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NEW STRONG DIFFERENTIAL SUBORDINATION AND
SUPERORDINATION OF MEROMORPHIC MULTIVALENT
QUASI-CONVEX FUNCTIONS

ABBAS KAREEM WANAS! AND ABDULRAHMAN H. MAJEED?

ABSTRACT. New strong differential subordination and superordination results are
obtained for meromorphic multivalent quasi-convex functions in the punctured unit
disk by investigating appropriate classes of admissible functions. Strong differential
sandwich results are also obtained.

1. INTRODUCTION AND PRELIMINARIES

Let 3, denote the class of all functions f of the form:

f(z)=2"P+ i arz® (peN=1{1,2,...}),

k=1-p

which are analytic in the punctured unit disk U* = {z € C: 0 < |z| < 1}.
A function f € ¥, is meromorphic multivalent starlike if f(z) # 0 and

—Re{zf/(z)} >0 (zeU).

f(z)
Similarly, f € 3, is meromorphic multivalent convex if f’(2) # 0 and
Zf”(Z)}
—Req1+ >0 (zeU").
S cH RO

Moreover, a function f € ¥, is called meromorphic multivalent quasi-convex func-
tion if there exists a meromorphic multivalent convex function g such that ¢'(z) # 0
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and
i /
—Re{W} >0 (zeU").
g'(z)
Let H(U) be the class of analytic functions in the open unit disk
U= {z¢€ C:|z| <1}. For a positive integer n and a € C, let H [a,n]| be the subclass

of H(U) consisting of functions of the form:
f(Z) =a+ anzn + anJrlZnJrl + - )

with H = H [1, 1].

Let f and g be members of H(U). The function f is said to be subordinate to g, or
(equivalently) ¢ is said to be superordinate to f, if there exists a Schwarz function w
which is analytic in U with w (0) = 0 and |w (z) | < 1(z € U) such that f(z) = g(w(z)).
In such a case, we write f < g or f(z) < g(z), z € U. Furthermore, if the function g
is univalent in U, then we have the following equivalent (see [5])

f(2) <g(2) & f(0)=g(0)and f(U) C g(U).

Let G(z,¢) be analytic in U x U and let f(z) be analytic and univalent in U.
Then the function G(z,() is said to be strongly subordinate to f(z) or f(z) is said
to be strongly superordinate to G(z,(), written as G(z,¢) << f(z), if for ( € U =
{z € C:|z| <1}, G(z,() as a function of z is subordinate to f(z). We note that

G(z,¢) =< f(2) & G(0,¢) = £(0) and G(U x U) C f(U).

Definition 1.1. [6] Let ¢ : C> x U x U — C and let h be a univalent function in
U. If F is analytic in U and satisfies the following (second-order) strong differential
subordination:

(1.1) 6 (F(2),2F'(2), 2 F"(2); 2,C) <= h(2),

then F' is called a solution of the strong differential subordination (1.1). The univalent
function ¢ is called a dominant of the solutions of the strong differential subordination
or more simply a dominant if F(z) < ¢(z) for all F' satisfying (1.1). A dominant ¢
that satisfies §(z) < ¢(z) for all dominants ¢ of (1.1) is said to be the best dominant.

Definition 1.2. [7] Let ¢ : C* x U x U — C and let h be analytic function in U.
If F and ¢ (F(z),2F'(z),2*F"(2); 2,() are univalent in U for ( € U and satisfy the
following (second-order) strong differential superordination:

(1.2) h(z) <= ¢ (F(2), 2F'(2), 2 F"(2); 2,€)

then F' is called a solution of the strong differential superordination (1.2). An analytic
function ¢ is called a subordinant of the solutions of the strong differential superor-
dination or more simply a subordinant if ¢(z) < F(z) for all F' satisfying (1.2). A
univalent subordinant ¢ that satisfies ¢(z) < ¢(z) for all subordinants ¢ of (1.2) is said
to be the best subordinant.
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Definition 1.3. [6] Denote by @ the set consisting of all functions ¢ that are analytic
and injective on U\ E(q), where

Elg) = {¢ € 0U :lim () = oo

and are such that ¢/(§) # 0 for £ € OU\E(q).
Furthermore, let the subclass of @ for which ¢(0) = a be denoted by Q(a),

Q(0) = Qo, and Q(1) = Q1.
Definition 1.4. [9] Let Q be a set in C, ¢ € @, and n € N. The class of admissible

functions W, [(, q] consists of those functions 1 : C* x U x U — C that satisfy the
following admissibility condition: ) (r, s,t; z, () ¢ €2, whenever

r—qle), s—ked(€) and Re{i—i—l}sze{gj;g)Jrl},

zeU,£€0U\E(q), ¢ €U, and k > n.
We simply write ¥, [, q] = U [Q, ¢].

Definition 1.5. [8] Let €2 be a set in C and ¢ € H [a,n] with ¢/(z) # 0. The class of
admissible functions W/ [0, q] consists of those functions ¢ : C* x U x U — C that
satisfy the following admissibility condition: 1 (r, s, t; &, () € €2, whenever

! 1 1"
T:q(Z), S = zq (Z) and Re{t+1} S Re{zq (Z) +1}7
S m

m q'(2)

2eU,£€dU,(eU,andm>n>1.
In particular, we write W/ [Q, q] = ¥/ [, ¢].

In our investigations, we will need the following lemmas.
Lemma 1.1. [9] Let ¢ € V,, [Q, q] with q(0) = a. If F € H|a,n| satisfies
(0 (F(Z), 2F'(2), 2 F"(2); 2, C) €,
then F(z) < q(2).

Lemma 1.2. [8] Let v € W, [Q,q] with ¢(0) = a If F € Qa) and
U (F(2),2F'(2),2°F"(2); 2,¢) is univalent in U for € U, then

Q C {¢ (F(2),2F'(2), 2 F"(2);2,¢) : 2 € U, ¢ € U}
implies q(z) < F(z).

In recent years, several authors obtained many interesting results in strong differen-
tial subordination and superordination [1-4]. In this present investigation, by making
use of the strong differential subordination results and strong differential superordina-
tion results of Oros and Oros [8,9], we consider certain suitable classes of admissible
functions and investigate some strong differential subordination and superordination
properties of meromorphic multivalent quasi-convex functions.
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2. STRONG SUBORDINATION RESULTS

Definition 2.1. Let 2 be a set in C and ¢ € Q1NJ. The class of admissible functions
Pg¢ [, g] consists of those functions ¢ : C3 x U x U — C that satisfy the admissibility
condition: ¢(u, v, w;z, () ¢ ), whenever

v=a@, =" g 20 ma ref I re {08 ],
where z € U, ( € U, £ € OU\E(q), and k > 1.

Theorem 2.1. Let ¢ € Oy [Q, q]. If f € X, satisfies

(2.1)

{¢ <_(Z”f/(2))' 2(2f(2)"  29"(2) 22 (PF(2)" MEAGANC )"
g 7 (2f(2) gk (f(2) (22 f'(2))

x(l— ((pr( ))///) ZQg///( )+zg//( ) ( 2 ( )_1>;Z’C> :ZEU,CEU}CQ,

2 f'(2)) g(z)  g(z) \ ¢(2)
then Y
EEIC
Proof. Let the analytic function F' in U be defined by
_ ()
(2.2) F(z) = O

After some calculation, we have
2F'(z) _ 2 (2Pf(2))" 29" (2)
F(z) (rf(2)) g(2)
Further computations show that
PF'(z)  2F'(2)  (2F(2)\_ [2(Pf(2)" z4"(2)
24 Fe) TRG) <F<z> ) ) [ (zpf () <z>]
a (Z”f’(Z))"'+Z(Z”f/(Z))' ( z (2P f(= ) 229" ( )
(22 f'(2)) (22 f'(2)) (27 f'(=
zg”(z) zg”(z) B
6 <gf<z> 1)‘

Define the transforms from C3 to C by

(2.3)

Let

25 wletng =ounuing =6 (5 YT ),
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The proof will make use of Lemma 1.1. Using equations (2.2), (2.3) and (2.4), it
follows from (2.5) that

(26) ¥ (F(2),2F'(2), 2’ F"(2); 2,
_¢< ("f'(2)) 2 ("f'(2))"  29"(2) 22(Pf(2)" | 2(Pf(2)"
g(z) 7 (2f(2) gz) T (rf(2)) (22 f'(2))
B Z(pr'(z))” 229///( ) zg”( ) ”(Z) .
: (1 (z2f'(2)) ) 9 96) ( g'(z) ) ’ ’C> '
Therefore, (2.1) becomes ¢ (F(z), 2F'(2), 22F"(2); 2,¢) € Q.
To complete the proof, we next show that the admissibility condition for ¢ €

D4 [, ] is equivalent to the admissibility condition for ¢ as given in Definition 1.4.
Note that

+

t w + v?
LA .
s v

Hence ¢ € V[, ¢]. By Lemma 1.1, F(z) < ¢(z) or equivalently
(=" f'(2))

- J(2)
We consider the special situation when 2 # C is a simply connected domain. In this

case (2 = h(U), for some conformal mapping h of U onto € and the class ®g [R(U), q] is
written as ®g¢ [h, g]. The following result is an immediate consequence of Theorem 2.1.

Theorem 2.2. Let ¢ € Oy [h,q]. If f € X, salisfies

27) ¢ (_ (22f'(2)) = (pr/(z))/” B zg”(z)’ (zpf’(zi

=< q(2). O

,)l// + (pr/( ))//l

g(z) 7 (22f(2)) g(z) " (22f'(2) (2P f'(2))
(1 2(22f(2)"\  229"(2) | 29"(2) (29"(2) . s
<1 @W%W) 0 *gv><¢@ )")44“%
then
—<ZZ{(S)) =< q(z).

By taking ¢(u,v,w;z,{) = u +
following corollary.

ﬂuv+w 8,7 € C, in Theorem 2.2, we state the

Corollary 2.1. Let B,y € C and let h be convexr in U with h(0) = 1 and
Re{Bh(z) +~} > 0. If f € ¥, satisfies

2 Zp "
PR ety () -2 ()

7@ ) =B
(27(2)

g (2)

<= h(z),

then
< q(2).
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The next result is an extension of Theorem 2.1 to the case where the behavior of ¢
on QU is not known.

Corollary 2.2. Let Q € C and q be univalent in U with q(0) = 1. Let ¢ € Py [h, q,]
for some p € (0,1), where q,(2) = q(pz). If f € £, satisfies

¢<_(zpf’(2))' 2(2Pf'(2))"  zg"(2) 2 (pr'(Z))"'+2(zpf’(2))/"

gz 7 ) =) () (27 f'(2))
y (1 B Z(zpf’(Z))") _29") | 29" (29”(2) B 1) ;Z’<> cq.

(2 f(2)) gz gk \ g
then /
(2" f'(2))
22 2 g(2).
g'(2) )
Proof. Theorem 2.1 yields —%S))/ < q,(2). The result is now deduced from the fact
that g,(2) < q(2). O

Theorem 2.3. Let h and g be univalent in U with ¢(0) = 1 and set q,(2) = q(pz)
and hy(z) = h(pz). Let ¢ : C* x U x U — C satisfy one of the following conditions:

(1) ¢ € Oy [h, q,] for some p € (0,1);
(2) there ezists po € (0,1) such that ¢ € g [hy, q,] for all p € (po, 1).

If f € 3, satisfies (2.7), then

(=" f'(2))

——— < q(z).

g'(2) )

Proof. (1) By applying Theorem 2.1, we obtain —%S)), < q,(#), since g,(z) <
q(z), we deduce

(=7 f'(2))

— 22 < q(2).

g'(z) )

(2) Let F(z) = — L8 and F,(2) = F(pz). Then

6 (Fp(2), 2F)(2), 22 F))(2); p2, ) = & (F(pz), 2F"(p2), 22F"(p2); p2, ) € hy(U).
By using Theorem 2.1 and the comment associated with
6 (F(2),2F'(2), 22 F"(2);w(2),¢) € Q,

where w is any function mapping U into U, with w(z) = pz, we obtain F,(z) <
q,(z) for p € (po,1). By letting p — 17, we get F'(z) < ¢(z). Therefore,
(=2 f'(2))'
—— < q(2). O
g'(2) )

The next result gives the best dominant of the strong differential subordination (2.7).
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Theorem 2.4. Let h be univalent in U and ¢ : C* x U x U — C. Suppose that the
differential equation

(28) ’ (q<z>, () 2q'(2) | () <zCJ’(2)) . g) _ hz)

()~ az)  ql2) q(2)

has a solution q with q(0) = 1 and satisfies one of the following conditions:
(1) g € Q1 and ¢ € Py [h, q];
(2) q is univalent in U and ¢ € Py [h, q,] for some p € (0,1);
(3) q is univalent in U and there exists py € (0,1) such that ¢ € ®gc [h,, q,] for all
S (:007 1)
If f € ¥, satisfies (2.7), then
(2" f'(2))
— T (2
9'(z) )
and q is the best dominant.

Proof. By applying Theorem 2.2 and Theorem 2.3, we deduce that ¢ is a dominant
of (2.7). Since g satisfies (2.8), it is also a solution of (2.7) and therefore ¢ will be
dominated by all dominants. Hence, ¢ is the best dominant of (2.7). U

In the particular case ¢(z) = 1+ Mz, M > 0 and in view of Definition 2.1, the
class of admissible functions @4 [, g] denoted by P4 [2, M| can be expressed in the
following form.

Definition 2.2. Let Q2 be a set in C and M > 0. _The class of admissible function
g [Q, M] consists of those functions ¢ : C* x U x U — C such that

kM kM + Le KM \?
2.9 1+ Me" : _ _ | 0
(2.9) ¢( M N e Mt <M+e—“’> ’Z’C)gz ’

whenever z € U, ( € U, § € R, Re {Le‘ie} > k(k—1)M, for all # and k > 1.
Corollary 2.3. Let ¢ € O [Q2, M]. If f € X, satisfies
¢ (_ ) (2R ') 2EFE) @)
)l /

7= (@rE) gk @re) T ()

) (1 _z (z”f’<2))”> 2", ') (zg' () 1) . <) o

(27 f'(2)) 9'(z) g(z) \ ¢(2)
then , /
CRL0) SR
9'(2)

When Q = ¢(U) = {w : |w— 1| < M}, the class ®q [2, M] is simply denoted by
®q¢ [M], then Corollary 2.3 takes the following form.
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Corollary 2.4. Let ¢ € Oy [M]. If f € £, satisfies
l¢( PR PR () 2 )
7 () )
)

2/// (pr,( ) "

0@ PR PR

) )
B (pr/( ) " 229///( ) zg”( ) ”(Z) . B
(- Crer) e e (o)) i
then
CILC) .
9'(2) ‘
Ezxample 2.1. If M > 0 and f € X, satisfies
2R (2 f(2) 2g"(2) | (29"(2)
(1)) ( (£(2)) ) gz ( e ) =M
then
e |y
9'(2) '

This implication follows from Corollary 2.4 by taking ¢(u,v,w;z,() =w —v + 1.
Ezample 2.2. If M > 0 and f € ¥, satisfies

p £/ " "
PR (), N M
(27 f'(2)) g'(2) M+1
then Y
p
7(2 {(2» + 1] < M.
g'(2)
This implication follows from Corollary 2.3 by taking ¢(u,v,w;z,{) = v and Q =
h(U), where h(z) = MHZ M > 0. To apply Corollary 2.3, we need to show that

¢ € Dy [Q, M], that is the admissibility condition (2.9) is satisfied follows from
kM kM + Le ( kM )2 C) kM M

1+ Me . . < 2
‘QS( + (& ’M—|—€77‘07 M_|_6719 M_‘_efzg M+1_M+1

for z€ U, (e U,0€eR, and k> 1.

3. STRONG SUPERORDINATION RESULTS

In this section, we obtain strong differential superordination. For this purpose the
class of admissible functions given in the following definition will be required.

Definition 3.1. Let € be a set in C and ¢ € H. The class of admissible functions
Pl [, g] consists of those functions ¢ : C3 x U x U — C that satisfy the admissibility
condition: ¢(u,v,w;&, () € , whenever

== z v = Zq,(Z) z al € w_l—UQ l (S Zq”(Z)
w=al o= g 20 ma Re{ "< pe O,
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where z € U, ( € U, £ € OU, and m > 1.

Theorem 3.1. Let ¢ € @1 [Q,q]. If f € X, —(ng{é;)), € @1, and

¢<_<pr’(2))' 2(2f(2)"  29"(2) 2 (Pf(2)"
gz 7 () k=) (f(2)
2(2fR)" [, 2@ 2P9"(R) | 2d"(2) (29"(2) .

) (1 (2P f'(= ))') 7 96 <9’(2) 1)’ ’C>

is univalent in U, then

(3.1)

C(@Pf(2) 2 (P f(2)" 2g"(2) 2 (Pf(2)"
"e {¢< g @) G ’

(2 f(2))"
) )

~—

(1) - L (U 1)) s evice
implies
p a(2) < —<gf(()”

Proof. Let F defined by (2.2) and ¢ (F(z),2F'(2), 2*F"(2); 2,() defined by (2.6).
Since ¢ € ¥4, [€2, ¢, from (2.6) and (3.1), we have

QcC {1/1 (F(Z),ZF/(Z>,22F,/(Z>;Z,C) rzeUCe U}

From (2.5), we see that the admissibility condition for ¢ € ®/, [, ¢] is equivalent to
the admissibility condition for ¢ as given in Definition 1.5. Hence ¢ € ¥’ [Q, q] and
by Lemma 1.2, ¢(z) < F(z) or equivalently

(2" f'(2))'
g(z)
We consider the special situation when 2 # C is a simply connected domain. In this

case {2 = h(U), for some conformal mapping h of U onto €2 and the class @4, [h(U), q] is
written as ®/; [h, g]. The following result is an immediate consequence of Theorem 3.1.

q(z) < d

Theorem 3.2. Let ¢ € P lh,q], ¢ € H, and h be analytic in U. If f € X,
(pr )
€ @1,

¢( (2 f'(2)) Z(zpf’(Z))”_zg”(Z) 22 (22 f(2))"
7)) G ()

Corer : (1 - >>>>’”> - gg<(> SR <5<(>) - 1) ' C)
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is univalent in U, then

(3.2) / ., "
h(z) <=0 (— = QS)) , Z((;p]fi/(f))))/ - Zjé? 22(;7}{;(532
Rerine /<(Z>)>)’H (1 - >)>)’”> S ORaTo] <5<(>) ) 1) - g)
implies /
q(z) < —w-

By taking ¢(u,v,w;z,{) = u + ﬁuUTw B,y € C, in Theorem 3.2, we state the
following corollary.

Corollary 3.1. Let 5,7 € C and let h be convex in U with h(0) = 1. Suppose that

the differential equation q(z) + 5(](2()37 = h(z) has a univalent solution q that satisfies

q(0) =1 and q(z) < h(z). If f € %,, —(zp’,c(iz)) e HNQq, and

PR Grard () - )

7@ gz B

1s univalent in U, then

(1= | Ry ))’//9'< ) —29"(2)

MO 2=y Y ) B
implies
(=)
() = g(z)

The next result gives the best subordinant of the strong differential superordination
(3.2).

Theorem 3.3. Let h be analytic in U and ¢ : C* x U x U — C. Suppose that the
differential equation

¢ (CI(Z), Zq,(z), 20(e) + 20(z) <Zq,<z>>2;z, C) = h(2)

q(z) * q(2) q(z) q(z)
has a solution q € Q1. If ¢ € P4 [h,q], f € X, e gf(z) € Qq, and

6 (_(pr’(z))’ 2" 2'(2) 2 (LR)"
7)) ¢G0T ()

Corer : (1 - >>>>’”> s <5<(>) - 1) ' C)
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is univalent in U, then
C@PF(R) 2 PF(R) 2g"(2) 2P f(2)”
e <o (< TG e ey

o (G ) e we G ) =)

implies
()

a(z) <~ 9 (2)

and q is the best subordinant.

Proof. The proof is similar to that of Theorem 2.4 and is omitted. O

4. SANDWICH RESULTS

By combining Theorem 2.2 and Theorem 3.2, we obtain the following sandwich
theorem.

Theorem 4.1. Let hy and g, be analytic functions in U, hy be univalent in U, qo € Q1

with q1(0) = ¢2(0) = 1 and ¢ € o [ha, @a] NPl [hy, qu]. If f € 5, —EHEL € HNQ,y

and

6 (_(zpf/(z))’ 2(2F() 2"() ()"

7@ @R 9 @)
(PR (| 2@IE) 2 ') (2
INETIE) <1 (zpf(>)’> IERRTS <g’<z> 1)’ ’C>

is univalent in U, then

Q) PR ) 2 ENE)”
hu2) *“b( 7@ e @) @R
(PR (| 2R 20 | w6 (6
\ETe (1 1z >>’> 7 o) <9'<z> 1)’ ’<>
<=<hay(z)
implies

(=" f'(2))

q(z) < —W < q2(2).

By combining Corollary 2.1 and Corollary 3.1, we obtain the following sandwich
corollary:.

Corollary 4.1. Let 5,7y € C and let hy, hy be convez in U with hy1(0) = hg( ) =1.

Suppose that the differential equations q;(z)+ 5;‘1(1 = = hi(2), @2(2)+ 5;(1(2) = ha(2)
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have a univalent solutions ¢ and qo, respectively, that satisfy ¢;(0) = ¢2(0) = 1 and
ql(Z) =< hl(Z), QQ(Z) =< hg( ) .[ff € Ep, - G (Z)) S HnN Ql; and

g'(2)

(fR) jf g (2) = 29" (2)
9 (2) (z) Bz f(2))

1s univalent in U, then

(f(z) LG (2) — 2g"(2)
7() " g(z) =B f(2))

hi(z) << — <= ho(2)

implies

(22 f'(2))

q(z) < —W =< q2(2).
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