from the end member of A%" to the first

member of Agi*ll and hence a finite 1-pseudo trajectory A%" B}" AZEI. The sequence

{y;} = Alengng * ... is an infinite limit pseudo trajectory. [FS (F') has the limit
shadowing property, so the sequence {y;} is limit shadowed by a point y € X and
we{l,... ,k}Z; that is, we have d(f" (y),yn) — 0 as n — oo. Hence, for every ¢ > 0,
there is N € N such that d(f (y),yn) < €, for every n > N. This means that there
exists a finite pseudo trajectory Azk which is e-shadowed by some point in X. It is a
contradiction. O

At present, we obtain the transitivity by the previous results.

Proposition 2.4. Let IFS(F') has the shadowing property and let be chain transitive.
Then it is transitive.
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Proof. Let U and V' be two nonempty open subsets of X, x € U, y € V and ¢ > 0.
By the shadowing property, there is ¢ > 0 such that every d-pseudo trajectory,
specially the d-pseudo trajectory from z to y, is e-shadowed by a point z € X.
Let * = zp,21,...,2, = y be a d-pseudo trajectory for IFS(F) from = to y. So
d (f;7 (2) ,Zi> < ¢, for all 4, some z € X and some ¢ € {1,.. .,k}z. If we choose ¢
small enough such that B(x,e) C U, then f2 (U)NV # 0. O

Proposition 2.5. If IFS(F) has the two-sided limit shadowing property, then
IFS(F™) also has the two-sided limit shadowing property, for all n € Z\ {0}.

Proof. Let n € Z\ {0} and {z;},., be a two-sided limit pseudo trajectory for IF'S(F™).
There is a sequence w = {w'},_,, w" € {1,...,k}", such that

d(fgl (xl) 7xi+1) — 0,
as |i] — oo. It is easily seen that the sequence

)o@ if there is ¢ € Z such that m = in,
Ym=1 fm-in (x;), if thereis i € Z such that in <m < (i + 1) n,

is a two-sided limit pseudo trajectory for IF'S(F'). The right elements of this sequence
are

o, fLo (o), f20 (20) s - f5 (o) 1, fla (1) S (1) 5 2,
fow () oo S5 () o

We can write the rest of this sequence, similarly. [FS(F') has the two-sided limit
shadowing property so the sequence {y,,} is two-sided limit shadowed by a point
y € X and 7 € Z such that

d(f7" (y) s ym) — 0,
as |i| — oo, that it implies d(f2" (y),2;) — 0 as |i| — oo. O

Proof of Theorem A. With regard to the Propositions 2.1, 2.2, 2.3 and 2.4, if
IFS(F) has the two-sided limit shadowing property, then it is transitive and has the
shadowing property. Then the Proposition 2.5 conclude the proof of theorem A.

Proposition 2.6. If [FS(F) is transitive and has the strong shadowing property, then
for every nonempty open subset U there exist a closed subset B C U, m € NU {0}
and ¢ € {1, k}” such that f]'(B) = B.

Proof. Assume U is a nonempty open subset of X. Choose £ > 0 such that for some
u € U, B(u,3¢) C U. By shadowing property for every ¢ > 0 there is §, 0 < § < ¢,
such that every d-pseudo trajectory is e-shadowed. Transitivity of IFS(F') follows
that there exist n > 0, 2 € B(u,e) and w € {1,...,k}” such that d(f"(x), ) <. The
sequence {zm = fm (modn) (x)} is a d-pseudo trajectory.

So there is 2 € B(x,¢) C B(u,2¢) such that d(f™ (2),x) < ¢ for all m > 0, when

O = (0, W, W1y, Wi 1, W0 ey Wi1,y--.) € {1,...,]{:}2.
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Indeed, {2z, },,cz is the following sequence

Lo f (@) f2(2) s, £ @) 2 fE (@), 2 ) S () ),

The set of all limits of subsequents of {f™ (z) : m > 0} is the subset of closure of
B(u,2¢). We denote this set by C. Therefore, C' C U. Since, here and for this ¢,
[ = (f2)™ and w-limit set of f7 is f7-invariant, f7(C) = C. O

Now, it is prepared some qualifications to obtain topologically mixing IFS’s.

Proposition 2.7. If I[FS(F) has the strong shadowing property and is totally tran-
sitive, then it is topologically mixing.

Proof. Let U and V' are two nonempty open subsets of X. Choose € > 0 so that
Uy = B(u,2¢) C U and V] = B(v,2¢) C V, for some v € U and v € V.

By the shadowing property, there is § < /2 such that every d-pseudo trajectory is
e-shadowed.

IFS(F) is transitive so for Uy = B(u,d/2) and V; there exist n € NU {0} and
w € {1,...,k}? such that f*(Uy) NV} # @. By Proposition 2.6, there exist a closed
subset B C Uy N (fi)"'Vi, m e NU{0} and ¢ € {1,...,k}” that f7(B) = B. Also,
fa(f)i(Us) N Vi # @, for all j € NU{0}. So, for every j € NU {0}, there is
ri € {1,...,k}* such that f5"™(Uy) N V) # @.

Set G := F™. Transitivity of IFS(G) implies that for given v € {1,...,k}? and
integer s > 0, thereis j, > 0 and ¢* € {1,...,k}” such that f/7° (fj(U2)>ﬂ(f$)_1V1 #

xS

@. Hence, there exists 1° € {1,...,k}? such that f;"™***(Uy) NV, # 2.

Set J, := min{j, | s (Uo) N Vi # @, for some 7° € {1,...,k}?} and M :=
max{n +mJs |0 <s<m—1}.

We claim that for all [ > M there is 6 € {1,...,k}* such that f,(U2) N Vi # @.
For this aim, consider [ > M. So there exist j > 0 and 0 < s < m — 1 such that
l=n+mj+s. Since l > M, j > J,. Therefore, | —mp = n+mJ,+ s for some p > 0.
The sequence

©
t—mp

ns (y8)7 mp S tu

where b € B and y* € Us N ( ,;frm‘]ﬁs)*ll/l #+ @, is a d-pseudo trajectory. So it is
e-shadowed with a point y' € X and 0" € {1,...,k}Z. In fact, d(f;l (), ?Jl,t> < ¢ for
all t > 0.

When t = 0, we have d(y',b) < e so y' € U.

If t = [, then d(fél (yh), ,Tffm‘]ﬁs(ys)) < ¢ and since f;:“m‘]”s(ys) e Vi, fi(Uy) N

Vi # @ . Therefore IFS(F) is topologically mixing. O

) {ft (modm)(b)’ 0<t<mp-—1,
It —

We are now ready to prove Theorem B.
Proof of Theorem B. By Theorem A, [FS(F) is totally transitive and because it
has the strong shadowing property, Proposition 2.7 implies it is topologically mixing.
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Here, we want to study about the strong two-sided limit shadowing property on
iterated function systems as a stronger property than the two-sided limit shadowing
property.

Similar to proof of the Proposition 2.1, we have the following proposition.

Proposition 2.8. If [FS(F) has the strong two-sided limit shadowing property, Then
it has the strong limit shadowing property.

We can use a similar proof of the Proposition 2.3 to obtain the following result.

Proposition 2.9. If IFS(F) is chain transitive and has the strong limit shadowing
property, then it has the strong shadowing property.

Proposition 2.10. If IFS(F) has the strong two-sided limit shadowing property,
Then it is totally transitive and has the strong shadowing property.

Proof. Since an iterated function system with the strong two-sided limit shadowing
property has the two-sided limit shadowing property, by Theorem A, it is totally
transitive and obviousely chain transitive; and, by Propositions 2.8 and 2.9, it has the
strong shadowing property. O

Now, by using the strong two-sided limit shadowing, we can prove Theorem C.
Proof of Theorem C. By Proposition 2.10, [FS(F') has the strong shadowing
property. Theorem B completes the proof.

In the following, we prove Theorem D to show a relation between iterated function
systems having the strong two-sided limit shadowing property and their skew product.
Proof of Theorem D. First, assume that IF'S(F') has the strong two-sided limit
shadowing property and {(w’, z*) }s¢z is a two-sided limit pseudo trajectory for 6 where

0:{1,... k¥ x X —={1,... .k} x X, Ow,z)= (Uw,fwo(x)),

is the skew product of IFS(F).
Consider metrics D, dy and d on {1,...,k}2 x X, {1,...,k}? and X respectively
and

D((w,z), (¢,y)) = max{di(w, ¢), d(z,y)}.
We have o . '
D(0(w',2%), (W', ")) = 0 as |i| = oo,
that is, D((awi, fui (@), (W x"“)) — 0 as |i] = oo. It is equivalent to
(2.3) dy(ow',w™) — 0 as |i| — oo,
(2.4) d( £ ("), 2"h) = 0 as |i| — oo

The expression (2.3) says that the sequence {w'};cz is a two-sided limit pseudo trajec-
tory. This sequence is two-sided limit shadowed by ¢ = (..., wy ", wel, Wi, ...), (see
Theorem 5.1 in [4]). Infact, we have

(2.5) di (o'(p),w") — 0 as |i| = oo.
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Equation (2.4) implies that {z'} is a two-sided limit pseudo trajectory for IFS(F).
Since I F'S(F') has the strong two-sided limit shadowing property, there exists a point
x € X such that that

(2.6) d(f;(x),xi) — 0 as |i| — oc.
The statements (2.5) and (2.6) imply that
D(@i(go,x), (wi,xi)) — 0 as |i| = oo.

Conversly, assume {z'} is a two-sided limit pseudo trajectory for IFS(F). There is
w € {1,...,k}” such that

d(fwi(a:i),xiﬂ) — 0 as |i| = oo.

It is obvious that the sequence {¢' = o'w}icz is a two-sided limit pseudo trajectory
and it is two-sided limit shadowed by w. Therefore, {(¢',2")}icz is a two-sided
limit pseudo trajectory for # and is two-sided limit shadowed by some z € X and
y=( 00 08, @b, ... ) =w. So we have d(fjj(x),:cz) — 0 as |i| — oo, and it means
IFS(F) has the strong two-sided limit shadowing property.

As an application of the Theorem D, we present the following example to show that
the inverse of Theorem B and Theorem C are not true.

Ezample 2.1. Suppose that X = [0,1] and fo: X — X, fo(z) =0and f; : X — X,
fi(z) = 1 —|1 —2z|. Let 0 be the skew product of IFS({fo, f1}). IFS{fo, f1})
is topologically mixing but # is not topologically mixing (see Example 1 in [9)).
Theorem B in [4] implies that 6 does not have the two-sided limit shadowing property.
By Theorem D, IFS({fo, f1}) does not have the strong two-sided limit shadowing
property. Therefore, we have an iterated function system that is topologically mixing
but does not have the strong two-sided limit shadowing property. This implies the
inverse of Theorem C is not true. Moreover, I F'S({ fo, f1}) dose not have the strong
shadowing property (see Example 1.3 in [11]). So, the inverse of Theorem B does not
hold.

3. A CRITERION

Assume that X is a compact metric space and F' = {f1, fa,..., fx} is a finite
sequence of one to one continuous functions from X to itself.
Proof of Theorem E. Suppose that I FS(F) is uniformly contracting,

s s AU £0)

<1,
1€{1,....k} z#y d(ZL“, y)

and the sequence {z; }icz is a two-sided limit pseudo trajectory for I F'S(F'). There is
w € {1,...,k}? such that d(fy, (zn), Tns1) — 0 as |n| — oo.

Choose the sequence {y; }iez so that yo = x¢ and y;41 = fu,(¥i) , @ € Z. In Theorem
3.2 in [1], it is proved that every uniformly contracting [ F'S has the limit shadowing
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property, and also d(f(yo), ) — 0 as n — oo. Here, we show that d(f(yo),z,) — 0
as n — —oo.

Set 02 = d(fwl (.fz), IZ’+1), 1 € Z. We have
d(x,l, yfl) < d(fw_z (y72)7 fw_z (1‘*2)) + d(fw—2<x*2>7 $,1)
< Bd(y—2,v_2) +0_2

and

d(x-2,Yy-2) < d(fw_s(Y-3); fu_s(®-3)) + d(fuw_s(T-3),2-2)
< Bd(z_3,y-3) + 0_3.
By induction,
d(x—na y—n) < ﬁd(w,(mrl), yf(n+1)) + 97(n+1)-
Set v, :=6_,, forn > 0. v, — 0 as n — oco. So, for given ¢ > 0, there is T" € N such
that for all n > T, we have 7, < w Assume that a,, := d(x_,,y_,), for all n > 0.

Since X is compact, the sequence {a, }has a convergent subsequence {a,, }x>o. This
fact and § < 1 imply that for all n, > T, the following inequalities hold:

n -n n —ni—1
Any, < B kankﬂ + [T Tngr T g4t

< BT Ry S (L B T

2
g
< 5ank+1 + 5(1 _ 6”k+1—nk—1>
S ﬁank+1 + .

As k — oo, we have a < fBa + 5. € is arbitrary so a(1 — 3) < 0 and therefore a = 0.
Now, we claim that every subsequence of the sequence {a,} is convergent to zero.
Consider a subsequence {a,, }+>o such that a,, - 0 as t — 0. This subsequence has a
subsequence {an, }i> such that a,, > ¢ for all [ (x).
X is compact, 80 {an, }i>0 has a convergent subsequence {amlk }e>o. Similar to

before the claim, we have a,, — 0as k — oo. This contradicts (x). Hence, a,, — 0 as
k

n — oo. Namely, lim, o d(x_p,y—n) = 0. It means that lim,, - d(f2(vo), xn) = 0.
Therefore, d(f(yo), zn) — 0 as |n| — oc.

Ezample 3.1. Let d; : {0,1}7 x {0,1}* - R

0 Wi, Pi
) —sup 002
ez 2
be a metric for {0, 1}%, where

* * 17 W; iy
w=(...,w_1, w5, W1,...), =", 01,00 P1s---), 5(wi,g0i):{0 wig

Assume that f: {0,1}% — {0, 1}Z,
fO(-"aw—wa?wlv"') = ("'7@—179067@17"')’
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such that
wi—1, ©=>1,
Y = ]-7 Z = 07 _17
Wi+t1, Zé _17

and f; : {0,1}2 — {0,1}%

filooywog,wg,wy ) = (o s Y170 Y1y - - +)s

such that

Wi—-1, ) Z 1,

Yi = 07 1= 07 _17

Wi, <1
One can see I F'S(fy, f1) is uniformly contracting and by Theorem A, it has the strong
two-sided limit shadowing property. Moreover, Proposition 3.1 implies that the skew
product of IFS(fy, f1) has the two-sided limit shadowing property.

Let Y be a compact metric space, G = {¢1,...,gx} and let g; : ¥ — Y be a
homeomorphism, for ¢ =1,... k.

We say that [F'S(F) and IFS(G) are conjugate if there exists a homeomorphism
h:X — Y such that ho f; = g;oh, fori =1,...,k. It can be proved easily that
conjugacy preserves the two-sided limit shadowing property. So if I F'S(F") has the two-
sided limit shadowing property and it is conjugate to I F'S(G), then I FS(G) has the
two-sided limit shadowing property, too. The proof of this subject is straightforward,
so we eliminate it.
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OSTROWSKI-GRUSS TYPE INEQUALITIES AND A 2D
OSTROWSKI TYPE INEQUALITY ON TIME SCALES INVOLVING
A COMBINATION OF A-INTEGRAL MEANS

SETH KERMAUSUOR! AND EZE R. NWAEZE?*

ABSTRACT. In this paper, we derived two Ostrowski—Griiss type inequalities on time
scales involving a combination of A-integral means. One of the inequalities is sharp.
We also obtained 2-dimensional Ostrowski type inequality involving a combination
of A-integral means. Our results extend some known results in the literature.
Furthermore, we apply our results to the continuous, discrete and quantum calculus
to obtain some interesting inequalities in these directions.

1. INTRODUCTION

In 1938, Alexander Ostrowski [23] provided a bound for the deviation of a function
from its integral mean. The inequality, which is today known in the literature as
Ostrowski inequality, states as follows.

Theorem 1.1. Let f : [a,b] — R be continuous on [a,b] and differentiable in (a,b)
and its derivative f': (a,b) — R is bounded in (a,b). If |f'(t)| < M for allt € [a,b],
then we have
2
1 (o)

1 b
/af(t)dt|§ Rl KOIOLS

b—a

e !

for all x € [a,b]. The inequality is sharp in the sense that the constant 1/4 cannot be
replaced by a smaller one.

Key words and phrases. Montgomery identity, Ostrowski’s inequality, Ostrowski—Griiss inequality,
A-integral means, double integrals, time scales.
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This inequality has received considerable attention over the past years (see for
example [9, 10, 19] and the references therein). In 1997, Dragomir and Wang [9]
obtained the following Ostrowski—Griiss type integral inequality.

Theorem 1.2. Let [ C R be an open interval, a,b € I, a < b. If f : I - R is a
differentiable function such that there exist constants v, I' € R, with v < f'(z) < T
for all x € [a,b], then we have

Fla) - — /bf(t)dt_f(b)—f(@)(x_aﬂ) 1

7(b—a)(T' =),

e

b—ala b—a 2
for all z € [a, b].

In 1988, the German mathematician Stefan Hilger [11] introduced the theory of time
scales to unify the continuous and discrete calculus in a consistent manner. Since then
many authors have studied several integral inequalities on time scales for functions of
a single variable (see [15,19,22,26] and the references therein) as well as for functions
of two independent variables (see [12,13,17,18,24,25] and the references therein). In
2008, Bohner and Matthews [2] extended Theorem 1.1 to an arbitrary time scale T
as follows.

Theorem 1.3. Leta, b, s, t €T, a<band [ :

(L) 0= 5t [ etnas

where hy(-,-) is defined by Definition 2.8 in Section 2 and M = sup,_,, | f2(t)| < .
Inequality (1.1) is sharp in the sense that the right-hand side cannot be replaced by a
smaller one.

a,b] = R be a differentiable. Then

[hQ(t7 CL) + hQ(t’ b)]v

<

In 2009, Liu and Ngo [20] used the Griiss inequality obtained by Bohner and
Matthews [2] to extend Theorem 1.2 to an arbitrary time scale as follows.

Theorem 1.4. Suppose a,b,x,t € T and f : [a,b] — R s differentiable. Suppose
fA€Crgandy < f2(x) <T for all z € [a,b] and some v, T € R. Then we have

L /abf(g(t))At — W (hQ(x, a) — ha(z, b)>

for all z € [a, b].

< 00— a9,

‘ﬂ@—

The same authors in [21] obtained a sharp bound for the inequality in Theorem 1.4.
Specifically, they proved the next theorem.

Theorem 1.5. Suppose a,b,x,t € T and f : [a,b] — R is differentiable. Suppose also
fAeCyandy < f2(x) <T for all v € [a,b] and some v, T € R. Then we have

1 f(b) — f(a

)= o [ stonat= LI (1o,0) - hate)
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ho(z,a) — ha(z,b)

—~ b
<—-— | |K(z,t)— At
_2(b—a)/a (1) b—a ’ ’

for all x € [a,b], where
t—a, a<t<z

K(x,t)—{

<z,
t—0b, x<t<hb.

Motivated by the above works and the paper [17], we obtain two Ostrowski-Griiss
type inequalities on time scales involving a combination of A-integral means. The
results above then become particular case of our results. Also, we provide a 2D
Ostrowski type inequality for double integrals involving a combination of A-integral
means. The result in [17] then becomes a particular case of our result.

This paper is arranged in the following order: first, we present some time scale

essentials in Section 2. In Section 3, our first two results are formulated and proved.
Finally, we provide a 2D Ostrowski-type inequality in Section 4.

2. SOME BAsic NOTIONS OF TIME SCALES

In this section, we briefly recall some fundamental facts about the time scale theory.
For further details and proofs we invite the interested reader to Hilger’s Ph.D. thesis
[11], the books [4,5,16], and the survey [1].

Definition 2.1. A time scale is an arbitrary nonempty closed subset of the real
numbers R.

Throughout this work we assume T is a time scale and T has the topology that is
inherited from the standard topology on R. It is also assumed throughout that in T
the interval [a,b] means the set {t € T: a <t < b} for the points a < b in T. Since a
time scale may not be connected, we need the following concept of jump operators.

Definition 2.2. The forward and backward jump operators o, p : T — T are defined
by o(t) =inf{s € T:s >t} and p(t) =sup{s € T : s < t}, respectively.

The jump operators o and p allow the classification of points in T as follows.

Definition 2.3. If o(t) > t, then we say that ¢ is right-scattered, while if p(t) < ¢
then we say that t is left-scattered. Points that are right-scattered and left-scattered
at the same time are called isolated. If o(t) = ¢, then ¢ is called right-dense, and if
p(t) =t then t is called left-dense. Points that are both right-dense and left-dense are
called dense.

Definition 2.4. The graininess function p : T — [0, 00) is defined by u(t) = o(t) — t
for t € T. The set T* is defined as follows: if T has a left-scattered maximum m, then
T* = T — {m}, otherwise, T* = T.

If T =R, then u(t) =0 and when T = Z, we have u(t) = 1.
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Definition 2.5. Let f : T — R and ¢t € T*. Then we define f2(¢) to be the num-
ber (provided it exists) with the property that for any given ¢ > 0 there exists a
neighborhood U of ¢ such that

(o) = f(s) = fA®) [o(t) = ]| < elo(t) — 5|, forall seU.

We call f2(t) the delta derivative of f at t. Moreover, we say that f is delta differ-
entiable (or in short: differentiable) on T* provided f2(t) exists for all t € T*. The
function f2 : T* — R is then called the delta derivative of f on T*.

Inthe case T = R, f2(t) = df(t Inthecase T =7Z, f2(t) = Af(t) = f(t+1)—f(2),
which is the usual forward dlfference operator. If T = ¢, ¢ > 1 and Ny = NU {0},

then f4(1) = 2010,

Theorem 2.1. Assume f, g : T — R are differentiable at t € T*. Then the product
fg: T — R is differentiable at t with

(£9)° (8) = fA(0)g(t) + f(a()g> (D).

Definition 2.6. The function f : T — R is said to be rd-continuous on T provided
it is continuous at all right-dense points ¢ € T and its left-sided limits exist at all
left-dense points ¢t € T. The set of all rd-continuous function f : T — R is denoted
by C,q4(T,R). Also, the set of functions f : T — R that are differentiable and whose
derivative is rd-continuous is denoted by C},(T,R).

It follows from [2, Theorem 1.74] that every rd-continuous function has an anti-
derivative.

Definition 2.7. Let F': T — R be a function. Then F': T — R is called the anti-
derivative of f on T if it satisfies F2(¢) = f(t) for any ¢t € T*. In this case, the Cauchy
integral

b
/f(t)At — F(b) — F(a), abeT.

Theorem 2.2. Ifa,b,c € T witha <c<b, a € R and f,g € Cpq(T, R), then
(i) fb[f( t) + g(t)]At = [; f( )At+ffg(t)At

(i) Y af ()AL= a f) f(t)At

(iif) :f< AL = — [ f(t)At

(iv) J. ff( )AL = [ f(H) AL+ fc ft)At

(v) |2 f(t >At\<f!f(>mt;

(vi) 2 F(H)g* ()AL = (fg)(b) — (fg)(a) — [ fA(t)g” (t)At.

Definition 2.8. Let hy : T> — R, k € Ny be defined by ho(t,s) =1 for all s,t € T
and then recursively by hy1 (t,5) = [ hy (7,5) A for all s,t € T.
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If T = R, then hy(t,s) = &= S) forall s,t e R. If T = Z then hy(t,s) = (tzs) for
t—

all s;t € Z. If T = ¢, ¢ > 1, then hy(t,s) = I = for all s,t € g™o.

,u 0
3. OSTROWSKI-GRUSS TYPE INEQUALITY INVOLVING A COMBINATION OF
A-INTEGRAL MEANS

To prove our theorems, we need the following lemmas. The first lemma was first
provided in [8] for the case T = R and extended to any arbitrary time scale in [14].

Lemma 3.1 (Montgomery identity involving a combination of A-integral means).
Let a,b,t € T, a < b and f : [a,b] — R be differentiable. Then for all x € |a,b], we
have

(3.1)
[ P2t = fa) - — [ “ [ remars 2 [ ]

a+plr—ala

where a, B € R are nonnegative and not both zero, and

Q t—a
( ), a<t<uz,

a+p\r—a
P0=8 5 (b <t<b
a—i—ﬁ(b—x)’ r=t=0

The next lemma is the Griiss inequality on time scales obtained by Bohner and
Matthews [2].

Lemma 3.2. 2| Let a,b,s € T, f, g€ Crq and f, g : [a,b] — R. Then for
my < f(s) < My, ma < g(s) < My,

il o

4(M1 my)(My —ms).

we have

s)As /ab g°(s)As

We now state and prove our first theorem.

Theorem 3.1. Let a, b, t € T, a < b and f : [a,b] — R be differentiable. Suppose
fAeCyandy < fA(t) <T for allt € [a,b]. Then we have

‘f(x)_oﬁl—ﬁlxia/axf(( At—i_i/ ]
G e _W@H
<, (- a)T —7)
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for all z € [a, b].

Proof. Let My = sup,.,«; P(x t) and m; = inf,;«p P(x,t). By the definition of
P(z,t) we have that M; = and m; = fﬁ. Thus, M; —m; =1 and

mq S P(I,t) S Ml.

Now by applying Lemma 3.2 to the functions f(t) := P(x,t) and g(t) := f2(t), we
get

+,6’

b—ala (t)At /:P(:c,t)At‘

‘ L /bP(:c,t)fA(t)A

< (M — )T = ),

Thus,
/bP(;z:,zt)fA At——/ ) At/ a:tAt‘
32 <1 (- a)(T 7).
By a simple computation, we have
(3.3) [ 2 mae= ) - (@)
and
b 1 e I6]
(3.4) / Ple, A = s | ol @) — 7o, )|

The desired inequality is obtained by substituting (3.1), (3.3) and (3.4) into (3.2). O

Remark 3.1. We note that the inequality in Theorem 3.1 is not sharp. We will provide
the sharp version in our next theorem.

Remark 3.2. If we set « = v — a and f = b — x in Theorem 3.1, then we recapture
Theorem 1.4.

If we apply Theorem 3.1 to the continuous, discrete and quantum calculus, we
obtain some interesting inequalities which generalize the results in [20].

Corollary 3.1 (Continuous case). If we let T =R in Theorem 3.1, then we have the

inequality
1 o z
|f(x)_a+ﬂ[x—a/ dt_l_i/ ]

fo) = fla) 1
20—a) atpl A0 ‘
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for all x € [a, b].

Corollary 3.2 (Discrete case). If we let T = Z in Theorem 3.1, then we have the
inequality

o z—1 b—1
)= [T S sy S )
)~ (o) 1
= aJrﬁ{a(x—a—l)—B(b—anl)H

1
< - a)r 1)
forallx € {a,a+1,...,b—1,b}.

Corollary 3.3 (Quantum case). If we let T = ¢, ¢ > 1 in Theorem 3.1, then we
have the inequality

F0) - s | [ a2 [ i
f(b) — f(a) 1
O gt - s 2]
<ib-a)r 1)
for all z € [a, b].

In our next theorem, we provide a sharp bound for the inequality in Theorem 3.1.
To do this, we need the following lemma which can be found in [21].

Lemma 3.3. ([2]‘]) Let a,b,x € T7 fag € Crd cmd f7g : [a7b] — R Then Zf
v <g(x) <T forall x € [a,b] and some v,I" € R, we have

/ F(H)g() At — 7/ At/abg(t)At‘

b—a/ J(s)As

Moreover, the inequalzty in (3.5) is sharp.

(3.5) At.

Theorem 3.2. Under the conditions of Lemma 3.1, we have the inequality

1 [ a o
vuy—a+ﬂb_aébﬂ it [ 1
_ f(bzig(@)aiﬁ{xfa@(x,a) - bthQ(x,b)H
30 b—aaiﬁ xiah (z,a) — thz(aﬁ,b) ‘At,
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for all x € [a,b]. Moreover, the inequality in (3.6) is sharp in the sense that the
constant % cannot be replaced by a smaller one.

Proof. By applying Lemma 3.3 to the functions f(t) := P(z,t) and g(t) := f2(t), we
have

bP(x t)fA(t) At — ; ! /bP(x,t)At/abfA(t)At‘

—
(3.7) a/bP(x,s)As At

Now, we observe that

39 [ 2 mae= ) - (@)

and

(3.9) /abP(:c,t)At: aiﬁ ol @) — L ha(b, 7).

The desired inequality is obtained by substituting (3.1), (3.8) and (3.9) in (3.7). O

Remark 3.3. Let « = z—a and 8 = b—x in Theorem 3.2. Then we recapture Theorem

1.5. Note that in this case P(z,t) = @

a

We now apply Theorem 3.2 to the continuous, discrete and quantum time scales to
obtain some interesting inequalities which generalize the results in [21].

Corollary 3.4 (Continuous case). If we let T =R in Theorem 3.2, then we have the
inequality

’f(x)_aiﬁ[xga/jf dt+—/f dt}

f() = fla) 1
~ (b_a) a+ﬂ[a(x—a)—5(b—x)H

1 1
2b—a)a+p
for all x € |a, b]. Moreover, the inequality in (3.10) is sharp in the sense that the
constant % cannot be replaced by a smaller one.

(3.10)

[(m—m—ﬂ@—xﬂﬁ,

Corollary 3.5 (Discrete case). If we let T = Z in Theorem 3.2, then we have the
inequality

‘f(a:)— L [O‘aif(t+1)+b_ﬁxif(t+1)]

t=a t=x

i OH_B[a(m—a—l)—B(b—x—l—l)H
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! 1 1

P(x,t) — —a—1)—8(b— 1

B v brr] (A Ui )}’
forallz € {a,a+1,...,b—1,b}. Moreover, the inequality in (3.11) is sharp in the
sense that the constant % cannot be replaced by a smaller one.

(3.11)

Corollary 3.6 (Quantum case). If we let T = ¢™°, ¢ > 1, in Theorem 3.2, then we
have the inequality

‘f(x)—aiﬁlx_a/ Flathdgt + 52~ [ flatyd ]

) - f@) 1

NG [t - a0 - st - )
1

T AT

for all x € [a,b]. Moreover, the inequality in (3.12) is sharp in the sense that the
constant 1/2 cannot be replaced by a smaller one.

(3.12) Lo dyt,

) {a(w —qa) — B(gb — w)]

4. A 2-DIMENSIONAL OSTROWSKI INEQUALITY ON TIME SCALES INVOLVING A
COMBINATION OF A-INTEGRAL MEANS

In what follows, we will let T; and Ty denote two arbitrary time scales, with
forward jump orperators o; and g respectively. For an interval [a,b], [a,b]r, =
l[a,b] N'Ty, i =1, 2. For a < b and ¢ < d, we define the rectangle [a, b, X [¢,d]T, as
follows: [a,blr, X [¢,d]r, = {(z,y) : © € [a,b]r,,y € [¢,d]r,}. For the sake of brevity,
we will simply write [a, b] instead of [a, b], and [c,d] instead of [¢, d]r,. For more on
the two-variable time scale calculus, we invite the interested reader to the papers [6,7]
and the references therein.

To prove our next theorem, we need the following lemma.

Lemma 4.1. Let a,b,x,s € Ty, a < b, ¢,d,y,t € Ty, ¢ < d and let f : [a,b] X [¢,d] —

Bf(sit) Bf(st) 2f(st) pyict and are continuous

R be such that the partial derivatives

Ays 7 Agt 7 AgtAgs
on la,b] x [¢,d]. Then we have
1 062061 / /
) — ) Aot A
fle) (a1 + Bi)(az + B2) | ( [ (x —a) (1(5), 02(t)) Bat s

+ 62@1 / / 0‘1 0’2 )AgtAls

«
+ Qﬁbl_ {L‘ / / 0'1 0'2 )AQtAlS

g [ [oossss
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:(al n 51 . a / / PQ y, ) )AQtAls
(Ozl + 51 b - I / / P2 af 01 ) >A2tA1$
+ (a —}—6 C / / Pl Z, S S 02( ))AlsAgt
2 2 -

(@ —|—ﬂ d y / / Pl 23 8 S U2< >)A1$A2t
2 2

2
(4.1) +/c /a Pi(x,s)Ps(y, )if(Als)AlsAgt
for all x € [a,b] and y € [c,d], where
s—a
P o + 51 <3: — a>
1(1’, S o _Bl b—s
a1 + G (b — x)
(=)
Pyl 1) = O‘ZfﬁfQ 0

d_
a2+52<d—y>’ tely.d

a1, B1, as and By are nonnegative numbers with oy + 1 > 0 and as + P > 0.

Proof. By applying Lemma 3.1 to the partial map f(-,vy), y € [c,d], we have for
x € [a,b]

o) = | [ s st [ s
(4.2) + / 75 8~’;jsy)als
If we apply Lemma 3.1 to the maps f(oy(s), ) and 282 we have
re— 52[ RO Gy WCCRA
(4.3) +/ Py 12 Ul ) Of(o1ls). D) oy
and
ajx;y) :OmlL&l as /y af(ij(t))AZH dfizy/yd af(ij(t))Aﬂ]

(4.4) + / Py )L A
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By substituting (4.3) and (4.4) into (4.2) we obtain,

. 1 o7 x 1 (6% Y
fea) = o [ (a2 [ fon o) s

dﬁ_Qy/ydf(al(s),ag(t))Agt] +/Cdp2(y,t)WA2t>Als

+b€1x/xb< 1 lazc/cyf(al(S)m(t))Azt

as+ Bo |y —

(3),02(t))A2t] + / ’ Pz(y,t)WAQt)Als

+/abP1(x,s)< ! [ O‘Qc/cy 01(s,02(1)) 5 4

ag + Ba |y — Aqs

Po  [?0f(s,05(1)) a 0%f(s,t)
+d—y[/ Als Agt] +/C PQ(:% )AQ Als A2t>A18

+

| S

By rearranging the terms we get

f@y) :(Oq + 61)1(0@ + f2) [( a2ax1— a) / / F(1(s), 02(t)) Batss

Qal / / 0'1 0'2 AgtAls
(d—y)(x—a)
04251
/ / f 0'1 0'2 AgtAls
)(b— )
4+ — - 62&1 / / f 0'1 0'2 AQtAlS
(d—y)(b—x)
0]‘ 0'1 ), t)
Py(y,t)————">AgtA
Oé1+51 .T—Cl/a/c Qy’ 2 19
): 1)
Py(y, t) ————"—=AstA
&1+B1 b—%// 2y’ Agt 2 15
(s,09(t))
Pi( —————A1sAqt
O[Q‘f—ﬁg —C// IIS Als 1552

80'2 ))
Pi( ————L A s Aot
o= y//

0%f (s, )
(45) +/ / P1 I S P2 A2 Als Al Agt

The identity in (4.1) follows directly from (4.5). O
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Theorem 4.1. Under the conditions of Lemma 4.1, we have the inequality

fley) = (o1 + 51)1(042 + B2) [( _a2a1— /m /cy J(01(5), 02(8) BatBus

52&1 / / 0'1 0'2 AgtAls
(d—y)(x—a)

OQBl / / 0'1 0'2 AgtAls
b —x)

d 5255—33 // 0'1 02 AgtAls]
M, [Oéz B2
ho(y.¢) + —2—h ,d}
_a2+ﬁgy—c2(yc) d_yz(y )
M,
Oé1—|—61 Tr—a
M;

(631
" (a1 + B1)(a2 + B2) [95 - ahg(x,a) "

8}
2 ha(0) + 52 el )

aq

ho(, @) + flxhz(x, b)]

bélxhz(x’ b)]

X

Y

for all x € [a,b] and y € [c,d], where

0 t 0 t
Mlzsupm<oo, MQZSUPM<OO and
a<s<b Alé’ c<t<d A2t
0*f(s,t)
M; = su —— | < 0
’ a<s<b, 5)<t<d AotAys

Proof. From Lemma 4.1, we have that

1 OégOél
f(a:,y) - (061 "‘61)(052"‘62 l x_ a /a /C 01 02 AztAls

620[1 / / 0'1 0'2 AgtAls
CYQBl / / 0'1 0'2 AQtAlS

)(b—x)
d ﬁQﬁg_m // 0'1 0'2 AQtAlS‘|
) 1)
a1+51 —a) /a/cpzya —————AgtAss

af 01 ), t)
Py(y, t)———=AgtA
Ofl + 51 — .’L' / / 2 2t 19
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@ —l—ﬂ 3 / / Pi(z,s) )>A13A2t
2 2 -
(s,09(1))
0424—62 d y / / P1 13 S Als A1$A2t
(46) +/C /a P1 ZE S Pg Azf(A]_S)AISAQt'

By taking the absolute values on both sides of (4.6) and applying item (v) of Theorem
2.2, we obtain

ﬂ%”‘mﬁw&%+mﬂ<—fﬁ_a/ﬁfﬂ“@”ﬂm%mﬂ

62&1 / / 01 0'2 AQtAlS

(d—y)(x—a)
04251 / / 0'1 0'2 AgtAls
—C —JT
d 526; — x / / 0'1 0'2 AgtApS’]
ool [
Py( Aot A
041+51 ZE—CL |2y7 |2 1S
B Mo / /
Py(y,t)|AgtA
041+51 b—l‘ ‘2y7 |2 1S
OéQMl / /
+ Pi(z,s)|A1sAqt
(0424’62)( | 1 )‘ 1 2
B2 My / /
Py (x,s)|A1sAqt
a2+62d Y) Fale. s)ldisds

24, [ [ 1P ) [Paly, O] Avs ot
d b
:M2/ |P2(y,t)|A2t+M1/ Py (2, 5)|Ays

d rb
#05 [* [ 1P )| Po(y, ] Arst

That is,
(4.7)
1
flz,y) — (e + B)(az + ) [ / / flo1(s), 0a(t)) AotAys

B
" (d—y)(x—a) /a /y f(o1(s), 02(t)) At Ays
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i (j‘“)fb_ [ RGO,

= N RCERCEE

d rb
<M, [ 1Py ) s + My [Py, 0]t + 05 [ [ 1P 9| Paly. )] AvsLot.

The desired inequality follows from (4.7) by using the fact that

b 1 1 1
/a |P1(ZE,S)|A18 = 011"‘51 [xiahQ(x7a)+ éxh2(xub)‘|

and

d 1 [6%)
Py(y, )] Aot = ha(y,
[ 1m0l = [+ 2

The following corollary is Theorem 4 in [17] but we state it here for completion.

Corollary 4.1 ([17]). Let a,b,x,s € Ty, a < b, ¢,d,y,t € Ty, ¢ < d and let f :

la,b] x [c,d] — R be such that the partial derivatives aJ;(f;t), 61;(;:), ‘222’1(2’2

are continuous on [a,b] X [¢,d]. Then we have the inequality

1 b pd
f(x’y)_(b—a)(d—c/a/cf<01(s)’02(t))A2tA18
M,y

ha(y, d)] . O

exist and

M.
Sdijc[hz(y, ¢) + ha(y,d)] + bf[hQ(ﬂf a) + ha(z, b)]

M.

+ W(gd_c)[hﬂ% a) + ha(2,0)][h2(y, ) + ha(y, d)],
for all x € [a,b] and y € [c,d], where
Of(s,t Of(s,t
M, = sup 9f(s,1) < oo, M,= sup f(st) < oo and
a<s<b| A8 e<t<d| Dot
0 f(s,1)
M = CARASLAZN I
° a<s<Sl?cp<t<d AgtAys >

Proof. Let oy =x —a, 1 =b— 2, as =y — cand 5 = d — y in Theorem 4.1. U

Now, we apply Theorem 4.1 to the continuous, discrete and quantum time scales
to obtain some interesting inequalities which generalize the results in [17].

Corollary 4.2 (Continuous case). If we let Ty = Ty = R in Theorem 4.1, then we

have
1 062051
|f(x,y) (o1 + B1) (g + B2) | ( [ (z —a) / / (5, t)dbds

+ 526“ // stdtds+ aﬁl // f(s,t)dtds
(d—y)(x—a) )(b—x)
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B231 bl
+<d—y)(b—;];)/z /y f(s,t)dtds]
M, My
< Sl t 2 O+ Bl =yl + 5o
M

A(ar + B1)(az + B2) lea(w = a) + fulb — ollealy =) +fald — )l

[ (z —a) + i (b — x)]

for all x € [a,b] and y € [c,d], where

M, = sup 9f(s,1) <00, My= sup 9f(s,t) < oo and
a<s<b 65 c<t<d at
0*f(s,t)
M; = | <
’ a<s<Sl%)<t<d dtos >
Corollary 4.3 (Discrete case). If we let Ty = Ty = Z in Theorem 4.1, then we have
flz,y) — ! [ 22 xzuffsﬂtﬂ)
T a B+ B) [y -0 —a) ZE T
By iy a3 c
+ fls+1,t4+1)+ ——Fr fls+1,t+1
=)= 2 S ab-n )
b—1d—1
+AZZJC s+ 1, t+1)H
(d y S=T t=y
M,
<— o —c—1)+ d—y+1
_2(042‘1'52)[ 2(y ) 62( Yy )]
M,
2(a1+61)[a1(x—a—1)+51(b—x—|—1)]
M;
+ [a1(x —a—1)+ p1(b—a+1)]

4(ar + Br)(ag + Ba)
X [aa(y —c—1) + fa(d —y + 1)],
forallxz € {a,a+1,...,b—1,b} andy € {c,c+1,...,d—1,d}, where
My = sup [f(s 4 L8)— f(s.0)] < oo, My= sup |f(s.t+ 1) — f(s.1)] < oo

a<s<b c<t<d
and

Ms= sup |f(s+1,t+1)— f(s+1,t)— f(s,t+1)+ f(s,t)] < 0.
a<s<b,c<t<d

Corollary 4.4 (Quantum case). If we let Ty = ¢}, ¢1 > 1 and Ty = ¢5°, ¢ > 1 in
Theorem 4.1, then we have

1 OéQOzl
f(x’ y) (a1 + 51)((12 + 52) l ZE — a / / QIS Q2t d 2td‘hs




142 S. KERMAUSUOR AND E. R. NWAEZE

Pacry /w/d
t)d,. td
+(d—y)(m—a) Y f<q187q2) q2 Q1S
Oé2ﬁ1
+ TEDIED / / (18, gat)dg,tdy, s

e 526;—93// @5, qgtdthquSH

M, [ Q(y—Q2C)+52(Q2d—y)} . M, {041(55—%@)4'51(@15—95)}

T+ B 1+q ar + 3 1+ g
n M [041(37—%@) +51(Q1b—$)} [%(y—%c) +52(q2d—y)}
(o1 + Br) (a2 + B2) I+ q 1+q ’

for all x € [a,b] and y € [c,d] with

]\41 = sup f((hS?t) B f(S,t) < o0, M2 = sup f(S,QQt) - f(S,t) < 00
a<s<b (QI - 1)5 c<t<d (QQ - 1)t
and M3 — sup f(Q1S7 th) - f(ql‘S? t) - f(87 q2t> + f(87t) < 00,
a<s<b,c<t<d (Ch - 1)(92 - ]-)St

5. CONCLUSION

In this work, we established some new Ostrowski-Griiss and 2D Ostrowski type
inequalities on time scales involving a combination of A-integral means. In addition,
we apply our results to the continuous, discrete and quantum calculus to obtain some
novel inequalites in this direction.
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TOPOLOGICAL HOCHSCHILD (0,7)-COHOMOLOGY GROUPS
AND (0,7)-SUPER WEAK AMENABILITY OF BANACH
ALGEBRAS

ABOLFAZL NIAZI MOTLAGH!, MARYAM KHOSRAVI?, AND ABASALT BODAGHI?

ABSTRACT. In this work, we introduce the new cohomology groups depended on
homomorphisms which are extensions of the topological Hochschild cohomology
groups and investigate some of their properties that are analogue to the Hochschild
cohomology groups. In addition, we use some homomorphisms on Banach algebras
to define a new concept of amenability, namely, (o, 7)-super weak amenability which
is a generalization of the cyclic amenability. Finally, we show that this new notion
on a commutative Banach algebra A is equivalent to the (o, 7)-weak amenability,
where ¢ and 7 are some continuous homomorphisms on A.

1. INTRODUCTION

Let A be a Banach algebra and X be a Banach A-bimodule. Let the products of
a € A and z € X be denoted by a -z and x - a which are both actions A over X. A
derivation D : A — X is a linear map which satisfies D(ab) = a - D(b) + D(a) - b
for all a,b € A. The derivation ¢ is said to be inner if there exists x € X such
that d(a) = 6,(a) = a-x —x-a for all a € A. The linear space of all bounded
(continuous) derivations and the linear subspace of inner derivations from A into
X are denoted by Z'(A,X) and N'(A,X), respectively. We consider the quotient
space H'(A,X) = ZY(A,X)/N*(A, X) which is called the first Hochschild cohomology
group of A with coefficients in X. A Banach algebra A is called amenable if every
continuous derivation from A into every dual Banach A-module is inner or equivalently
H'(A,X*) = {0} for every Banach A-bimodule X [8]. Also, A is said to be weakly
amenable if H'(A, A*) = {0}. Recall that a bounded derivation D : A — A* is

Key words and phrases. (o, 7)-derivation, (o, 7)-inner derivation, (o,7)-amenability, (co,7)-
contractibility, approximate identity, Banach algebra, Banach module.

2010 Mathematics Subject Classification. Primary: 46H25. Secondary: 47B47.

DOI 10.46793/KgJMat2001.145M

Received: November 14, 2017.

Accepted: March 07, 2018.

145



146 A. NIAZI MOTLAGH, M. KHOSRAVI, AND A. BODAGHI

called cyclic if (D(a),b) + (D(b),a) =0 for all a,b € A. A Banach algebra A is called
cyclically amenable if every continuous derivation from A into A* is inner [9].

Let A and B be Banach algebras. We denote by Hom(A, B) the metric space of all
bounded homomorphisms from A into B, with the metric derived from the bounded
linear operators from A into B, and denote Hom(A, A) by Hom(A). Let X be an
A-bimodule, and let 0,7 € Hom(A) . A bounded linear mapping d : A — X is called
a (o, 7)-derivation if

d(ab) =d(a) - o(b) +7(a)-d(b) (a,beA).

Also, a bounded linear mapping d : A — X is called a (o, 7)-inner derivation if there
exists x € X such that

dla) =xz-0(a) —7(a) -z (a€A).

Then, A is called (o, 7)-amenable if every (o, 7)-derivation d : A — X is (o, 7)-inner.
We denote the space of continuous (o, 7)-derivations from A into X by Z{, (A, X) and
the space of inner (o, 7)-derivations by B, (A, X). Consider the space H}, (A, X)
as the quotient space Z{, (A, X)/B(, (A DC) The space H, (A, X) is called the
first (o, 7)-cohomology group of A with coefficients in X.

Let 0,7 € Hom(A, B). Then, B is a Banach A-bimodule by the following module
actions:

a-b=r7(a)b, b-a=bo(a) (a€A,beB).

We denote the above A-bimodule by B, . and denote B, by B, if 0 = 7. A Banach
algebra A is called (o, 7)-weakly amenable if H*(A, (A(y,))*) = {0}. These concepts
are introduced and investigated in [3,10,11] and [12] (for the generalization of n-weak
amenability refer to [4]). The (o, 7)-weak amenability on the measure algebra M(G),
the group algebra L'(G) and the segal algebra S*(G), where G is a locally compact
group are studied in [7]. For the module versions of these notions refer to [1] and [2].

In this work, we define the new cohomology groups which are the extensions of
topological Hochschild cohomology groups and study some of their properties. In
other words, we show that under which conditions H(, (fl X*) can be vanishes,
where H{, (A, X") is the n-th (o, 7)-cohomology group of A with coefficients in X*.
In last section, we define a notion of amenability related to homomorphisms and find
some equivalent results to the (o, 7)-weak amenability for Banach algebras. Finally,
we bring a concrete example for this new notion on a special semigroup algebra.

2. (0,7)-COHOMOLOGY OF BANACH ALGEBRAS

Throughout this paper, all mapping are assumed to be bounded. Let A be a Banach

algebra, X be a Banach A-bimodule, and o,7 € Hom(A). From now on, we denote
n—times

A xAx - xAby A" Suppose that C°(A,X) = X and for n € N, define C"(A, X)
by the Banach space of all bounded n-linear mappings from A" into X together
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with the multi-linear operator norm || f|| = sup{||f(a1,...,a,)| : a; € A, ||a;]| < 1}.
Consider the sequence of linear maps as follows:

0= COA,X) S 1A, X) L C2(A, %) S
where (6°2)(a) = 7(a) -z — x - o(a) and for n € N,
(0"T)(ay, ..., ant1) =7(ar) - T(az, . .., ani1)

n
)
Z DT (a1, ..., ag0ks1y- -y Gpit)

+ (—1)”+1T(a1, ey y) o (Any),
in which 7" € C"™(A, X). The following result indicates the relation between 0"’s.

Lemma 2.1. Suppose that A is a Banach algebra and X is a Banach A-bimodule.
Then, for each n, 6" oo™ = 0.

' aj, ] < i,
Proof. Considering 0} = ¢ aja;+1, j =1, we have
Aj41, J >,
"o d"T(ay, ..., ane)

n

=7(a1) - 6" T (az, ..., ant2) + Y _(—1)6"T(b, ..., b5y 1)

i=1
+ (=1)"20" T (ay, - .., A1) - 0 (anta)

n+1
=7(ay) - [t(az) - T(as,...,ans2) + Z )T, . b )

n+1 )
+ (_1>n+1T(a27 s 7an+1) an+2 + Z (b227 R b;LJrl)
+ Z JT b217 LR b;b;Jrl? Tt 7bj1+1) + <_1)n+1T<b§7 ce 7621) : U(bfl+1>]
+ (=1)"?[7(a1) - T(as, ... ,ant1) + > (=1)T bl,....07)
7j=1

+ (=1)""T(ayr, ..., an) - 0(ans1)] - 0(ani2)

== > (=17 (1) - Ty, .., b)) + (1) 7 (@) - Tlaz, . ans1) - 0(ans2)
=1
n+1 ‘ n+l n '
+ Z T(bh, ..., b )+ Z Z DT, b0, bh)
n+1

- Z DT, 0) o (bg) + (1) () - T(ag, - Gngr) - 0(ans2)]
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+ .
+ (DT, b)) - o (b)

Jj=1
n+l n

:ZZ z+JTb’l,,.,yb;b;+1,...,b;+1)

With a combinatorial discussion, it can be concluded that the last summation is
Z€ero. [

We denote the kernel of 6" and the image of 0"~ by Zp (A, X) and B, (A, X)
respectively. It follows from Lemma 2.1 that By, (A, X) 1s a subspace of Z (A, X).
In other words, we can introduce the space H (A X) as the quotient Space

Z(U,T) (‘A7 x)/B(O',T) (‘A7 x) :

Note that the elements of Z, (A, X) are continuous (o, 7)-derivations and the
elements of B/, (A, X) are inner (o, 7)-derivations. In the upcoming result we show

that under some conditions H, (A, X*) can be zero.

Theorem 2.1. Let A be a Banach algebra with a left bounded approximate identity, X
be a right annihilating Banach A-bimodule. Then, for alln >0, H, (A, X*) ={0}.

Proof. Let (e,),ea be a left bounded approximate identity for A. Assume that f €
Z{, (A, X*). Define g, € C"1(A, X*) via
gl/(a’].7 s 7an—1> = f(€V7al7 s 7an—1) (ala N RS ‘A7 Ve A)
Note that C" (A, X*) is the dual of C,,_1(A,X) = A®, - ®, A®,X. Indeed, the
| —

n—1

mapping C" (A, X*) — (C,,_1(A, X))* defined through
¢’_>(57 q;(a1®"'®an—l®x): <¢(a1,...,an_1),x>

is an isometrical isomorphism of Banach spaces. Since ||g,|| < || flllle.||, the net
(9u)ven is bounded and so by the Banach-Alaoglu theorem, it has a subnet (g, ),cq
which is weak*-converging to a cochain g. Hence, for every ay,...,a, € A and = € X,
we obtain

lil{n<g,,(a1, coyano1), ) = (g(ay,...,an_1),x).
Since X* is a left annihilating A-bimodule, we have
1

3
|

57%191/(@1, NS Z(_l)kgu(ala oy ARy - ()
k=1
+ <_1)ngl/(a17 s 7an71) ' O-(G/n)
n—1
= (—1)kf(e,,,a1,...,akak+1,...,@n)
k=

+

(=D)"f(ey,a1,...,an-1) - c(ay)
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+ fleyar, ag, ... a,) — fleyar,aq, ... a,)
=—0"f(ey,a1,...,a,) — fleya,a9,...,a,)
=— fleyaq,aq9,...,a,).

Thus,
liy(é”flg,,(al, ceyQp)y ) :lim<7(a1) cqu(ag, ..., ap)

Z Yaula,. .., axap, ..., a,)
k=1
+ (=D)"g,(a1,...,an_1) - o(a,),x)

< &1)9,,(&2,.. n)7x>

< n 1g(a17 ) l’>,

1

for all x € X. That is, lilgnénflgl, = 0"
C™(A,X*). Also, lign e,a; = a; and hence
<f(a17"' ,(ln)7l’> :lillln<f<€l/alu"'7an>)x>
= — lil{n<5”_1gy(a1, cey ), T))
= (=6""1g(ay,...,a,), ).
Therefore, f = §"~'(—g) € B{, (A, X*). This completes the proof. O

g in the weak*-topology on the space

Let A be a Banach algebra and X be a Banach A-bimodule. Then, the Banach
space C*(A,X) is an A-bimodule with the following actions.
(2.1) (a-9)(ar,...,ax) =a-d(ay,...,ax)

and

(¢-a)(ay,...,a;) =¢(t7 (a)ay, as, ..., a)
+ 2(—1)%(7_1(@), Ay, ..., Qg1 ... 05

(2.2) + (=DFp(r7Ya), a1, ..., ar_1)7(ax) (a € A ¢ € C*(A,X)).

Theorem 2.2. Let A and X be as the above, and o, 7 € Hom(A). Then, for alln > 1,
H&TTI“)(A,DC) = H("UJ)(A,C”“(A,DC)), where the module actions A over C*(A,X) are
defined in (2.1) and (2.2).
Proof. Let T™ be the canonical mapping from C"™* (A, X) into C™(A, C*(A, X)) de-
fined by

(T"P) (a1, ... an))(Anity- -y nig) = dla, ..., anik),

where ¢ € C*(A,X). Tt is easy to check that T is a linear isometry. Let A™ be the
multilinear mapping corresponding to 6" when the A-bimodule X is replaced by the
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A-bimodule C*(A, X). Consider the following commutative diagram:

C" YA, C*A,X)) Ay C"(A,C*(A, X)) AL C" (A, C*(A, X))
U U Y
O 1A, X) okt O R (A, X) AN O LA, ).
The above diagram necessitates that H (’fff) (A, X)=H (o:7) (A,C*A,X)). O

In analogy with Theorem 2.1, we have the next consequence, shows that (o, 7)-
amenability of a Banach algebra A implies that H[, (A, X*) = {0}.

Theorem 2.3. Let A be (o, 7)-amenable Banach algebra, where o,7 € Hom(A). Then,
Hi, (A, X*) = {0}, for every Banach A-bimodule X and for every n € N.

Proof. Set ¥ = A®, - ®, A®,X. Then, Y is a Banach A-bimodule under the
| —

(n—1)—times
following module multiplications:

<a1®...®an®x>.a: a1®...®an®x.a7
a- (@ Qa, @)= (17 (a)a1) @ Qa, ®x

n—1 .
+ X (-1Pr N a)@u ® - ®aja4 Q@ Qa, Qx
j=1

+(-D)"r ) ®a @+ ®a, 1 @7(a,)r.
Also, there exists an isometric A-bimodule isomorphism from Y* onto C"(A,X*).
Therefore, H{TL (A, X*) ~ Hi, (A, C™(A,X%)) =~ H{, (A, Y") = {0}. O
Here and subsequently, for a Banach algebra A we set A? = {ab : a,b € A}. Suppose
that J is a closed ideal of a Banach algebra A. The quotient %l is again a Banach
algebra under the usual product and quotient norm. We also suppose that J% = .
Let 0,7 € Hom(A) such that o(J) C J and 7(J) C J and d be a (o, 7)-derivation on
A. Tt is easy to check that d(J) C J. Assume that o* 7* : %l — %l are the natural
homomorphisms correspond to ¢ and 7, respectively. Then, the mapping
A A
do: = — —,
" J
a+d — da)+3
is a well-defined and a (o, 7%)-derivation. We have the following diagram.
A S A
pi Lp

A 4 A
Stodg St
d d

where p is the natural projection from A onto %. The preceding discussion leads us to
this challenge: With the above notations in which d, is an arbitrary (o*, 7%)-derivation



TOPOLOGICAL HOCHSCHILD (o, 7)-COHOMOLOGY GROUPS AND --- 151

of %, is there any (o, 7)-derivation d of A which makes the above diagram commute?
In other words, does dy lift to a derivation of A? Considering A as a linear space (and
ignoring topology), the subspace J has a Complementary subspace J. The restriction

of p to J is a linear isomorphism from J onto 2 7, and so has an inverse ¢. We can

consider g as a linear mapping from into A. Set £ = godyop. Then, the mapping € is
a linear from A into A so that lifts do Putting p = 0'¢ in B, (A, A) C Z¢, (A, A),

we have
p(p(a,b)) = p(r(a)é(b) —&(ab) + E(a)o (b))
= p1(a)p§(b) — p&(ab) + p&(a)po(b)
= 7*p(a)dop(b) — dop(ab) + dop(a)o*p(b)
=0,

for all a,b € A. So, p takes all its values in the kernel J of p and hence p € Z (.A 3)

Now, let n € C*(A,A). We claim that n lifts dy if and only if n — & € C* (A H)
prove this, note that n lifts dy if and only if pon = dy o p = p o & which is equivalent
to p(n — &) = 0 and it means that n — & € C'(A,J). Thus, we can conclude that dy
lifts to a (o, 7)-derivation of A if and only if 6'¢ € BZ, (A, d). Summing up we have
the following theorem.

Theorem 2.4. Let J be a complemented closed ideal in a Banach algebra A and
o,7 € Hom(A) which leaves § invariant. If Hf, (A,d) = 0, then every (o*,7%)-
derivation of the quotient Banach algebra % lifts to a (o, T)-derivation of A.

We also have the partial converse of Theorem 2.4 as follows.

Theorem 2.5. Let A be a Banach algebra and o, 7 € Hom(A) such that H, (A, A) =
0. If g is a closed ideal which is invariant under o and 7, J*> = J, and every (%, 7%)-
derivation of 5 A lifts to a (o, T)-derivation of A, then H(QU’T) (A,d) =0.
Proof. Let p € Z7, \(A,3) (€ ZF, (A, A)). Then, from H? (A, A) =0, it deduces
that p = §%¢ for some ¢in C'(A,A). Since 6'¢ takes all its values in J, we have
§(z) = 7(71)§ () + E(n)a () — (8"€) (7. 52) € 3.
for all 71,72 € J. It follows that £(J) C J. So, & induces a linear mapping
A A
dy: = — —,

"3 J

a+d — &a)+7
Thus, for all a,b € A, we get

7(a)§(b) — &(ab) + &(a)o(b) = (0°€)(a,b) €7

and

p(7(a))p(§(b)) — p(£(ab)) + p(&(a))p(a (b)) =0,
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7 (p(a))do(p(b)) — do(p(ab)) + do(p(a))a™(p(b)) = 0.

This shows that dj is a (0%, 7%)-derivation of % By hypothesis, dy lifts to a derivation
nonA. So,pon=dyop =po& and hence n — & € CY(A,J). Therefore, p =
5te —oln e B(IM)(A,EJ) and HZ (A,d) =0. O

(0,7)

An extension of a Banach algebra B is a short-exact sequence of the form
{0} = ker) = A 5 B — {0},

where A is a Banach algebra and ¢ : A — B is a continuous, surjective algebra
homomorphism. The extension is called singular if keriy) has the trivial product,
that is, ab = 0 for each a,b €kery). We say that the extension splits strongly (resp.
admissible) if ¢ has a right inverse which is a continuous algebra homomorphism (resp.
is bounded and linear).

Let A be a Banach algebra, X be a Banach A-bimodule, and T" € Z(QM) (A, X). Put
Ur = A®d7r X = {(a,z) : a € A,z € X}. Then, Ur equipped with the following
product and norm is a Banach algebra:

[(a, z)[| = [la]| + [[=]],
(a,z)(b,y) = (ab,T(a) -y +x-0o(b) +T(a,b)).

Further, > (U7 : X) is a singular, admissible Banach extension of A.
The method of proof for the next consequence is similar the way for H?(A, X) which
was proved in [6, Theorem 2.8.12], so is omitted.

Theorem 2.6. The map T + X(Ur,X) from Z7, (A, X) induces a map from
H(QU,T) (A, X) to the family of equivalence classes of singular, admissible Banach exten-
sion of A by X with respect to strong equivalence.

Theorem 2.7. HZ, (A, X) = {0}, when H*(A,X) = {0}.

Proof. 1f H?(A,X) = {0}, then each singular, admissible Banach extension of A by
X splits strongly. Take T € Z(QM) (A,X). Then, > (Up, X) splits. So, there is a
homomorphism 6 : A — Uy such that §(a) = (a,—Sa) (a € A) for some S € C(A,X)
and hence T'= ¢'S. Therefore, H?, (A, X) = {0}. O

3. (0,7)-SUPER WEAK AMENABILITY OF BANACH ALGEBRAS

In this section, we introduce a concept of amenability which is a generalization
of cyclic amenability on Banach algebras that help us to investigate the (o, 7)-weak
amenability of Banach algebras in more details.

Definition 3.1. Let A be a Banach algebra, and o, 7 € Hom(A). Then, A is called
(o, T)-supper weakly amenable if for every Banach algebra B and every ¢ € Hom(A, B),
whenever D : A — B is a (o, 7)-derivation, then the equality (D(a), ¢(a)) = 0 holds
for all a € A.
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It is easily verified that A is (o, 7)-super weakly amenable if and only if for every
Banach algebra B and every ¢ € Hom(A, B) and each (o, 7)-derivation D : A — B},
with the following property is (o, 7)-inner

(D(a), (b)) +(D(b),p(a)) =0 (a,beA).
It is obvious that:

e every (o, 7)-supper weakly amenable Banach algebra is cyclically amenable;

e every (o, 7)-weakly amenable Banach algebra A is (o, 7)-supper weakly amena-
ble when B = A and ¢ is the identity map on A. The converse is not true in
general even for the special cases weak amenabiliy and cyclic amenability. In
fact, any singly generated Banach algebra is cyclically amenable, as can be seen
by looking at the values a continuous cyclic derivation must take on powers
of the generator, while there are many examples of singly generated Banach
algebras (even finite dimensional ones) that support bounded, non-zero point
derivations, and hence are not weakly amenable [5].

However, we shall to show that two notions (o, 7)-weak amenability and (o, 7)-
supper weak amenability coincide on commutative Banach algebras (Corollary 3.1).
Before proceeding to the main results in this section, we bring the following lemma
which is useful to achieve our purpose.

Lemma 3.1. Let A and B be Banach algebras, o,7 € Hom(A) and ¢ € Hom(A, B).
Ifd: A — B is a (0, 7)-derivation, then D : A — A* is a bounded (o, T)-derivation
which is defined through

(D(a),b) := (d(a),p(b)) (a,b€ A).
Proof. Obviously, D : A — A* is a bounded linear map. Also,

= (D(a)-o(b),c) + (t(a) - D(b), c)
= (D(a)-o(b) +7(a)- D(b),c) (a,b,ceA).
Therefore, D is a (o, 7)-derivation. O

In [12], the authors have used from the Banach algebra introduced by Yong Zhang
[13] to introduce a Banach algebra which is (o, 7)-weak amenable for all homomor-
phisms o, 7 but not (o, 7)-amenable for some homomorphisms ¢ and 7. In the oncom-
ing example, we show that the menioned Banach algebra is a (o, 7)-supper weakly
amenable Banach algebra in which 7 is the identity map.
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Ezample 3.1. Firstly, we consider a product on Banach algebra ¢! = [*(N) as follows:
a-b=a(l)b  (a,bet).
Note that ¢! has a left identity e; defined by

er(n) = 1, ifn=1,
W70 0, ifn # 1.

The dual space (£!)* = £ is a ¢*-bimodule via the ordinary actions as follows:

a-f=flaer, fra=al)f  (a€cl(5) fel),

where e; is regarded as an element of /. Next let o : ¢! — (' be a bounded
homomorphism. We have a(1)o(b) = o(a-b) = o(a) - o(b) = o(a)(1)o(b) and so
o(b)(a(l) —o(a)(1)) =0 for all a,b € N. Since o # 0, we get

o(a)(1) =a(l) (aclh).

Let B be an arbitrary Banach algebra and ¢ € Hom(¢',B). If d : (' — B, is a
bounded (o, 7)-derivation, then by Lemma 3.1 the linear map D : ¢* — (¢')* defined
through (D(a),b) = (d(a), p(b)), a,b € {* is a (o, 7)-derivation. Due to the (o, 7)-weak
amenability of ¢! [12], there exists f € (¢!)* such that D(a) = f -o(a) — 7(a) - f,
a € /*. Hence,

Here, we state the relationship between (o, 0)-weak amenability and (o, o)-supper
weak amenability on Banach algebras.

Proposition 3.1. Let A be a Banach algebra and o € Hom(A) such that the range of
o commute with A. Then, A is (o, 0)-weakly amenable if and only if A is (o, 0)-supper
weakly amenable.

Proof. We firstly assume that A is (o, 0)-supper weakly amenable. Set B = A and
¢ = id (the identity map). Let D : A — (A)* be a bounded derivation. It follows
from the (o, 0)-super weak amenability of A that (D(a),a) = 0(a € A) and hence D
is (o, o)-inner.

Conversely, suppose that A is (o, 0)-weakly amenable. Consider an arbitrary Banach
algebra B and a ¢ € Hom(A,B). Let d : A — BY be a (0,0)-derivation. By
Lemma 3.1, the linear map D : A — A* defined via (D(a),b) := (d(a), p(b)) is
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a (o,0)-derivation and so it is (¢, 0)-inner. Thus, there exists f € A* such that
D(a) = f-o(a) —7(a) - f. Hence, we have

for all a,b € A. This finishes the proof. U

One should remember that a commutative Banach algebra is weakly amenable if
and only if it is cyclically amenable. We generalize this result as follows.

Corollary 3.1. Let A be a commutative Banach algebra and o € Hom(A). Then, A
is (0,0)-weakly amenable if and only if A is (o, 0)-supper weakly amenable.
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