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A NEW CLASS OF LAGUERRE-BASED GENERALIZED
HERMITE-EULER POLYNOMIALS AND ITS PROPERTIES

N. U. KHAN1, T. USMAN2, AND W. A. KHAN3

Abstract. The special polynomials of more than one variable provide new means
of analysis for the solutions of a wide class of partial differential equations often
encountered in physical problems. Motivated by their importance and potential
for applications in a variety of research fields, recently, numerous polynomials and
their extensions have been introduced and investigated. In this paper, we introduce
a new family of Laguerre-based generalized Hermite-Euler polynomials, which are
related to the Hermite, Laguerre and Euler polynomials and numbers. The results
presented in this paper are based upon the theory of the generating functions. We
derive summation formulas and related bilateral series associated with the newly
introduced generating function. We also point out that the results presented here,
being very general, can be specialized to give many known and new identities and
formulas involving relatively simple numbers and polynomials.

1. Introduction

The generating function of the two variable Laguerre polynomials (2-VLP) Łn(x, y)
[5] is defined by

1
(1− yt) exp

(
−xt

1− yt

)
=
∞∑
n=0

Łn(x, y)tn, |yt| < 1,

which is equivalently [6] given by

(1.1) exp(yt)C0(xt) =
∞∑
n=0

Łn(x, y) t
n

n! ,
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where C0(x) denotes the 0th order Tricomi function. The nth order Tricomi functions
Cn(x) are defined as:

(1.2) Cn(x) =
∞∑
r=0

(−1)rxr
r!(n+ r)! , n ∈ N0,

with the following generating function:

exp
(
t− x

t

)
=

∞∑
n=−∞

Cn(x)tn,

for t 6= 0 and for all finite x.
The Tricomi functions Cn(x) are characterized by the following link with the Bessel

function Jn(x):
Cn(x) = x−

n
2 Jn(2

√
x).

From equations (1.1) and (1.2), we obtain

Ln(x, y) = n!
n∑
s=0

(−1)sxsyn−s
(s!)2(n− s)! = ynLn

(
x

y

)
.

Thus, we have

Łn(x, 0) = (−1)nxn
n! , Łn(0, y) = yn, Łn(x, 1) = Łn(x),

where Ln(x) are the ordinary Laguerre polynomials [1].
The 2-variable Hermite Kampé de Fériet polynomials (2VHKdFP) Hn(x, y) [2, 4]

are defined as:

Hn(x, y) = n!
[n2 ]∑
r=0

yrxn−2r

r!(n− 2r)! ,

and is supported by the following generating function:

(1.3) ext+yt
2 =

∞∑
n=0

Hn(x, y) t
n

n! .

When y = −1 and x is replaced by 2x, (1.3) reduce to the ordinary Hermite polyno-
mials Hn(x) (see [2]).

Currently, Dattoli et al. ([8], p. 241) introduced the 3-variable Laguerre-Hermite
polynomials (3VLHP) LHn(x, y, z) which is defined as:

LHn(x, y, z) = n!
[n/2]∑
k=0

zkLn−2k(x, y)
k!(n− 2k)! .

The 3-variable Laguerre-Hermite polynomials (3VLHP) LHn(x, y, z) of the following
generating function:

1
(1− zt) exp

(
−xt

1− zt + yt2

1− zt2

)
=
∞∑
n=0

LHn(x, y, z)tn,
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equivalent to

exp(yt+ zt2)C0(xt) =
∞∑
n=0

LHn(x, y, z) t
n

n! .

It is clear that
LHn

(
x, y,−1

2

)
= LHn(x, y),

LHn(x, 1,−1) = LHn(x),
where LHn(x, y) denotes the 2-variable Laguerre-Hermite polynomials (2VLHP) (see
[6]) and LHn(x) denotes the Laguerre-Hermite polynomials (LHP) (see [7]), respec-
tively.

The generalized Bernoulli B(α)
n (x), Euler E(α)

n (x) and Genocchi G(α)
n (x) polynomials

of order α ∈ C, each of degree n are defined respectively, by the following generating
functions (see [3, 5, 10,18,20]):(

t

et − 1

)α
ext =

∞∑
n=0

B(α)
n (x) t

n

n! , |t| < 2π, 1α = 1,
( 2
et + 1

)α
ext =

∞∑
n=0

E(α)
n (x) t

n

n! , |t| < π, 1α = 1,(1.4)
( 2t
et + 1

)α
ext =

∞∑
n=0

G(α)
n (x) t

n

n! , |t| < π, 1α = 1.

It is easy to see that

B(1)
n (x) = Bn(x), E(1)

n (x) = En(x), G(1)
n (x) = Gn(x).

Recently, Kurt [17] introduced and investigated the generalized Euler polynomials
E[α,m−1](x), m ∈ N defined in a suitable neighborhood of t = 0, by means of the
generating function:

(1.5)

 2m

et +
m−1∑
h=0

th

h!


α

ext =
∞∑
n=0

E[α,m−1]
n (x) t

n

n! .

Furthermore, we recall here an interesting (partly bilateral and partly unilateral)
generating function for L(α)

n (x) due to Exton [9] in the following modified form (see
Pathan and Yasmeen [19], Pathan and Bin-Saad [22]):

exp
(
y + z − xz

y

)
=

∞∑
m=−∞

∞∑
n=m∗

L(m)
n (x)ymzn
(m+ n)! ,

where m∗ = max{0,−m}, m ∈ Z := {0,±1, . . . }.
The reason of interest for this family of Laguerre-based generalized Hermite-Euler

polynomials is due to their intrinsic mathematical importance and to the fact that
these polynomials are shown to be natural solutions of a particular set of partial
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differential equations which often appears in the treatment of radiation physics prob-
lems such as the electromagnetic wave propagation and quantum beam life-time in
storage rings. Motivated by their importance and potential for applications in certain
problems in number theory, combinatorics, classical and numerical analysis and other
field of applied mathematics, a number of certain number and polynomials, and their
generalizations have recently been extensively investigated.

The organization of this paper is given as follows. In Section 2, we introduce a new
class of generalized Laguerre-based Hermite-Euler polynomials LHEn[α,m−1](x, y, z) and
develop some elementary properties by using generating functions for the numbers.
In Section 3, we derive the summation formulae for these generalized polynomials by
using different analytical means on their respective generating functions. In Section
4, we establish generating function for Laguerre-based Hermite-Euler polynomials
involving bilateral series, some of whose special cases are also presented. Relevant
connections of some results presented here with those involving simpler known partly
unilateral and partly bilateral representations are also indicated.

2. A New Class of Laguerre-Based Generalized Hermite-Euler
Polynomials

In this section, we introduce the Laguerre-based generalized Hermite-Euler polyno-
mials LH

En[α,m−1](x, y, z), for a real or complex parameter α defined by means of the
generating function in a suitable neighborhood of t = 0:

(2.1)

 2m

et +
m−1∑
h=0

th

h!


α

eyt+zt
2
C0(xt) =

∞∑
n=0

LH
En[α,m−1](x, y, z) t

n

n! ,

so that

LH
En[α,m−1](x, y, z) =

n∑
r=0

(
n

r

)
E

[α,m−1]
n−r LHr(x, y, z).

It contain as its special cases not only generalized Euler polynomials (1.5), E[α,m−1]
n (x)

(see (1.4)), but also generalization of Laguerre-Hermite polynomials (see (1.5)).
Setting m = 10, z = 0, y → x, z → y in (2.1), the result reduces to known result

of Khan et al. [11]. Again setting x = 0, y → x, z → y, the result reduces to known
result of Pathan and Khan [20].

For m = 1, x = 0, y → x, z → y, we obtain from (2.1):( 2
et + 1

)α
eyt+zt

2 =
∞∑
n=0

HE
(α)
n (y, z) t

n

n! ,

which is a generalization of the generating function of Dattoli et al. ([4], p. 386 (1.6))
in the form: ( 2

et + 1

)
ext+yt

2 =
∞∑
n=0

HEn(x, y) t
n

n! .
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Now, here we investigate the connection between Laguerre-Hermite polynomials
LHn(x, y, z) and generalized Euler numbers E[α,m−1]

n which are great importance in
the following theorems.

Theorem 2.1. The following formula involving Laguerre-Hermite polynomials
LHn(x, y, z) and Laguerre-based generalized Hermite-Euler polynomials
LH

En[α,m−1](x, y, z) holds true:

(2.2) LHn(x, y, z) = 1
2
(
LH

En[1,1](x, y + 1, z) + LH
En[1,1](x, y, z)

)
.

Proof. Consider equation (2.1), we have

eyt+zt
2
C0(xt) =e

t + 1
2

( 2
et + 1

)
eyt+zt

2
C0(xt)

=1
2

(( 2
et + 1

)
e(y+1)t+zt2C0(xt) +

( 2
et + 1

)
eyt+zt

2
C0(xt)

)
.

Then by using the definition of Kampé de Fériet generalization of the Laguerre-
Hermite polynomials LHn(x, y) and Laguerre-based Hermite-Bernoulli polynomials
LH

Bn[α,m−1](x, y, z), we have
∞∑
n=0

LHn(x, y, z) t
n

n! = 1
2

∞∑
n=0

(
LH

En[1,1](x, y + 1, z) + LH
En[1,1](x, y, z)

) tn
n! .

Finally, comparing the coefficients of tn

n! in both sides, we get (2.2). �

Theorem 2.2. The following formula involving Laguerre-based generalized Hermite-
Euler polynomials LH

En[α,m−1](x, y, z) holds true:

(2.3) LH
En[α+β,m−1](w, x, y, z) =

n∑
r=0

(
n

r

)
E

[α,m−1]
n−r (w)LHEn[β,m−1](x, y, z).

Proof. By analyzing definition (2.1), we have 2m

et +
m−1∑
h=0

th

h!


α+β (

exp (y + w)t+ zt2
)
C0(xt) =

∞∑
n=0

LH
En[α+β,m−1](x, y, z) t

n

n!

=
∞∑
n=0

E[α,m−1]
n (w) t

n

n!

∞∑
r=0

LH
Er [β,m−1](x, y, z)t

r

r! .

Now replacing n by n − r in the r.h.s. of above equation and comparing the
coefficients of tn

n! in both sides, we obtain the result (2.3). �

Theorem 2.3. The following formula involving Laguerre-based generalized Hermite-
Euler polynomials LH

En[α,m−1](x, y, z) holds true:

(2.4) LH
En[α,m−1](x, y, z) =

n∑
r=0

E
[m−1]
n−r LH

En[α−1,m−1](x, y, z).
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Proof. Definition (2.1) can be written as

∞∑
n=0

LH
En[α,m−1](x, y, z) t

n

n! =

 2m

et +
m−1∑
h=0

th

h!



 2m

et +
m−1∑
h=0

th

h!


α−1

exp(yt+ zt2)C0(xt)


=
∞∑
n=0

E[m−1]
n

tn

n!

∞∑
r=0

LH
En[α−1,m−1](x, y, z)t

r

r! .

On replacing n by n− r in the r.h.s. of above equation and comparing the coefficients
of tn

n! in both sides, we arrive at the desired result (2.4). �

3. Summation Formulae for Laguerre-Based Generalized
Hermite-Euler Polynomials

For the derivation of implicit summation formulae involving the LHEP
LH

En[α,m−1](x, y, z) the same consideration as developed for the Hermite-Bernoulli
polynomials in Pathan [20] and Khan et al. [12–16] holds as well. First, we prove the
following result involving the LHEP LH

En[α,m−1](x, y, z) by using series rearrangement
techniques and considered its special case.

Theorem 3.1. The following summation formula for Laguerre-based generalized
Hermite-Euler polynomials LH

En[α,m−1](x, y, z) holds true:

(3.1) LH
Eq+l

[α,m−1](x,w, z) =
q,l∑

n,p=0

(
q

n

)(
l

p

)
(w − y)n+p

LH
Eq+l−n−p

[α,m−1](x, y, z).

Proof. Replacing t by t+ u in (2.1) and then using the formula ([21], p. 52(2)):

(3.2)
∞∑
N=0

f(N)(x+ y)N
N ! =

∞∑
n,m=0

f(n+m)x
n

n!
ym

m! ,

in the resultant equation, we find the following generating function for the Laguerre-
based Hermite-Euler polynomials LH

En[α,m−1](x, y, z): 2m

et+u +
m−1∑
h=0

(t+u)h
h!


α

ez(t+u)2
C0(x(t+ u)) = e−y(t+u)

∞∑
q,l=0

LH
Eq+l

[α,m−1](x, y, z)t
q

q!
ul

l! .

Replacing y by w in the above equation and equating the resultant equation to the
above equation, we find

exp((w − y)(t+ u))
∞∑

q,l=0
LH

Eq+l
[α,m−1](x, y, z)t

q

q!
ul

l! =
∞∑

q,l=0
LH

Eq+l
[α,m−1](x,w, z)t

q

q!
ul

l! .

(3.3)
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On expanding exponential function (3.3) gives
∞∑
N=0

[(w − y)(t+ u)]N
N !

∞∑
q,l=0

LH
Eq+l

[α,m−1](x, y, z)t
q

q!
ul

l!

=
∞∑

q,l=0
LH

Eq+l
[α,m−1](x,w, z)t

q

q!
ul

l! ,

which on using formula (3.2) in the first summation on the left hand side becomes
∞∑

n,p=0

(w − y)n+ptnup

n!p!

∞∑
q,l=0

LH
Eq+l

[α,m−1](x, y, z)t
q

q!
ul

l!

=
∞∑

q,l=0
LH

Eq+l
[α,m−1](x,w, z)t

q

q!
ul

l! .(3.4)

Now replacing q by q − n, l by l − p and using the lemma ([19, p. 100(1)]):

(3.5)
∞∑
k=0

∞∑
n=0

A(n, k) =
∞∑
k=0

k∑
n=0

A(n, k − n),

in the l.h.s. of (3.4), we find
∞∑

q,l=0

q,l∑
n,p=0

(w − y)n+p

n!p! LH
Eq+l−n−p

[α,m−1](x, y, z) tq

(q − n)!
ul

(l − p)!

=
∞∑

q,l=0
LH

Eq+l
[α,m−1](x,w, z)t

q

q!
ul

l! .

Finally, on equating the coefficients of the like powers of t and u in the above equation,
we get the assertion (3.1) of Theorem 3.1. �

Remark 3.1. Taking l = 0 in assertion (3.1) of Theorem 3.1, we deduce the following
consequence of Theorem 3.1.

Corollary 3.1. The following summation formula for Laguerre-based Hermite-Euler
polynomials LH

En[α,m−1](x, y, z) holds true:

(3.6) LH
Eq [α,m−1](x,w, z) =

q∑
n=0

(
q

n

)
(w − y)nLHEq−n[α,m−1](x, y, z).

Remark 3.2. Replacing w by w + y in (3.6), we obtain

LH
Eq [α,m−1](x,w + y, z) =

q∑
n=0

(
q

n

)
wnLH

Eq−n[α,m−1](x, y, z).

Next, we prove the following result involving the product of the Laguerre-based
Hermite-Euler polynomials LH

En[α,m−1](x, y, z) by using series rearrangement tech-
niques.
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Theorem 3.2. The following summation formula involving the product of Laguerre-
based Hermite-Euler polynomials LH

En[α,m−1](x, y, z) holds true:

LH
En[α,m−1](x,w, u)LHEs[α,m−1](X,W,U) =

n,s∑
r,k=0

(
n

r

)(
s

k

)
Hr(w − y, u− z)

× LH
En−r [α,m−1](x, y, z)Hk(W − Y, U − Z)LHEs−k

[α,m−1](X, Y, Z).(3.7)

Proof. Consider the product of the Laguerre-based Hermite-Euler polynomials gener-
ating function (2.1) in the following form: 2m

et +
m−1∑
h=0

th

h!


α

exp(yt+ zt2)C0(xt)

 2m

eT +
m−1∑
h=0

Th

h!


α

exp(Y T + ZT 2)C0(XT )

=
∞∑
n=0

LH
En[α,m−1](x, y, z) t

n

n!

∞∑
s=0

LH
Es[α,m−1](X, Y, Z)T

s

s! .

(3.8)

Replacing y by w, z by u, Y by W and Z by U in (3.8) and equating the resultant
equation to itself, we find

∞∑
n=0

∞∑
s=0

LH
En[α,m−1](x,w, u) LH

Es[α,m−1](X,W,U) t
n

n!
T s

s!
= exp((w − y)t+ (u− z)t2) exp((W − Y )T + (U − Z)T 2)

×
∞∑
n=0

∞∑
s=0

LH
En[α,m−1](x, y, z) LH

Es[α,m−1](X, Y, Z) t
n

n!
T s

s! ,

which on using the generating function (3.5) in the exponential on the r.h.s, becomes
∞∑
n=0

∞∑
s=0

LH
En[α,m−1](x,w, u)LHEs[α,m−1](X,W,U) t

n

n!
T s

s!

=
∞∑

n,r=0

∞∑
s,k=0

Hr(w − y, u− z)LHEn[α,m−1](x, y, z)t
n+r

n!r!

×Hk(W − Y, U − Z)LHEs[α,m−1](X, Y, Z)T
s+k

s!k! .

Finally, replacing n by n− r and s by s− k and using equation (3.5) in the r.h.s.
of the above equation and then equating the coefficients of like powers of t and T , we
get assertion (3.7) of Theorem 3.2. �

Remark 3.3. Replacing u by z and U by Z in assertion (3.7) of Theorem 3.2, we
deduce the the following consequence of Theorem 3.2.
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Corollary 3.2. The following summation formula involving the product of Laguerre-
based Hermite-Euler polynomials LH

En[α,m−1](x, y, z) holds true:

LH
En[α,m−1](x,w, z)LHEs[α,m−1](X,W,Z) =

n,s∑
r,k=0

(
n

r

)(
s

k

)
(w − y)r

× LH
En−r [α,m−1](x, y, z)(W − Y )kLHEs−k

[α,m−1](X, Y, Z).

Further, we prove the following results concerning the Laguerre-based Hermite-Euler
polynomials LH

En[α,m−1](x, y, z) with 2VgLP Ln(x, y) and the generalized Hermite
Euler polynomials HE

[α,m−1]
n by using operational techniques.

Theorem 3.3. The following summation formula for Laguerre-based Hermite-Euler
polynomials LH

En[α,m−1](x, y, z) holds true:

(3.9) LH
En[α,m−1](z, w, y) =

k,l∑
n,p=0

(
k

n

)(
l

p

)
HE

[α,m−1]
l+k−n−p(x, y)qLn+r(w, z − x).

Proof. We start by a recently derived summation formula for the generalized Hermite-
Euler polynomials HE

[α,m−1]
n (see [18]):

(3.10) HE
[α,m−1]
k+l (z, y) =

k,l∑
n,p=0

(
k

n

)(
l

p

)
(z − x)n+p

HE
[α,m−1]
l+k−n−p(x, y).

Operating exp
(
D−1
w

δq

δzq

)
on both sides of equation (3.10), we have

exp
(
D−1
w

δq

δzq

)
HE

[α,m−1]
k+l (z, y)

=
k,l∑

n,p=0

(
k

n

)(
l

p

)
HE

[α,m−1]
l+k−n−p(x, y) exp

(
D−1
w

δq

δzq

)
(z − x)n+p.(3.11)

Using the operational definitions (see [12]) in the l.h.s. and r.h.s. respectively of
equation (3.11), we get assertion (3.9) of Theorem 3.3. �

4. Generating Functions for the Laguerre-Based Hermite-Euler
Polynomials Involving Bilateral Series

Let us consider the following a function:

V (α,m) = V (α,m)(x, y, z, w; s, t) =

 2m

et +
m−1∑
h=0

th

h!


α

es−
wt
s

+yt+zt2C0(xt).

Expanding exp(s− wt
s

) in series form and then by using (2.1), we get

(4.1) V (α,m) =
∞∑

M=0

sM

M !

∞∑
K=0

(−wt
s

)K 1
K!

∞∑
N=0

LH
EN

[α,m−1](x, y, z) t
N

N ! .
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Upon replacing the summation indicesM and N in (4.1) by K+N = n andM−K =
m, respectively and rearranging the summation series:

(4.2) V (α,m) =
∞∑

m=−∞

∞∑
n=m∗

smtn
n∑

K=0

(−w)K
K!(m+K)!(n−K)!LH

En−K
[α,m−1](x, y, z),

(which can be justified by absolute convergence of the series involved), we are led to
the generating function:

es−
wt
s

+yt+zt2C0(xt) =
∞∑

m=−∞

∞∑
n=m∗

smtn
n∑

K=0

(−w)K
K!(m+K)!(n−K)!LHn−K(x, y, z).

Some special cases of the result (4.2) are as follows.
(i) Setting x = 0, y = 1 and using Ln(0, 1) = 1, (4.2) reduces to 2m

et +
m−1∑
h=0

th

h!


α

es−
wt
s

+zt2

=
∞∑

m=−∞

∞∑
n=m∗

smtn
n∑

K=0

(−w)K
K!(m+K)!(n−K)!LH

En−K
[α,m−1](0, 1, z).

(ii) Setting s = t = w
2 , α = x = 0 and y = 1 in (4.2), we get

ew
2z/4 =

∞∑
m=−∞

∞∑
n=m∗

(
w

2

)m+n
×

n∑
K=0

(−w)K
K!(m+K)!(n−K)!LH

En−K
[α,m−1](0, 1, z).

(iii) Setting s = t = w
2 , x = 1 and α = y = 0, z = 2

w
in (3.2), we get a new

representation of Tricomi function:

C0

( 2
w

)
=

∞∑
m=−∞

∞∑
n=m∗

(
w

2

)m+n
×

n∑
K=0

(−w)K
K!(m+K)!(n−K)!LH

En−K
[α,m−1]

(
1, 0, 2

w

)
.

(iv) Taking m = 1, x = 1 and y = 0 in (4.2), we obtain( 2
et + 1

)α
es−

wt
s

+zt2C0(t)

=
∞∑

m=−∞

∞∑
n=m∗

smtn
n∑

K=0

(−w)K
K!(m+K)!(n−K)!LH

En−K
[α](1, 0, z).

(v) Letting α = m = 1 and y = 0 in (4.2), we obtain( 2
et + 1

)
es−

wt
s

+zt2C0(xt)

=
∞∑

m=−∞

∞∑
n=m∗

smtn
n∑

K=0

(−w)K
K!(m+K)!(n−K)!LH

En−K (1, 0, z).
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