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TWO-SIDED LIMIT SHADOWING PROPERTY ON ITERATED
FUNCTION SYSTEMS

M. MOHTASHAMIPOUR1 AND A. ZAMANI BAHABADI1∗

Abstract. In this article, we introduce the two-sided limit shadowing property on
an iterated function system (IFS) and attain some results such as totally transitivity,
and shadowing property. Also, by means of the strong shadowing property, we
achieve topologically mixing for this IFS. Then, we study the strong two-sided
limit shadowing property and obtain the topologically mixing property, immediately.
Moreover, we find a criterion to obtain the two-sided limit shadowing property.

1. Introduction and Definitions

To find real trajectories close to approximate trajectories, usually, the shadowing
property and its various cases are used. What we want to study on iterated function
systems, the systems with several generators, is two-sided limit shadowing property.
Some mathematicians, like Oprocha, Carvalho and Kwietniak worked on the systems
with just one generator, ordinary dynamical systems, that have this property and
obtained remarkable results. For example, in [4], authors showed that systems having
two-sided limit shadowing property are transitive and have the shadowing property.
The relationship between two-sided limit shadowing property and another kinds of
shadowing was studied in [3] and [6].

Let us mention some notations and necessary definitions on ordinary dynamical
systems and iterated function systems. One can see these definitions in [2], [5], [8],
and [10] for dynamical systems with one generator.

Let (X,d) be a compact metric space and f : X → X be a homeomorphism.
Assume that ε and δ are positive integer numbers. A sequence {xi}i∈Z is said to be a
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δ-pseudo trajectory, if d(f(xi), xi+1) < δ, for all i ∈ Z. This sequence is ε-shadowed
whenever there exists x ∈ X such that d(f i(x),xi) < ε, for all i ∈ Z. We say that f
has the shadowing property if for every ε > 0 there is δ > 0 such that every δ-pseudo
trajectory is ε-shadowed by some point of X.

A sequence {xi}i∈Z is a limit pseudo trajectory, provided that d(f(xi), xi+1)→ 0 as
i→ +∞, and it is limit shadowed if there is x ∈ X such that d(f i(x),xi)→ 0 as i→
+∞. Also, a sequence {xi}i∈Z is a negative limit pseudo trajectory if d(f(xi),xi+1)→ 0
as i→ −∞, and it is negative limit shadowed whenever there exists x ∈ X such that
d(f i(x),xi)→ 0 as i→ −∞.

If d(f(xi), xi+1)→ 0 as |i| → ∞, then {xi}i∈Z is called a two-sided limit pseudo tra-
jectory. The sequence {xi}i∈Z is said to be two-sided limit shadowed if d(f i(x),xi)→ 0
as |i| → ∞, for some x ∈ X. Principally, f has the two-sided limit shadowing property
while every two-sided limit pseudo trajectory is two-sided limit shadowed. Analo-
gous definitions can be presented for limit shadowing and negative limit shadowing
properties.

There is a weaker case, namely, the two-sided limit shadowing property with a gap
(see [4]). A sequence {xi}i∈Z is two-sided limit shadowed with gap K if d(f i(x),xi)→ 0
as i → −∞ and d(f i+K(x),xi) → 0 as i → +∞, for some x in X. f is said to have
the two-sided limit shadowing property with gap N if every two-sided limit pseudo
trajectory is two-sided limit shadowed with gap K for K ∈ Z and |K| ≤ N . Generally,
f has the two-sided limit shadowing property with a gap if there exists such N .

A homeomorphism f is transitive whenever for every two nonempty open subsets
U and V , there is a non-negative integer n such that fn (U) ∩ V 6= ∅. Also it is
topologically mixing if for every two nonempty open subset U and V there is m ∈ N
such that for all n ≥ m, fn (U) ∩ V 6= ∅.

The following theorems were proved by Carvalho and Kwietniak in [4].

Theorem 1.1. If a homeomorphism f of a compact metric space X has the two-
sided limit shadowing property with a gap, then it is transitive and has the shadowing
property.

Theorem 1.2. If a homeomorphism of a compact metric space has the two-sided limit
shadowing property then it is topologically mixing.

They also borrowed expansivity and specification properties as tools to obtain
the two-sided limit shadowing property in [3]. For definitions of expansivity and
specification properties, see [3] and [7].

Theorem 1.3. Every expansive homeomorphism f : X → X with the shadowing and
specification properties has the two-sided limit shadowing property.

Now, we extend some of these definitions to iterated function systems.
Let F = {f1, f2, . . . , fk} be a finite sequence of homeomorphisms on compact metric

space X.
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An iterated function system is the semigroup action generated by F , and denoted
by IFS(F ). The elements of F are called generators of IFS(F ).

Let ω = (. . . ,ω−1, ω0, ω1, . . . ) ∈ {1, . . . , k}Z. We set f 0
ω = id, and for all n > 0,

fnω = fωn−1ofωn−2o . . . ofω0 and f−nω = f−1
ω−n

o . . . of−1
ω−1 . Consider σ : {1, · · · , k}Z →

{1, · · · , k}Z, σ(· · · , ω−1, ω
∗
0, ω1, ω2, · · · ) = (· · · , ω−1, ω0, ω

∗
1, ω2, · · · ), be the shift map.

The map

θ : {1, · · · , k}Z ×X → {1, · · · , k}Z ×X, θ(ω, x) =
(
σω, fω0(x)

)
,

is called the skew product of IFS(F ), which F = {f1, · · · , fk}.
Assume that ε> 0 and δ > 0 are given. A sequence {xi}i∈Z is called a δ-pseudo

trajectory for IFS(F ) if there exists ω ∈ {1, . . . , k}Z such that

d(fωi
(xi) , xi+1)<δ,

for every i ∈ Z. A δ-pseudo trajectory is said to be ε-shadowed whenever there are
y ∈ X and ϕ ∈ {1, . . . , k}Z such that

d(f iϕ (y) , xi) <ε,

for every i ∈ Z. We say that IFS(F ) has the shadowing property, if for every ε> 0,
there is δ> 0 such that every δ-pseudo trajectory for IFS(F ) is ε-shadowed and it
has the strong shadowing property whenever ϕ, in the definition of the shadowing
property, is equal to ω, in definition of δ-pseudo trajectory for IFS(F ).

Remark 1.1. If IFS(F ) has the strong shadowing property, then every generator has
the shadowing property but its converse is not true (see Example 1.5 in [11]).

In continuation of the previous definitions, we define limit, negative limit and
two-sided limit shadowing properties on iterated function systems.

A sequence {xi}i∈Z is called a (negative) limit pseudo trajectory for IFS(F ) if there
exists ω ∈ {1, . . . , k}Z such that

d(fωi
(xi) , xi+1)→ 0,

as (i→ −∞) i→ +∞. This sequence is said to be (negative) limit-shadowed if there
are y ∈ X and ϕ ∈ {1, . . . , k}Z such that

d(f iϕ (y) , xi)→ 0,

as (i → −∞) i → +∞. We say that IFS(F ) has the (negative) limit shadowing
property whenever every (negative) limit pseudo trajectory for IFS(F ) is (negative)
limit shadowed by some point of X.

A sequence {xi}i∈Z is called two-sided limit pseudo trajectory for IFS(F ) if there
is ω ∈ {1, . . . , k}Z such that

d(fωi
(xi) , xi+1)→ 0,
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as |i| → ∞. This pseudo trajectory is said to be two-sided limit shadowed while there
are y ∈ X and ϕ ∈ {1, . . . , k}Z such that

d(f iϕ (y) , xi)→ 0,

as |i| → ∞. Also it is strong two-sided limit shadowed whenever ϕ =ω . We say that
IFS(F ) has the (strong) two-sided limit shadowing property whenever every two-sided
limit pseudo trajectory is (strong) two-sided limit shadowed.

Remark 1.2. If an iterated function system has the strong two-sided limit shadowing
property, then one can see that every its generator has the two-sided limit shadowing
property.

An iterated function system is called chain transitive while for all δ > 0, and every
(x, y) ∈ X ×X, there exist n ∈ N and a finite δ-pseudo trajectory {ri}ni=0 such that
r0 = x and rn= y. We say that IFS(F ) is transitive if for every two nonempty
open subsets U and V , there are ω ∈ {1, . . . , k}Z and a positive integer n such that
fnω (U) ∩ V 6= ∅. Let {1, . . . , k}n be the set of all words of length n. We say that
IFS(F ) is totally transitive whenever IFS(F n) is transitive, for all n ∈ N, where
F n:= {fnω |ω ∈ {1, . . . , k}

n}.
IFS(F ) is called topologically mixing if for every two nonempty open subsets U

and V in X, there is m ∈ N such that for all n ≥ m there exists ωn ∈ {1, . . . , k}Z
such that fnωn (U) ∩ V 6= ∅. We say that IFS(F ) is uniformly contracting, whenever

sup
i∈{1,...,k}

sup
y 6=x

d(fi(x), fi(y))
d(x, y)

exists and is smaller than 1.
In the next section, we show that the iterated function systems equipped by the

two-sided limit shadowing property are totally transitive and if these IFS’s have the
strong shadowing property then they also are topollogically mixing. Moreover, we
find a relation between two-sided limit shadowing and shadowing properties as in the
following.
Theorem A. If IFS(F ) has the two-sided limit shadowing property, then it is totally
transitive and has the shadowing property.
Theorem B. Let IFS(F ) has the two-sided limit shadowing and the strong shadowing
properties.Then it is topologically mixing.

Moreover, we study the strong two-sided limit shadowing property on iterated
function systems and obtain the topologically mixing property, immediately.
Theorem C. If IFS(F ) has the strong two-sided limit shadowing property, then it
is topologically mixing.

Also, we find a relation between iterated function system and its skew product,
whenever, they have the two-sided limit shadowing property.
Theorem D. IFS(F ) has the strong two-sided limit shadowing property if and only
if its corresponding skew product has the two-sided limit shadowing property.
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After that, in Section 3, we introduce a criterion to obtain the two-sided limit
shadowing property by the following theorem.
Theorem E. Every uniformly contracting iterated function system with one to one
continuous generators has the strong two-side limit shadowing property.

2. Transitivity and Mixing Property

Along to this section, we assume that X is a compact metric space and F =
{f1, f2, . . . , fk} is a finite sequence of homeomorphisms on X.

Proposition 2.1. Let IFS(F ) has the two-sided limit shadowing property and F−1:={
f−1

1 , . . . ,f−1
k

}
. Then IFS(F ) and IFS(F−1) have the limit shadowing property.

Proof. Let {xi}i∈Z be a limit pseudo trajectory for IFS(F ) and let {zi}i∈Z be a
limit pseudo trajectory for IFS(F−1). There exist ω, t ∈ {1, . . . k}Z such that
d(fωi

(xi) , xi+1)→ 0 as i→ +∞ and d(f−1
ti

(zi) , zi+1)→ 0 as i→ +∞.
Since fi , i = 1, . . . , k, is a homeomorphism, we have d(zi, fti(zi+1))→ 0 as i→ +∞.

Set zi+1:=x−i, for all i > 0. It is easily seen that {xi}i∈Z is a two-sided limit pseudo

trajectory for IFS(F ) with s =
{
ωi, i ≥ 0,
t−i, i < 0.

IFS(F ) has the two-sided limit shadowing property, so there are y ∈ X and
ϕ ∈ {1, . . . , k}Z such that
(2.1) d(f iϕ (y) , xi)→ 0 as i→ −∞
and
(2.2) d(f iϕ (y) , xi)→ 0 as i→ +∞.

(2.1) implies that IFS(F−1) has the limit shadowing property and by (2.2) IFS(F )
has the limit shadowing property. �

In the following, we prove the chain transitivity of iterated function systems
equipped to the two-sided limit shadowing property.

Proposition 2.2. If IFS(F ) has the two-sided limit shadowing property, then it is
chain transitive.

Proof. Let (x, y) ∈ X×X. Denote the ω-limit set of x for f1 and α-limit set of y for
f1 by ωf1 (x) and αf1 (y), respectively.

Assume z ∈ ωf1 (x) , w ∈ αf1 (y) and pn =
{
fn1 (z) , n < 0,
fn1 (w) , n ≥ 0.

The sequence {pn} is a two-sided limit pseudo trajectory, so there are p ∈ X and
ω ∈ {1, . . . , k}Z such that{

d (f iω (p) , pi)→ 0 as i→ −∞,
d (f iω (p) , pi)→ 0 as i→ +∞.
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Infact, {
d (f iω (p) , f i1 (z))→ 0 as i→ −∞,
d (f iω (p) , f i1 (w))→ 0 as i→ +∞.

For δ > 0, there exists M ∈ N such that d
(
f−Mω (p) , f−M1 (z)

)
< δ/2,

d
(
fMω (p) , fM1 (w)

)
< δ/2.

Since f−M1 (z) ∈ ωf1 (x) and fM1 (w) ∈ αf1 (y), there are M1 > 0 and M2 > 0 such
that  d

(
fM1

1 (x) , f−M1 (z)
)
< δ/2,

d
(
f−M2

1 (y) , fM1 (w)
)
< δ/2.

So,  d
(
f−Mω (p) , fM1

1 (x)
)
< δ,

d
(
fMω (p) , f−M2

1 (y)
)
< δ.

Hence, we have the chain x,f1 (x) , . . . , fM1−1
1 (x) , f−Mω (p),f−M+1

ω (p) , . . . , fM−1
ω (p) ,

f−M2
1 (y) , f−M2+1

1 (y) , . . . , y. It shows chain transitivity of IFS(F ). �

Now, we are ready to approximate pseudo trajectories by real trajectories.

Proposition 2.3. If IFS(F ) is chain transitive and has the limit shadowing property,
then it has the shadowing property.

Proof. Consider IFS(F ) does not have the shadowing property. Therefore, there
exists ε > 0 such that for every n > 0 there is ωn ∈ {1, . . . , k}Z and there exists
a finite 1

n
-pseudo trajectory Aω

n

n that it cannot be ε-shadowed by any points of
X. By assumption, IFS(F ) is chain transitive, so for all n > 0 there exist γn ∈
{1, . . . , k}Z and a 1

n
-pseudo trajectory Bγn

n from the end member of Aωn

n to the first
member of Aωn+1

n+1 and hence a finite 1
n
-pseudo trajectory Aωn

n Bγn

n Aω
n+1

n+1 . The sequence
{yi} = Aω

1
1 Bγ1

1 Aω
2

2 Bγ2

2 . . . is an infinite limit pseudo trajectory. IFS(F ) has the limit
shadowing property, so the sequence {yi} is limit shadowed by a point y ∈ X and
ω ∈ {1, . . . , k}Z; that is, we have d(fnω (y) , yn)→ 0 as n→∞. Hence, for every ε > 0,
there is N ∈ N such that d(fnω (y) , yn) < ε, for every n ≥ N . This means that there
exists a finite pseudo trajectory Aωk

k which is ε-shadowed by some point in X. It is a
contradiction. �

At present, we obtain the transitivity by the previous results.

Proposition 2.4. Let IFS(F ) has the shadowing property and let be chain transitive.
Then it is transitive.
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Proof. Let U and V be two nonempty open subsets of X, x ∈ U, y ∈ V and ε > 0.
By the shadowing property, there is δ > 0 such that every δ-pseudo trajectory,
specially the δ-pseudo trajectory from x to y, is ε-shadowed by a point z ∈ X.
Let x = z0, z1, . . . , zn = y be a δ-pseudo trajectory for IFS(F ) from x to y. So
d
(
f iϕ (z) , zi

)
< ε, for all i, some z ∈ X and some ϕ ∈ {1, . . . , k}Z. If we choose ε

small enough such that B(x, ε) ⊂ U , then fnϕ (U) ∩ V 6= ∅. �

Proposition 2.5. If IFS(F ) has the two-sided limit shadowing property, then
IFS(F n) also has the two-sided limit shadowing property, for all n ∈ Z\ {0}.

Proof. Let n ∈ Z\ {0} and {xi}i∈Z be a two-sided limit pseudo trajectory for IFS(F n).
There is a sequence ω = {ωi}i∈Z, ωi ∈ {1, . . . , k}

n, such that
d(fnωi (xi) , xi+1)→ 0,

as |i| → ∞. It is easily seen that the sequence

ym=
{
xi, if there is i ∈ Z such that m = in,
fm−inωi (xi) , if there is i ∈ Z such that in < m < (i+ 1)n,

is a two-sided limit pseudo trajectory for IFS(F ). The right elements of this sequence
are

x0, f
1
ω0 (x0) , f 2

ω0 (x0) , . . . ,fn−1
ω0 (x0) , x1, f

1
ω1 (x1) , . . . ,fn−1

ω1 (x1) , . . . , xk,
f 1
ωk (xk) , . . . ,fn−1

ωk (xk) , . . ..
We can write the rest of this sequence, similarly. IFS(F ) has the two-sided limit
shadowing property so the sequence {ym} is two-sided limit shadowed by a point
y ∈ X and γ ∈ Z such that

d(fmγ (y) , ym)→ 0,
as |i| → ∞, that it implies d(f inγ (y) , xi)→ 0 as |i| → ∞. �

Proof of Theorem A. With regard to the Propositions 2.1, 2.2, 2.3 and 2.4, if
IFS(F ) has the two-sided limit shadowing property, then it is transitive and has the
shadowing property. Then the Proposition 2.5 conclude the proof of theorem A.

Proposition 2.6. If IFS(F ) is transitive and has the strong shadowing property, then
for every nonempty open subset U there exist a closed subset B ⊂ U , m ∈ N ∪ {0}
and ϕ ∈ {1, · · · , k}Z such that fmϕ (B) = B.

Proof. Assume U is a nonempty open subset of X. Choose ε > 0 such that for some
u ∈ U,B(u, 3ε) ⊂ U . By shadowing property for every ε > 0 there is δ, 0 < δ < ε,
such that every δ-pseudo trajectory is ε-shadowed. Transitivity of IFS(F ) follows
that there exist n > 0, x ∈ B(u,ε) and ω ∈ {1, . . . , k}Z such that d(fnω (x), x) <δ. The
sequence

{
zm = fm (mod n)

ω (x)
}
is a δ-pseudo trajectory.

So there is z ∈ B(x, ε) ⊂ B(u, 2ε) such that d(fmnϕ (z) , x) < ε for all m ≥ 0, when
ϕ = (. . . , ω0, ω1, . . . , ωn−1, ω0, . . . , ωn−1, . . . ) ∈ {1, . . . , k}Z.
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Indeed, {zm}m∈Z is the following sequence

{..., x,f 1
ω (x) , f 2

ω (x) , . . . , fn−1
ω (x) , x,f 1

ω (x) , f 2
ω (x) , . . . , fn−1

ω (x) , . . . }.

The set of all limits of subsequents of {fmnϕ (z) : m ≥ 0} is the subset of closure of
B(u, 2ε). We denote this set by C. Therefore, C ⊂ U . Since, here and for this ϕ,
fmnϕ = (fnϕ )m and ω-limit set of fnϕ is fnϕ -invariant, fnϕ (C) = C. �

Now, it is prepared some qualifications to obtain topologically mixing IFS’s.

Proposition 2.7. If IFS(F ) has the strong shadowing property and is totally tran-
sitive, then it is topologically mixing.

Proof. Let U and V are two nonempty open subsets of X. Choose ε > 0 so that
U1 = B(u, 2ε) ⊂ U and V1 = B(v, 2ε) ⊂ V , for some u ∈ U and v ∈ V .

By the shadowing property, there is δ < ε/2 such that every δ-pseudo trajectory is
ε-shadowed.
IFS(F ) is transitive so for U2 = B(u, δ/2) and V1 there exist n ∈ N ∪ {0} and

w ∈ {1, . . . , k}Z such that fnw(U2) ∩ V1 6= ∅. By Proposition 2.6, there exist a closed
subset B ⊂ U2 ∩ (fnw)−1V1, m ∈ N ∪ {0} and ϕ ∈ {1, . . . , k}Z that fmϕ (B) = B. Also,
fnw(fmϕ )j(U2) ∩ V1 6= ∅, for all j ∈ N ∪ {0}. So, for every j ∈ N ∪ {0}, there is
rj ∈ {1, . . . , k}Z such that fn+mj

rj (U2) ∩ V1 6= ∅.
Set G := Fm. Transitivity of IFS(G) implies that for given γ ∈ {1, . . . , k}Z and

integer s ≥ 0, there is js ≥ 0 and ξs ∈ {1, . . . , k}Z such that fmjsxis

(
f sγ(U2)

)
∩(fnw)−1V1 6=

∅. Hence, there exists ηs ∈ {1, . . . , k}Z such that fn+mjs+s
ηs (U2) ∩ V1 6= ∅.

Set Js := min{js | fn+mjs+s
ηs (U2) ∩ V1 6= ∅, for some ηs ∈ {1, . . . , k}Z} and M :=

max{n+mJs | 0 ≤ s ≤ m− 1}.
We claim that for all l ≥ M there is θl ∈ {1, . . . , k}Z such that f lθl(U2) ∩ V1 6= ∅.

For this aim, consider l ≥ M . So there exist j ≥ 0 and 0 ≤ s ≤ m − 1 such that
l = n+mj+ s. Since l ≥M , j ≥ Js. Therefore, l−mp = n+mJs+ s for some p ≥ 0.
The sequence

yl,t =

f t (mod m)
ϕ (b), 0 ≤ t ≤ mp− 1,
f t−mpηs (ys), mp ≤ t,

where b ∈ B and ys ∈ U2 ∩ (fn+mJs+s
ηs )−1V1 6= ∅, is a δ-pseudo trajectory. So it is

ε-shadowed with a point yl ∈ X and θl ∈ {1, . . . , k}Z. In fact, d
(
f tθl(yl), yl,t

)
< ε for

all t ≥ 0.
When t = 0, we have d(yl, b) < ε so yl ∈ U .
If t = l, then d

(
f lθl(yl), fn+mJs+s

ηs (ys)
)
< ε and since fn+mJs+s

ηs (ys) ∈ V1, f lθl(U2) ∩
V1 6= ∅ . Therefore IFS(F ) is topologically mixing. �

We are now ready to prove Theorem B.
Proof of Theorem B. By Theorem A, IFS(F ) is totally transitive and because it
has the strong shadowing property, Proposition 2.7 implies it is topologically mixing.
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Here, we want to study about the strong two-sided limit shadowing property on
iterated function systems as a stronger property than the two-sided limit shadowing
property.

Similar to proof of the Proposition 2.1, we have the following proposition.
Proposition 2.8. If IFS(F ) has the strong two-sided limit shadowing property, Then
it has the strong limit shadowing property.

We can use a similar proof of the Proposition 2.3 to obtain the following result.
Proposition 2.9. If IFS(F ) is chain transitive and has the strong limit shadowing
property, then it has the strong shadowing property.

Proposition 2.10. If IFS(F ) has the strong two-sided limit shadowing property,
Then it is totally transitive and has the strong shadowing property.

Proof. Since an iterated function system with the strong two-sided limit shadowing
property has the two-sided limit shadowing property, by Theorem A, it is totally
transitive and obviousely chain transitive; and, by Propositions 2.8 and 2.9, it has the
strong shadowing property. �

Now, by using the strong two-sided limit shadowing, we can prove Theorem C.
Proof of Theorem C. By Proposition 2.10, IFS(F ) has the strong shadowing
property. Theorem B completes the proof.

In the following, we prove Theorem D to show a relation between iterated function
systems having the strong two-sided limit shadowing property and their skew product.
Proof of Theorem D. First, assume that IFS(F ) has the strong two-sided limit
shadowing property and {(ωi, xi)}i∈Z is a two-sided limit pseudo trajectory for θ where

θ : {1, . . . , k}Z ×X → {1, . . . , k}Z ×X, θ(ω, x) =
(
σω, fω0(x)

)
,

is the skew product of IFS(F ).
Consider metrics D, d1 and d on {1, . . . , k}Z ×X, {1, . . . , k}Z and X respectively

and
D((w, x), (ϕ, y)) = max{d1(w,ϕ), d(x, y)}.

We have
D
(
θ(ωi, xi), (ωi+1, xi+1)

)
→ 0 as |i| → ∞,

that is, D
(
(σωi, fwi

0
(xi)), (ωi+1, xi+1)

)
→ 0 as |i| → ∞. It is equivalent to

d1(σωi, ωi+1)→ 0 as |i| → ∞,(2.3)

d
(
fωi

0
(xi), xi+1)→ 0 as |i| → ∞.(2.4)

The expression (2.3) says that the sequence {ωi}i∈Z is a two-sided limit pseudo trajec-
tory. This sequence is two-sided limit shadowed by ϕ = (. . . , ω−1

0 , ω∗0
0 , ω

1
0, . . . ), (see

Theorem 5.1 in [4]). Infact, we have
(2.5) d1

(
σi(ϕ), ωi

)
→ 0 as |i| → ∞.
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Equation (2.4) implies that {xi} is a two-sided limit pseudo trajectory for IFS(F ).
Since IFS(F ) has the strong two-sided limit shadowing property, there exists a point
x ∈ X such that that
(2.6) d

(
f iϕ(x), xi

)
→ 0 as |i| → ∞.

The statements (2.5) and (2.6) imply that

D
(
θi(ϕ, x), (ωi, xi)

)
→ 0 as |i| → ∞.

Conversly, assume {xi} is a two-sided limit pseudo trajectory for IFS(F ). There is
ω ∈ {1, . . . , k}Z such that

d
(
fωi

(xi), xi+1)→ 0 as |i| → ∞.

It is obvious that the sequence {ϕi = σiω}i∈Z is a two-sided limit pseudo trajectory
and it is two-sided limit shadowed by ω. Therefore, {(ϕi, xi)}i∈Z is a two-sided
limit pseudo trajectory for θ and is two-sided limit shadowed by some x ∈ X and
γ = (. . . , ϕ−1

0 , ϕ∗0
0 , ϕ

1
0, . . . ) =ω. So we have d

(
f iω(x), xi

)
→ 0 as |i| → ∞, and it means

IFS(F ) has the strong two-sided limit shadowing property.
As an application of the Theorem D, we present the following example to show that

the inverse of Theorem B and Theorem C are not true.

Example 2.1. Suppose that X = [0, 1] and f0 : X → X, f0(x) = 0 and f1 : X → X,
f1(x) = 1 − |1 − 2x|. Let θ be the skew product of IFS({f0, f1}). IFS({f0, f1})
is topologically mixing but θ is not topologically mixing (see Example 1 in [9]).
Theorem B in [4] implies that θ does not have the two-sided limit shadowing property.
By Theorem D, IFS({f0, f1}) does not have the strong two-sided limit shadowing
property. Therefore, we have an iterated function system that is topologically mixing
but does not have the strong two-sided limit shadowing property. This implies the
inverse of Theorem C is not true. Moreover, IFS({f0, f1}) dose not have the strong
shadowing property (see Example 1.3 in [11]). So, the inverse of Theorem B does not
hold.

3. A Criterion

Assume that X is a compact metric space and F = {f1, f2, . . . , fk} is a finite
sequence of one to one continuous functions from X to itself.
Proof of Theorem E. Suppose that IFS(F ) is uniformly contracting,

β = sup
i∈{1,...,k}

sup
x 6=y

d(fi(x), fi(y))
d(x, y) < 1,

and the sequence {xi}i∈Z is a two-sided limit pseudo trajectory for IFS(F ). There is
w ∈ {1, . . . , k}Z such that d(fwn(xn), xn+1)→ 0 as |n| → ∞.

Choose the sequence {yi}i∈Z so that y0 = x0 and yi+1 = fwi
(yi) , i ∈ Z. In Theorem

3.2 in [1], it is proved that every uniformly contracting IFS has the limit shadowing
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property, and also d(fnw(y0), xn)→ 0 as n→∞. Here, we show that d(fnw(y0), xn)→ 0
as n→ −∞.

Set θi := d(fwi
(xi), xi+1), i ∈ Z. We have

d(x−1, y−1) ≤ d(fw−2(y−2), fw−2(x−2)) + d(fw−2(x−2), x−1)
≤ βd(y−2, x−2) + θ−2

and
d(x−2, y−2) ≤ d(fw−3(y−3), fw−3(x−3)) + d(fw−3(x−3), x−2)

≤ βd(x−3, y−3) + θ−3.

By induction,
d(x−n, y−n) ≤ βd(x−(n+1), y−(n+1)) + θ−(n+1).

Set γn := θ−n, for n ≥ 0. γn → 0 as n→∞. So, for given ε > 0, there is T ∈ N such
that for all n ≥ T , we have γn < ε(1−β)

2 . Assume that an := d(x−n, y−n), for all n > 0.
Since X is compact, the sequence {an}has a convergent subsequence {ank

}k≥0. This
fact and β < 1 imply that for all nk ≥ T, the following inequalities hold:

ank
≤ βnk+1−nkank+1 + βnk+1−nk−1γnk+1 + · · ·+ γnk+1

≤ βnk+1−nkank+1 + ε

2(1− β)(1 + · · ·+ βnk+1−nk−1)

≤ βank+1 + ε

2(1− βnk+1−nk−1)

≤ βank+1 + ε.

As k →∞, we have a ≤ βa+ ε
2 . ε is arbitrary so a(1− β) ≤ 0 and therefore a = 0.

Now, we claim that every subsequence of the sequence {an} is convergent to zero.
Consider a subsequence {ant}t≥0 such that ant 9 0 as t→ 0. This subsequence has a
subsequence {antl

}l≥0 such that antl
> ε for all l (∗).

X is compact, so {antl
}l≥0 has a convergent subsequence {antlk

}k≥0. Similar to
before the claim, we have antlk

→ 0 as k →∞. This contradicts (∗). Hence, an → 0 as
n→∞. Namely, limn→∞ d(x−n, y−n) = 0. It means that limn→−∞ d(fnw(y0), xn) = 0.
Therefore, d(fnw(y0), xn)→ 0 as |n| → ∞.

Example 3.1. Let d1 : {0, 1}Z × {0, 1}Z → R

d1(w,ϕ) = sup
i∈Z

δ(wi, ϕi)
2|i| ,

be a metric for {0, 1}Z, where

w = (. . . , w−1, w
∗
0, w1, . . . ), ϕ = (. . . , ϕ−1, ϕ

∗
0, ϕ1, . . . ), δ(wi, ϕi) =

{
1, wi 6= ϕi,
0, wi = ϕi.

Assume that f0 : {0, 1}Z → {0, 1}Z,
f0(. . . , w−1, w

∗
0, w1, . . .) = (. . . , ϕ−1, ϕ

∗
0, ϕ1, . . .),
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such that

ϕi =


wi−1, i ≥ 1,
1, i = 0,−1,
wi+1, i ≤ −1,

and f1 : {0, 1}Z → {0, 1}Z

f1(. . . , w−1, w
∗
0, w1 . . .) = (. . . , γ−1, γ

∗
0 , γ1, . . .),

such that

γi =


wi−1, i ≥ 1,
0, i = 0,−1,
wi+1, i < 1.

One can see IFS(f0, f1) is uniformly contracting and by Theorem A, it has the strong
two-sided limit shadowing property. Moreover, Proposition 3.1 implies that the skew
product of IFS(f0, f1) has the two-sided limit shadowing property.

Let Y be a compact metric space, G = {g1, . . . , gk} and let gi : Y → Y be a
homeomorphism, for i = 1, . . . , k.

We say that IFS(F ) and IFS(G) are conjugate if there exists a homeomorphism
h : X → Y such that h ◦ fi = gi ◦ h, for i = 1, . . . , k. It can be proved easily that
conjugacy preserves the two-sided limit shadowing property. So if IFS(F ) has the two-
sided limit shadowing property and it is conjugate to IFS(G), then IFS(G) has the
two-sided limit shadowing property, too. The proof of this subject is straightforward,
so we eliminate it.
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