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ON THE ESTRADA INDEX OF POINT ATTACHING STRICT
E-QUASI TREE GRAPHS

MOHAMMAD A. IRANMANESH! AND RAZIYEH NEJATI?

ABSTRACT. Let G = (V, E) be a finite and simple graph with A1, Ao, ..., A, as its
eigenvalues. The Estrada index of G is EE(G) = Y., e*i. For a positive integer k,
a connected graph G is called strict k-quasi tree if there exists a set U of vertices of
size k such that G\ U is a tree and this is as small as possible with this property. In
this paper, we define point attaching strict k-quasi tree graphs and obtain the graph
with minimum Estrada index among point attaching strict k-quasi tree graphs with
k even cycles.

1. INTRODUCTION

Let G = (V(G), E(G)) be a finite and simple graph of order n, where by V(G) and
E(G) we denote the set of vertices and edges, respectively. Let A(G) be the adjacency
matrix of G, and \;, \s, ..., A, be its eigenvalues. The Estrada index of G is defined
as

FE(G) =Y, M.

which was first proposed by Estrada in 2000 [6]. We refer reader to [7, 8,15, 16]
for multiple applications of Estrada index in various fields, for example in network
science and biochemistry. The results for trees can be found in [3,10,13,19]. Gutman
approximated the Estrada index of cycles and paths in [9]. The unicyclic graphs
with maximum and minimum Estrada index have been determined in [5]. Recently,
the Esrada index of the cactus graphs in which every block is a triangle, has been
characterized in [11,12].

A connected graph G is called quasi tree if there exists vy € V(G) such that G\ {vo}
is a tree. Lu in [14] has determined the Randi¢ index of quasi trees. The Harary index

Key words and phrases. Estrada Index, quasi tree graph, point attaching Strict k-quasi tree graph.
2010 Mathematics Subject Classification. Primary: 05C35. Secondary: 05C50.

DOT 10.46793/KgJMat2002.1651

Received: February 20, 2018.

Accepted: March 14, 2018.

165



166 M. A. IRANMANESH AND R. NEJATI

of quasi tree graphs and generalized quasi tree graphs are presented in [18]. A strict
k-quasi tree graph G is a connected graph which is not a tree, and k is the smallest
positive integer such that there exists a k-element subset U of vertices for which G'\ U
is a tree.

Let G be a connected graph constructed from pairwise disjoint connected graphs
G, G, ..., Gy as follows: select a vertex of G,, a vertex of (G5,, and identify these
two vertices. Then continue in this manner inductively. More precisely, suppose that
we have already used G1, G, ..., G; in the construction, where 2 < i < d — 1. Then
select a vertex in the already constructed graph (which may in particular be one of
the already selected vertices) and a vertex G;,1; and identify these two vertices. Note
that the graph G constructed in this way has a tree-like structure, the G;’s being
its building stones. We will briefly say that G is obtained by point attaching from
G1,Gs, ..., Gq and that G;’s are the primary subgraphs of G [4].

A graph G is said to be point attaching strict k-quasi, if it is constructed from
primary subgraphs G, G, ..., G4 where each primary subgraph G; is a strict k;-quasi
tree graph for each 1 <i < d, and k = X% | k;.

In this paper we study the Estrada index of point attaching strict k-quasi graphs.

2. PRELIMINARIES

For £ € NU {0}, let Sy(G) = ", A\ be the £ spectral moment of G, which is
equal to the number of closed walks of length ¢ in G [2]. For every graph G, we have
So(G) =n, S1(G) = C, S3(G) = 2m, S3(G) = 6D, and S,(G) =23, d? — 2m + 8Q,
where n, C, m, D, Q denote the number of vertices, the number of loops, the number
of edges, the number of triangles and the number of quadrangles in GG, respectively and
d; = d;(G) is the degree of vertex v; in G [2]. Bearing in mind the Taylor expansion
of e*, we have the following equation for the Estrada index of graph G,

n . n 0o )\f 00 S G
(2.1) EB(G) =3 e" =33 =3 fé, )
i=1 i=1¢=0 ~ £=0 '

It follows from Equation 2.1 that FE(G) is a strictly monotonously increasing function
of S¢(G). Let G; and Gs be two graphs. If S,(G1) < S¢(G2) holds for all positive
integer ¢, then FE(G,) < EE(G3). Moreover, if the strict inequality Sy(G1) < S¢(Gs)
holds for at least one value ¢y > 0, then FE(G,) < EE(G).

Recall that a sequence aq, aq, ..., a, of numbers is said to be unimodal if for some
0<i<nwehaveay<a; <---<a; > a1 > -+ > a,, and this sequence is called
symmetric it a; = a,—; for 0 < i < n [17]. Thus a symmetric unimodal sequence
ap, ay, ..., a, has its maximum at the middle term (n even) or middle two terms (n
odd). Let A be the adjacency matrix of the graph G. It is well-known that the
entry(A%); ; represents the number of walks of length ¢ from vertex v; to vertex v; [1].
Obviously, (A%);; = (A*);, for undirected graphs.

Throughout this paper, I'(k) is a point attaching strict k-quasi tree graph with k
even cycles (see Figure 1) and M,(G) denotes the set of closed walks of length ¢ in G,
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and we show that among all point attaching strict k-quasi tree graphs with k even
cycles, I'(k) is the graph with minimum Estrada index.

3. THE NUMBER OF CLOSED WALKS OF LENGTH ¢ IN I'(k)

Let My(k(c —1),4) denote the set of closed walks of length ¢ starting at the vertex
v; in I'(k) with & even cycles of length ¢ and |My(k(c —1),i)| = S¢(k(c —1),17) denote
the number of closed walks of length ¢ starting at the vertex v; in I'(k) (see Figure 1).

U1 U3 VUe—5 UVe—3 Ve Ucq2 U2(c=1)-3 V2(c—1)-1
Vo
Ve—1 Va(c—1)
V2 vy Ueed Vo2 Vel Ver3  Vo(e—1)-4 V2(c—1)-2 Y(k=1)(c=1)+2

FIGURE 1. The graph I'(k).

Lemma 3.1. The map ¢ : V(I'(k)) — V(I'(k)), given by o(v;) = Uge—1)—i @5 an
automorphism.

Proof. One can easily see that ¢ is bijective. Let vertices v; and v; be adjacent. Then
by definition of ¢, we have the following cases.

(i) ¢(vo) = Vi(e—1) and @(Vi(e—1)) = Vo.

(i) i = t(c—1), 0 < t < k. In this case v; € {vi_1,vi—2,Vit1,vi42}. Hence,
k(c—1) —i = k(c—1) —t(c—1) = (k —t)(c —1). This implies that
(Vi) = V(k—t)(c—1)-

We will only prove the case v; = v;—;. A similar argument can be used
for other cases. If v; = v;_y, then k(c —1) —j =k(c—1) —t(c—1)+1 =
(k—=t)(c—1) + 1. Hence ¢(v;) = V(a—t)(c—1)+1 Which is adjacent to ¢(v;).

(ili) i =tlc—1)+s0<t<k—1,1<s<c—2 In this case v; € {v;_9,vis2}.
Hence, k(c—1)—j=k(c—1)—t(c—1)—s = (k—t)(c—1) —s. This implies
that QO(UZ-) = U(k—t)(c—l)—s-

If v; =v;_9, then k(c—1) —t(c—1) —s+2= (k—1t)(c—1) — s+ 2. Hence,
©(V5) = V(k—t)(c—1)—s+2 Which is adjacent to ¢(v;). The proof for case v; = vijo
is similar. U

Corollary 3.1. Let A be the adjacency matrix of the point attaching strict k-quasi
tree graph T'(k). Then (A%);; = (A k(e—1)—ik(e—1)—j for 0 <i,j < k(c—1).

Proof. This is an immediate consequence of Lemma 3.1. O
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Lemma 3.2. Ifk > 2 and t are integers and 0 < t < ¢ — 2, then:
Se(k(c—1),t) < Sp(k(c—1),t+ (c—1))

<...< 8 (k:(c—l),t+ Qﬂ —1) (c—1)>
<5, (l{:(c—l),t+ m (c— 1)),

where £ > c—1. If { > [g], then strict inequalities hold.

Proof. We prove every diagonal and the main diagonal of the matrix A¢ are unimodal.
By Lemma 3.1, (A%):; = (A)ke—1)—tk(e-1)—j- S0 we only need to show that the
diagonals paralleling to the main diagonal increase for t 4+ j < k(c — 1).

By induction on integer ¢, we will show that for every j < k(¢ — 1) where t + j +
2¢ — 2 < k(¢ — 1), we have:

(Ag)t-f-c—l,j-‘rc—l P (Ae)m*

By the definition of I'(k) we have A, ; = 1 if and only if A; .1 j4.—1 = 1. Therefore,
the result is hold for £ = 1. Assume that the result holds for integer ¢. There are four
cases as follows.
Case 1: t,7 =0 (mod (¢ —1)).

Since the set of walks of length ¢ + 1 from v; to v; is in bijective correspondence
with the set of walks of length ¢ from v; to v, adjacent to v;, so

(A€+1)t+cfl,j+cfl :(Ag)t+cfl,j+cf2 + (Ae)t+c71,j+cf3 + (AZ)tJrC*Lj‘FC
+ (A" premtjrests
(A1) =(A) g1+ (ADsjoa + (A1 + (A0
By the induction hypothesis, we have the following results:

(A 4ot jte—2 = (A o1,
(A e 1jre (A jy1, fort+5+2<k(c—1),

(A temtjre—3 =(A)rj-2,

(Aot jrers =>(Aijen, fort+j+2 < k(c—1).

Hence, we have (A“™); e 111 > (A1), In addition we will show that for
¢ > [k(c — 1)/2] the strict inequalities hold.

For the strict inequality, let 1 < r < k be a fixed number, we consider two rows
r(c—=1)and (r —1)(c—1), 7 < k(c—1). Then

(AK—H)r(cfl),cfl == (Ae)r(cfl),072 + (Ag)r(cfl),cfi’; + (Ag)r(cfl),c + (Ae)r(cfl),chl

and

(A" 1ye—1)0 = (A —1yey1 + (A 1) (e-1)2-
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Note that, since I'(k) is symmetric we have,
(Ag)r(c—l),c—Q :(AZ)T(C—].),C—?) > 07
(Ag)r(c—l),c :<A£)T‘(C—1),C+1 > 07
(Ae)r(c—l),l :<A£)T(c—1),2 > 07
for £ > r(c—1). So,
(A“_l)r(c—l),c—l - 2(A£>r(c—1),c—2 + 2<AZ)T‘(C—1)7C+1
and
(A 110 = 2(A) oy e-1).2-
By the induction hypothesis, the following inequality holds:
(A e1yer1 > (A 1y(em1) -

Thus, we have the strict inequality (A“l),n(c,l),c,l > (A£+1)(r,1)(c,1)70. This causes
the chain of strict inequalities

(AZ—FQ)T(cfl),Q(cfl) > (A£+2)(r71)(c71),c717
(Aé+3)r(c—1),3(c—1) > (A“_g)(?"—l)(c—l),Q(c—l)-
Finally, we have

(A£+(k—r+1)> Aé+(k—r+1))

r(c=1),(k—r+1)(c—1) > ( (r=1)(c—1),(k=r)(c—1)-

Case 2: t =0 (mod (¢c—1)) and j # 0 (mod (¢ —1)). Let j =1 (mod (¢ — 1)).
Then

(A1 jre1 =(ADipe1jse2 + (A )themtjtets
(A =(A) 1+ (A)jpe-
Similarly, by the induction hypothesis, we have
(A remt ez = (A% o1,
(A£>t+c—1,j+c+1 Z (Ae)t,j_i_g, for t+] + 2 S l{?(C - ].)

Hence, we have (A" 1 1e1 > (A1),
In addition for the strict inequality, let 1 < r < k be a fixed number, we consider
two rows r(c — 1) and (r — 1)(¢ — 1). Then

(Aé—’_l)r(c—l),c Z(A€>r(c—1),c—1 + (A€>r(c—1)70+2 = (Ae_l)r(c_1)7c_2
+ (AT emne-3 + (AT riemne + (AT ey em1 + (A remn), et
and
(A" —e=n1 =(A) =110 + (A) 113
(A -1 + (AT -2 + (A)e-1ye-13:
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Note that, since I'(k) is symmetric we have,
(A etz =(Arem1)em3 > 0,
(A" D)1y =(A D e1y,041 > 0,
(A D11 =(A"Npe—1y2 > 0,

for £ > r(c—1).
So,

(AeJrl)r(c—l),c = 2(14[71)7"(0—1),0—2 + 2(/4@71)7"(0—1),0 + (Ag)r(c—l),c+2
and
(A" - nye—1y1 = 2(A D e—nena + (A 1) (e1) 3-
By the induction hypothesis, the following inequalities hold:
(A" e = (A" e (ADre1yer2 = (A o1y e-1)3-

Thus, we have the strict inequality (A“™),c—1)c > (A“)—1)-1)1. This causes
the chain of strict inequalities

(A) cmny 2141 > (AT) 1) em1).e0
(A ey ae-141 > (AT 1y e-1)20c-1)41-
Finally, we have
(A7) et thmri D141 > (AT ) o0y o), () = 1)1
A similar argument can be used for the cases j = {2,3,...,¢c— 2} (mod (¢—1)) .
Case 3: t Z0 (mod (c—1)) and 7 = 0 (mod (¢ —1)). Let ¢t = 1 (mod (¢ — 1)).
Then
(A et jremt =(Aige—tjre—2 + (A tremtjre—s + (Ao 1g4e + (A tremtjrests
(AT =(A o1+ (A g2 + (A g1 + (A1 40-
By the induction hypothesis, we have:
(A et ez >(Aij0,
(A rjre 2(A) 1, for t4j+1 < k(e —1),
(A temtjre—s = (A2,
(Ae)t+c_1,j+c+1 Z(Ae)t,jw, fort+j+2<k(c—1).

Hence, we have (A1) o1 j4e1 > (AT,
For the strict inequality, let 1 < r < k be a fixed number, for two rows r(c — 1) 4+ 1
and (r — 1)(c — 1) + 1 we have

(Aé+1)r(c—1)+1,c—1 - (A€>r(c—1)+l,c—2 + (Ae>r(c—1)+l,c—3 + (Ae)r(c—l)—‘rl,c + (Aé)r(c—l)—‘rl,c—&—l

and

(A“—l)(rfl)(cfl)Jrl,O = (Ae)(rfl)(cfl)+1,1 + (AZ)(rfl)(cfl)+1,2~
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Note that since I'(k) is symmetric we have
(Ae)r(c—l)—i-l,c—Z :<A£)7‘(C—1)+LC—3 > 07
(A£>r(cfl)+1,c :(Ag)r(cfl)+1,c+l > 07
(Az)r(cfl)+1,1 :(Ae)r(cfl)+1,2 > 0,
for £ > r(c—1).
So,
(A“_l)r(cfl)Jrl,cfl = 2(Az)r(cfl)+1,072 + 2(A£)r(cfl)+l,c+l
and
(A" 1y em1)41.0 = 2(AY) 1y (e—1)41,2-
By the induction hypothesis, the following inequality holds:
(Aé)r(cfl)Jrl,chl > (Ag)(rfl)(cfl)+1,2-
Thus, we have the strict inequality (A™™), 141,01 > (A7) o—1yc-1)+10. This
causes the chain of strict inequalities
(A2 e n1.20e-1) > (AT o1y e-1) 41,014
(AZ+3>7’(C—1)+1,3(C—1) > (AE+3>(r—l)(c—1)+1,2(c—1)-
Finally, we have:

(Aé+(k—r+1)) A£+(k—r+1))

r(e—1)+1,(k—r41)(e—1)—1 > ( (r—1)(c=1)+1,(k—r)(c—1)—1-
A similar argument can be used for the cases t = {2,3,...,¢— 2} (mod (c—1)).
Case 4: t #0 (mod (¢c—1)) and j =1 (mod (¢ —1)). Let t =1 (mod (c— 1)), we
have
(A€+1)t+c—1,j+c—1 :(Ae)t+c—1,j+c—2 + (Ag)t—l—c—l,j—&-c—&—l»
(A1) =(A) -1 + (A1 j42-

By the induction hypothesis, the following inequality holds:

(Aere-tgbe-2 > (AVejo1, (ADere-1giert > (A 0.

Hence, we have (A%);yc 1 1c-1 > (A%, . For the strict inequality, let 1 <r < k be
a fixed number, we consider two rows r(¢c — 1) + 1 and (r — 1)(¢ — 1) + 1. Then

(A£+1)r(cfl)+1,c :(Ag)r(cfl)Jrl,cfl + (Ag)r(cfl)+l,c+2
=(A"emnyire—2 + (A e + (AT e )41e
+ (Ae_l>r(c—1)+1,c+1 + (Az>r(c—1)+1,c+2
and
(A" -1 =(A) 1) e=1)41.0 + (A) o1y (e1)41,3
:(Aefl)(r—1)(c—1)+1,1 + (AEil)('r—l)(c—l)—i—l,Q + (AE)(T—I)(C—I)—&-L?)-
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Note that since I'(k) is symmetric, (Ag_l)r(c_l)_FLC_Q = (Af_l)r(c_l)le,C_g > 0,
(A£71>r(c—1)+1,c = (Aeil)r(c—l)—i-l,c-l—l > (0 and (Aéil)r(c—l)-‘rl,l = (AEil)r(c—l)—‘rl,Q > 07
for £ > r(c—1). So,

(AZ—H)T(c—l)—Q—Lc - 2(A’élz_l)r(c—l)—ﬁ—l,c—2 + 2(fqg_l)r(c—l)-l—l,c + (A€>r(c—1)+1,c+2

and

(A€+1)(T—1)(c—1)+1,1 = 2(Agfl)(r—1)(c—1)+1,1 + (AZ)(T—I)(C—1)+1,3'
By the induction hypothesis, the following inequalities hold:

(Ag_l)r(c—l)—i-l,c P (Ae_l)(r—l)(c—l)—i-l,la (Az>r(c—1)+1,c+2 P (AZ)(T—l)(c—l)—i—l,S-

Thus, we have the strict inequality (A™™),c—1)+1,c > (A“)—1yc—1)41,1. This causes
the chain of strict inequalities

(A*2) ey 2001 > (AT oy em1y41,e:
(Ae+3)r(c—1)+1,3(c—1)+1 > (AZ—HS)(T—l)(c—1)+1,2(c—1)+1-

Finally,

(A et tert e 1 > (A7) 1) e D (hr)e-1) 1
A similar argument can be used for t =r € {2,3,...,¢—2} (mod (¢ —1)). O

The number of closed walks of length ¢ starting at the vertex v; is equal to the
entry (¢,t) in matrix A*. Therefore,

Se(k(c—1),t+ (¢ = 1)) = (A1) ut(e1)-
By the induction hypothesis, we conclude that Sy(k(c —1),t+ (r — 1)(c — 1)) <
Se(k(c—1),t+r(c—1)) forall 0 < ¢t < c—1and r < [£](c — 1). Hence the strict
inequality holds when ¢ > [£].

4. THE MINIMUM ESTRADA INDEX OF I'(k)

Let G’ be a point attaching strict kj-quasi tree graph of even length c and ¢ € V(G').
For k — ki = ks, let G'([%2], [%2]) be the graph obtained from G’ by attaching two
graphs I'([ %2 ) and I'([%2]) at 4.

Let No(G'([%2](c — 1),[%2](c — 1);6) (respectively, No(G'(|%2](c — 1) + ¢ — 1,
[%2](c—1) —c+1); ) be the set of (6, 8)-walks of length £ in G'([%2](c—1), [%2](c—1))
(respectively, G'([%2](c — 1) + ¢ — 1, [%](c — 1) — ¢ + 1) starting and ending at the
edges or only one edge in G’ and let Nj(G'([%2](c — 1), [2](c — 1));6) (respectively,
NG ([%Z2](c—1)+c—1,[%](c—1)—c+1);8)) be the set of (6, §)-walks of length ¢ in
G'([%2](c—1),[%](c—1)) (respectively, G'([%2](c—1)+c—1,[%](c—1) —c+1) start-
ing and ending at the edges or only one edge in union I'(| 22 |) UT([%2]) (respectively,

2 2

D3]+ D) UT([3] - 1)
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In the following let G'(| %2 |(c—1), [%](c—1)) := G(1) and let G'(| %2 | (c—
[£2](c = 1) — ¢+ 1) :== G(2). By our definition, both graphs I'(| £ J) (f
(L%?j +1uU F((%ﬂ — 1) are isomorphic to I'(ks), so they are denoted by T’

Lemma 4.1. If |22] > 1, then for positive integer (,
(i) [Ne(G'(2);0)] < [Ne(G'(1));0)];

(i) [N(G'(2);0)] < [Ny(G'(1));6)].
Proof. Let w € NZ(G’ (2);9), we may decompose w into maximal sections in union
(%] + 1)Ul ([%2] — 1) or in G’. Each of them is one of the following types.

(Type 1): a (4, ) walk in union (%] + 1) UT([%] — 1).

(Type 2): a walk in G’(2) with all edges in G'.

Similarly, we may decompose any w € Ny(G'(1); ) into maximal sections in G’ or
in union I'([ % |) UT([%]). Each of them is one of the following types.

(Type 3): a (9,6)- Walk in union T'([ %) UT([%]).

(Type 4): a walk in G’(1) with all edges in G'.

Next, for any w € N;(G'(2);0), we can replace the even indices by the odd indices
that are in front of each other see Figure 2. Hence, from now on, w is a (4, §)- walk with

1)4c—
%W)and
().

U1 U(a+1 —1)—1 vkz(cfl)*l
Yo U(a+1)( > <
U Va(e-1)-2 Va(c—1)+2 V(a+1)(c—1)— 'ng(c—l)72
I
vy Va(c—1)-3 Va(c—1)+1 'Ukz —1)-1
Va(c—1)- U(a+1 (e=N-1
) Ula—1)(c=1)  Vg(e-1 V(at1)(e~ Uky(e—1
Va(c—1)—4
Vg U4 Ue—d U2 Vg(e—1)—2 lale=1)+2 V(at1)(c— Uky(e—1)—

FIGURE 2. Transformation .

only odd or even indices. So w is a (6, d)- walk with odd indices. By Lemma 3.2 there
is an injection mapping &) that is a (6, 6)- walk of length s’ in T'(| £ | + 1) UT([%2] —1)
into a (4, 6)- walk of length s’ in T'(| %2 |) UT([2]).

Let W' = wywows - - - € Ny(I'(kq)), where w; is a walk of length s of type (1) or (2)
for i > 1. Let &(w') = & (w1){* (w2) - - -, where £*(w;) = 531; (w;) and & (w;) = w; if w;
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is of type 2 so £*(w;) for i > 1 is of type 3 or 4 and thus {*(w’) € N,(G'(1)). Thus
|Ne(G'(2);0)] < |Ne(G'(1);6)|. This prove (i). The proof for (ii) is similar. O

Theorem 4.1. If |£2| > 1, then S,(G'(2)) < Si(G'(1)). For { > [2](c—1), the strict
inequality holds.

Proof. Let By and By be the sets of closed walks of length ¢ in G'(1) and G'(2)
respectively, containing some edges in G’. Then S,(G'(2)) = S,(I(|%2]+ 1)Ul ([%2] -

1) +|Ba| and Sy(G'(1)) = Se(T(L%) ] UT([% 1)) +|Bil. Since I([ %] +1)UT([%]-1)
and I'(| %2 ]) UT'([22]) are isomorphic to I'(ks), we only need to prove that |Bs| < |B]
for all ¢ > 0. Let By and By be two subsets of B, for which every closed walk
starts at a vertex in V(I'([2] + 1) UT([%2] - 1)) and V(G’) — {6}, respectively. Then
|Bs| = |Ba1| + |Baa|. Let Bi; and Bijp be two subsets of B; for which every closed
walk starts at a vertex in V(I'([2]) UT([%27)) and V(G') — {4}, respectively. Then
|B1| = [Bu| + [Bizl.

We may decompose any w € Bs; into three parts wywsws, where wy, w3 are walks in
I([%]4+1)UT([%2] —1) and w, is the longest walk of w in G'(2) starting and ending
at the edges or only one edge in G’. By the choice of wy, we have that ws is a (4, d)-
walk. Let Boj(w,l) = {w € Bgy : we is a (,0)- walk}. Thus |By| = |Bai(w,?)]. Let
Bii(w,l) ={w € By : we is a (§,0)-walk}. So |B11] = |Bii(w, )]

Let V(I([%22] + 1) uT([%] - 1)) := V(2). Then

w2 s i(3])er(5] )

01,3>0, £2>2

e arans (v +)or (2] 1))

= Y. INL(G'(2);9)]
l1+-Lo+El3=0
01,0320,02>2

< = s (r([5] <) or([5] )00
su(v([5] r)or([5] 1))
= 2 we@onsis (v([5] r)or([g]-1)0),

£1,632>0,02 22

Similarly,

| By (w, 0)] = W;:M N, (G'(1):6)|S0, 0 (r (V;J + 1) ur (Fﬂ - 1) ;5) .

01,0320,02>2
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By Lemma 4.1, we have | Ny, (G'(2);0)| < | Ny, (G'(1);6)| for all positive integers ¢ and
by Lemma 3.2, we have Sy(I'(|2] + 1) UT([%] — 1));0) < S(I([%2]) UT([%7);4)
for all positive integers ¢t. Thus | By (w, )| < |Bi1(w, £)|. Note that this inequality is
strict for some positive integer {o = to + ¢ — 1 where tg > %2. Also |Ba;| < |Byi] for
all positive integers ¢, and it is strict for some positive integer /.

By a similar argument as above, we can prove that |Bag| < |Biz|. Thus |Bs| < | By
for all positive integers ¢, and it is strict for some positive integer ¢;. O

Lemma 4.2. For all integer £ > ¢, k > 2, we have
Se(k(c—1),2) < Sp(k(c—1),4) <--- < Sp(k(c—1),¢/2 —2),S,(k(c—1),¢/2).

Proof. First, we show that every diagonal parallel to the main diagonal and the main di-
agonal are unimodal. = Let H be the subgraph of T'(k) with vertex set
{vo,v1,...,v. — 1}. By Lemma 3.1, we only need to show that the diagonals parallel
to the main diagonal increase for s +7 < ¢ — 1. Let s be an even integer. For the
odd integer the proof is similar. Using induction on integer ¢, we will prove that
(AZ)S+2J+2 > (Aﬁ)s’j for all 0 < S,j <c—2 with s +] <c-—-1.

Note that by the definition of I'(k), two vertices v, and v; are adjacent if and only
if vs49 and vj4o are adjacent.

We have the following cases.
Case 1: j =0 (mod 2) and j # 0. Then

(A 1040 =(AY g0 + (A st2,544,
(A5 =(A%sjm2 + (A jsa.

By the induction hypothesis, we have the following results:

(Ae)erz,j Z(Ae)s,j—zy
(Ag)s+2,j+4 Z(Ag)s,jJrQa fors+j+4<c—1

Hence, we have (A%)sy212 > (A5, Since, there is a closed walk of length ¢ starting
from vy which is not including the edge v.v.;1, the inequality is strict for £ > c.
Case 2: j =1 (mod 2). The proof is similar to Case 1. O

The number of closed walks of length ¢ starting at the even vertex v, is equal to
the entry (s, s) in matrix A’

Se(c—1,s) = (Aé)svs.

By induction hypothesis, we can conclude that Sy(c —1,s) < Sy(c—1, s+ 2) for every
0 < s <c—1. Note that the strict inequality holds when ¢ > 7.

Let G be a point attaching strict k;1-quasi tree graph of even length ¢ and o € V(G)
and let C. be the cycle H of I'(k) with ks cycles where ky + ko = k. We decompose
C. into two paths denote by Pc and ¢, having common vertices in initial and final.

Let G(35,5) be the graph obtained from G by attaching P: and Q¢ at a in G.
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11
—_—
v1 Ve—5 V-3 U1 Ve—5 Ve—3
’UE 12%,2
0 Ve—1 Vo Ve
V9 i CESSI Ve—4  Uc—-2 V9 | Ve—g Ve—2
G(1) G(2)

F1cURE 3. Transformation II.
Let M(G(5,5); o) (respectively My(G(5 + 2,5 — 2);a)) be the set of (o, a)-walks
of length £ in G(5,5) (respectively G(5 + 2, § — 2)) starting and ending at the edges
or only one edge in G and let My(G(3, 5) ) (respectively M;(G (5 +2,5 —2);)) be
the set of (a, a)-walks of length ¢ in G(5, §) (respectively G(§ + 2,5 — 2)), starting
and ending at the edges or only one edge in P: U Q< (respectively Peig U Qg,l). In
the following let G($, 5) := G(1) and G(§ + 2, g 2) := G(2). By definition P: U Q¢
and Peci1 U Q¢ are isomorphic to C1, so we denoted them by C.

Lemma 4.3. Let ¢ be an even integer. If £ > 5, then

(i) [M(G(2); )| < [Me(G(1)); )5
(if) [Mp(G(2); )| < [Mp(G(1)); ).

Proof. Let w € My(G(2); ), we may decompose w into maximal sections in union
Pei1 U@y or in G. Each of them is one of the following types.

(1) a (o, )- walk in union Peyy UQg 1.

(2) a walk in G(2) with all edges in G.

Similarly, we may decompose any w € M,(G(1); ) into maximal sections in union
Pe UQ¢ or in G. Each of these maximal sections has one of the following types.

(3) a (o, @)-walk in union Ps U Q-.

(4) a walk in G(1) with all edges in G.

Next, since I'(k) is symmetric, for any w € M,(G(2); ), we can replace the even
indices with the odd indices that are in front of each other see Figure 3. Hence,
from now on, w is a (a, a)- walk with only odd or even indices. So without loss of
generality w is a (o, a)-walk with only odd indices. By definition, two unions Pe UQ-<
and Pc+1 U Q ¢_q are isomorphic to C'; and by Lemma 4.2 there exists an injection
mapping 7; from a (a, a)-walk of length {in Pe 1 UQ:; into a (o, a)- walk of length
{in Pg U Q2 Let w = wjwows - -+ € Mg(P;_H U Q; 1) where w; is a walk of length
¢; of type (1) or (2) for i > 1. Let n*(w) = n*(w1)n*(w2) ... where n*(w;) = n; (w;)
and n*(w;) = w; if w; is type (2) so n*(w;) for ¢ > 1 is of type (3) or (4) and thus
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n*(w) € My(G(1)). Thus, |M,(G(2); )| < |My(G(1);«)|. This prove (i). The proof of
(i) is similar. O
Theorem 4.2. Let ¢ be an even integer. If § > 3, then Sy(G(2)) < Sy(G(1)). For
¢ > 5, the strict inequality holds.

Proof. Let A; and Ay be two sets of closed walks of length ¢ in G(1) and G(2),
respectively, containing some edges in G. Then Sy(G(2)) = S¢(Pe11 U Qg 1) + |Ay]
and Sg(G(l)) = Sg(Pg U Qg) + |A1|

By our definition, Pe U Q¢ and Pcyq U Q< are isomorphic to €7, and we need
only to prove that |As| < |A;| for all £ > 0.

Let As; and Asy be two subsets of A, for which every closed walk starts at a vertex
in V(Pey1 UQ¢g—1) and in V(G) — {a}, respectively. Then |As| = [Az| + [Assl.

Let A;; and Aqo be two subsets of A; for which every closed walk starts at a vertex
in V(P: UQc¢) and in V(G) — {a}, respectively. Then [A;] = [Ay] + |Ag].

We may decompose any w € Ay into three sections wjwows, where wq,ws are
walks in Pey; UQc_; and ws is the longest walk of w in G(2) starting and ending
at the edges in G. By the choice of ws, we have that ws is a (a,a)-walk. Let
Ag(w,l) = {w € A9 twy is a (o, )-walk}. So, we have |Ag| = |Agr(w, £)].

Let Ajj(w, ) = {w € Ayt wy is a (o, a)-walk}. So, we have |Ay| = |A11(w, £)].

Let V(Pe11 UQs-1) :=V(1). Let t = [M,(G(2); a)|. From this decomposition for
w € Ay and by the definition of Ag(w, ¢), we have

|Agi (w, 0)] = > > St (Pey1U Qs1; B, )80, (P 1 U Q13 v, B)

Li+Lla+Ll3=C BeV (1)
£1,0320,02>2

= Yoot Y Su(PeyiUQs 1 B,0).80(Peya UQs 15, )

Li+lo+l3=L  BeV (1)
£1,£320,02>2

= Y tSni(PeUQs i)
L1 +Lo+Ll3=0
£1,0320,02>2

Similarly,

(A (w, Ol = 37 [Mp(G(1);0)[.Sp46,(Ps U Q5 ).

L14+-La+l3=L
£1,0320,02>2

By Lemma 4.3, we have |M;,(G(2);a)| < |My,(G(1);a)| for all positive integers
{5 and by Lemma 4.2, we have Sy(Pe11 U Q:_1;a) < S;(P: UQ¢;a) for all positive
integers ¢. Thus |Ag; (w, £)| < |Aj1(w, £)|. Note that this inequality is strict for some
positive integer ¢y = to+c—1 where {5 > 5. Also [Ag;| < |Ay| for all positive integers
¢, and it is strict for some positive integer ¢;.

By similar argument as above, we can prove that |Ag| < |Aja]. Thus |Ay] < A
for all positive integers ¢, and it is strict for some positive integer £. O

Corollary 4.1. For graphs G(1) and G(2) we have EE(G(1)) > EE(G(2)).
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Proof. From Theorem 4.2, we have

EE(G?2) =Y SZ(G('Q)) <X Sﬁ(Gﬂl)) = EE(G(1)). O
= () = ()

The transformation from G(1) to G(2), depicted in Figure 3, is called transformation
slowromancapi@ of G(1).

Corollary 4.2. For two graphs G'(1) and G'(2), we have EE(G'(1)) > EE(G'(2)).
Proof. By Theorem 4.1, we have

!/ !
EE(G/(Q)) _ Z SZ(G (2)) < Z SE(G (1))
= O = (@)
The transformation from G'(1) to G'(2), depicted in Figure 2, is called transfor-
mation slowromancapi@ of G’(1). Transformation slowromancapiii@ is similar to
transformation slowromancapii@ which obtained by attaching oo € G at vy. There is a
closed walks in M.((c—1),0) which is not including the edge v.v.41. So there is a closed
walk in M.((c —1),1) not in M.((c¢ — 1),0). Hence, transformation slowromancapiii@
strictly decreases the Estrada index for ¢ > c.
Let G be a point attaching strict k-quasi tree graph with k even cycles of length ¢,
obtained by attaching the subgraphs G, Gs,...,Ga at u with the maximum degree A.

= EE(G'(1)). O

By using transformations slowromancapi@, slowroinancapii@ and slowromancapiii@,
Gis, (1<i< %) can be changed into the graphs I'; s. These transformations change
G into G* which is obtained by attaching I'; s at u. Each application of transformation
strictly decreases its Estrada index. So we have EE(G*) < FE(G). Finally repeatedly
applying transformation I, G* can be changed into the graph I'(k) that is obtained

A
from U2, I'(k;). So we have the following result.

Theorem 4.3. Let G be a point attaching strict k-quasi tree graph with k even cycles.
Then EE(I'(k)) < EE(G).
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NEW UPPER AND LOWER BOUNDS FOR SOME
DEGREE-BASED GRAPH INVARIANTS

A. GHALAVAND?!, A. ASHRAFI!, AND I. GUTMAN?

ABSTRACT. For a simple graph G with vertex set V(G) and edge set E(G), let
deg(u) be the degree of the vertex u € V(G). The forgotten index of G and its
coindex are defined as F'(G) = 3_,cv (g deg®(v) and F(G) = 2 wwgE(G) [deg?(u) +
deg®(v)]. New bonds for the first Zagreb index M; (G) = 2 vev(c) deg(v)?, forgotten
index, and its coindex are obtained.

1. INTRODUCTION

Throughout this paper, all graphs considered are assumed to be simple, i.e., without
directed, weighted, or multiple edges, without self-loops and with a finite number of
vertices. Let G be such a graph with vertex set V(G) = {v1,vs,...,v,} and edge set
E(G). A graph with n vertices and m edges will be referred to as an (n, m)-graph.

By deg(v) or deg,(v) is denoted the degree of the vertex v € V(G). Let D(G) =
{deg(vy), deg(va), ...,deg(v,)}. If D(G) = {r}, then G is said to be r-regular. If
D(G) = {r, s}, then we say that G is (r, s)-biregular. This includes the case of regular
graphs if r = s. Analogously, if D(G) ={r, s,t}, then the graph G will be said to be
(r,s,t)-triregular. Let, in addition, A = max,cy () deg(v) and § = minyey (g deg(v).

The first Zagreb index M,(G) is defined as [13]

M, = My (G) = Z deg?(v) = Z [deg(u) + deg(v)].
veV(Q) weEB(G)

It is the oldest and most studied degree-based graph invariant; details of its mathe-
matical theory and chemical applications can be found in the surveys [5,11,17].

Key words and phrases. Degree (of vertex), coindex, forgotten index, F-index, Zagreb index.
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In the paper [13], M; was used for designing approximate expressions for total
m-electron energy. In the same paper, also the sum of cubes of vertex degrees (F') was
used for the same purpose. However, whereas M; eventually gained much popularity
[5,11,17], no attention was paid to F'. Only more than forty years later, the invariant
I attracted some interest, thanks to the discovery of its applicability in physical
chemistry [4]. For this reason it was named forgotten index and is defined as [4]:

F=F(G)= Y deg(v)’= Y |deg(u)’+deg(v)?].
veV(Q) weE(G)

In the last few years, numerous mathematical studies of the forgotten index have
been published, see [1-3,6,7,10,12,16].

Some of pharmacological applications of the F-index were also attempted [15].

Both M; and F are special cases of the so-called first general Zagreb index, defined
as

M= MG = Y deg(u)®= 3 [deg(u)™ " +deg(v)* ],
uweV(G) weE(G)

where « is an arbitrary real number [15,18].
The coindex of M7 is defined as [18]

M(G)= Y [deg(u)>™" +deg(v)*™'].

wgE(G)
uFv

The special case of this expressions for a = 3 is the coindex of the forgotten index
8,14

FG)= Y [deg(u)2 + deg(v)2].
wgE(G)

u#v

2. MAIN RESULTS

We first state results that improve those reported in [12]. Denote by G the comple-
ment of the graph G.

Theorem 2.1. Let G be an (n,m)-graph. Then
F(G)+ F(G) = n* 4+ M (G)(3n — 3) — 2m(3n® — 6n + 3) — n(3n* — 3n + 1)
and

F(G) x F(G) =n*F(G) + (3n — 3)F(G) M,(G) — 2m(3n* — 6n + 3)F(G)
—n(3n? = 3n+ 1)F(G) — F(G)*.
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Proof. By definition of a graph complement, we have
_ 3
F(G)= > deggu)’= > [n -1- degG(u)}
ueV(Q) ueV(Q)

= > [n3 + degq(u)?(3n — 3) — degq(u)(3n* — 6n + 3)
ueV(G)

—3n®+3n—1-— degG(u)S}
=n*+ M (G)(3n — 3) —2m(3n* —6n +3) —n(3n* —=3n+1) - F(G). O
Theorem 2.2. Let G be an (n,m)-graph. Then
F(G) < nA® +3AM,(G) — 6mA? and F(G) > né® + 36 M, (G) — 6mé?,
with equalities if and only if G is reqular.

Proof. Define an auxiliary function Y1(G) = X ,cv(q) [deg(u) — kJ*, where k is a real
number. Then,

Yi(@) = Y |deg(u)® — k* — 3deg(u)’k + 3 deg(u)h?|
ueV(G)
=F(G) — nk® — 3kM,(G) + 6mk>.
If k = A, then Y1(G) < 0 and F(G) < nA3+3AM,(G)—6mA?. For k=4, Y1(G) >0
and F(G) > nd>+35M;(G) —6md?. The equalities hold if and only if G is regular. [

Theorem 2.3. Let G be an (n,m)-graph. Then

F(G) > My(G)(§ 4 2A) — A?(2m — nd) — 4mAS
and

F(G) < My(G)(A +26) — 6*(2m — nA) — 4mdA
with equalities if and only if G is (A, §)-biregular.

Proof. Define Y5(G) = ¥ ,cv(q) [deg(u) — k]? [deg(u) — h], where k and h are real
numbers. Then,

V5(G)= > [deg(u)2 +k* — 2deg(u)k} [deg(u) — h]
ueV(G)
= Y [deg(u)3 — deg(u)?h + deg(u)k* — k*h — 2 deg(u)’k + 2 deg(u)kh}
ueV(G)
=F(G) — My(G)(h + 2k) + k*(2m — nh) + 4mkh.
If k = A and h = §, then Y3(G) > 0 and F(G) > M (G)(0 +2A) — A%*(2m — nd) —
4mAS. For k = 0 and h = A, we have Y5(G) < 0 and F(G) < M;(G)(A + 20) —
62(2m — nA) — 4mdA. The equalities hold if and only if G is (A, §)-biregular. O

Theorem 2.4. Let G be an (n,m)-graph. Then F(G) > 2[Mi(G) +m —n]. If G is
connected, then equality holds if and only if G = P, or G = C,,.
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Proof. Define the auxiliary function Y3(G) = ¥ ,cv(q) [deg(u)® — 1][deg(u) — 2] and
note that Y3(G) = 0 if and only if A(G) < 2. In case of connected graphs, this will
occur if either G = P, or G = C,,.
Now,
V3(G)= > [deg(u)?’ — 2deg(u)? — deg(u) + 2}
ueV(G)
—F(G) — 2M,(G) — 2m + 2n.

Since Y3(G) > 0, F(G) > 2[M,(G) +m — n] with equality for connected graphs if and
only if G = P, or G = C,. [
Theorem 2.5. Let G be an (n,m)-graphs. Then
F(G) < (3A = 3)M;(G) — 2m(3A% — 6A +2) + nA(A — 1)(A - 2)
and
F(G) > (35 +3)M,(G) — 2m(36% + 66 + 2) +nd(§ + 1)(0 + 2).
The equalities holds if and only if G is (0,0 + 1,0 + 2)-trireqular.

Proof. Define Yy(G) = ¥ ,cv () [deg(u) — a] [deg(u) — b] [deg(u) — ¢, where a, b, and
c are real numbers. Then,

Yi(G) = >

ueV(G)
=F(G) — (a+ b+ ¢)M;(G) + 2m(ab + ac + bc) — nabe.

Ifa=Ab=A—-1and c=A—2, then Y;(G) <0and F(G) < (3A —3)M,(G) —
2m(3A%2 —6A+2) +nAA—1)(A—2). Fora=§,b=d+1and c=5+2, Y4(G) >0
and F(G) > (36 + 3)M1(G) — 2m(36% + 65 + 2) +nd(d + 1)(d + 2). The equalities
hold if and only if G is (0,9 + 1,0 + 2)-triregular. O

deg(u)® — deg(u)?*(a + b + ¢) + deg(u)(ab + ac + be) — abe

For the sake of completeness, we mention here a result from [18].
Theorem 2.6. [18] Let G be an (n,m)-graph. Then for a > 1,
M (G) = (n— 1)MP(G) — M{PTH(@).
Theorem 2.7. Let G be an (n,m)-graph. Then
F(G) > 2m[2A(n — 1) + 3A%] — n[(n — 1)A* + A®*] — 3A My (G).
The equality holds if and only if G is reqular.
Proof. Define

Y5(@)=(n—1) > [deg(u) —AF = > [deg(u) — A

weV(Q) ueV(G)
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Then,

Ya(G)=(n—1) Y [deg(u)? + A% — 2Adeg(u)]
ueV(G)

- > {deg(u)i)’ — A® — 3A deg(u)? + 3A? deg(u)}
ueV(G)

=(n— )M (G) = F(G) +n [(n — 1)A? + A?|
—2m [2A(n — 1) + 3A%] + 3A M (G).
Since Y5(G) > 0, one can see that
(n = 1)My(G) = F(G) > 2m[2A(n — 1) + 32| = n[(n — 1)A% + A®] — 3A My (G).

The equality holds if and only if G is a regular graph. Therefore, by Theorem 2.6,

F(G) > 2m[2A(n — 1) + 3A%] — n[(n — 1)A% + A% — 3A M, (G)
with equality if and only if G is regular. U
Theorem 2.8. Let G be an (n,m)-graph. Then

F(G) >2m [(n = 1)(2A = 1) + A% + 2A(A = 1)| = My(G)(3A — 1)

—n|(n—1DAA=1)+A(A - 1)].

The equality holds if and only if G is (A, A — 1)-biregular.
Proof. We define the auxiliary function

Ys(G) =(n—1) > [deg(u) — A][deg(u) — (A —1)]

ueV(Q)

— > [deg(u) — AJ [deg(u) — (A —1)].

ueV(G)
Then,

Yo(G)=(n—1) Y |[deg(u)® — deg(u)(2A — 1) + A(A ~ 1)]

ueV(G)

- > [deg(u)g — deg(u)*(3A — 1) + deg(u)A?
ueV(G)

~A*(A = 1)+ 2deg(u)A(A — 1)]
=(n — 1)My(G) — 2m(n — 1)(2A — 1) + n(n — 1)A(A — 1)
— F(G) + Mi(G)(3A — 1) — 2mA? + nA*(A — 1) — 4mA(A — 1)
=(n— )M (G) = F(G) = 2m [(n — 1)(2A — 1) + A + 2A(A — 1)
+n|(n— DA(A = 1) + A%(A = 1)] + M (G)(3A - 1).
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Since Y5(G) > 0,
(n = )My(G) = F(G) >2m [(n — 1)(2A — 1) + A% + 2A(A — 1)]
—n[(n— DAA = 1) + A%(A = 1)] = (34 — 1)My(G),

with equality if and only if G is a (A, A — 1)-biregular graph. We now apply Theorem
2.6 to show that

F(G) >2m [(n - 1)(2A = 1) + A% + 2A(A — 1)
—n|(n = DAA = 1) + A%(A —1)] = (3A = 1) My(G)

with equality if and only if G is (A, A — 1)-biregular. O
Theorem 2.9. Let G be an (n,m)-graph. Then
F(G) <2m[(n—1)(0+ A) + A%+ 2A0] — n [(n — 1)AS + A%] — (5 + 28) M (G).
The equality holds if and only if G is (A, 0)-biregular.
Proof. Define the function
Yo(G)=(n—1) > [deg(u) — A][deg(u) =] — > [deg(u) — AJ* [deg(u) — d].

ueV(Q) ueV(G)
Then,
YV2(G)=(n—1) > [deg(u)2 —deg(u)(0 + A) + A(ﬂ
ueV(G)

- > {deg(u)3 — deg(u)?(6 + 2A) + deg(u) A% — A*§ + 2 deg(u)A(ﬂ
ueV(G)

=(n—1)M;(G) —2m(n —1)(0 + A) + n(n — 1)Ad
—F(G) + M(G)(§ + 2A) — 2mA? + nA%6 — 4mAS
=(n = 1)My(G) = F(G) = 2m |(n — 1)(3 + A) + A% + 2A5]
+n |(n— 1)AG + A%] + (6 + 24) My (G).
Since Y7(G) <0,
(n = 1)Mi(G) = F(G) <2m |(n — 1)(3 + A) + A% + 2A0)
—n |(n— 1)AS + A% — (6 + 24) My(G),

and the equality holds if and only if G is a (A, d)-biregular graph. We now apply
Theorem 2.6 to show that,

F(G) <2m |(n—1)(0+ A) + A% + 2A60] —n [(n — 1)AS + A%| — (3 +24)M,(G),
with equality holding if and only if G is (A, §)-biregular. OJ
Theorem 2.10. Let G be an (n,m)-graph. Then the following holds.
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(a) Mi(G) <2m(0 + A) —nAd, with equality if and only if G is (A, d)-biregular.

(b) Mi(G) > 2m(2A —1) —nA(A —1) and Mi(G) > 2m(26+1) —nd(0+1). The
equalities holds if and only if G is (0,9 + 1)-bireqular.

(c) Let r be a real number. Then My(G) > 4ma — nr?, with equality if and only
if G is an r-reqular graph.

Proof. Consider the function Y3(G) = X ,cv (g {deg(u) - a] [deg(u) — b}, where a and
b are real numbers. Then we have,

Vs(G)= > [deg(u)2 — deg(u)b — deg(u)a + ab}
ueV(G)

=M;(G) — 2m(a + b) + nab.

If a = A and b = §, then Y3(G) < 0 and M;(G) < 2m(d+A) —nAd. Now the equality
holds if and only if G is a (A, §)-biregular graph. This completes the part (a).
Suppose that a = A and b = A — 1. Then Y5(G) > 0 and M;(G) > 2m(2A —1) —
nA(A—1). Fora=dand b=3+1, Y5(G) > 0 and M1(G) > 2m(26 +1) —ndé(d +1).
The equalities hold if and only if G is (0, + 1)-biregular, which completes the proof

of part (b).
Finally, assume that @ = b = 7. Then Y3(G) > 0 and M;(G) > 4ma — nr?. The
equality holds if and only if G is r-regular. O
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EXISTENCE, UNIQUENESS AND STABILITY OF PERIODIC
SOLUTIONS FOR NONLINEAR NEUTRAL DYNAMIC
EQUATIONS

F. BOUCHELAGHEM!, A. ARDJOUNI?, AND A. DJOUDI!

ABSTRACT. The nonlinear neutral dynamic equation with periodic coefficients

A
[u(t) = g(u(t — 7(2)))]
=p(t) — a(t)u’ (t) — a(t)g(u” (t = 7(t))) — h(u(t), u(t — 7(t)))
is considered in this work. By using Krasnoselskii’s fixed point theorem we obtain
the existence of periodic and positive periodic solutions and by contraction mapping

principle we obtain the uniqueness. Stability results of this equation are analyzed.
The results obtained here extend the work of Mesmouli, Ardjouni and Djoudi [14].

1. INTRODUCTION

In 1988, Stephan Hilger [10] introduced the theory of time scales (measure chains)
as a means of unifying discrete and continuum calculi. Since Hilger’s initial work
there has been significant growth in the theory of dynamic equations on time scales,
covering a variety of different problems (see [7,8,13] and references therein).

Let T be a periodic time scale such that 0 € T. In this article, we are interested in
the analysis of qualitative theory of periodic and positive periodic solutions of neutral
dynamic equations. Motivated by the papers [1-6,11,12,14,15,17] and the references
therein, we consider the following nonlinear neutral dynamic equation

[ult) = g(u(t = 7(1)))]°
(1.1) =p(t) — a(t)u’(t) — a(t)g(u”(t — (1)) = h(u(t), u(t — 7(1))).

Key words and phrases. Fixed point, periodic solutions, stability, dynamic equations, time scales.
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Throughout this paper we assume that a, p and 7 are real valued rd-continuous
functions with a and 7 are positive functions, id — 7 : T — T is increasing so that
the function u (¢t — 7 (t)) is well defined over T. The functions g and h are continuous
in their respective arguments. To reach our desired end we have to transform (1.1)
into an integral equation written as a sum of two mapping, one is a contraction
and the other is continuous and compact. After that, we use Krasnoselskii’s fixed
point theorem, to show the existence of periodic and positive periodic solutions. We
also obtain the existence of a unique periodic solution by employing the contraction
mapping principle. In addition to the study of existence and uniqueness, in this
research we obtain sufficient conditions for the stability of the periodic solution by
using the contraction mapping principle.

The organization of this paper is as follows. In Section 2, we introduce some
notations and definitions, and state some preliminary material needed in later sections.
We will state some facts about the exponential function on a time scale as well as
the fixed point theorems. For details on fixed point theorems we refer the reader to
[16]. In Section 3, we establish the existence and uniqueness of periodic solutions. In
Section 4, we give sufficient conditions to ensure the existence of positive periodic
solutions. The stability of the periodic solution is the topic of Section 5. The results
presented in this paper extend the main results in [14].

2. PRELIMINARIES

A time scale is an arbitrary nonempty closed subset of real numbers. The study
of dynamic equations on time scales is a fairly new subject, and research in this area
is rapidly growing (see [1-6,11,12,15] and papers therein). The theory of dynamic
equations unifies the theories of differential equations and difference equations. We
suppose that the reader is familiar with the basic concepts concerning the calculus on
time scales for dynamic equations. Otherwise one can find in Bohner and Peterson
books [7,8,13] most of the material needed to read this paper. We start by giving some
definitions necessary for our work. The notion of periodic time scales is introduced in
Kaufmann and Raffoul [11]. The following two definitions are borrowed from [11].

Definition 2.1. We say that a time scale T is periodic if there exist a w > 0 such
that if ¢ € T then t £ w € T. For T # R, the smallest positive w is called the period
of the time scale.

FExample 2.1. The following time scales are periodic.
(a) T =Ux_[2(¢: — 1)h,2ih], h > 0, has period w = 2h.
(b) T = hZ has period w = h.
(c) T
(d)']T {t:kz—qm'k;EZ m € Ny}, where 0 < ¢ < 1 has period w = 1.

Remark 2.1 ([11]). All periodic time scales are unbounded above and below.
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Definition 2.2. Let T # R be a periodic time scale with period w. We say that the
function f : T — R is periodic with period T if there exists a natural number n such
that 7' = nw, f(t £ T) = f(t) for all t € T and T is the smallest number such that

ft£T) = f(1).
If T =R, we say that f is periodic with period T" > 0 if T" is the smallest positive
number such that f(¢t +7T) = f(t) forallt € T.

Remark 2.2 ([11]). If T is a periodic time scale with period w, then o(t £ nw) =
o(t) & nw. Consequently, the graininess function p satisfies p(t + nw) = o(t + nw) —
(t £ nw) =0o(t) —t = p(t) and so, is a periodic function with period w.

Definition 2.3 ([7]). A function f : T — R is called rd-continuous provided it is
continuous at every right-dense point ¢ € T and its left-sided limits exist, and is finite
at every left-dense point ¢t € T. The set of rd-continuous functions f : T — R will be
denoted by

Crqg = Crg(T) =Cy(T, R).

Definition 2.4 ([7]). For f: T — R, we define f2(¢) to be the number (if it exists)
with the property that for any given € > 0, there exists a neighborhood U of ¢ such
that

(F(o(®) = (s) = FA#) (o(t) = )| <clo(t) = 5|, forall s €U.
The function f2 : T* — R is called the delta (or Hilger) derivative of f on T*.

Definition 2.5 ([7]). A function p : T — R is called regressive provided 1+ u(t)p(t) #
0 for all t € T. The set of all regressive and rd-continuous functions p : T — R will be
denoted by R = R(T,R). We define the set RT of all positively regressive elements of
R by
Rt =RT(T,R) ={p e R: 1+ u(t)p(t) >0, for all t € T}.
Definition 2.6 ([7]). Let p € R, then the generalized exponential function e, is
defined as the unique solution of the initial value problem
z2(t) = p(t)z(t), z(s) =1, where s € T.

An explicit formula for e,(¢, s) is given by

t
ep(t,s) = exp (/ fu(v)(p(v))Av> , forall s,teT,

with
log(1 + hv)

& (v) = o 170
v, if h =0,

where log is the principal logarithm function.
Lemma 2.1 ([7]). Let p,q € R. Then

(i) eo(t,s) =1 and ey(t, t) = 1;

(i) ep(a(t),s) = (1 + pu(t)p(t))ep(t, s);
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(i) —iz5 = €ep(t, s), where Sp(t) = —Eo
(iv) ep(t,5) = ooy = copls:1);
V) e,(t,s)e,(s, ) = e,(t,r);
D p
)

Lemma 2.2 ([1]). If p € RT, then

t
0 < epy(t,s) <exp </ p(v)Av) , forallt eT.

We end this section by stating the fixed point theorems that we employ to help us
show the existence, uniqueness and stability of periodic solutions to (1.1) (see [9,16]).

Theorem 2.1 (Contraction Mapping Principle). Let (x, p) a complete metric space
and let P : x — x. If there is a constant o < 1 such that for any z,y € x we have

p(Px, Py) < ap(x,y),
then there is one and only one point z € x with Pz = z.
Theorem 2.2 (Krasnoselskii). Let M be a closed bounded convexr nonempty subset of
a Banach space (x, ||.||). Suppose that A and B map M into x such that

(i) A is compact and continuous;
(ii) B is a contraction mapping;
(iii) =,y € M, implies Az + By € M.
Then there exists z € M with z = Az + Bz.

3. EXISTENCE AND UNIQUENESS OF PERIODIC SOLUTIONS

Let T > 0, T € T be fixed and if T # R, T'= nw for some n € N. By the notation
la, b] we mean
l[a,b] ={t €T, a <t <b},
unless otherwise specified. The intervals [a, b), (a,b] and (a,b) are defined similarly.
Define Cp = {¢ € C(T,R) : ¢(t +T) = p(t)} where C(T,R) is the space of all
real-valued rd-continuous functions. Then (Cr,|.||) is a Banach space when it is
endowed with the supremum norm

= t)].
lell = max [o(2)]

We will need the following lemma whose proof can be found in [11].
Lemma 3.1. Let x € Cp. Then ||27|| = ||z o o] ewxists and ||z7|| = ||z]|.
In this paper we assume that a € R, a (t) > 0 for all t € T and
(3.1) at+T)=ua(t), pt+T)=pt), @(Gd—71)t+T)=(id—71)(t),
with 7(t) > 7% > 0 and
(3.2) eq(T,0) > 1.
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The functions g(x), h(z,y) are also globally Lipschitz continuous in  and in = and v,
respectively. That, there are positive constants ky, ko and k3 such that

(3.3) l9(x) —g(y)| < ki ]|lz —y|| and By <1
and
(3.4) |h (2, y) — h(z,w)| < ko |lz — 2| + ks ||y — w]| .

Lemma 3.2. Suppose (3.1) and (3.2) hold. If uw € Cyp, then u is a solution of (1.1)
if and only if

u(t) =g (u(t —7(t)))
) [ Ibs) — 20(8)gu s — 7)) — h(u(s) u (s — 7 ()] ecalt ),
where
v = (eo(T,0) — 1) !

Proof. Let u € Cr be a solution of (1.1). Multiply both sides of (1.1) by e,(¢,0) and
then integrate from ¢ to ¢t + 7T, to obtain

/ v [(u(s) — g (u(s = 7(s))))%ea(s,0)] As
- /HT =9 (s =7 (s))] eals, 0)As
* /HT — 2a(s)g (u”(s = 7(5)) = h (u(s), u(s = 7(s))))] eals, 0)As.

Performing an integration by part, we obtain
[u(t) — g(ult — 7(1))] ealt, 0) (¢a(T, 0) — 1)
[ al) 7 (5) — gl (s — ()] eals, 0)As
=—f”ésw<>—w (5 —7(5))] als, 0)As

+ / " pls) — 2a(s)g (w7 (s = 7 () — h (u(s), u(s = 7(5))] ea(s, 0)As.
By dividing both sides of the above equation by e,(t,0) (e,(T,0) — 1), we arrive at
u(t) =g(u(t —7(t))) + (ea(T,0) = 1)

t+T
X /t [p(s) = 2a(s)g(u’(s — 7(s))) — h(u(s), u(t — 7(s)))] €ca(t, s) As.
The converse implication is easily obtained and the proof is complete. 0

By applying Theorems 2.1 and 2.2, we obtain in this Section the existence and the
uniqueness of periodic solution of (1.1). So, let a Banach space (Cr,||.||), a closed
bounded convex subset of Cr,

(3.6) M={peCr, ¢l <L},
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with L > 0, and by the Lemma 3.2, we define the mapping P given by

(P) (1) =g (¢ (t = 7 (1))

37  + V/HT —2a(s)g(¢” (s = 7(s))) = h(p(s), ¢ (s —7(s)))] ecalt, s)As.
Therefore, we express (3.7) as
Po = Ap + B,
where A and B are given by
(Ap) (t)
(3.8) =7 /t+T —2a(s) g (¢” (s = 7(s))) —h(p(s),p(s —7(s)))] ecalt, s)As
and
(3.9) (Be) (1) =g(p(t—7(1))).
Since ¢ € Cr and (3.1) holds, we have for any ¢ € M
(Ap) (t+T)

_ /t+T+T [p(s) —2a(s) g (7 (s —7(5))) —h(p(s),0(s—7(s)))] ecalt +T,5)As

—’y/tT (s+T)—2a(s+T)g(¢° (s+T —71(s+1T)))
—h(p(s+T),o(s+T—71(s+T)))]ecat+T,s+T)As
= (Ap) (1),
and
(Bp)(t+T)=g(pU+T—7(t+T)) =g(p(t—-7@1))=(Bp) ().
Then
(3.10) AM, BM C Cr.

Theorem 3.1. Assume that (3.1)—(3.4) hold. Let a constant L > 0 defined in M such
that

(3.11) k1L +|g(0)| + 8T (1 + 2X\k1 L + |g(0)| + koL + k3L + |h(0,0)|) < L,

where
B=edT,0), A= sup {a(t)}, p= sup |p(t)|.

t€[0,7) t€[0,7]

Then (1.1) has a T-periodic solution.
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Proof. First, let A defined by (3.8), we show that A is continuous in the supremum
norm and the image of A is contained in a compact set. Let ¢, € M where n is a
positive integer such that ¢, — ¢ as n — oo. Then

|(Apn) (1) = (Ap) (1)]

<2y /tt+Ta (8) g (@5 (s =7 (5))) — g (¢ (s —7(5)))] ecalt, s)As

t+T
+ v/t [h(@n (5)0n (s = 7(s))) = h(p(s), @ (s = 7(s)))] €calt, s)As.
Since g and h are continuous, the dominated convergence theorem implies,

lim [(Aen) (1) = (Ag) (1) = 0,

n—oo

then A is continuous. Now, by (3.3) and (3.4), we obtain

l9(y)| < K]yl +19(0)],
|h(z,y)| < kg |z] 4 k3 |y| + [1(0,0)].

Then, let ¢, € M where n is a positive integer, we have
|[(Aen) (2)]
t+T .
Sv/t [lp(s)| +2a (s) g (7 (s = 7 ()| + [1 (pn (5) , on (s — 7 (5)))]] €calt, ) As
t+T
Sv/t [p(s) + 2a (s) (kv [|on]l + [9(O)]) + Kz lnll + ks lenll + 20, 0)[] eca(t, 5)As
<YBT (42X (k1L + |g(0)]) + k2L + ks L 4 |h(0,0)]) < L,

by (3.11). Next, we calculate (Ag,)>(t) and show that it is uniformly bounded. By
making use of (3.1) we obtain by taking the derivative in (3.8) that

(Apn) (1) = —a(t) (Apn)” () + p(t) — 2a(t)g(en(t — 7(1))) — hlea(t), enlt — 7(1))).
Then, by (3.4) and (3.11) we have
|(Apn)*(t)] <AL + -+ 2X (k1L + g(0)]) + koL + ks L + [1(0,0)] = Q.

Thus the sequence (Ag,,) is uniformly bounded and equicontinuous. Hence, by Ascoli—
Arzela’s theorem AM is compact.
Second, let B be defined by (3.9). Then for 1, ps € M we have by (3.3)

[(Bor)(t) — (Beo) ()] = |g (1 (t —7(t)) — g (g2 (t — 7 (t)))]
< ki lor — @2l -

Hence, B is contraction because k; < 1.
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Finally, we show that if ¢,¢ € M, then|Ap + Bo|| < L. Let p,¢ € M with
el o]l < L, then

[Ap + Bo|| < ki [|o]] + [g(0)]
+T
+ v/ ) +2a(s) (ky[l¢7]] + [g(0)]) + k2 llell + ks llell + [7(0,0)|] ecalt, s)As
<ki L+ |g(0 )| + 8T (4 2\ (k1L + |g(0)|) + koL + k3L + |h(0,0)|) < L,

by (3.11). Clearly, all the hypotheses of the Krasnoselskii’s theorem are satisfied.
Thus there exists a fixed point z € M such that z = Az + Bz. By Lemma 3.2 this
fixed point is a solution of (1.1). Hence, (1.1) has a T-periodic solution. O

Theorem 3.2. Suppose (3.1)~(3.4) hold. If
then (1.1) has a unique T-periodic solution.

Proof. Let the mapping P be given by (3.7). For any o1, ¢y € Cp, we have

|(Pepr) () = (Pepa) (1))
<lg(pr (t =7(1))) — g (g2 (t = 7 (2)))|

+27/t+T Mg (o] (s =7(s5))) — g (3 (s — 7(5)))] ecalt, s)As
+ 7/tt+T |h (o1 (8),01(s—=7(5))) —h(p2(s),p2(s—7(5)))|ecalt,s)As

t+T
<hillor—all+7 [ @M+ ko + k) o1 = gl ecalt 5)As
< [k + BT (2Ak1 + k2 + k3)] [l1 — o -
Since (3.12) hold, the contraction mapping principle completes the proof. 0

Corollary 3.1. Suppose (3.1)=(3.4) hold and let B, X and p be constants defined in
Theorem 3.1. Let M defined by (3.6). Suppose there are positive constants ki, k3 and
k3 such that for any z,y,z,w € M, we have

(3.13) lg(x) — g(y)| < kY ||lz —yl|| and ki <1,
(3.14) |h(z,y) — h(z,w)| < k3 ||z — 2| + &3 ||y — w]]
and

(3.15)  kiL+g(0)| + BT (1 + 2\ (ki L + 9(0)|) + k3L + k3L + |h(0,0)]) < L.
Then (1.1) has a T-periodic solution in M. Moreover, if
(3.16) kY + BT (2AkT + k3 +k3) < 1

then (1.1) has a unique T-periodic solution in M.
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Proof. Let the mapping P defined by (3.7). Then the proof follow immediately from
Theorem 3.1 and Theorem 3.2. U

Notice that the constants kf, k5 and k35 may depend on L.

4. EXISTENCE OF POSITIVE PERIODIC SOLUTIONS

It is for sure that existence of positive solutions is important for many applied prob-
lems. In this Section, by applying the Krasnoselskii’s fixed point theorem and some
techniques, to establish a set of sufficient conditions which guarantee the existence
of positive periodic solutions of (1.1). So, we let (x, |.]|) = (Cr,|.||) and M (E, K) =
{peCr:E<y¢(t)<Kforallte|0,T]}, forany 0 < EF < K. We assume that,
there exist constants ay, as, g1 and gy such that for all (¢, (z,y,z)) € [0,T] x [E, K]?
we have

(4.1) 0<g;, 0<g<1l, —gy<gy) < gy,
(4.2) 0<a; <a(t) < ag,
(4.3) (E+gK)ay <p(t)—2a(t)g(z) —h(z,y) < (1 —g2) Kay.

Theorem 4.1. Assume that (3.1)—(3.4) and (4.1)—(4.3) hold. Then (1.1) has at least
one positive T-periodic solution in M(E, K).

Proof. By Lemma 3.2, it is obvious that (1.1) has a solution ¢ if and only if Py = ¢
has a solution ¢. Let A, B defined by (3.8), (3.9) respectively. A change of variable
t+—t+ T in (3.8) and (3.9) show that for any ¢ € M(FE,K) and t € R

(4.4) AM(E,K))CCr, BM(E,K))CCr.

Arguing as in the Theorem 3.1, the operator A is continuous. Next, we claim that
A is compact. It is sufficient to show that A (M (F, K)) is uniformly bounded and
equicontinuous in [0,7]. Notice that (4.2) and (4.3) ensure that

A

V/fT [p(s) —2a(s) g (¢ (s =7 (5))) = h(p(s), (s —7(s)))]ecalt, s)As

t+T
< (1= g9) Kya; sup eca(t, s)As
tel0,T] J1

<(1—go) K, forall p€[E K]

and

(Ap)> (#)

<a (t) [(Ap)” ()] + |p(t) = 2a () g (¢ (t =7 () = h (@ (1), (s =7 (¢)))]
<a2(1— 1)K (1—gl)a1K

=(ag+ay)(l—g1)k, forall (t,¢)€[0,T]x [FE, K],
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which give that A(M(E, K)) is uniformly bounded and equicontinuous in [0, 7]. Hence
by Ascoli-Arzela’s theorem A is compact. Next, let B defined by (3.9), for all
1,02 € M(E,K) and t € R, we obtain by (3.3)

|Bpr — Bopa| < ki [Jor — o]

Thus B is a contraction. Moreover, by (4.1)—(4.3), we infer that for all ¢, ¢ € M(E, K)
and t € R

(Ag) (1) + (Bo) (1)
—g(6(t— 7 (1)
£ [ ) = 20 ()9 (97 (5 = 7 (51)) — B (5), 0 (5 — 7 (5)))] ccalt5) s
<o+ (1= Ky [ als)elt 5)As = K.
On the other hand,
(Ag) (1) + (Bo) (1)
—g(6(t— 7 (1)
£ [ ) = 20 ()9 (97 (5~ 7 (51)) — (9 (5), 9 (5 — 7 (5)))] ecalt5) s
> K+ (B k)7 [ a(s)ecult, )25 = B,
which imply that
(4.5) Ap+Bpe M(E,K), forall p,¢ € M(E,K) and t € R.

Clearly, all the hypotheses of the Krasnoselskii’s theorem are satisfied. Thus there
exists a fixed point z € M(E, K) such that z = Az + Bz. By Lemma 3.2 this fixed
point is a solution of (1.1). Hence, (1.1) has a positive T-periodic solution. This
completes the proof. O

Theorem 4.2. Assume that (3.1)—(3.4) hold. Suppose that there exist constants F,
K, ay, as, g1, g2 and ty € [0,T] satisfying (4.1)—~(4.3) with

(4.6) 0<E <K,

and either

(4.7) (E+ g K)as <pl(ty) —2a(ty) g(z) —h(z,y), forallzy, zel[E K],
or

(4.8) a(ty) < as.

Then (1.1) has at least one positive T-periodic solution in M(E, K), with E < u < K
for each t € [0,T].
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Proof. As in the proof of Theorem 4.1, we conclude similarly that (1.1) has an T-
periodic solution uv € M(E, K). Now we assert that u(t) > FE for all ¢ € [0,T].
Otherwise, there exists t* € [0, T] satisfying u(t*) = E. In view of (3.5), (3.7), (4.1)
and (4.6), we have

E=g(u(t"—7(t")))
Fr[1 ls) = 2a(9)g(u7 (5~ (5))) — A (5) (s = 7 ()] ecal, 5)As
Zv/tt*+T [p(s) — 2a(s)g(u’(s —7(s))) — h(u(s),u(s—7(s)))] eca(t’, s)As
- 9K,
which implies that

02 [ [p(s) — 2(s)g(u (s = 7(5))) — b a (s) s = 7 (5))] ecul”, )

— (B4 g K)
4T

=7).  [p(s) = 2a(s)g(u”(s = 7(s))) = h(u(s),u(s = 7(s)))
(4.9)  —(E+ qgK)a(s)]eca(t, s)As.

Assume that (4.7) holds. By means of (4.2), (4.3), (4.7) and the continuity of h, g, a,
p, 7 and u, we get that

3 et ) le) — 2a(s)gfu (s — 7(5)) — h o (s) (s 7 (5)
—(E+ g1 K)a(s)] As

Z/tjmrTeea(t*, s) [p(s) —2a(s)g(u(s — 7(s))) — h (u(s),u(s —7(5)))
—(E+ g1 K)ag] As
>0,

which contradicts (4.9).
Assume that (4.8) holds. In light of (4.2), (4.3), (4.8) and the continuity of h, g, a,

p, 7 and u, we get that
t*+T

7. [p(s) — 2a(s)g(u’ (s — 7(s))) — h (u(s),u(s —7(s)))
—(E+ g1K)a(s)] ecq(t”, s)As

>/tj*+T€ea(t*, S)AS/:JrTeea(t*, s) [p(s) — 2a(s)g(u’(s — 7(s)))
—h(u(s),u(s —7(s))) — (E+ g1 K)az] As
>0,

which contradicts (4.9). This completes the proof. O
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Ezample 4.1. Consider (1.1), where

int t
T =R, p(t):3—|—%, a(t)zl—I—%, 7(t) = 2cos’t,
g(x):—legx, for all x € R,

h(z,y) =1+sin®x +cos’y, forall (z,y) € R*
LetT:27r,Kle,Ezl,glzgnglo,alz
that (3.3), (3.4) hold. Notice that

3 _ 5 11 .
1 as = 3, k1 = 55. It is easy to see

15 195 1 1N 1
E+gK)ay=— < —=3_--42(1-2)—+2
(B4 g =5 <5 51 ( 4>2o+

<p(t) —2a(t)g(z) —h(z,y)

1 5 1 253

<34+ -49.2. - _ 499

Bo+2 s 3= 0

285 4

<0 = (1 —g¢2) Kay, forall (t,z,y,2) € R"

That is, (4.3) is satisfied. Thus Theorem 4.1 yields that (1.1) has a positive 27-periodic
solution in M(1, 10).

5. STABILITY OF PERIODIC SOLUTIONS

This Section concerned with the stability of a T-periodic solution u* of (1.1). Let
v =u — u* then (1.1) is transformed as

(v () =G (vt —7(1))"

(5.1) =—a()v7(t)—a(t)G @ ({E=7(t) - H(t),v(-7(),
where

Gt—7)=gW E—7)+vE—7() —g(t—7()
and

H(v(t),v(t—7(1))
=h(u* (t)+ov(t),u" (t—7)+v(t—7()—h@w {@),u (t—7())).

Clearly, (5.1) has trivial solution v = 0, and the conditions (3.3) and (3.4) hold for

G and H respectively. To arrive at the Lemma 3.2, as in the proof of this Lemma,
multiply both sides of (5.1) by e,(t,0) and then integrate from 0 to ¢, to obtain

v(t) =(v(0) — G (v(=7(0)))) eca(t, 0) + G (v (t — 7 (¢)))
(5.2) — /Ot [2a(s)G(v7 (s — 7(8))) + H (v (s),v (s — 7(5)))] eaalt, s)As.

Thus, we see that v is a solution of (5.1) if and only if it satisfies (5.2). Assumed
initial function

u(t) =9(t), T e lmo,0],
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with ¢ € C ([mo,0], R), [mo,0] = {s <0 |s=1t—r7(t), t > 0}. For the stability
definition we refer the reader to the book [9].
Define the set Sy, by

(5.3) Sy ={peCr, lell <R, ¢@)=v(t)ifte€lmo,0], ¢(t) = 0ast— oo},

for some positive constant R. Then, (Sy, ||.||) is a complete metric space where ||.|| is
the supremum norm.

Theorem 5.1. If (3.1), (3.3), (3.4) and

5.4) eca(t,0) — 0 as t — oo,

(5.5) t—7(t) = 00 as t — oo,
t

(5.6) ko +/ (201 + ko + k3) ot 5)As < o < 1,
0

hold. Then every solution v(t,0,%) of (5.1) with small continuous initial function 1,
is bounded and asymptotically stable.

Proof. Let the mapping F defined by (t) if t € [mg, 0] and
(Fp) (1) = (¥(0) = G (¥ (=7(0)))) eca(t, 0) + G (¢ (t = 7 (1))
(5.7) - /0 2a(s)G(¢(s = 7(s))) + H (¢ (s) , 0 (s = 7 (s)))] €calt, ) As,

if t > 0. Since G and H are continuous, it is easy to show that Fp is continuous. Let

1 be a small given continuous initial function with |[¢)|| < ¢ (6 > 0). Then using the
condition (5.6) and the definition of F in (5.7), we have for ¢ € Sy,

[(Fe) ()] <[¥(0) = G (¥ (=7 (0)))] calt,0) + k1 R
+ R/Ot (2)\]{71 + ko + ]{73) e@a(t, S)AS

t
<(1+ k)0 + kR + R/ (20, + Ko + k3) eca(t, ) As
0
<(1+ k)6 +aR <R,

which implies ||Fp|| < R, for the right . Next we show that (Fp) (t) — 0 as t — oc.
The first term on the right side of (5.7) tends to zero, by condition (5.4). Also, the
second term on the right side tends to zero, because of (5.5) and the fact that ¢ € S.
Let € > 0 be given, then there exists a t; > 0 such that for t > ¢, p(t —7(t)) < €. By
the condition (5.4), there exists a ty > t; such that for ¢t > ¢, implies that

(t,ts) < —
€oal\l, .
S 2 O{R
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Thus for ¢t > t5, we have
/Ot 2a(s)G(¢"(s = 7(s))) + H (@ (s), 0 (s = 7 (s)))] ecalt, 5)As

t t
gR/ 1 (2Aky + ko + k3) eca(t, s)As + 6/ (2Ak1 + ko + k3) eca(t, s)As
0 0

t

<Reg,(t, tQ)/ (2Xk1 + ko + k3) eca(te, $)As + e
0

<aRecy(t, t2)a + ae < ae + €.

Hence, (Fp) (t) — 0 as t — oo. It is natural now to prove that JF is contraction under
the supremum norm. Let ¢1, 92 € Sy. Then

[(Fepr) () = (Fp2) ()]
<Gl (t =7 @) = Glp2(t =7 (1))

+20 [ 1616705 = 7(5)) = Gl (s = 7(5))) ecalt, )05
4 [ (1 (5) 0 (5= 7 (6)) = H (22(5) a5 = 7 (5))] ecalt5) 05
<k llor = eall + [ 2k s+ ko) lpr = ol coalta, )5

¢
< [lﬁ + /0 (2AEk1 + ko + k3) eca(ta, s)As| ||e1 — 2|

<aller — o

Hence, the contraction mapping principle implies,  has a unique fixed point in Sy,
which solves (5.1), bounded and asymptotically stable. O

Theorem 5.2. If (3.1), (3.3), (3.4) and (5.6) hold. Then, the zero solution is stable.

Proof. The stability of the zero solution of (5.1) follows simply by replacing R by €
in the above theorem. 0J
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SOME COMMUTATIVITY THEOREMS FOR NEAR-RINGS WITH
LEFT MULTIPLIERS

A. BOUA!, A. Y. ABDELWANIS?, AND A. CHILLALI

ABSTRACT. Let N be a 3-prime near-ring with the center Z(N), and U be a nonzero
semigroup ideal of N. In the present paper it is shown that a 3-prime near-ring N is a
commutative ring if and only if it admits left multipliers F and G satisfying any one
of the following properties: (i) F(z)G(y) £[z,y] € Z(N); (i) F(x)G(y) Lxoy € Z(N);
(it)) F(z)G(y) £yx € Z(N); (iv) F(2)G(y) Loy € Z(N) and (v) F([z,y]) £ G(zoy) €
Z(N) for all z,y € U.

1. INTRODUCTION

In the present paper, N will denote a right near-ring with center Z(N). A near-ring
N is called zero-symmetric if 20 = 0 for all € N (recall that right distributivity
yields 0z = 0). A non empty subset U of N is said to be a semigroup left (resp. right)
ideal of N if NU C U (resp. UN C U ) and if U is both a semigroup left ideal and a
semigroup right ideal, it is called a semigroup ideal of N. As usual for all z,y in N, the
symbol [z, y] stands for Lie product (commutator) xy —yx and z oy stands for Jordan
product (anticommutator) xy + yx. We note that for a near-ring, —(z +vy) = —y — x.
Recall that N is 3-prime, that is, for all a,b in N, aNb = {0} implies that a = 0
or b = 0. N is said to be 2-torsion free if whenever 2x = 0, with x € N, then
x = 0. An additive mapping d : N — N is a derivation if d(zy) = xd(y) + d(x)y
for all x,y € N, or equivalently, as noted in [15], that d(zy) = d(z)y + xd(y) for all
x,y € N. The concept of derivation in rings has been generalized in several ways
by various authors. Generalized derivation has been introduced already in rings by
M. Bresar [7]. Also the notions of generalized derivation has been introduced in

Key words and phrases. 3-Prime near-ring, derivations, commutativity, generalized derivation,
left multiplier.
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near-rings by Oznur Gélbasi [11]. An additive mapping F : N — N is called a right
generalized derivation with associated derivation d if F(zy) = F(z)y + xzd(y) for all
x,y € N and J is called a left generalized derivation with associated derivation d if
F(zy) = d(z)y + 2F(y) for all z,y € N. F is called a generalized derivation with
associated derivation d if it is both a left as well as a right generalized derivation with
associated derivation d. An additive mapping F : N — N is said to be a left (resp.
right) multiplier (or centralizer) if F(zy) = F(x)y (resp. F(zy) = 2F(y)) holds for
all z,y € N. JF is said to be a multiplier if it is both left as well as right multiplier.
Notice that a right (resp. left) generalized derivation with associated derivation d = 0
is a left (resp. right) multiplier. Several authors investigated the commutativity in
prime and semiprime rings admitting derivations and generalized derivations which
satisfy appropriate algebraic conditions on suitable subset of the rings. For example,
we refer the reader to [1,2,4-6,8,10,12-14], where further references can be found. In
[2] the authors proved that the prime ring R must be commutative if R is equipped
with a generalized derivation F' associated with a nonzero derivation d satisfying any
one of the following conditions:

(i) F(z)F(y) — 2y € Z(R) for all x,y € I;

(ii) F(x)F(y) + 2y € Z(R) for all z,y € I, where I is a nonzero two sided ideal

of R.

From these identities, it is natural to consider the situations
(ili) F(2)F(y) —yr € Z(R) and
(iv) F(z)F(y) +yz € Z(R) for all 2,y in some suitable subset of R, which is studied
by Dhara et al. in [9].

Further, A. Ali et al. [10] proved that the prime ring R must be commutative if R
is equipped with a generalized derivation F' associated with a nonzero derivation d
satisfying any one of the following conditions: (i) F(z)F(y) & [z,y] € Z(R) for all
x,y €1, (i) F(x)F(y) txoy € Z(R) for all x,y € I. In this line of investigation, it
is more interesting to study the identities in two directions replacing ring by near-ring
and the generalized derivation by left multiplier. Motivated by the above results, here
we continue this line of investigation by considering more general situations. More
precisely, we explore the commutativity of a 3-prime ring provided with left multipliers
JF, G satistying any one of the following identities:

() F(2)G(y) + [z,y] € ZIN);
(i) F(x)G(y) £z oy € Z(N);
(iii) F(2)G(y) £yz € Z(N);
iv) F(x)G(y) £ zy € Z(N) € Z(N) and
(v) F([z,y]) £ G(xoy) € Z(N) for all z,y € N.

2. SOME PRELIMINARIES

In this section, we give some well known results of near-rings which will be used
extensively in the forthcoming sections.
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Lemma 2.1. ([3, Lemma 1.3]). Let N be a 3-prime near-ring.
(i) If z € Z(N) — {0} and xz € Z(N), then z € Z(N).
(ii) If U is a nonzero semigroup right ideal (resp. semigroup left ideal) and x is an
element of N such that Uz = {0} (resp. xU = {0}), then x = 0.

Lemma 2.2. ([3, Lemma 1.5]). Let N be a 3-prime near-ring, such that Z(N) contains
a nonzero semigroup left ideal or semigroup right ideal. Then N is a commutative
Ting.

Lemma 2.3. ([3, Theorem 2.1]). Let N be a 3-prime near-ring, U a nonzero semigroup
left ideal or semigroup right ideal. If N admits a nonzero derivation d such that
d(U) C Z(N), then N is a commutative ring.

Lemma 2.4. ([3, Lemma 1.4]). Let N be a 3-prime near-ring and U a nonzero
semigroup ideal of N. If x,y € N and Uy = {0}, then x =0 ory = 0.

3. MAIN RESULT

Proposition 3.1. Let N be a 3-prime near-ring, and U be a nonzero semigroup
ideal of N. If N admits nonzero left multiplier F and nonzero derivation d, then the
following assertions are equivalent:

(i) F([z,y]) € Z(N) for all z,y € U;
(ii) F([d(x),y]) € Z(N) for all z,y € U;
(ili) N is a commutative ring.

Proof. 1t is obvious that (iii) implies (i) and (iii) implies (ii). So we need to prove
that (i)=-(iii) and (ii)=-(iii).
(i)=-(iii) Suppose that
(3.1) F(lx,y]) € Z(N), forall z,y e U.
Replacing y by yz in (3.1), we get
(F([z,y]))x € Z(N), forall z,y € U.

Using Lemma 2.1 (i) together with (3.1), we obtain

F([z,y]) =0o0rx € Z(N), forall z,y e U.
Which implies that
(3.2) F([z,y]) =0, forall z,yeU.

Since F is left multiplier, (3.2) gives F(z)y = F(y)z for all x,y € U. Replacing y
by [u,v]y and invoking (3.2), we get F(z)[u,v]y = 0 for all u,v,z,y € U. Taking
x = xr where r € N in the last expression, we arrive at F(z)N[u,v|y = {0} for
all u,v,z,y € U. Using the 3-primeness of N with the fact that F # 0, we obtain
[u,v]U = {0} for all u,v € U and Lemma 2.1 (ii) gives [u,v] = 0 for all u,v € U
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which forces that N is a commutative ring.
(ii)=>(iii) Assume that

(3.3) F([d(z),y]) € Z(N), forall z,y € U.
Substituting y with yd(z) in the pervious equation we obtain
(3.4) F([d(z),y])d(x) € Z(N), forall z,y € U.
So by using Lemma 2.1(i) and (3.3), we get

F([d(z),y]) =0ord(x) € Z(N), forall z,y e U.
Which implies that
(3.5) F([d(z),y]) =0, forall z,y e U.

But JF is left multiplier, then (3.5) implies that F(d(z))y = F(y)d(z) for all z,y € U.
Replacing y by [d(u),v]y and invoking (3.5), we get F(d(z))[d(u),v]y = 0 for all
u,v,x,y € U. Putting x = xr where r € N in the latter equation, we arrive at
F(z)N[d(u),v]y = {0} for all w,v,z,y € U. By using the 3-primeness of N and the
fact that F # 0, we get [d(u),v]U = {0} for all u,v € U. Hence, by Lemma 2.1 (ii)
we obtain [d(u),v] = 0 for all u,v € U, which forces that N is a commutative ring by
[4, Theorem 2.9]. O

It is clear that idy is a left multiplier of N. If we replace F by idy, we find a result
similar to [4, Theorem 2.9] in the case of right near-rings.

Corollary 3.1. Let N be a 3-prime near-ring. If U is a nonzero semigroup ideal of
N and d : N — N be a derivation, then the following assertions are equivalent:

(i) [x,y] € Z(N) for all z,y € U;

(ii) [d(x),y] € Z(N) for all z,y € U;

(ii) N is a commutative ring.

Proposition 3.2. Let N be a 2-torsion free 3-prime near-ring, and U be a nonzero
semigroup ideal of N. If N admits nonzero left multiplier G and nonzero derivations
d, then the following assertions are equivalent:

(i) G(xoy) € ZNN) forallx,y € U;

(ii) G(d(z) oy) € Z(N) for all xz,y € U;

(iii) N is a commutative ring.
Proof. It is obvious that (iii) implies (i) and (iii) implies (ii). So it remains to prove
that (i)=>(iii) and (i)=>(iii).
(i)=(ii) Suppose that
(3.6) G(zoy) e Z(N), forall z,yeU.
Replacing y by yz in (3.6), we get

G(xoy)xr € Z(N), forall z,y € U.
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Using Lemma 2.1 (i) together with (3.6), we obtain
(3.7) Gxoy)=0orze Z(N), forallz,yeclU.

Suppose there exists xy € U such that G(zgoy) = 0 for all y € U. For y = xg, we
obtain G(zg)zo = 0. Also, we have G(x¢)y = —G(y)xo for all y € U. Putting zoy in
place of y, we arrive at G(xo)Uzy = {0} and by Lemma 2.4, we get G(xy) = 0 or
xo = 0 which implies that G(z() = 0. In this case, our assumption gives G(y)xo =0
forally € U. Replacing y by yt, where t € N, we get G(y)Nzy = {0}. By 3-primeness
of N with the fact that G # 0, we conclude that zo = 0. In this case, (3.7) implies
that U C Z(N) and Lemma 2.2 forces that N is a commutative ring.

(ii)=-(iii) Assume that

(3.8) G(d(z) oy) € Z(N), forall z,y € U.

Replacing y by yd(x) in (3.8), we obtain

(3.9) G(d(z)oy)d(z) € Z(N), forall z,y € U.

Using Lemma 2.1 (i) together with (3.8), we obtain
G(d(x)oy)=0ord(x) € Z(N), forall z,yeU.

Suppose there exists xg € U such that G(d(xg) oy) =0 for all y € U. For y = d(x),
by 2-torsion we get G(d(zo))d(xo) = 0. Also, we have G(d(z¢))y = —G(y)d(xg) for
all y € U. Replacing d(zg)y in place of y, we arrive at G(d(zo))Ud(zo) = {0} and by
Lemma 2.4, we obtain G(d(zg)) = 0 or d(z¢) = 0 which implies that G(d(z¢)) = 0.
Thus, our assumption gives G(y)d(x¢) = 0 for all y € U. Substituting y by yt, where
t € N, we get G(y)Nd(xy) = {0}. By 3-primeness of N with the fact that G # 0, we
conclude that d(zy) = 0. In this case, (3.9) implies that d(U) C Z(N) and Lemma
2.3 forces that N is a commutative ring. O

When G = idy, we find a result similar to [4, Theorem 2.10] in the case of right
near-rings.

Corollary 3.2. Let N be a 2-torsion 3-prime near-ring. If U is a nonzero semigroup
ideal of N and d : N — N be a derivation, then the following assertions are equivalent:
(i) zoy € Z(N) for all z,y € U;
(ii) d(z) oy € Z(N) for all z,y € U;

(iii) N is a commutative ring.

Theorem 3.1. Let N be a 2-torsion free 3-prime near-ring, and U be a nonzero
semigroup ideal of N. If N admits nonzero left multipliers F and G, then the following
assertions are equivalent:
(i) F([z,y]) + G(x oy) € Z(N) for all z,y € U;
(ii) F([z,y]) — G(zoy) € Z(N) for all xz,y € U;
(iii) N is a commutative ring.
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Proof. 1t is obvious that (iii) implies (i) and (iii) implies (ii). So we need to prove
that ()= (iii) and (ii)=>(iii).
(i)=-(iii) Suppose that
(3.10) F([z,y]) + G(xoy) € Z(N), forall z,y € U.
Replacing y by yz in (3.10), we get
(F([r,y]) + G(xroy))x € Z(N), forall x,y € U.
Using Lemma 2.1(i) together with (3.10), we obtain
(3.11) F([z,y]) + Gz oy) =00rx € Z(N), forall z,y € U.

Suppose there exists zo € Z(N), then (3.10) implies that G(t + t)zo € Z(N) for all
t € U. By Lemma 2.1(i), we arrive at g = 0 or G(t +t) € Z(N) for all t € U, in this
case, (3.11) becomes

(3.12) F(lz,y]) + Glxoy) =00r G(t+t) € Z(N), forall z,y,t € U.

Assume that F([z,y]) + G(x oy) = 0 for all z,y € U. For x = y, we obtain
G(2?) = G(x)x = 0 for all x € U and replacing x by xG(y) in our assumption, we
have F([zG(y),y]) + G(xG(y) oy) = 0 for all x,y € U and developing this equation,
we find that (G(y) — F(y))UG(y) = {0} for all y € U. Using Lemma 2.4, we find
that either G(y) — F(y) = 0 or G(y) = 0 for all y € U. Suppose there exists yo € U
such that G(yo) — F(yo) = 0 and replacing y by yo in F([z,y]) + G(x oy) = 0, we
arrive at (F(x) + G(x))yo = 0 for all x € U. Taking «t in place of z, where t € N
the last expression becomes (F(x) + G(x))Nyy = {0} for all x € U. By 3-primeness
of N, we get ¥ = —G or yp = 0. Since G # 0, in all the cases, we obtain that
F = —G which forces that F([z,y]) = F(z o y) for all z,y € U and developing this
expression, we find that F(y)x = 0 for all z,y € U. Using Lemma 2.1(ii), we conclude
that F(U) = {0}. Since NU C U, then F(N)U = {0}. By Lemma 2.1(ii), we obtain
F =0, a contradiction.

Assume that G(t +t) € Z(N) for all t € U. Putting t = tr, where r € N, then
G(tr+tr)=G({t+1t)r € Z(N) for all t € U, r € N. Using Lemma 2.1(i), we obtain
Gt+t)=0o0rr e Z(N) forall t € U, r € N and using 2-torsion freeness of N
together with G # 0, we conclude that N is a commutative ring.

The proof of (ii)=>(iii) is similar to (i)=-(iii). O

In particular, when G = idy, then we have the following corollary.

Corollary 3.3. Let N be a 2-torsion free 3-prime near-ring, and U be a nonzero

semigroup tdeal of N. If N admits a nonzero left multiplier I, then the following
assertions are equivalent:
(i) F([z,y]) +xoy € Z(N) for all x,y € U;
(ii) F([x,y]) —zoy € Z(N) for all x,y € U;
(ili) N is a commutative ring.

In particular, when & is an identity map, then we have the following result.
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Corollary 3.4. Let N be a 2-torsion free 3-prime near-ring, and U be a nonzero
semigroup ideal of N. If N admits a nonzero left multiplier G, then the following
assertions are equivalent:
(i) [z,y] + G(zoy) € Z(N) for all x,y € U;
(ii) [z,y] = G(zoy) € Z(N) for all x,y € U;
(iii) N is a commutative ring.

In a ring R, if F is a left multiplier, then F + idx is also a left multiplier, where idx
denotes the identity mapping on R. By substituting F + idg in place of F in Theorem
3.1, we get the following result.

Corollary 3.5. Let R be a prime ring of characteristic not 2, and U be a nonzero
ideal of R. If R admits nonzero left multipliers F and G, then the following assertions
are equivalent:
(i) F([z,y]) + G(zoy) £ [z,y] € Z(R) for all x,y € U;
(ii) F([z,y]) — Gz oy) £ [z,y] € Z(R) for all x,y € U;
(iii) R is commutative.

In particular, when G is replaced by G + idg, then we have the following.

Corollary 3.6. Let R be a prime ring of characteristic not 2, and U be a nonzero
ideal of R. If R admits nonzero left multipliers F and G, then the following assertions
are equivalent:
(i) F([z,y]) + G(roy) £z oy € Z(R) for all z,y € U;
(ii) F([z,y]) —G(zoy) £z oy € Z(R) for all z,y € U;
(iii) R is commutative.

In particular, when & and G are replaced by F +idy and G +idy respectively, then
we have the following corollary.

Corollary 3.7. Let R be a prime ring of characteristic not 2, and U be a nonzero
ideal of R. If R admits nonzero left multipliers F and G, then the following assertions
are equivalent:
(i) F([z,y]) + G(zoy) £ 22y € Z(R) for all x,y € U;
(ii) F([z,y]) — Gz oy) £ 2yx € Z(R) for all z,y € U;
(ili) R is commutative.

Theorem 3.2. Let N be a 3-prime near-ring, and U be a nonzero semigroup ideal of
N. If N admits left multipliers F and G, then the following assertions are equivalent:
() F(@)G(y) — [z, y] € Z(N) for all z,y € U;
(ii) F(z)G(y) —xoy € Z(N) for allz,y € U;
(iii) N is a commutative ring.

G
G

Proof. 1t is obvious that (iii) implies (i) and (iii) implies (ii). So we need to prove
that (i)=>(iii) and (ii)=(iii).
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(i)=(iii) If F =0 or G =0, then —[z,y] € Z(N) for all z,y € U. Replacing y by yz,
we get (—[z,y])x € Z(N) for all z,y € U and using Lemma 2.1(i), we obtain [z,y] = 0
or x € Z(N) for all 2,y € U which implies that [z,y] = 0 for all z,y € U. Using
Corollary 3.1, we conclude that N is a commutative ring.

Suppose that F # 0 and G # 0, we have

(3.13) F(x)G(y) — [x,y] € Z(N), forall z,y € U.

Replacing y by yz in (3.13) and using the fact that [z, yx] = ([z,y])x, we get
(F(z)G(y) — [x,y])x € Z(N), forall z,y € U.

By Lemma 2.1 (i) together with (3.13), we obtain

(3.14) F(z)G(y) = [x,y] or x € Z(N), forall x,y € U.

Suppose there exists xo € U such that F(xo)G(y) = [xo,y] for all y € U. Taking yr
instead of y, where r € N, we get F(zo)G(y)r = [z, yr] for all y € U, r € N which
implies that [zo,y|r = [z, yr] for all y € U, r € N and developing this expression,
we arrive at y[zg,r] = 0 for all y € U, r € N. Using Lemma 2.1 (ii), we obtain that
xo € Z(N) in this case, (3.2) becomes x € Z(N) for all x € U which forces that N is
a commutative ring by Lemma 2.2.

(il)=(iii)) f F =0 or G =0, then —(zoy) € Z(N) for all z,y € U. Replacing y by yx
we get (—zoy)r € Z(N) for all x,y € U and using Lemma 2.1 (i), we obtain zoy = 0
or z € Z(N) for all z,y € U. Using the same techniques as used in the proof of [4,
Theorem 2.10], we conclude that N is a commutative ring.

Now assume that F # 0 and G # 0, we have

(3.15) F(z)G(y) —xoy € Z(N), forall xz,y e U.

Putting yx instead of y in (3.15) and using the fact that x o yx = (x o y)x, we get
(F(2)G(y) —xoy)z € Z(N), forall z,y e U.

By Lemma 2.1(i) and using (3.15), we obtain

(3.16) F(z)G(y) =xoyorze Z(N), forall z,yeU.

If there exists xg € U such that F(xg)G(y) = xg oy for all y € U. Taking yr instead
of y, where r € N, we obtain F(z¢)G(y)r = xg o yr for all y € U, r € N this reduces
to (zgoy)r = xgoyr forally € U, r € N, so y[zg,r] =0 for all y € U, r € N. By
Lemma 2.1 (ii), we conclude that zy € Z(N), in this case, (3.16) becomes x € Z(N)
for all z € U. By Lemma 2.2, we conclude that N is a commutative ring. 0

Using similar techniques with necessary variations, we get the following Theorem.
We skip the details of the proof just to avoid repetition.

Theorem 3.3. Let N be a 3-prime near-ring, and U be a nonzero semigroup ideal of
N. If N admits left multipliers F and G, then the following assertions are equivalent:
() F(x)G(y) + [z, y] € Z(N) for all z,y € U;
(ii) F(x)G(y) + x oy € Z(N) for all z,y € U;
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(iii) N is a commutative ring.
If we put F' = G in Theorem 3.2 and Theorem 3.3, we obtain the following result.

Corollary 3.8. Let N be a 3-prime near-ring, and U be a nonzero semigroup ideal
of N. If N admits left multiplier F, then the following assertions are equivalent:

(i) F()F(y) + [2,] € Z(N) for all 2,y € U;

(ii) F(x)F(y) £xoy € Z(N) for all z,y € U;

(iii) N is a commutative ring.

Theorem 3.4. Let N be a 3-prime near-ring, and U be a nonzero semigroup ideal of
N. If N admits left multipliers F and G, then the following assertions are equivalent:
(i) F(2)G(y) —yxr € Z(N) for all z,y € U;
(ii) F(2)G(y) +yx € Z(N) for allx,y € U;

(iii) N is a commutative ring.

Proof. 1t is clear that (iii) implies (i) and (iii) implies (ii). It remains to show that
(i)=>(iii) and (ii)=>(ii).
(i)=(iii) f F =0 or G = 0, then —yx € Z(N) for all x,y € U, so —yxz € Z(N) for all
x,y,z € U. Using Lemma 2.1 (i), we obtain —yz =0 or z € Z(N) for all z,y,z € U.
Using Lemma 2.1 (ii) and Lemma 2.2 with the fact that U # {0}, we conclude that
N is a commutative ring.

Suppose that F # 0 and G # 0, we have

(3.17) F(2)G(y) —yxr € Z(N), forall z,y € U.
Replacing y by yz in (3.17), we get

(F(x)G(y) — yx)xr € Z(N), forall z,y € U.
By Lemma 2.1 (i), the last expression becomes
(3.18) F(x)G(y) =yx or z € Z(N), forall z,y € U.

Suppose there exists zy € U such that F(x¢)G(y) = yxo for all y € U. Taking yr
instead of y, where r € N, we find that F(xo)G(y)r = yrzo for ally € U, r € N which
implies that yzor = yrag for all y € U, r € N and therefore y[xg,r] = 0 for all y € U,
r € N. Using Lemma 2.1 (ii), we obtain that zq € Z(N) in this case, (3.18) becomes
x € Z(N) for all z € U which forces that N is a commutative ring by Lemma 2.2.

(ii)=-(iii) Using the same tips that have used in the proof of (i)=-(iii), we get the
desired result. O

For G = &, we have the following result.

Corollary 3.9. Let N be a 3-prime near-ring, and U be a nonzero semigroup ideal
of N. If N admits a left multiplier F, then the following assertions are equivalent:
(i) F(x)F(y) —yx € Z(N) for all x,y € U,
(ii) F(x)F(y) +yxr € Z(N) for all z,y € U,
(iii) N is a commutative ring.
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Theorem 3.5. Let N be a 3-prime near-ring, and U be a nonzero semigroup ideal
of N. If N admits left multipliers F and G such that F(x)G(y) — xy € Z(N) for all
z,y €U or F(x)G(y) +xy € Z(N) for all z,y € U, then N is a commutative ring or
F is a right multiplier.

Proof. If F =0 or G = 0, then —zy € Z(N) for all z,y € U. Using the same proof
that we have used in the beginning of Theorem 3.3, we obtain the required result.
Now suppose that

(3.19) F(z)G(y) —axy € Z(N), forall z,y € U.
Putting yz in place of y in (3.19), we get

(F(z)G(y) —zy)z € Z(N), forall z,y,z € U.
Using Lemma 2.1(i) and (3.19), the above expression implies that

Fz)G(y) =axyor z€ Z(N), forallz,y,z€U

By Lemma 2.2, we obtain
(3.20) F(2)G(y) = xy, forallz,y €U or N is a commutative ring.
Assume that F(z)G(y) = xy for all x,y € U. Taking zu instead of z, we get
F(2)uG(y) = zuy = 2F(u)G(y) for all z,y,u € U, so (F(x)u — 2F(u)G(y) = 0 for all
x,y,u € U. Replacing u by ur, where r € N, we arrive at (F(z)u—zF(u))NG(y) = {0}
for all z,y,u € U. By 3-primeness of N, we get either G(y) = 0 or F(z)u = xF(u)
for all z,y,u € U. If G(y) = 0 for all y € U, taking ry instead of y, we find that
G(r)U = {0} for all » € N and using Lemma 2.1(ii), we get G = 0; a contradiction. If
F(z)u = 2F(u) for all z,u € U. Replacing rx in place of z, we get (F(r)z—rF(x))U =
{0} for all x € U, r € N. By Lemma 2.1(ii), we obtain F(r)z = rF(x) for all x € U,
r € N. Taking tz instead of x, where ¢ € N and using Lemma 2.1 (ii) again, we
conclude that F(r)t = rF(¢t) for all r,t € N which forces that F is a right multiplier.

If F(x)G(y) + xzy € Z(N) for all z,y € U, using the same techniques as have used
in (i)=-(iii), we get the required result. O

In particular, when G = &, then we have the following.

Corollary 3.10. Let N be a 3-prime near-ring, and U be a nonzero semigroup ideal
of N. If N admits a left multiplier F such that F(z)F(y) —xy € Z(N) for all x,y € U
or F(x)F(y) + zy € Z(N) for all z,y € U, then N is a commutative ring or F is a
right multiplier.

The following example demonstrates that our results are not true for arbitrary
near-rings.

FExample 3.1. Suppose that S is any right near-ring. Let

0 a b 0 0 u
N = 0 0 ¢ |la,byce Sy and U= 000 [luesS
000 0 00
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Define maps F, G : N — N such that

0 a b 0 0 a 0 a b 000
F100 ¢c|=(0001]and G[ O O c|=]00c
0 00 000 000 000
Then, it is easy to see that N is a right near-ring and F, GG are left multipliers on N

satisfying the following properties:

(i) F(@)G(y) + [z, y] € Z(N);
(ii) F(z)G(y) £z oy € Z(N);
(i) F(2)G(y) £ vy € Z(N);
(iv) F(z)G(y) £ yz € Z(N);

(v) Flz,y]) £ Gz oy) € Z(N);
for all z,y € U. However, N is not commutative.

The following example shows that the condition "F([x,y]) + G(z o y) € Z(N) for
all x,y € U* is crucial in Theorem 3.1.

Ezample 3.2. Let N = M(Z) be the 2 x 2 matrix ring over Z and F, G : N — N such
that

c d 0 0

It is easy to verify that N is a non-commutative prime ring which is 2-torsion free and

F, G are left multipliers of N. Moreover, for A = < (1) 1 >, B = < } 8 >, we have
F([A,B]) £ G(Ao B) ¢ Z(N).

?(a b>:<a b), for all a,b,c,d € Zand G =5F

The following example demonstrate that the existence of “2-torsion free” in the
hypotheses of Theorem 3.1 is essential.

Example 3.3. Let N = My(Zs) be the 2 x 2 matrix ring over the field Zs and F = Idy.
It is easy to see that N is a non-commutative prime ring which is not 2-torsion free.
Moreover, N satisfies the condition F([z,y]) £ G(zoy) € Z(N) for all z,y € N.
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SOFT INTERIOR-HYPERIDEALS IN LEFT REGULAR
LA-SEMIHYPERGROUPS

M. Y. ABBAST!, S. A. KHAN!, A. F. TALEE!, AND A. KHAN?

ABSTRACT. This paper is a contribution to the study of the effective content of LA-
hyperstructure. In this paper, we introduce the notion of soft interior-hyperideals.
Further, we give several basic properties of these notions and provide different
important characterizations in terms of soft interior hyperideals.

1. INTRODUCTION

Marty [23] introduced the notion of algebraic hyperstructures as natural general-
ization of classical algebraic structures. The difference between classical algebraic
structures and algebraic hyperstructures is that, in algebraic structures the composi-
tion of two elements is an element while in algebraic hyperstructure the composition
of two elements is a non-empty set. Koskas introduced the notion of semihypergroups.
Hasankhani [15] defined ideals in right (left) semihypergroups and discussed some
hyper versions of Green’s relations.

The concept of LA-semigroup was given by Kazim and Naseeruddin [17]. Faisal
et al. [34] characterized left regular LA-semigroup in terms of fuzzy interior ideals.
Hila and Dine [16] defined LA-semihypergroups. They studied several properties of
hyperideals of LA-semihypergroup. Yaqoob et al. [30] gave some characterizations of
LA-semihypergroups using left, right and interior-hyperideals. Yousafzai and Corsini
[33] extended the theory of an LA-semigroup in terms of their one sided ideals. They
characterized the class of an intra-regular LA-semihypergroup using one-sided hyper-
ideals. Amjad [2] defined generalized hyperideals in locally associative left almost
semihypergroups and in [3] they studied pure LA-semihypergroups. Yaqoob and

Key words and phrases. LA-semihypergroups, soft interior-hyperideals, left regular LA-
semihypergroups.
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Gulistan [31] studied hyperideals and M-hypersystem in partially ordered left almost
semihypergroups. Recently, many authors [5,6,13,14,18-20, 28,29, 32] have worked
on LA-semihypergroups.

Our world is surrounded by uncertainties and ambiguities. We pass through many
uncertainties in our daily life. Therefore, it is necessary to prepare a model so that
we deal such uncertainties and ambiguities. Initially, probability theory was the only
mathematical concept for dealing some unplanned activities. To handle some special
kind of activity known as fuzziness, Zadeh [35] introduced the notion of fuzzy set
as an extension of classical set theory. But there was a difficulty for membership
function. How to set the membership function in each particular case. We cannot
impose only one way to set the membership function. The reason for these difficulties
is, possibly, the inadequacy of the parametrization tool of the theory. To remove this
difficulty, Molodtsov [24] introduced a mathematical tool for dealing with hesitant,
fuzzy, unpredictable and unsure articles known as soft set. A soft set is a collection of
approximate descriptions of an object. Each approximate description has two parts:
a predicate and an approximate value set. Further, Maji et al. [22] defined many
applications in soft sets. After the beginning of soft set theory, many authors gave a
new view to classical mathematics. Cagman and Aktas proposed the concept of soft
algebraic structure. They introduced soft group theory [1] and gave the definition
of soft group which is analogous to the rough group definition. They correlate soft
sets with rough sets and fuzzy sets. After that many authors [8,12,27] have worked
on soft algebraic structures. Cagman et al. [7] gave a new approach to soft group
definition called soft intersection group. This approach is depends on the insertion and
intersection of sets. Anvariyeh et al. [4] initiated soft semihypergroups by using the
soft set theory. Sezgin [26] studied soft set theory in LA-semigroup with the concept of
soft intersection LA-semigroups and soft intersection LA-ideals. Naz and Shabir [25]
investigated the basic terms and properties of soft sets. They relate soft sets with the
concept of semihypergroups. Farooq et al. [11] characterized regular and left regular
ordered semihypergroups using intersection soft generalized bi-hyperideals. Khan et al.
[21] introduced the notion of soft intersection (S.I.) hyperideals in LA-semihypergroups
and gave some characterizations.

In this paper, we introduce soft interior-hyperideals through new approach called
soft intersection (briefly, S.I.) and establish some of their elementary properties. We
also define the concept of soft semiprime and study some results on them. We
characterize left regular LA-semihypergroups in terms of soft interior-hyperideals and
prove that in a left regular LA-semihypergroup, soft interior-hyperideals and soft
bi-hyperideals coincide.

2. PRELIMINARIES

Throughout this paper we represent:
H : LA-semihypergroup,
U : an initial universe,
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E : a set of parameters,
H(U) : set of all soft sets of H over U,
P(U) : the powerset of U.

Definition 2.1 ([9,10]). Let H be a non-empty set and let p*(H) be the set of all
non-empty subsets of H. A hyperoperation on H is a map o: H x H — p*(H) and
(H, o) is called a hypergroupoid.

Definition 2.2 ([9,10]). A hypergroupoid (H, o) is called a semihypergroup if for
all z, y, z of H we have (z 0 y) 0 2= o (y 0 z), which means that

U woz= U zow.

ucx O y vey O z

If z € H and A, B are non-empty subsets of H, then we denote
AoB= U aob xzoA={z}oAand Aox=Ao0 {z}.

a€AbeEB

Definition 2.3 ([16]). Let H be non-empty set. A hypergroupoid H is called an
LA-semihypergroup if for every z, y, 2 € H, we have

(roy)oz=(z0y) 0w

The law is called left invertive law. Every LA-semihypergroup satisfies the following
law:

(zoy)o(zow)=(roz)o(yow),
for all w,z,y,z € H. This law is known as medial law.
Definition 2.4 ([30]). Let H be an LA-semihypergroup, then an element e € H
is called left identity (resp., pure left identity) if for all @ € H, a € e o a (resp.,
a=eoa).

An LA- semihypergroup (H,0) with pure left identity satisfy the following law for
all w,z,y, z € H:

called a paramedial law, and

ro(yoz)=yo(zroz).

Definition 2.5 ([16]). A non-empty subset T" of an LA-semihypergroup H is called
sub-LA-semihypergroup of H if t; o0 to C T for every ty,t, € T

Definition 2.6 ([30]). A sub-LA-semihypergroup I is said to be an interior-hyperideal
of Hif( HolI)oH C I.

Definition 2.7 ([30]). Let H be an LA-semihypergroup, then a non-empty subset A
of H is called semiprime if for any a € H such that a o a C A implies a € A.



220 M. Y. ABBASL S. A. KHAN, A. F. TALEE, AND A. KHAN

3. SOFT SET

Definition 3.1 ([8,24]). A soft set F4 over U is a set defined by F4 : E — P(U)
such that Fa(z) =0 if z ¢ A.

Here F 4 is also called an approximate function. A soft set over U can be represented
by the set of ordered pairs

Fa={(z,Fas(x)):x € E,Fa(x) € P(U)}.
It is clear that a soft set is a parameterized family of subsets of the set U.

Definition 3.2 ([8]). Let F4,Fp € H(U). Then, F4 is called a soft subset of Fp and
denoted by F4 C Fp, if Fa(x) C Fp(x) for all z € E.

Definition 3.3 ([8]). Let 4,55 € H(U). Then, union of F4 and Fp denoted by
FaUF B, is defined as FaUFp = F 45, where Fy55(x) = Falx) UFp(x) for all v € E.

Definition 3.4 ([8]). Let F4,55 € H(U). Then, intersection of ¥4 and Fp denoted
by FaNTp, is defined as FaNFp = F 55, where F =5(x) = Fa(z) NFp(z) for all
r ekl

Definition 3.5 ([21]). Let Y be a subset of H. We denote the soft characteristic
function of Y by Hy and is defined as:

u, ifyey,

0, ifye¢y.

In this paper, we denote an LA-semihypergroup H as a set of parameters.

Let H be an LA-semihypergroup. For x € H, we define H, = {(y,2) € Hx H :
rEyoz}

Definition 3.6 ([21]). Let Fg and Gg be two soft sets of an LA-semihypergroup H
over U. Then, the soft product Fg & Gy is a soft set of H over U, defined by

%JH {Fuly) N Su(2)},  if H, #0,
0. if H, = 0,
for all z € H.

Theorem 3.1 ([21]). Let X andY be non-empty subsets of an LA-semihypergroup H.
Then

(1) If X C Y, then Hx C Hy;

(2) fHXﬁfHY = Hxny, J'CXO%Y = Hxuy;

(3) Fx 8 Hy = Hx o v

Definition 3.7 ([21]). A non-null soft set Fy is said to be an S.I. sub-LA-semihypergroup
of H over U if
N Fua) D Fu(x)NFuly), forall z,y € H.

dex O y
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Definition 3.8. An S.I. sub-LA-semihypergroup Fy is said to be an S.I. bi-hyperideal
of H over U if

N Fu() 2 Fu(z) N Fu(z), forall z,y,z € H.

Ye(x O y) O 2
Theorem 3.2 ([21]). A non-null soft set Fy is an S.1. sub-LA-semihypergroup of H
over U if and only if
Fu o Fu C Ty

Corollary 3.1 ([21]). In an LA-semihypergroup H with left identity, Hg & Hg = Hg.

Theorem 3.3 ([21]). Let H be an LA-semihypergroup and H(W) be the set of all soft
sets of H over W. Then (H(W),d) is an LA-semigroup.

Theorem 3.4 ([21]). If H is an LA-semihypergroup. Then medial law holds in H(U).

Theorem 3.5 ([21]). Let H be an LA-semihypergroup with left identity and Fu, Gu, Ku,
La € HW). Then following holds:

(i) T & (9u ¢ Ku) = 9u ¢ (Fu 6 Kn);
(ii)) (Fg 4 9m) ¢ (Ku ¢ Lu) = (Ly 3 Ku) ¢ (9u & Fu).

4. SOFT INTERIOR-HYPERIDEALS IN LA-SEMIHYPERGROUPS

In this section, we define soft interior-hyperideals in LA-semihypergroups and es-
tablish some of their elementary properties.

Definition 4.1. An S.I. sub-LA-semihypergroup Fy is said to be an S.I. interior-
hyperideal of H over U if
N Fu() 2 Fuly), forall z,y,z € H.

v€(r O y) O 2
Ezxample 4.1. An insurance company offers on some insurances to its agents defined
in a set H = {Health Insurance (Hlth. Ins.), Home Insurance (Hme. Ins.), Property
Insurance (Prop. Ins.), Vehicle Insurance (V.I.), Computer Insurance (C.1.)} with the
composition Table 1.

TABLE 1.

0 Health Ins. Home Ins. Prop. Ins. V. L C. L
Health Ins. || Health Ins.  Home Ins. Prop. Ins. V. L C. L
Home Ins. || Prop. Ins. V. L V. L {V.1,C. 1.} C.L
Prop. Ins. || Health Ins. V. L V. L {V.1,C. 1.} C.L

V. L V. L {V.1I,C. 1.} {V.I,C. 1} {V.I,C.1} C.L
C. L C. L C. L C. L C. L C. L
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Let A = "Husband’ and B = "Wife. Then the hyperoperation defined in the above
composition table as: (z o y) = if the agent does z insurance of A and y insurance of
B, then he will get X insurances free of cost, where x,y € H and X C H. Therefore,
(H, o) will be an LA-semihypergroup.

Now, let U = {A;, Ag, Az, Ay, A5} be the set of agents who does insurances to
husbands and their wives. Define a soft set g : H — P(U) by

Fu(Health Ins.) = {A;, Ao}, means the agents who got a health insurance free,
Fu(Home Ins.) = {A;, Ao}, means the agents who got a home insurance free,
Fu(Prop. Ins.) = {A;, Ay, A3}, means the agents who got a property insurance free,
Fu(V. L) = {A1, Ay, A3, Ay}, means the agents who got a vehicle insurance free and
Fu(C. 1) = {Ay, As, Az, Ay, A5}, means the agents who got a computer insurance
free.

Then, we can verify that N Fu(V) 2 Fu(y) for all z,y,z € H. Therefore,
ve(r O y) O 2
Fg is an S.I. interior-hyperideal of H over U.

Theorem 4.1. If Fu and Su are two S.I. interior-hyperideals of H over U. Then
FuNSu is also an S.1. interior-hyperideal of H over U.

Proof. Assume that Fg and Gg are two S.I. interior-hyperideals of H over U. Then,
we have

(Fu () Su) 8 (T () Su) CFnr & T
CTy.

In a similar way, (Fu (| Su) & (Fu N Su) C Gu. It implies (Fu N Gu) & (Fu N Su)
C (Fa N Gu). Also, we have

(Hug & (Fu ﬂ 9u))  Hyg E(Hyg ¢ Fu) ¢ Hu
CIu.
In a similar way, (Hg 3 (ffH N 9u)) & Hug C Gu. Therefore, (Hyg ¢ (Fu N Su)) ¢ Hu
C JFu N 9. Hence, Fg N Gu is an S.I. interior-hyperideal of H over U. O

Theorem 4.2. Let X be any non-empty subset of an LA-semihypergroup H. Then
X is an interior-hyperideal of H if and only if Hx is an S.I. interior-hyperideal of H
over U.

Proof. Proof is easy, hence omitted. O

Theorem 4.3. An S.1. sub-LA-semihypergroup Fg is an S.1. interior-hyperideal of
H over U if and only if

(Hyg & Fu) & Huy C Fu.
Proof. Assume that Fy is an S.I. interior-hyperideal of H over U, then
N Fu(¥) 2 Ful(y), forall z,y,z <€ H.

Y€(xz 0 y) O =z
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Now, if H, = (), then (Hg ¢ g & Hu)(zr) = 0. Thus, it would yield
If H, # ), then there exists u,v,p,q € H such that x € w o v and u € p 0 ¢q. So,
(u,v) € H, and (p,q) € H,. Thus, we have

(Ha 8 Fu) 6 Hu)(2) = U [(Ha d Fu)(w) ) Ha)]

(u,v)€H,

w)},
ve(r O q) Ot

is an S L. interior hyperideal)

8
2
:EQ'OC

Hence, (Hg ¢ Fu) ¢ Hg C Fu.
Conversely, suppose that (Hyg ¢ Fg) ¢ Hg C Fg. Now to show Fgy is an S.I. interior-
hyperideal of H over U, we have
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It follows that Jy is an S.I. interior-hyperideal of H over U. U

Theorem 4.4. If g and Gug are S.1. interior-hyperideals of H over U with left
tdentity. Then the S.I. product Iy & Gy is an S.1. interior-hyperideal of H over U.

Proof. Let ¥z and Gy be S.I. interior-hyperideals of H over U with left identity. Then,
we have
(T 9u) ¢ (Fu d 9u) = (Fu ¢ Fu) & (Gu ¢ 9u) E Fu % Gu.
It implies Fg & Gy is an S.I. sub-LA-semihypergroup of H over U. Also, we have
(Had (Fad9%n)) ¢ Huy =(Hua éHug) ¢ (Fua ¢ Gu)) ¢ Hau
=((Hug 3 Fu) ¢ (Hu ¢ Sn)) ¢ Hu
=((Hu ¢ Fn) ¢ (Ha ¢ Su)) ¢ (Ha ¢ Ha)
=((Hu & Fu) & Hu) ¢ (Hu ¢ Su) & Hu)
C9x ¢ Su.
This shows that ¥y & Gy is an S.I. interior-hyperideal of H over U. U

Definition 4.2. A soft set Fyg of an LA-semihypergroup H over U is said to be
idempotent if Fg & Fg = Fu.
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Example 4.2. Consider an LA-semihypergroup given in the Example 4.1. Now, let
U = {4, Ay, A3, Ay, A5} be the set of agents who does insurances to husbands and
their wives. Define a soft set Fy : H — P(U) by

Fu(Health Ins.) = (), means the agents who got a health insurance free,
Fu(Home Ins.) = (), means the agents who got a home insurance free,
Fu(Prop. Ins.) = (), means the agents who got a property insurance free,
Fu(V.I) = {A, Ay, A3}, means the agents who got a vehicle insurance free and
Fu(C.1) = {A1, Ay, A3}, means the agents who got a computer insurance free.

Then, we can easily verify that Fyg & Fg = Fug. Hence, Fy is idempotent.

Proposition 4.1. Every idempotent S.1. bi-hyperideal of H over U with left identity
is an S.I. interior-hyperideal of H over U.

Proof. Assume that Fy is an idempotent S.I. bi-hyperideal of H over U, then
(Fua & Hy) 4 Fg C Fg. Thus, we have
(Hg 3 Fu) dHg =(Hg ¢ (Fua ¢ Fu)) ¢ (Hu & Hp)
=(Hyg S Hu) 3 ((Fu 8 Fu) & Hp)
=Hyux ¢ ((Fu & Fu) ¢ Hu)
=(Fg ¢ Fu) & (Hu o Hu)

Hence, Fg is an S.I. interior-hyperideal of H over U. 0

5. CHARACTERIZATION OF LEFT REGULAR LA-SEMIHYPERGROUPS

In this section, we characterize left regular LA-semihypergroup using soft interior-
hyperideals.

Definition 5.1. An element [, of an LA-semihypergroup H is called a left regular
element if there exists an element = € H such that . € x o (I, 0 [,.). If every element
of H is left regular, then H is called a left regular LA-semihypergroup.

Lemma 5.1. Let H be a left reqular LA-semihypergroup with left identity. Then for
any S.1. interior-hyperideal Fg of H over U, we have (Hyg ¢ Fu) & Hyg = Fnu.

Proof. Assume that Fg is an S.I. interior-hyperideal of H over U, then by the Theorem
4.3, (Hug ¢ Fg)  Hg C Fu. Now, it is only remains to prove that (Hg & Fg) & Hyg 2
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Fu. By assumption, H is left regular, thus for any [, € H, there exists x € H such
that [, € z o (I, 0 l.). Let e € H be the left identity, then we have

at [, € (x o ((I, o l,) 0 a)) o l,, there exists
) o I, and there exists ¢ € x o b such that
H,.. Thus, we have

It implies there exists a € e 0 x such t
be ((I, ol,) oa)such that I, € (z o
l. € col,.. So, (c,l,) € H,, and (z,b) €
(Hu 8 Fu) 6 Ha)(l) = |J  [(Hud S”H>(u) N Ha(v)]

(u,v)€H],.

2(3‘(1{ S ?H) C ﬁ j‘CH
( H S fTrH) C
U (%H@) n 9H<q>)

(p,q)€He
(5.1) =T (b).

~—

As Jg is an S.1. interior-hyperideal of H over U, we have Nye(x o 4) 0 » Tu(?) 2 Fu(y)
for all x,y,z € H. Since b € (I, 0 [,) 0 a, it would imply that Fg(b) 2 Fu(l.).

Therefore, from equation (5.1), we have
(Hu & Fu) ¢ Ha)(lr) 2Fu(b)
=Fu(l,).
Hence, (Hg ¢ Fg) ¢ Hyg = Fu. O

Lemma 5.2. If H is a left reqular LA-semihypergroup with left identity. Then for
every S.1. interior-hyperideal T of H over U, we have

Proof. Let Fg be an S.I. interior-hyperideal of a left regular LA-semihypergroup H
over U with left identity. By Lemma 5.1, (Hg ¢ Fu) & Hg = Fu. Thus, we have

=(Hyg 6 Hy) & (Hu 3 Fu) = (Hu 3 Fu) 6 Hu) 8 Hug = Fu & Hu.
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Also, we have
FudHg=Fu o (HgdHu)=Hug ¢ (Fug ¢ Hu) = (Hu ¢ Hu) ¢ (Fa & Hu)
=(Huy dFn) ¢ (Hug ¢ Hu) = (Fu ¢ Hu) ¢ (Hu & Hu)
=((Hg ¢ Hug) 3 Hy) ¢ Fu =Hug ¢ Fu

and
HadFag=(HgdHu)dFu=(FudHu) ¢ Hg = (Hug & Fu) & Hg = Fu.
Hence, Hyg & Fg = Ty = Fug ¢ Hu. O

Definition 5.2. A soft set Fy is said to be soft semiprime if for all [, € H,
Fu(ly) 2 Nver, o1, Tu(d).

Example 5.1. Consider an LA-semihypergroup given in the Example 4.1. Now, let
U = {A, Ay, A3, Ay, A5} be the set of agents who does insurances to husbands and
their wives. Define a soft set Fg : H — P(U) by

Fu(Health Ins.) = {A;, As, A3}, means the agents who got a health insurance free,
Fu(Home Ins.) = {Ay, As, A3, A4}, means the agents who got a home insurance free,
Fu(Prop. Ins.) = {A;, Ay, A3}, means the agents who got a property insurance free,

Fu(V.1) = {A, Ay}, means the agents who got a vehicle insurance free and

Fu(C.1) = {Ay, Ay, A3, Ay, A5}, means the agents who got a computer insurance free.
Then, we can easily verify that for all [, € H, Fu(l;) 2 Nyer, o 1, Tu(V). Hence, Ty
is soft semiprime. B

Lemma 5.3. Let H be an LA-semihypergroup. Then A is semiprime if and only if
H 4 is soft semiprime.

Proof. Proof is easy, hence omitted. O

Lemma 5.4. Let H be an LA-semihypergroup with left identity. Then for any l, €
H, (I, 0l.) o H is an interior-hyperideal of H.

Proof. Firstly, we will show that (I o l.) o H is a sub-LA-semihypergroup of H, for
some [, € H. So, we have

((l,ol,) oH)o ((l, 0l,) o H) =

IANANIARANIA

Also,
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Hence, (I 0 [,) o H is an interior-hyperideal of H. O

Theorem 5.1. Let H be an LA-semihypergroup with left identity, then the following
statements are equivalent.

(1) H is left regular.

(2) M C M2 and M is semiprime, where M is an interior-hyperideal of H.

(3) Fu C Fu & Fu and Fyu is soft semiprime, where Fg is an S.I. interior hy-
peerideal of H over U.

Proof. (1)=(3) Let H be a left regular LA-semihypergroup with left identity, thus for
any [, € H, there exists x € H such that [, € x o (I, 0 [,). Now we have

Then, there exists b € z o [, and ¢ € x o0 e such that I, € [,o((b o l,) o ¢). Again,
there exists d € ((b o l,) o ¢) such that [, € [, o d. So, (I,,d) € H,,. Thus, we have

FusFu)l)= U {Ful) N Ful)}

(y,z) GHZT

(5.2) 2Fu(ly) N Fuld).

As Jg is an S.1. interior-hyperideal of H over U, we have Nye(, o 4) 0 » Tu(?) 2 Fu(y)
for all z,y,z € H. Since d € ((b 0 l,) o ¢) it would imply that Fu(d) O Fu(l).
Therefore from equation (5.2), we have
(Fu & Fu)(l,) 2Fu(l,) N Fu(d)
OFul(ly) N Full,)
=Fu(l).
Hence, 3y C Fyu ¢ Fq.
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Now, it remains to show that Fg is soft semiprime. Let [, € H, then there exists
x € H such that I, € x o (I, 0 [,). Therefore, we have
l.€xo(l,0l)
Cleox)o (I, 0l,)

=(,0l;)o(zoe)
C(lyo(ro(l,ol)))o(zoe)
=(@o(l;o(lyol)))o(xoe)
Clxo((eol)o(lyol)))o(zoe)
=(@ o ((rol;)o(loe)))o(zoe)
=((lrol;)o(zo(lyoe)))o(zoe)
=(((lroe)ox)o(l-0l))o(zoe).
Then, we have
Fu(l,) 2 N Fu(9)
9e(((lr 0 ) 0 2) O (I O 1)) O (x O ¢)

It implies Fy is soft semiprime.

(3)=(2) Assume that M is an interior-hyperideal of H, then by Theorem 4.2 H will
be an S.I. interior-hyperideal of H over U. Let m € M, then we have Hy(m) = U.
Now

U :f}CM(m)
C(FHoe & FH)(m)
=Hv 0w (m).

It would yield m € M o M. Therefore, M C M o M. Now, let m o m C M for some

m € M, then N Hy(¥) =U. As Hy is soft semiprime, thus we have
d€(m O m)

de(m O m)

=U.

It follows that m € M. Hence, M is semiprime.

(2)=(1) By Lemma 5.4, (I, 0 [,) o H is an interior-hyperideal of H. Now, [, 0 [, C
(I, o l,) o H for some I, € H, then by assumption (I, o l,) o H will be semiprime.
Thus, it would imply that I, € (I, o [,) o H. Therefore, we have

el ol,)oH
C((lrol;) oH) o ((I; 0 1) 0o H)
=MHo(l,ol))oMHo(l0l))
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Hence, H is left regular. U

Theorem 5.2. If H is a left reqular LA-semihypergroup with left identity, then every
S.1. interior-hyperideal of H over U is idempotent.

Proof. Let H be an LA-semihypergroup with left identity and let [, € H. As H is
left regular, thus for any [, € H, there exists € H such that

l. €x o (l.ol)

Then, there exists b € (I, 0 ) o (z o z) such that [, € b o [,. Therefore (b,l,) €
H;.. Suppose Jy is an S.I. interior-hyperideal of H over U, then by Lemma 5.2,
Hy & Fg = Fu. Thus, Fg & Fug C Hy & Fg = Fu. Now, it remain to prove that
Fu & Fg 3O Fu. For this, we have

(Fu s Fu)l,) = U {S"H(y) N "fH(Z)}

(y,2)€H],.

(5.3) 2Fu(b) N Full,).
As Jy is an S.I. interior-hyperideal of H over U, we have Nye(, o 4) o » Tu(¥) 2 Tu(y).
Since b € (I, 0 l,) o (z 0 x), it would imply that Fg(b) 2 Fu(l,). Hence, from (5.3),
we have
(Fu S Fu)(l,) 2Fu(b) N Full,)
=Fu(l,).
This shows that every S.I. interior-hyperideal of H is idempotent. O

Theorem 5.3. If H is an LA-semihypergroup with left identity, then the following
statements are equivalent.
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(1) H is left regular.
(2) Every S.1. interior-hyperideal of H over U is soft semiprime and idempotent.

Proof. (1)=(2) Let H be a left regular LA-semihypergroup with left identity and
let Fg be an S.I. interior-hyperideal of H over U, then by Theorem 5.2, g will be
idempotent. Thus, it is only remains to show that Fy is soft semiprime. As H is left
regular, thus for any [, € H there exists x € H such that

=(l, o lr)_(_) (xoe
Cllro(eal))o(zoe)
=(eo(l;ol))o(roe).

Then, we have

Fu(l,) 2 N Fu(V)
9€((e O (Ir O 1)) O (z O ¢))

O () Fu(¥). As Fy is an S.L interior hyperideal of H.

del, O I

Hence, Fg is soft semiprime.

(2)=-(1) Suppose that every S.I. interior-hyperideal of H over U with left identity is
idempotent and soft semiprime. By Lemma 5.4, (I, o [,) o H is an interior-hyperideal
of H. Therefore, by Theorem 4.2, characteristic soft function H, ¢ i,y o0 u will be S.I.
interior-hyperideal of H over U. By assumption, H(, ¢ ,) o u is soft semiprime. So,
by Lemma 5.3, (I, 0 l,) o H will be semiprime. Thus, for any [, € H, we have

(lrol,)C(eoly) ol
=({l,0l)oe
C(lrol)oH
This yield I, € (I, o l,) o H. Therefore, we have
I €(l,ol)oH
=(l, ol,) o (Ho H)
=HoH)o (I, ol,)
CHo (I, o).
Hence, H is left regular. U

Theorem 5.4. Let H be a left reqular LA-semihypergroup with left identity, then
(Hug 3 Fu) & (Hu & Fu) = Fu, for every S.I. interior-hyperideal Fu of H over U.

Proof. Assume that H is a left regular LA-semihypergroup with left identity. Let Fg
be any S.I. interior-hyperideal of H over U, then by Theorem 5.3, ¥y will be soft
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semiprime and idempotent. Also, by Lemma 5.2, Hyg ¢ Fg = Fg. Thus, we have
(Hyg & Fu) & (Hu & Fu) =Fu ¢ Fu
=Tn.
Hence, (Hg ¢ Fu) ¢ (Hg ¢ Fu) = Fu. O
Theorem 5.5. Let H be an LA-semihypergroup with left identity, then the following

statements are equivalent.

(1) H is left regular.

(2) Every S.1. interior-hyperideal of H over U is soft semiprime.

(3) Fu(h) = Noer, o1, Fu(?), for every S.1. interior-hyperideal Ty of H over U,
foralll, e H.

Proof. (1)=(2) Suppose that Fg is an S.I. interior-hyperideal of H over U. As H is
left regular, thus for any [, € H, there exists © € H such that [, € z o (I, 0 l,,). Now,
we have

I, €xo(l,ol)
Cro((ro(lol)) ol)
l).
As Jy is an S.1. interior-hyperideal of H over U, we have Nye(, o 4) o » Tu(?) 2 Fu(y)

for all z,y,z € H. Since I, € (z o (I, 0 l,;)) o (x o l,), it would imply that

?H(lr) 2 n'ﬂe(z O (-01)) 0 (z0l) ?H(ﬁ) 2 ﬂﬁe(lr o1l ?H(ﬂ) Therefore, SUH is soft
semiprime.

=(xo(l,ol))o(zo

(2)=(3) Here, we only need to show that Nye;, o 1, Fu(?¥) 2 Fu(l.). For this, we have
ly ol Clro(z o (I 0ly))
=l,o(l,o(xol))
Clealy)o(lro(zol))
=z ol)ol)o(l oe).

Then, we have

N Fu®)2 (V)
YE(lr O Ir) 9€((z 0 lr) O lr) O (Ir O e)

(as Fg is an S.I. interior hyperideal).

It follows that Fu(l,) = Nyer, o 1, Tu (V).

(3)=(1) By Lemma 5.4, (I, o l,) o H is an interior-hyperideal of H. Now
(lr oly) S(eol) ol
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:<lr o lr) oe

C(l,ol,)oH
Then, by Theorem 4.2, H, o01,) o 5y is an S.I. interior-hyperideal of H over U.
Now, (I, o I,) € (I, o l,) o H, it would imply Nye, o 1, H(a, 0 1) 0 (V) = U. By
assumption, H, 01,) o H)(lr) = el 0 1, Hea, 01,) 0 1) (¥9) = U. This yield [, €
(I, o l.) o H. Therefore,

Hence, H is left regular. U

Theorem 5.6. Let H be a left reqular LA-semihypergroup with left identity, then the
following statements are equivalent:

(1) Fu is an S.I interior-hyperideal of H over U;
(2) Fu is an S.I. bi-hyperideal of H over U.

Proof. (1)=(2) Let H be a left regular LA-semihypergroup with left identity, thus
for a,b € H, there exists a’, b’ € H such that a € ¢’ 0 (a 0 a) and b € ¥/ o (b o b).
Suppose that Fyg is an S.I. interior-hyperideal of H over U. Then, we have

N Fu(v) 2 N Fu(v)

9€((a O 1) O b) ve((@ O (a0 a))Ol) Ob

= ﬂ Fu(v)

¥€((a O (@’ 0 a)) O1l;) Ob

= N Fu(v)

9€((lr 0 (a’ 0 a)) O a) OB
Also, we have
Fu) 2 Fu(v)
0b) 0€((a 0 1;) O (' O (b O b))
= Fu(v)
0€((a 0 1;) O (b O (v O b))
= Fu(v)
¥e((@ 0 b) O (I, O (b O b))
2Fnu(b).
This show that Nye(a 0 1,) 0 0 Tu(Y) 2 Fu(a) N Fu(b). Hence, Fy is an S.I. bi-
hyperideal of H over U.
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(2)=(1) Suppose that H is a left regular LA-semihypergroup with left identity ‘e’ and
Fu an S.I. bi-hyperideal of H over U. Let [, € H, then there exists [. € H such that
I, €1 0 (I, 0l.). Then for any z,y € H, we have

<
M
=
[)
<
[@)
&
10
&

Therefore, Fg is an S.I. interior-hyperideal of H over U. U

Conclusion. In this paper, we have introduced soft interior-hyperideals in LA-
semihypergroups and characterized left regular LA-semihypergroups in terms of soft
interior-hyperideals. Based on the results of this paper, some further work can be
done on the properties of soft interior-hyperideals in other structures.
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SOME RESULTS ON SUPER EDGE-MAGIC DEFICIENCY OF
GRAPHS

M. IMRAN'2, A. Q. BAIG3, AND A. S. FENOVCIKOVA*

ABSTRACT. An edge-magic total labeling of a graph G is a bijection f
V(G)UE(G) — {1,2,...,|V(GQ)| + |E(G)|}, where there exists a constant k such
that f(u) + f(uv) + f(v) = k, for every edge uv € E(G). Moreover, if the ver-
tices are labeled with the numbers 1,2,...,|V(G)]| such a labeling is called a super
edge-magic total labeling. The super edge-magic deficiency of a graph G, denoted
by ps(G), is the minimum nonnegative integer n such that G UnkK; has a super
edge-magic total labeling or is defined to be oo if there exists no such n.

In this paper we study the super edge-magic deficiencies of two types of snake
graph and a prism graph D,, for n = 0 (mod 4). We also give an exact value of
super edge-magic deficiency for a ladder P, x K5 with 1 pendant edge attached
at each vertex of the ladder, for n odd, and an exact value of super edge-magic
deficiency for a square of a path P, for n > 3.

1. INTRODUCTION

In this paper, we consider only finite, simple and undirected graphs. We denote the
vertex set and edge set of a graph G by V(G) and E(G), respectively. Let |V(G)| =p
and |E(G)| = q.

An edge-magic total labeling of a graph G is a bijection f : V(G) U E(G) —
{1,2,...,p+ q}, where there exists a constant k such that

f(u) + fluo) + f(v) = k,

for every edge uv € E(G). The constant k is called a magic constant. An edge-magic
total labeling f is called super edge-magic total if the vertices are labeled with the

Key words and phrases. Super edge-magic total labeling, super edge-magic deficiency, block graph,
snake graph, prism, corona of graphs, square of graph.
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smallest possible labels, i.e., with the numbers 1,2,...,p. A graph that admits a
(super) edge-magic total labeling is called (super) edge-magic total.

The concept of edge-magic total labeling was given by Kotzig and Rosa [8]. Super
edge-magic total labelings were originally defined by Enomoto et al. in [3]. However
Acharya and Hegde had introduced in [1] the concept of strongly indexable graphs
that is equivalent to the one of super edge-magic total labeling.

Kotzig and Rosa [8] proved that for any graph G there exists an edge-magic graph H
such that H = G UnK; for some nonnegative integer n. This fact leads to the concept
of edge-magic deficiency of a graph G, which is the minimum nonnegative integer n
such that G UnkK; is edge-magic total and it is denoted by u(G). In particular,

1(G) = min{n > 0 : G UnkKj; is edge-magic total}.

In the same paper, Kotzig and Rosa gave an upper bound for the edge-magic deficiency
of a graph G with n vertices,

W) < Fuyg—2—n = "=1)

where F,, is the nth Fibonacci number.

Motivated by Kotzig and Rosa’s concept of edge-magic deficiency, Figueroa-Centeno,
Ichishima and Muntaner-Batle [5] defined a similar concept for the super edge-magic
total labelings. The super edge-magic deficiency of a graph G, denoted by us(G), is
the minimum nonnegative integer n such that G UnK; has a super edge-magic total
labeling, or is defined to be oo if there exists no such n. More precisely, if

M(G) ={n >0:GUnK; is a super edge-magic total graph},

then
min M(G), if M(G) # 0,
=

s(G) = {oo, it M(G) = 0.

It is easy to see that for every graph G it holds
1(G) < ps(G).

In [5,7] Figueroa-Centeno, Ichishima and Muntaner-Batle found the exact values of
the super edge-magic deficiencies of several classes of graphs, such as cycles, complete
graphs, 2-regular graphs and complete bipartite graphs K5 ,,. They also proved that
all forests have finite deficiency. In particular, they proved that

0, if nis odd,

1, if n is even.

ps(nky) = {

In [10] Ngurah, Simanjuntak and Baskoro gave some upper bounds for the super
edge-magic deficiency of fans, double fans and wheels. In [6] Figueroa-Centeno,
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Ichishima and Muntaner-Batle proved

1, fm=2andnisoddorm=3andn#0 (mod 3),

s Pm UK n) =
s tn) {O, otherwise.

In the same paper, they showed that

0, if m is a multiple of n + 1 or n is a multiple of m + 1,
Ms(Kl,mUKl,n) - { P P

1, otherwise.

They also conjectured that every forest with two components has super edge-magic
deficiency less than or equal to 1. Baig, Baskoro and Semanicova—Fenovéikova [2] have
determined the super edge magic deficiency of a star forest. Santhosh and Singh [11]
studied the corona product of K, and ), and they showed that us(Ky ® C),) < ”7_3,
for n odd at least 3.

In this paper we study the super edge-magic deficiencies for several classes of graphs.
We give upper bounds for the super edge-magic deficiencies of two types of snake
graph and for prism graph D, for n = 0 (mod 4). We also give an exact value of
super edge-magic deficiency for a ladder P, x K, with 1 pendant edge attached at
each vertex of the ladder, for n odd, and an exact value of super edge-magic deficiency
for a square of a path P, for every positive integer n, n > 3.

To prove the results presented in this paper, we frequently use the following lemma.

Lemma 1.1. [4] A graph G with p vertices and q edges is super edge-magic total if
and only if there exists a bijective function f : V(G) — {1,2,...,p} such that the
set {f(u) + f(v) : uwv € E(G)} consists of q consecutive integers. In such a case, f
extends to a super edge-magic total labeling of G.

2. UPPER BOUNDS

In graph theory a block graph is a graph in which every bi-connected component
(block) is a clique. Block graphs are sometimes erroneously said to be "Husimi trees’,
but that name more properly refers to cactus graphs, graphs in which every nontrivial
bi-connected component is a cycle. In graph theory block graphs may be described
as the intersection graphs of the blocks of arbitrary undirected graphs.

Let G be a graph and u and v are two fixed vertices in G. The G™-snake is a graph
obtained from n copies of G by identifying the vertex corresponding to the vertex v
in the ith copy of G with the vertex corresponding to the vertex w in the (i 4+ 1)th
copy of G, for i =1,2,...,n— 1. The wheel Wy, k > 3 is a graph obtained by joining
every vertex of a cycle C) with a new vertex.

In the following theorem we will deal with the super edge-magic deficiency of
Wjt-snake. Let us denote the vertex set and the edge set of Wj-snake such that

V(Wy-snake) ={z; :i=1,2,....2n}U{y; : i =1,2,...,n}
U{z:1=12,...,n+ 1},
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E(Wj-snake) ={z;xp1i:i=1,2,... ,n} U{zzi1:i=1,2,...,n}
UA{x;izi, Tprizigr 1 =1,2,...,n}
UA{yizi, yitni 1 =1,2,...,n}
UA{vyizi, yiziz1 1 =1,2,...,n}.
Theorem 2.1. The graph Wj-snake has super edge-magic deficiency at most 1.
Proof. Let us denote the vertices and edges of G = W U K; such that V(G) =
V(Wi-snake) U{v} and E(G) = E(W/-snake). The graph G has 4n + 2 vertices and
8n edges.
We define the vertex labeling f of GG in the following way
flz)=4i—3, ifi=12,..,n,
Flrne) =4i—1, ifi=1,2,....n,
fly) =41, ifi=1,2,...,n,
flz)=4i—2, ifi=12....n+1,
f(v) =4n+ 1.

It is easy to see that the vertices of GG are labeled with the numbers 1,2,3,..., 4n + 2
as the sets of vertex labels are

{f(z;):i=1,2,3,...,n} ={1,5,9,...,4n — 3},
(f(z):i=1,2,3,....,n,n+1} = {2,6,10,...,4n — 2,4n + 2},
{f(z;):i=n+1,n+2,n+3,...,2n} ={3,7,11,...,4n — 1},
{fly;) :i=1,2,3,...,n} ={4,8,12,... ,4n},
f(v) =4n+ 1.

Next we will count the edge sums of the edges in the blocks. For i =1,2,...,n it
holds

F(2) + f(z) = (46— 3) + (4i — 2) = 8i — 5,
f@i) + f(ipn) = (40— 3) + (4i — 1) = 8i — 4,
flz) + fy:) = (4i — 3) +

fly) + flziz1) =4i+ (401 +1) — 2) = 8i + 2.

It means that the edge sums are consecutive integers 3,4, ...,8n + 2. According to
Lemma 1.1 the labeling f can be extended to a super edge-magic total labeling of G
with magic constant 12n + 5. 0J
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A graph is called a cactus graph if every block is either a cycle or a complete graph
K. Next we will deal with a special type of a cactus graph called an alternate
quadrilateral snake. An alternate quadrilateral snake A(C}) is obtained from a path
T1Ts...xT, by joining the vertices x;, z;;1, for every odd i, to new vertices v;, yii1,
respectively and then joining y; and ;,1. That is every alternate edge of the path is
replaced by a cycle Cy. More precisely, the vertex set and the edge set of A(C}) are
the following

V(ACY)) ={zyyi:1=1,2,...,n}
and
E(ACY)) ={zixiy1:i=1,2,...,n— 1} U{zyy 1 i=1,2,...,n}
U{yiyiz:i=1,3,...,n—1}.

Theorem 2.2. For every even positive integer n, n > 4, for super edge-magic defi-
ciency of the alternate quadrilateral snake A(C}) we have

Proof. Let n be an even positive integer. Let us denote the vertex set and the edge
set of G = A(C}) U 5K as follows V(G) = V(A(CY)) U{v; 1 i =1,2,...,5} and
E(G) = E(A(CY)).

We define the vertex labeling of the graph G in the following way

i, ifi=1,3...,n—1,
ZT;) = )
/) n+?;, ifi=2,4,...,n,
3i—1
n+ , ifi=1,3,...,n—1,
flyi) = 2
i, ifi=24,. .. n
The remaining § numbers n+2,n+35,. .., 57” — 1 are used to label the isolated vertices

vy, Vs, . ..,vn of the graph G arbitrary.
2

It is easy to see that f is a bijection from the vertex set of G onto the set of integers
5
L2,...,%.
For the edge sums we have the following. The edge sum of the edges x;y;, ¥iyit1,
iTipq and y; 12,41, for i =1,3,...,n— 1, are

F) + ) =i+ (nt 2 ) =m0

2 2
f(yz-)+f(yi+1)=<n+322_1>+(@'+1)=n+522_1+1,

J(z3) + f(2i41) =i+<n+3(i;—1)> :n+5i2_1+2,
3(i+1)
2

f(mi+1)+f(yi+1):<n+ >+(i+1):n—|—5i2_1+3.
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The edge sum of the edge x; 12,49, for i =1,3,... ,n— 3, is
3(+1 _ 5t —1
f(@is) + [(@iga) = (n—l— ( 5 )> +(i+2) :”+T+4-
Moreover, for : = 1,3,...,n — 3, we have
. 3(i+2)—1 5 —1
Floves) + flan) = 42+ (4 XD B2

Hence the edge sums are consecutive integers n+2,n+3, ..., 77" Thus, according to
Lemma 1.1, the labeling f can be extended to the super edge-magic total labeling of
G with the magic constant 6n + 1. U

The graph A(C?) is isomorphic to the cycle Cy. Figueroa-Centeno, Ichishima and
Muntaner-Batle [5] proved that p,(Cy) = 1.

A prism graph D,,, sometimes also called a circular ladder graph, is a graph corre-
sponding to the skeleton of an n-prism. Prism graphs are both planar and polyhedral.
An n-prism graph consist of 2n vertices and 3n edges, which is equivalent to general-
ized Petersen graph P, ;. The n-prism is isomorphic to circulant graph C's,(2,n) for
odd n, and can be showed by rotating the inner cycle by 180°, and its radius is equal
to that of the outer cycle in the top embedding above. In addition, for odd n, D,, is
isomorphic to Cig,(4,n), Cis,(6,n),. .., Cisy(n — 1,n). The prism D, is isomorphic
to the Cartesian product C,, x Ky, where C,, is the cycle on n vertices and K, is the
complete graph of order 2. The prism graph D, is equivalent to the Cayley graph of
the dihedral group D,,, with respect to the generating set {x, 27!, y}.

We denote the vertices and edges of D,, such that

V(D) ={zxi,y; i =1,2,...,n}
and
E(D,) ={zixis1, %1 1= 1,2,...,n — 1} U{x12,, vy} Uy 11 =1,2,...,n}.

The cardinality of the vertex set and the edge set of D,, is 2n and 3n, respectively.

In [4] Figueroa-Centeno, Ichishima and Muntaner-Batle proved that for n odd the
graph D,, is super edge-magic total. Ngurah and Baskoro [9] showed that for n even
the prism D, is not edge-magic total. In the following theorem we are dealing with
the case when n is divisible by 4.

Theorem 2.3. Let n be a positive integer, n = 0 (mod 4). The super edge-magic
deficiency of D,, is

3

Proof. Let n be a positive integer, n = 0 (mod 4). Let us denote the isolated vertices

of G= D, U (37” — 1)K, by the symbols vy, vs, ..., 030

D) 1



SOME RESULTS ON SUPER EDGE-MAGIC DEFICIENCY OF GRAPHS 243

We define the vertex labeling f of GG in the following way.

+ 1
ey ifi=1,3....n—1,
92 '
n ) n
Ti)=q——1+—, ifi=24...,—,

(i) 1 g 1 5
n 1 n n
— 4= ifi =—+4+2,—+4+4,...
4+27 1r? 2+ 72+7 7n7
11
= if =1,
4 .
n—{—;, ifi=124,... n,

Tl e T
— if i = e, =
94 ' 21 Z V) 72 )
n o 1— n n
— if i = — — o.on—1
4—}— 5 if ¢ 2+3,2+5, n )

and the vertices v;, i = 1,2,...,37" — 1 are labeled arbitrary with 37” — 1 unused

numbers from the set {1,2,..., 77” — 1}. It is not difficult to check that the vertices
Vi, 1= 1,2,...,37"—1 are labeled with the numbers %4—1,%—1—2,...,37”,%”—1—1,%”4—
9 5n 11 11 13
2,y - Ly L2 - L
Next we prove that the edge sums are consecutive integers. Indeed, we have
1+1 <5n n) ™m

flxy) + f(zn) = 5 4+§ :Z‘Fl,

_(%H)H 5n 242\ Tn
ego) s g = B2 (215 T

5n L ﬁ_’_l +3 n
(ogen) 1 (rg) = (G B22) ¢ EE 20T

(n—1)+1 <5n+n> 9In
4 2

f($n—1) + f(afn) =

2 4
f(xl)"‘f(xz):l;l <T_1+§>:9I L,
flos)+ g = (=142 ) + o =2+,
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fn +fom) = (3 +5) + (nr2) =20,
f<$2>+f(3/2):(?—1—1—3)—1—(714—;):12"14_1’
f(x3)+f(y3)=3;1+<1i" 3;3> = 1in+2,

o) o1 () = 5 (1 BT

f) + f) = (n5) + (4250 ) = T
f(ys)+f(y4):<1in 3;3>+(n+;1>:12n+2’
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Hence the edge sums are the numbers %” + 1, %" +2,..., 1?7". According to Lemma

1.1 the labeling f can be extended to the super edge-magic total labeling of G with
the magic constant 3%". 0

3. ExXacT VALUES

If G has order p, the corona of G with H, denoted by G ® H, is the graph obtained
by taking one copy of G and p copies of H and joining the ith vertex of G with an
edge to every vertex in the ith copy of H.

Let us consider the Cartesian product P, x Ky, where P, is the path on n vertices
and K5 is the complete graph of order 2. This graph is also called a ladder. In
this section we deal with the super edge-magic deficiency of a ladder P, x Ky with 1
pendant edge attached at each vertex of P, x Ko, i.e., the corona (P, x Kj) ® K.

Theorem 3.1. For every odd positive integer n the graph (P, x Ky) ® K is super
edge-magic total, i.e.,

1((Py x Kz) @ K) = 0.

Proof. Let n be a positive odd integer. We denote the vertex set and the edge set of
G = (P, x K3) ® K; as follows

V(G) = {xi78i7bi7di 1= 1,27. .. ,TL},
E(G) = {xisi,xibi,sidi 1= 172, c. ,n} U {mil'lqu, SiSiy1 - 1= 1, 2, o, n = 1}

The graph G is of order 4n and of size 5n — 2.
For n > 5 we define the vertex labeling f of G such that

dn+1+i
nJFQH, ifi=1,3,....n
fx;) = 1434
5”2“, ifi=24,. .. .n—1,
S
n;", ifi=1,3,....n,
f(s:) = 9 ;
PR pi—94 -1,
2
—1
Dl ifi=1,
6t i
n-+1
=24, ..n—1,
f(bi) = 72+.
”2 L ifi=35,....n—2
n, if i = n,
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n—1, ifi=1,
7
ntl o i
2

fdy) = 4n, if 1 = 3,
nE S 46 1,
3
Z; , ifi=57...n

It is easy to see that the vertices of G are labeled with the numbers 1,2,...,4n as

the sets of vertex labels are the following ones.

{f(s;):i=1,2,....n} ={n+1,n+2,...,2n},

)
{flz;):i1=1,2,....,n}={2n+1,2n+2,...,3n},
{fb) ri=1,2,...,n} ={"5  n,3n+ 1,30 +2,. . Tol Tod Tnes o ap — 1}
{fd)ri=1,2... n}={1,2,.. . 258 mpd w3 p 91 Tl apl,

Thus f is a bijection.
The edge sums under the labeling f are consecutive integers from the set
{%, 3"7;7 +1,..., %} since we have

2n+4 n—3+4_3n+5

dy) = —
f(s4dy) 5 + 5 5
n+5 5H5-—-3 3n+7
d == g
f(s5d5) 5 + 5 5
n+n n—3 5n — 3
ndn: - y
3n+1 Sn —1
f(81d1> = + (n — 1) = 5 s
dn+1+1 n-1 5n + 1
b = ey
f(@ib) S 9
f( )_3n+1+2n+2_5n+3
5182) = 9 9 = 9 )
f(ss)_2n+2+3n+3_5n+5
293) — 2 2 - 2 )

_2n+(n—-1) 3n+n Tn-1
f(sn—lsn)— 9 + 2 - 9 )

4 1 7 1
f(ll?nbn):w—i-n: n2—|— 7
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3n+1+4n+1+1_7n+3

f(s121) = 5 5 5
i )_2n+2+5n+1+2_7n+5
So2) = 9 9 = 5
£ )_3n+n+4n+1—|—n_9n+1
Snn) = 79 2 92
m—+2 Tn+1 On+3
d = —=
f(s2ds) 5 + 5 5
£ ) 4n+1+1+5n+1+2 In—+5
T1To) = =
142 2 2 2 )
£ ) 5n+1+2+4n—|—1+3 In+7
Tols) = =
243 2 2 2 )
bn+1l+(n—1) 4n+1+n 1lln+1
f(xn—lmn): + = y
2 2 2
3n+3 11n+ 3
f(83d3): +4TL: 2 s
Sn+1+2 o6n+2 1ln+5
b = =
f(z2by) 5 + 5 5 )
dn+1+3 Tm+3 1In+7
b = =
f(x3bs) 5 + 5 5
hn+1+(n—-1 on+ (n—1 13n —1
o) (n=1) , Gnt(n-1) _ |

2 2 2

According to Lemma 1.1 the labeling f can be extended to the super edge-magic
total labeling of G = (P, x K») ® K, for n > 5 with the magic constant 22+1,

On Figures 1 and 2 are illustrated super edge-magic total labelings of (P} x K5) ®
K, = Py and (P3 x K3) ® K7, respectively.

This concludes the proof.

3 1 4 2

FIGURE 1. A super edge-magic total labeling of (P} x K5) ® K; = P.

4. CONCLUSION

In this paper we have dealt with the problem of finding super edge-magic deficiency
of graphs. We were trying to find the exact values of super edge-magic deficiencies
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[ ] [ J [ ]
2 11 12

FIGURE 2. A super edge-magic total labeling of (P; x K3) ® Kj.

of some graphs or to find the upper bound of this parameter for several classes of
graphs.

In Theorem 2.3 we described the upper bound of the super edge-magic deficiency
of prism D,, for n = 0 (mod 4). As it is known, see [4], that for n odd the prism
D,, is super edge-magic. To conclude the problem of finding the super edge-magic
deficiency of prism D,, also for n even, for further investigation we state the following
open problem.

Open Problem. Find the super edge-magic deficiency of prism D,, for n = 2
(mod 4).
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LAPLACE TRANSFORM AND HOMOTOPY PERTURBATION
METHODS FOR SOLVING THE PSEUDOHYPERBOLIC
INTEGRODIFFERENTIAL PROBLEMS WITH PURELY

INTEGRAL CONDITIONS

A. NECIB! AND A. MERAD!

ABSTRACT. In this paper we defined and investigated the various properties of a
class of pseudohyperbolic equation defined on purely integral (nonlocal) conditions.
We proved the uniqueness and the existence of the solution using energy inequality
(A priori estimates). We found a semi analytical solution using the Laplace transform
and Stehfest algorithm method. Next, we used another method called the Homotopy
perturbation. Finally, we give some examples for illustration.

1. INTRODUCTION

Some problems of modern physics and technology can be effectively described in
terms of nonlocal (integral) conditions. These nonlocal conditions raise mainly when
the data on the boundary cannot be measured directly. The presence of integral
terms in the boundary conditions can, greatly, complicate the application of standard
numerical techniques such as finite difference procedures, finite elements methods,
spectral techniques,..., endless. So far, not much seems to be done for obtaining
an explicit solution of heat and wave equations. However, the solvability of these
equations has been theoretically studied in terms of existence and uniqueness of a
solution. There are two tools used in this paper. The first one is Laplace transfor-
mation and the use of its inversed transformation to obtain the numerical solution.
The Laplace transformation method has been used to approximate the solution of
different classes of linear partial differential equations. Suying et al [25], established

Key words and phrases. Pseudohyperbolic integrodifferential equation, a priori estimate, Laplace
transform method, Stehfest algorithm, homotopy perturbation method.
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a numerical method based on the Laplace transformation for solving initial problem
nonlinear dynamic differential equations. The main difficulty in using the Laplace
transformation method consists in finding its inverse, because the inverse of trans-
formation is very complex in few situations. To overcome this difficulty, there are
many numerical techniques available to invert Laplace transformation. In this work,
we focus exclusively on the STEHFEST algorithm [26] in order to efficiently and
accurately invert the Laplace transformation (which cannot be done analytically).
The application of Lapalce transformation on the equations reduces the problem to a
second order inhomogeneous ordinary differential equations with nonlocal conditions.
The reduced problem can be solved by the method of variation of parameters. After
discretization, the numerical method for inverting the Laplace transformation is used
to get an approximation of solution. The second tool is the homotopy perturbation
method (HPM), which has been developed by scientists and engineers, in nonlinear
problems. This method reduces difficulties of the problem under study into a simple
problem which is easy to solve. Most perturbation methods assume the existence
of a small parameter, but most nonlinear problems have no small parameter at all.
Recently, the application of homotopy perturbation theory has appeared in the work
of many scientists [2, 3, 7-10, 12-18, 23], which has become a powerful mathemati-
cal tool. Recently, S. Abbasbandy [2]| applied this method on functional integral
equations. The aim of this paper is to establish the existence, uniqueness and the
continuous dependence of the data with the solution of second order pseudohyperbolic
integrodifferential equations with nonlocal conditions [5,6]. The proofs are based on
a priori estimates and a combination of Laplace transformation technique with
Stehfest algorithm. Furthermore, some examples are given to compare between
the approximate and the exact solutions. Later, another semi-analytical technique
called Homotopy perturbation method is used. Some testing examples are given
to show the efficiency of this method.

2. STATEMENT OF THE PROBLEM

In the rectangular domain Q = Qx 1 = {(z,t) : 0 <z <1, 0 <t < T}, we consider
a pseudohyperbolic integrodifferential equation:

0% 0% v t
(2.1) Lo = 92 " %2 681581:2 + v — /0 a(t — s)v(z, s)ds = g(x, 1),
subject to the initial conditions
(2.2) v =v(z,0) = d(x), 0<z<I1,
(2.3) qu =v(z,0) = ¥(x), 0<x <1,

and the purely integral conditions

(2.4) /01 oz, t)de =n(t), 0<t<T,
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(2.5) /01 zo(z, t)de =m(t), 0<t<T,

where ¢, ®, ¥, a,n, and m are known functions, «, 3,7 and T are known positive
constants.

3. REFORMULATION OF THE PROBLEM

Since the integral boundary conditions are inhomogeneous, it is convenient to
convert the problem (2.1)-(2.5) to an equivalent problem with homogeneous integral
conditions. For this, we introduce a new function u(z,t) as follow:

(3.1) v(x,t) = u(z,t) + Uz, t),
where
(3.2) Uz, t) = (=6z +4)n(t) + (122 — 6)m(t).

Problem (2.1)-(2.5) with inhomogeneous integral conditions (2.4)—(2.5) can be equiv-
alently reduced to the problem of finding a function u satisfying:

P*u  u PPu ¢
(3.3) Lu = 2 Yoz B@taxz + yu — /0 a(t — s)u(z, s)ds = f(x,t),
with the initial conditions
(3.4) lu =u(z,0) =p(x), 0<z<l,
(3.5) qu =w(z,0) =¢ (z), 0<z <1,

and the purely nonlocal conditions

(3.6) /Olu(x,t)da: —0, 0<t<T,
(3.7) /01 zu(x,t)de =0, 0<t<T,
where

(3.8) flz,t) = g(x,t) — LU (x,t)
and

(3.9) o(x) =P(x) — U (x,t),
(3.10) () =V(x) — qU(z,t).

Hence, instead of looking for v, we simply look for u. The solution of problem
(2.1)—(2.5) will be obtained by the relations (3.1)—(3.2).
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4. A PRIORI ESTIMATES AND ITS CONSEQUENCES

The solution of the problem (3.3)—(3.7) can be considered as a solution of the
problem in the operational form:

Lu=%,
where L = (£,/,q) is considered from B to F, where B is the Banach space of the

functions u € L*(Q), whose norm is:
2 3
+ H%xu(x,T)HZ) dx) ,

ull, = | su Sy—(, 7
full (p (H % o,

which is finite, and F' is the Hilbert space consisting of all the elements .7 = (f, ¢, )
whose norm is:

120, = ([, 1P dot+ [ (1 + ool ds)

which is finite.
The domain D(L) of the operator L is the set of all the functions u such that

2 2 3 .
Gu Oow Ou Gu Du. e L*(Q) and u satisfies (3.6) as well as (3.7).

First an a priori estimates is established. Then, the uniqueness and continuous
dependence of the solution with respect to the data are immediately conveyed.

Theorem 4.1. If u(x,t) is a solution of problem (3.3)~(3.7) and |a(t)] < ay, 0 <t <
4 2 —
T and B satisfying the condition B = Tasira é ,fel (Q), then

851
lully < C 125
where C' is a positive constant independent of u, uw € D(L) and
O max{3,es, 37+ a} >
min{1, v+ 2a}
Proof. We put S,u = [fu(&,t)dé and S2u =[5 fJu (€, t) dédn. Multiplying the

equation (3.3) by the integro differential operator Mu = -2 g? and integrating on
the subdomain @, = (0,1) x (0,7), where 0 < 7 < T, we obtain:

(4.1)
0%u 2 Ou 0%u Q2 Ou
- Qfata'%(at)dxd”a o () s [ 5

+B/ atagﬂ <at> dudt — /u 37 <gt> ddt
— ([ et ian) -2 (%Y aaie— [ 592 (%) e

The integration by parts of each term on the left-hand side of the equation (4.1) gives:

Pu 50
_ _ C\ _
(4.2) i Sa g Y dwdt =

8]0
N
Q
SIE
~
QU
8
QU
~

L Cx
8t8x2 v

2
1 1 9
dr — 5 | IS¢ (2)]” dz,
2 Jo




LAPLACE TRANSFORM AND HOMOTOPY PERTURBATION METHODS... 255

82

(4.3) o' o 922 C‘iad:vdt / Ju(z, 7)|? dx—fa/ lo(x)|| dex,
PPu (\Qau 8u
R xgrdxdt ﬁ{/ KN dzdt,
I = [ 18t )P dr — o [ ISusp(a) P de

The substitution of (4 2), (4 3), (4 4) and (4.5) into (4.1) gives:

(4.6)

$7’

dx+ 'y/ 1Su(z, 7)) de

1 1
+fa/ymunm%u+ﬁ/ oul
2 Jo Q-

1 /1 9 1 1 9 1 1 9
_ Cx - Cx _
—Q/HwawMM+ vAH¢w@WcM+2a/H¢@de
t ou
_ 027 _ _ 027
/ f- dxdt /QT(/O a(t — s)u(z, s)ds) - Se g dxdt.

Using Poincare’s 1nequa11ty type

Ly 2 1/t 2
S2u(e, 7 de <5 [ S Jule, )| da,
0
1 9 1/t 2
| ISt )P de <5 [ ue, )P de,
0 2 Jo
. 2
/u(x,s)ds
0

2 T 9
mwgf/\mnm@
2 Jo,

Jo

we obtain:

2
dxdt

\sx (x,7)

ot (bava) [ S lute e s |

—4/ v @I dw+( v+ 50) [e@lFde— [ 925t
(4.7) —/T</0ta(t—8)U(x,s)ds) %igdmdt

Using the Cauchy inequality with ¢, the right-hand side of (4.1) is bounded

/ - d:pdt /T (/Ot a(t — s)u(z, s)ds) ;Z dxdt

1
g?/umdmmu—/ &Ldm+“&/ / (2, s)ds

882 ot
aq
* 2e; /Q

dxdt

ot

dxdt,

5
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we get
t
0. f- %i?;dxdt - /QT (/0 a(t — s)u(z, s)ds) . %i?;dxdt

2
a8) <2 [ P (Dot 2 [ %
using (4.8) into (4.7) we obtain:

1
J
(-t o) ),

2 I 2 1 ! 2
<er [ 1P dadt+ 5 [ w@)IPdo+ (57+a) [ lle@I? ds,
Q- 2 Jo 2 0

. . .. T4a, €2 .
if § satisfies the condition g > %ﬂl + é we obtain:

[ 8.2 )
0
1 /1 1 1
@9) e [ I dedt+ 5 [ i) P de+ (57+0) [ le@]do

ot
Since the right-hand side of (4.9) is independent of 7, we take the supremum with
respect to 7 from 0 to 7" in the left-hand side we obtain:

) 2 1
sup {/ " da:—i—/ H%w(az,r)”zdaﬁ}
o<r<T | Jo 0

Se—=(z,7)
< ([ 1P dedes [ ot do+ [ o) ).

ot
We thus obtain inequality

dxdt,

2 1
dx—l—(’y—i—?oc)/ 1S u(z, 7)||? d
0

2

ou
&

ou

5 dxdt

2 1
dr + (7 + za)/ 1Spu(z, 7)||? dz
0

lullp < ClIZ e

with

O max{3,es, 37+ a} > O
min{1, vy + 2a} '

Corollary 4.1. If problem (3.3)—(3.7) has a solution, then this solution is unique and

depends continuously on (f,p, ).

5. THE EXISTENCE OF SOLUTION

. .. T*a162+a 1
Theorem 5.1. If § satisfies the condition 5 > % + g+ then the problem

(3.3)~(3.7) admits a unique strong solution u = ffl(f, 0, ) = L7(f,¢,7).
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Proof. To prove that the problem (3.3)—(3.7) admits a strong solution for any ar-
bitrary (f,,®) € F, it is sufficient to prove that R(L) is dense in F, first of all,
for the case where L is reduced to Ly = (£,¢,q) where its domain is D(Lg) =
{u/u € D(L) : fu = 0 and qu = 0}. For this purpose, we demonstrate the following
proposition. [l

Proposition 5.1. Under the conditions of Theorem 5.1, for w € L*(Q) and for all
u € D(Ly), we have

(5.1) / Lu - wdxdt =0,
Q
then w renders null almost everywhere in Q).

Proof. The equality (5.1) can be written as follows

0?u 0*u Pu
QTW-wdwdt:a/QTaxQ-wd:l:dt—l—ﬁ/QTW-wdxdt—v/@u-wdxdt
t
(5.2) + (/ a(t — s)u(z, s)ds> - wdxdt.
Q- \JO
From the equality (5.2), we give the function w in terms of u as follows:
au
5.3 a2z
By substituting w in (5.2) by its representation (5.3), we obtain:
0*u ou 0*u ou
5.4 — - dxdt = — - dxdt
(5.4) Q. O ( x&s)m “Jo, 022 ( xa)‘”
Pu ou ou
: dadt — | =82 ) dadt
0 Jo. o102 < xa>x 7Q7“< x&>x

[ (/Ota(t—s)u(x,s)ds> . ( x‘?) )dxdt

Integrating by parts and taking into account conditions (3.6) and (3.7), we obtain:

0?u 8u

2 Lo
d:c—f/ 1S, qul|]? do
2 Jo

1 2
2 Jo
d*u ou 1 1 1 1
« 0. 022 ( R 815) dxdt 2a/0 lu(z, 7)||” dz + Za/o | 0u)) dz:
1 1 9
(5.6) - fa/ Hu(x,T)H iz,

dxdt,

Bu 5, Ou
670 atax2'< S )dxdt —5/
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R RE ( xg )dxdt — 77/ |Su(z, 7)||* do + 7/ 1S 0ul|? da
Qr
(5.8) =27 [ ISauta, )P da.
0
By substituting (5.5), (5.6), (5.7) and (5.8) into (5.4) we obtain:
(5.9) dx |12 2 dzdt
: (z,7) —
Q- || Ot

1 1
37 /0 H%xu(x,f)\l2dx+§oa | Nt ) do

<[ (/Ota(t—s)u(:c,s)ds> ( xg“) davdt.

By the use of Cauchy inequality with e, the right-hand side of (5.9) is bounded

t ou TYa1e? +a ou |
— . C\2 < 11 1 / daxdt.
(5.10) /T </0 a(t s)u(x,s)ds) ( Sa g >d$dt S % oot x
By using (5.10) into (5.9) we obtain:
2 T*a1e2 + aq ou ||
g ittt S et} ==
Se oy (z,7)| dv+ (5 Se; / 5 dxdt

1 1
+57/ 1Sz, 7|2 dz + a/ lu(z, 7| dz < 0,
0

T4a18%+a1
8e1

if § satisfies the condition g > + é we obtain:

2 1
1
(5.11) dx + 57/ |Spu(z, 7)||* dz + a/ u(z, 7)||* de < 0.
0

ou
[S T

Since the right-hand side of (5.11) is independent from 7. We take the supremum,
with respect to 7 from 0 to 7', in the left-hand side we obtain:

1 /1 0
sup 4 — / g, 2
o<r<T | 2 Jo

Jxa(xﬂ')
We get u = 0. Now, we put w = 0 in (5.3), which gives w = 0 in L*(Q). O

2 1 1
1 1
do+ 57 [ I1Ssute, )P de + 5o Hu(:c,7)||2dx} <o.
0 0

6. LAPLACE TRANSFORM METHOD AND STEHFEST ALGORITHM

6.1. Laplace transform method. Laplace transform is an efficient method for
solving many differential equations and partial differential equations. The main
difficulty with Laplace transform method, is inverting the domain of Laplace solution
into the real domain (see [4,20-22]). In this section we shall apply the Laplace
transform technique to find solutions of partial differential equations.

Supposing that v (z,t) is defined and is of exponential order for t > 0, i.e., it exists
A, v > 0 and ty > 0 such that |v (z,t)] < Aexp(yt) for t > t3. Then the Laplace
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transform V' (x, s), exists and is given by
Viz,s)=ZL{v(z,t):t = s} = /Oov(x,t)exp(—st)dt,
0

where s is a positive real parameter. Taking the Laplace transform on both sides of
(2.1), we get
2

(6.0) —(a38) 220, 8)+ (% 4y~ As)V (2,5) = Gl ) +b(a) ()~ B (),

where G (z,s) = Z{g(z,t);t — s} and A(s) = L {a(t);t — s}.
Similarly, we have

(6.2) / V(@ s) dz =N (s),
(6.3) /01 xV (z,s)dx =M(s),
where

N (s) =L {n(t) : t — s},
M (s) =% {m(t) : t — s}.

Thus, the considered equation is reduced into a boundary-value problem governed by
a second-order inhomogeneous ordinary differential equation.

Now, we distinguish the following cases.

Case 1. If A(s) = s? + v, we obtain a general solution of (6.1) as follows

mfsm [ @=n1Ges) + o)+ sp(r) = B (7)) dr

+ Ci(s)x + Cy(s),

(6.4) V(z,s) =

where C) and Cy are arbitrary functions of s. By substituting (6.4) into (6.2) and
(6.3), we get

1 ' " 3 2
65) O :(onrSB)/o (G(r, ) +9(7) + sip(r) — B (7)) (27 = 37> + 1) dr
+12M(s) — 6N(s),
-9 1 ., , )
(6.6) C» :(Ovasﬂ)/o (G(1,8) + () + sp(1) = B"(7)) (—7’ + 27° — 7') dr

—6M(s) +4N(s).

In general it is impossible to evaluate the integrals in (6.4)—(6.6) exactly. So one
may have to resort to numerical integration in order to compute them, for example,
the Gauss’s formula (25.4.30) given in Abramowitz and Stegun [1] may be employed
to calculate these integrals numerically, we have the following approximations for the
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integrals:
(6.7)

[ (Gr,9) 4 9(7) + splr) = 5" () (27— 37+ 1) dr

sz{ ( xﬂrl];s) +¢(; [x¢+1]) + sp (; [%Jrl]) — By’ (; [%‘Jrl]ﬂ

xi( 1) (2 +2),

/ (r,5) + () + si0(7) = 5" (7)) (=7° + 272 = 7) dr
56 o) o o) o () o6 (o)
1

x —i—x +xz—5}

G(7,5) + (1) + sp(7) = B"(T)] dr

sz[ ( [z +1]; )+w<§[xi+1])+sgp(‘;[m+1]) W”( [:c,+1]ﬂ.

Case 2. If A(s) < s>+, we obtain a general solution of (6.1) as follows
—1

V(z,s) :m /Ox (G(1,8) + (1) + sp(r) — " (7)) sinh R(x — 7)dr
(6.10) + Cy(8)e™ + Cy(s)e ™,
where
82y — A(s)
= \/ a+sf

and Cy, Cy are arbitrary functions of s. By substituting (6.10) into (6.2) and (6.3),
we get

(e =101+ (1 — e )y
1 1 /!
= a a3 Jy (O9) +(7) +se(r) = (7)) cosh R —7) — 1)dr + RN
x [(R=1)ef +1] Cy + [~ (R+ D)e +1] G
1 1 1/
=35 Jy (C) +00) + s9(r) = B¢/ ()
x [R(cosh R(1 — 7) — 7) — sinh R(1 — 7)] d7 + R*M (s),
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where
Ci(s)\ [ au(s) aw(s)\ " [ bi(s)
( Cy (s) ) - ( az (s) a (s) ) X ( by (s) )

and

a () (e - 1),

ars (s) =(1 — e_R),

921 (8) :< — 1)6 + 1

a92 (S) (R + 1)6 + 1

h(9) = sy Jy (COs) + 00) + se(r) = /(7)) (cosh (1L = 7) =

+ RN(s),
1
bg (S) =

R(a+ sB) /()1(G<T’ §) + (1) + s0(7) = B (7))

x [R(cosh R(1 — 7) — 7) — sinh R(1 — 7)] d7 + R*M (5)

We have the following approximations for the integrals
(6.11)

1

| (G(7,8) + 9(7) + 50(7) — B"(7)) (cosh R(1 —7) — 1)dr

S mfo(be ) oo (s o (G
X (coshR( ; [acﬁ—l]) —1) :

12)

/0 (G(7, 8) + () + sp(r) — B" (7)) [R(cosh R(1 — 7)

1 N

—7) —sinh R(1 — 7)]dr
=5 3w [6 (Gl i) +0 (G o+ 1) s (5 o 1) = 327 (5 e 1)
X {R(cosh R(1— ; [z; +1]) — 5 [2; 4+ 1]) — sinh R(1 — ; [z + 1])] ,
(6.13)

[ [65) +6(7) + () -

+1]) = 55" (5l +1])]

(6.

B"(7)] sinh R(x — 7)dr

Jis) 40 (5l 1)) + 50 (5l 1)) = 8 (5 [+ 1]

+sinhR(x— g [x¢+1]).



262 A. NECIB AND A. MERAD

Case 3. If A(s) > s? 4+ v, we obtain a general solution of (6.1) as follows

V(z, s) :R(O:Sﬁ) /0 "1G(r,5) + 0(7) + sp(r) — B (7)] sin R(z — 7)dr
(6.14) + C4(s) cos Rx + Cs(s) sin Rz,
where
B s2 vy — A(s)
h= \/ a+ sp

and Cy, Cy are arbitrary functions of s. By substituting (6.14) into (6.2) and (6.3),
we get

sin RCy + (1 — cos R)Cy

_]w /Ol(G(T, )+ (1) + sp(1) — B (7)) (— cos R(1 — 7) + 1)dT + RN(s)

X (Rsin R+ cos R —1)C; + (—Rcos R+ sin R) Cy
1
_R(a + s9)
X /OI(G(T, s)+ (1) + sp(r) — " (7)) (Rcos R(1 — 7) + RT +sin R(1 — 7))dr

+ R*M(s),

where
Ci(s) Y _ ((anls) an(s)\ " [ bi(s)
<C2(5)>_<a21(5) a22(8>> (bg(S))’
and
a1 (s) =sin
aiz (s) =(1 —cos R),
as (s) =Rsin R+ cos R — 1),
ag (s) =(—Rcos R+ sin R)
h (5) =g Jy (GO )+ 007) + 50(r) = B (7)) (= cos R(L = 7) + e
+ RN(s),
b (3) = s Jy (CO) + 000) + 50() = B¢'(7)

x (Rcos R(1 —7) + R +sin R(1 — 7))dr + R*M(s).
We have the following approximations for the integrals:

(6.15)
[ (Gl 3) + () + sp(r) — (7)) (— cos R(1 —7) + 1)dr
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;iv: { < —|—1];s>—|—¢<;[$¢+1]>+890<;[%+”>—590”<;[95i+1]>}

X (—cosR(l —;[xle]) —i—l) :
(6.16)

/Ol(G(T, s) + (1) + sp(r) — " (7)) (Rcos R(1 — 7) + RT +sin R(1 — 7))dr
=y S (G4 is) 0 G+ 1) o (Gl 1) - 567 (o1

RcosR(l—;[xH—l]) +§[xi+1]+sinR(l—;[xri-l]ﬂ,

/Ox [G(7,5) + (1) + sp(T) — B"(7)] sin R(z — 7)dr
gggjwi [G <§ [ + 1] ;s) + (Z [z + 1]) + 5¢ (2 [ ]) Be" ( [ + 1])}

X sinR(az— g[:cl—l— 1]) :
where z; and w; the abscissa and weights, are defined as

2 /
xi:ith 7ero Oan(x), W; _(1_:1:2)<P (x))2

)

Their tabulated values can be found in [1] for different values of N.

7. THE STEHFEST ALGORITHM (NUMERICAL INVERSION OF LAPLACE
TRANSFORM )

Sometimes, an analytical inversion of a domain of Laplace solution is difficult to
obtain; therefore a numerical inversion method must be used. A nice comparison of
four frequently used numerical Laplace inversion algorithms is given by H. Hassanzadeh
et al [19]. In this work we use the Stehfest’s algorithm [26] that is easy to implement.
This numerical technique was first introduced by Graver [11] and its algorithm then
offered by [26]. Stehfest’s algorithm approximates the time domain solution as follows

n2 2. In2
where m is a positive integer,
min{n,m} Em (2]{5)'
2 = (1) :
(7.2) o = (=1) k—%:“] (m — k) (k— 1) (n— k) (2k —n)!’
==

and [g] denotes the integer part of the real number q.
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7.1. Numerical examples. In this section, we report some results of numerical
computations using Laplace transformation method proposed in the previous section.
These techniques are applied to solve the problem defined by (2.1)—(2.5) for particular
functions g, ®, ¥, n, m and positive constants «, § and . The method of solution
is easily implemented on the computer, used Matlab 7.9.3 program. The numerical
results are obtained by N = 8 in (6.7)—(6.9), (6.11)—(6.13), (6.15)—(6.17) and m =5
in (7.1)-(7.2). Then, we compared the exact solution with numerical solution. An
excellent agreement was found between the two of them.

Example 7.1. We take
g(x,t) =—e Tsinh(t),a(t) =0, 0<zx<l,0<t<Tanda=1,=1,7v=0,

O (z) =exp(—z), 0<z<l1,
U(x)=0, 0<z<l,
n(t) :(1—6_1>Cosh(t), 0<t<T,
m(t) = (1-2¢")cosh(t), 0<t<T

In this case, the exact solution given by

v(z,t)=e"cosh(t), O<ax<l 0<t<T.

For t = 0.10, = € [0.10,0.90], we calculate v numerically using the proposed method
of solution and compare it with the exact solution in Table 1.

TABLE 1.
T 0.10 0.30 0.50 0.70 0.90
v exact 0.9093654 | 0.7445254 0.6095658 | 0.490703 | 0.4086042

v numerical | 0.9093851 | 0.7443921 | 0.6097452 | 0.500183 | 0.4080919
Relative error | 0.000217 | —0.0001790 | 0.0002943 | 0.0022295 | —0.0012538

Example 7.2. We take

g(x,t)=Be " —1)cos(2mx),a(t) =1, 0<r<1l,0<t<Tanda=p=v=1,
¢ (x) =cos (2mz), O0<z <],

U (x)=—cos(2rz), 0<ux<l,

n(t) =0, 0<t<T,

m(t) =0, 0<t<T.

In this case, the exact solution given by
v(x,t)=etcos(2mr), O0<wz<1, 0<t<T.

For t = 0.1, z € [0.1,0.9], we calculate v numerically using the proposed method of
solution and compare it with the exact solution in Table 2.



LAPLACE TRANSFORM AND HOMOTOPY PERTURBATION METHODS...

TABLE 2.
x 0.10 0.30 0.50 0.70 0.90
v exact 0.7320288 | —0.2796101 | —0.9048374 | —0.2796101 | 0.7320288
v numerical | 0.7324162 | —0.2795921 | —0.9047562 | —0.2795421 | 0.7321329
Relative error | 0.0005292 | —0.0000644 | —0.0000897 | —0.0002432 | 0.0001422
FExample 7.3. We take

g(z,t) =—¢€"sinht,a(t) =0, 0<z<1l, 0<t<Tanda=1,=1,7=0,

O (z) =exp(z), O0<z<l,

U(xr)=0, 0<z<l,

n(t)=(e—1)cosh(t), 0<t<T,

m(t) =cosh(t), 0<t<T.

In this case, the exact solution given by
v(z,t)=€cosh(t), O<z<1l, 0<t<T.

For t = 0.1, z € [0.1,0.9], we calculate v numerically using the proposed method of
solution and compare it with the exact solution in Table 3.

TABLE 3.
x 0.10 0.30 0.50 0.70 0.90
v exact 1.1107014 | 1.3566137 | 1.6569717 | 2.0238299 | 2.4719114
v numerical 1.1106841 | 1.3565926 | 1.6569459 | 2.0237984 | 2.4718729
Relative error | 0.0000155 | 0.0000155 | 0.0000155 | 0.0000155 | 0.0000155
FExample 7.4. We take
1 1
g(x,t) =0,a(t) =0, O0<z<l, O<t§Tanda:§,5:§,7:0,

O (z)=exp(z), 0<z<l,

U(z)=exp(z), 0<z<lI,

n(t)=(e—1)exp(t), 0<t<T,

m(t) =exp(t), 0<t<T.

In this case, the exact solution given by

viz,t) =€, O<z<1, 0<t<T.
For t = 0.1, z € [0.1,0.9], we calculate v numerically using the proposed method of

solution and compare it with the exact solution in Table 4.
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TABLE 4.
T 0.10 0.30 0.50 0.70 0.90
v exact 1.221403 | 1.491825 | 1.822119 | 2.225541 | 2.718281

v numerical 1.221407 | 1.491830 | 1.822125 | 2.22555 |2.718291
Relative error | 0.0000031 | 0.0000033 | 0.0000032 | 0.000004 | 0.0000036

8. HomMoToPY PERTURBATION METHOD WITH LAPLACE TRANSFORM
(LT- HPM)

8.1. Basic idea of homotopy perturbation method. The homotopy perturbation
method was proposed first by He in 1998 [12] and was developed and improved by
He [13-17]. To illustrate the basic ideas of this method, we consider the following
non-linear functional equation:

(8.1) Alu)— f(r)=0, reQ,
with the following boundary condition:
(8.2) B (u; g:;) =0, rerl,

where A is a general functional operator, B a boundary operator, f(r) is a known
analytical function and I' is the boundary of the domain. The operator A can be
decomposed into two operators L and N, where L is linear, and N is nonlinear
operator. Equation (8.1) can be, therefore, written as follows:

(8.3) L(u) + N(u) — f(r) = 0.
Using the homotopy technique, we construct an homotopy:
v(r;p) : Q2 x [0;1] = R,
which satisfies:
(84)  H(v;ip) = (1 = p)[L(v) — L(uo)] + p[A(v) = f(r)] =0, pel0,1],req,
(8.5) H(v;p) = L(v) — L(uo) + p[L(uo) + N(v) — f(r)] = 0,

where p € [0;1] is an embedding parameter, ug is an initial approximation for the
solution of equation (8.1), which satisfies the boundary conditions. Obviously, from
equations. (8.4) and (8.5) we will have:

(8.6) H(v;0) = L(v) — L(ug) =0,

(8.7) H(v;1) = A(v) — f(r) =0.

The changing values of p from zero to unity are just that of v(r;p) from ug(r) to
u(r).In topology, this is called deformation, and L(v) — L(u,), A(v) — f(r) are called
homotopic. In 1998 J. H. He, used the imbedding parameter p as a “small parameter”,
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and assume that the solution of equations (8.4) and (8.5) can be written as a power
series in p:

(88) U:Uo+p?}1+p2vz+-~-
We take p — 1, results in the approximation to the solution of equation (8.1),
(89) u:limvzvo—l—vl—l—vg-i—---
p—1
The combination of the perturbation method and the homotopy method is called
the homotopy perturbation method (HPM), which has eliminated limitations of the

traditional perturbation techniques. The series (8.9) is convergent for more cases.
Some criteria are suggested for convergence of the Series (8.9), in [12].

8.2. Laplace transform HPM. Taking the Laplace transform of (2.1) we obtain a
new partial differential equation (6.1).
According to HPM, for solving equation (6.1) we construct an homotopy by Madani
et al [18], as the following form:
(8.10)
2

(s +7—A(s))V(z,5) =p —(a+85)g¥(%8) +G(z,5) +(x) + sp(z) — 5" ().

Now, let us present the solution of equation (8.10) as the following form:

(8.11) V(z,s) = 3 pVi(z,s),
j=0
where v;(z;s), 7 = 0,1,2,... are functions which should be determined. By substi-

tuting (8.11) into (8.10), we get

(8.12) (s +~— A(s Zp’V x,8) =p (oz—l—sﬁ Zp’V x,s)

+G(z,s) + w< )+ 890( ) = B¢ ().
Equating the coefficients of p with the same powers in (8.12) leads to

PP (87 v = A(s)Vo(w, 8) = Gz, 8) + ¥(w) + sp(x) — B (x),
phi(s® +y— A(s))Vi(z,s) = (a+ sﬁ)aaﬁ%(x, s),

P (24— A)Va(a,) = (a+ 58) 5 Vil 5),

2

P (S Y = Al)Van(,8) = (a + 58) 55 Val@, ).
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From where

82
Vona(os) = s Vi),
v _ G(wz,s)+ @b(xg + sp(x) — By ()
0(1'78) - 82—|—’}/—A(S) )

we obtain:

a+sf \"GPY(x,s) + PP (@) + sl (x) — Bl (@)
Va(z,s) = | - 5 ,
s?2 4+~ — A(s) 24+ — A(s)
when p — 1, (8.11) becomes the approximate solution of equation (6.1), i.e.,
(8.13) V(z;s) = Hy(z;s) =Y Vi(z, s).
The physical solution v(z;t) can be recovered approximately from H,(z;s) accord-
ing to the Stehfest’s algorithm [26].

Taking the inverse .Z~! from both sides of (8.13) we get the approximate solution
of (2.1)—(2.5):

v(x;t) 2 LN Hy(z;8) (ZV x, s ) :

Ezxample 8.1. We take

g(z,t) =—e€"sinht, a(t) =0, 0<zx<l, 0<t<Tanda=1[3=1v=0,
¢ (z)=exp(z), 0<z<l,
U(z)=0, 0<z<l,
n(t) =(e—1)cosh(t), 0<t<T,
m(t) =cosh(t), 0<t<T.
We obtain

e’,

s+1\"s2—s—1
32)

Vol s) = < s2(s2—1)

V(z;s) 2H,(x;s) = évj(x, s) = e” [1 - (8 a 1)n+1] (828_ %

e ge”’”—l{ll - (szl)m] e 1>}’

when n=1,...,4 (see Table 5).
The closed form of the series 1+t + %tQ + %t:g + %t‘l + -+ is €' which gives an exact
solution of the problem wv(z;t) = e” cosht.

FExample 8.2. We take

1
g(x,t) =0, a(t) =0, O0<x<], 0<t§Tanda:§,5:f v =0,
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TABLE 5.

v(z;t)

(cosht+2(—et +1+1t+112))e®

(cosht +4 (—et + 141+ 3t% + 123 + get?)) e®
(

(

cosht+8 (—el +1+t+ Lt2 + 343 + 7ott + 5115 + 540 ) e
cosht +16 (7et +il4+t+ %tQ + %tg + %tzl + ﬁlsts + 1115120t6 + 16}28t7 + 6451120t8)) e’

alw ||~ |3

O () =exp(z), 0<z<l,

U(z)=exp(z), 0<z<lI,
) 0<t<T,
)

We obtain
Volz,s) = (
V(x;s) ZHy(z;5) =

+ 1\ 2s+1
rse () )ty
viast) =t {( 252 (282 —s—1)]"
when n =1,...,4 (see Table 6).

5+1>”23+1 i
€

s+1)”+1 25 + 1
(252 —s—1)’

TABLE 6.
n | v(z;t)
L (G2 + 22+t +1)e
2 | (o’ + st R+ g2+t 1) e
3 | (st + moit’ + gt + st H AP A1) e
4 (11 6112 1607(;9 + 215104(]t8 + 10%)801(:7 + 1115?20756 + %tﬁ + %1'4 + %t?’ + %tQ it 1> e’.

The closed form of the series 1+t 4 5;t% + 5% + 5;t* +- - - is e’ which gives an exact
solution of the problem v(z;t) = e**".

Ezxample 8.3. We take
g(x,t):<t2+2t+2)x2—4et, alt)=t*, 0<x<1, 0<t<T
and a=p=v=1,
d(r)=2? 0O<z<l,
U(r)=2®, 0<w<l,
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1
n(t) :§et, 0<t<T,

1
m(t) :Zet, 0<t<T.

We obtain
1 5,2 4 3.2 3 2
Vo(z,s) = — RS (—3 x° 428" —s7x” + 2s —|—2x),
. 1
Vi(z,s) :235(5?;2)2 (34 + 5% 4+ 252 4+ 25 + 2) ,
§° + 53 —
Vo(z,s) =0, n>2,
i=1 72
V(x;s) :ZVi(x, s) = ,
o s—1

s—1

2
v(x;t) =<1 { ’ } = 2%¢’,

which gives an exact solution of the problem v(z;t) = x2¢’.

FExample 8.4. We take

g(m,t):—éx2<t3$2+3t2x2+72t—|—144>,a(t):t, O<z<l, 0<t<T
anda=p=1, v=0,

d(r)=2", O0<az<l,

U (z) =2t O0<uz<l,

1 1
n(t)=ct+z, 0<t<T,
1 1
m(t) =g+, 0<t<T
—strt + 125322 + 125222 + 24
Vole,s) = —8% 4 st — §% + 52 ’
12
Vi(z,s) =— m (s+1)° (—33172 + 522 + 257 — s2% + :Jc2> :
2
Va(z, 5) :(548—1)3 (s +1)° (245° + 245" — 245 — 24)

Vo(z,s) =0, forall n > 3,
1=2 1

V(z,s) :ZV; = 8—2:174 (s+1),
i=0

v(a;t) =21 {81251 (s + 1)} =zt (t+1),

which gives an exact solution of the problem v(xz;t) = % (t + 1).



LAPLACE TRANSFORM AND HOMOTOPY PERTURBATION METHODS... 271

REFERENCES

[1] M. Abramowitz and I. A. Stegun, Handbook of Mathematical Functions, Dover,
New York, 1972.

[2] S. Abbasbandy, Numerical solutions of the integral equations: homotopy perturba-
tion method and Adomian’s decomposition method, Appl. Math. Comput. 173(2-3)
(2006), 493-500.

3] G. A. Afrouzi, D. D. Ganji, H. Hosseinzadeh and R. A. Talarposhti, Fourth order
Volterra integro-differential equations using modied homotopy-perturbation method,
Turkish Journal of Mathematics and Computer Science 3(2) (2011), 179-191.

[4] A. Bouziani and A. Merad, The Laplace transform method for one-dimensional
hyperbolic equationwith purely integral conditions, Rom. J. Math. Comput. Sci.
3(2) (2013), 191-204.

[5] A. Bouziani and R. Mechri, The Rothe method to a parabolic integro-differential
equation with a nonclassical boundary conditions, Int. J. Stoch. Anal. (2010),
Article ID 519684, 16 pages, DOI: 10.1155/519684/(2010)

6] A. Bouziani and M. S. Temsi, On a pseudohyperbolic equation with nonlocal
boundary condition, Kobe J. Math. 21 (2004), 15-31.

[7] D. D. Ganji, G. A. Afrouzi, H. Hosseinzadeh and R. A. Talarposhti, Application
of Hmotopy perturbation method to the second kind of nonlinear integral equations,
Phys. Lett. A 371(1-2) (2007), 20-25.

[8] D. D. Ganji and A. Sadighi, Application of He’s homotopy-perturbation method
to nonlinear coupled systems of reaction-diffusion equations, Int. J. Nonlinear Sci.
Numer. Simul. 7(4) (2006), 411-418.

[9] D. D. Ganji and A. Rajabi, Assessment of homotopy-perturbation and perturbation
methods in heat radiation equations, International Communications in Heat and
Mass Transfer 33 (2006), 391-400.

[10] D. D. Ganji and M. Rafei, Solitary wave solutions for a generalized Hirota-Satsuma
coupled KdV equation by homotopy perturbation method, Phys. Lett. A 356 (2006),
131-137.

[11] D. P. Graver, Observing stochastic processes and aproximate transform inversion,
Oper. Res. 14 (1966), 444-459.

[12] J. H. He, Homotopy perturbation technique, Comput. Methods Appl. Mech. Engrg.
178 (1999), 257-262.

[13] J. H. He, New interpretation of homotopy perturbation method, Internat. J. Modern
Phys. B 20 (2006), 2561-2568.

[14] J. H. He, A coupling method of homotopy technique and perturbation technique for
nonlinear problems, International Journal of Non-Linear Mechanics 35(1) (2000),
37-43.

[15] J. H. He, Limit cycle and bifurcation of nonlinear problems, Chaos Solitons Fractals
26 (2005), 827-833.

[16) J. H. He, Homotopy perturbation method for bifurcation of nonlinear problems,
Int. J. Nonlinear Sci. Numer. Simul. 6(2) (2005), 207-208.

(17) J. H. He, Application of homotopy perturbation method to nonlinear wave equa-
tions, Chaos Solitons Fractals 26 (2005), 695-700.

[18] M. Madani, M. Fathizadeh, Y. Khan and A. Yildrim, On coupling the homotpy per-
turbation method ans Laplace transformation, Math. Comput. Modelling 53(2011)
(1970), 1937-1945.



272 A. NECIB AND A. MERAD

[19] H. Hassanzadeh and M. Pooladi-Darvish, Comparision of different numerical
Laplace inversion methods for engineering applications, Appl. Math. Comput.
189 (2007), 1966-1981.

[20] A. Merad and A. Bouziani, Laplace transform technique for pseudoparabolic equa-
tion with nonlocal conditiond, Transylvanian Journal of Mathematics and Mechan-
ics 5(1) (2013), 59-64.

[21] A. Merad and A. Bouziani, A method of solution of integro-differential parabolic
equation with purely integral conditions, in: Advances in Applied Mathematics and
Approzimation Theory, Springer Proceeding in Mathematics and Statistics 41,
New York, 2013.

[22] A. Merad and A. Bouziani, Solvability the telegraph equation with purely integral
conditions, TWMS J. Appl. Eng. Math. 3(2) (2013), 117-125.

[23] M. El-Shahed, Application of He’s homotopy perturbation method to Volterra
integrodifferential equation, Int. J. Nonlinear Sci. Numer. Simul. 6(2) (2005), 163—
168.

[24] A. D. Shruti, Numerical solution for nonlocal Sobolev-type differential equations,
Electron. J. Differential Equations 19 (2010), 75-83.

[25] Z. Suying, Z. Minzhen, D. Zichen and L. Wencheng, Solution of nonlinear dynamic
differential equations based on numerical Laplace transform inversion, Appl. Math.
Comput. 189 (2007), 79-86.

[26] H. Stehfest, Numerical inversion of the Laplace transform, Communications of

the ACM 13 (1970), 47-49.

!DEPARTMENT OF MATHEMATICS AND INFORMATICS,
LARBI BEN M’HIDI UNIVERSITY,

OumMm EL BouacH 04000, ALGERIA

Email address: abdelhalimnecib@yahoo.fr

Email address: merad_ahcene@yahoo.fr



KRAGUJEVAC JOURNAL OF MATHEMATICS
VOLUME 44(2) (2020), PAGES 273-286.

SOME MATRIX AND COMPACT OPERATORS OF THE
ABSOLUTE FIBONACCI SERIES SPACES

FADIME GOKCE! AND MEHMET ALI SARIGOL!

ABSTRACT. In the present paper, we introduce the absolute Fibonacci space |F,|,,
give some inclusion relations and investigate topological and algebraic structure
such as BK-space, a-, 8-, v- duals and Schauder basis. Further, we characterize
certain matrix and compact operators on these spaces, also determine their norms
and Hausdroff meausures of noncompactness.

1. INTRODUCTION

Let w be the set of all sequences of complex numbers. We write ¢, (., cs, bs and
lr, k > 1, for the sequence space of all convergent, bounded sequences; for the spaces
of all convergent, bounded, k-absolutely convergent series, respectively. Let X and
Y be two subspaces of w and A = (a,,) be an arbitrary infinite matrix of complex
numbers. If the series

An('r) = Z Apyly,
v=0

converges for all n € N = {0,1,2,...}, then, by A(zx) = (A,(x)), we denote the A-
transform of the sequence = = (z,). Also, we say that A defines a matrix transforma-
tion from X into Y, and denote it by A€ (X, Y)or A: X - Y if Az = (A,(z)) €Y
for every x € X. The a-, -, v- duals of X and the domain of the matrix A in X are
defined by

X*={ecw: (eyz,) € lforallz e X},

XP={ecw: (er,) €Ecsforallz € X},

X"={e€cw: (ex,) €bsforallz € X}

Key words and phrases. Absolute summability, Fibonacci numbers, matrix transformations, se-
quence spaces, bounded operators, Hausdroff meausures of noncompactness.

2010 Mathematics Subject Classification. Primary: 40C05, 11B39, 40D25, 40F05, 46A45.

DOI 10.46793/KgJMat2002.273G

Received: December 21, 2017.

Accepted: April 09, 2018.

273



274 F. GOKCE AND M. A. SARIGOL

and
(1.1) Xa={r=(2,) ew: Alx) € X},

respectively. Further, X is said to be a BK-space if it is a complete normed space
with continuous coordinates p, : X — C defined by p,(z) = z, for all n € N. If there
exists unique sequence of coefficients (xy) such that, for each x € X,

m
Tr — Z .’Ekbk
k=0

then, the sequence (by) is called the Schauder basis (or briefly basis) for a normed
sequence space X, and in this case we write x = > 7°  zxby. For instance, the sequence
(e1)) is the Schauder basis of the space £;, where el) is the sequence whose only non-
zero term is 1 in jth place for each j € N.

Now take > x, as an infinite series with nth partial sum s, and let (u,) be a
sequence of positive terms. Then, the series Yz, is said to be summable |A, u,]|,,
k> 1, if (see [32])

0, m — oo,

[e.e]

Z AA,(s)]F < oo,

where AA, (s) = A,(s) — An_l(s), A_(s) = 0.
Note that this method includes some well known methods. For example, if A is
the matrix of weighted mean (N,pn> (resp. u, = P,/pn), then it reduces to the

summability ‘N s Dns un‘k [36] (the summability ’N : pn’k [10]). Also if we take A as the
matrix of Cesaro mean of order o > —1 and u,, = n, then we get summability |C, o],
in Flett’s notation [11].

A large literature has recently grown up, concerned with producing sequence spaces
by means of matrix domain of a special limitation method and studying their algebraic,
topological structure and matrix transformations (see [1-7,15-18,25]). Also, some
series spaces have been derived and studied by absolute summability methods from a
different point of view (see [9-14,23-26,28-34,36]). The aim of this paper is to define
the space |F),|, combining absolute summability and Fibonacci matrix given by Kara
[15], investigate some inclusion relation, construct their a-, -, v- duals, basis and
characterize some matrix operators related to that space, and also determine their
norms and Hausdroff measures of noncompactness.

Firstly, we mention some properties of Fibonacci numbers as follows: the sequence
(fn) of Fibonacci numbers is given by the relations

f():fl:l andfn:fn—1+fn—2 for n > 2

that is, each term is equal to the sum of the previous two terms. The sequences of
Fibonacci numbers have been important for artist, architects, physicists and mathe-
maticians since the old. The ratio of Fibonacci numbers converges to the golden ratio
which is one of the most interesting irrationals having an important role in number
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theory, algorithms, network theory, etc. Also, Fibonacci numbers have the following
properties [19]:

1
—— converges,
27,

feit fafoa = fR= (1" n>1,
T for1 1+ V5
111 =

n—00 fn

Fibonacci matrix F' = (f,,) has recently been defined by Kara [15] as follows:

= 1.61803398875....

—?n—i—l’ U:n_l’
~ n
Frw = ffn, v =n,
n+1
0, v>nor 0<v<n-—1,

where f, be the nth Fibonacci number for every n € N. Note that if we take the
Fibonacci matrix instead of A, then |A,u,|, summability reduces to the absolute
Fibonacci summability. On the other hand, since (s,) is a sequence of partial sum of
the series Y x,,, we get

n n n n—1
An(S) = Z fm}sv = Z-Tj Z fm; = mnfnn + Z(fnn + fn,nfl)xj
v=0 =0 wv=j J=0

and so,

fn (_1)71 fn+1> 2 nfn—l + fn+1
AA,(s) =z, . _ _qypdnmt e
(S> ! fn—H T (fnfn-‘rl fn * ]go( 1> fn—lfnfn+1 xj

n
= Z Onjdy,
Jj=0
where

Jn

Jrs1
CD fu
Onj = fnfn-H fn ’

n— + n+1 .
(), 0<j<n-2,
fn—lfnfn—l—l

0, J>n.
Now, we introduce the absolute Fibonacci space as follows:

n k
Z Onjxs

J=0

Jj=mn,

j:n_17

oo
F, = r€w: > ul! < 00

n=0

Also, it may be written that
(1.2) (E® o T)y(2) = /™ (T(x) = Toa (1)),
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where
Jn v=n
fn+17 )
_ 2 _ g2
tm}* fn n+17 OSUSn—l,
fnfn+1
0, v >n,
u711/k:*’ v=mn,
egfj}) = —ul/F v =n—1,
0, v#En,n-—1,

and k* is the conjugate of k, i.e., 1/k+ 1/k* =1 for k > 1, and 1/k* = 0 for k = 1.
With these matrices T = (t,,) and E® = (e/*)) according to the notation (1.1), it
is obvious that |F,|, = ({x) gwop. Further, since every triangle matrix has a unique
inverse which also is a triangle [37], T and E® have a unique inverse T' = (f,,) and

E®) = (é,,) given by

fn+1 V=N
fn Y Y
;o 2 g2
(13) tny = n+1 n7 0<v<n-1,
fva-H
0, v >n,
—1/k* 0< <
k) ) Uy , <wv<n,
(1.4) Ep { 0 v >,

respectively.
Before the main theorems, we point out some well known lemmas which are needed
in the proofs of theorems.

Lemma 1.1 ([35]). Let 1 <k < co. Then, A € (U, ) if and only if

N ey 1k
Al gy, :]SVUP{Z > } ,

€ v=0 In=0
where § denotes the collection of all finite subsets of N.

Lemma 1.1 exposes a rather difficult condition to apply in applications. So the
following lemma is more useful in many cases, which gives equivalent norm.

Lemma 1.2 ([29]). Let 1 < k < co. Then, A € (y,¥) if and only if

. o ) 1/E*
HAH(Z;C,K) = {Z (Z ’anv|> } < 0.

v=0 \n=0
Moreover, since
1Al g0y < Al e ey < 411 All g, 0 5

there exists 1 < & < 4 such that HAH/(&C,E) =& 1Al g, 00-
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Lemma 1.3 ([20]). Let 1 <k < oo. Then, A € (¢,4y) if and only if

1
o) &
k
Al =sup{z auo] } |
v n=0

Lemma 1.4 ([35]).

(a) Ae (lc) < (1) lim ar, exists for v =0, (73) sup |an,| < oo;

(b) A € (€,0s) & (ii) holds; "

(c) If 1 <k < oo, then, A € (U, c) < (i) holds, (iii) sup f | [F7 < 00;
(A) If 1 < k < o0, then, A € (04, £.0) <> (idi) holds.

2. THE HAUSDORFF MEASURE OF NONCOMPACTNESS

If S and H are subsets of a metric space (X, d) and, for every h € H, there exists
an s € S such that d(h,s) < e then, S is called an e-net of H; if S is finite, then the
e-net S of H is called a finite e-net of H. Let X and Y be Banach spaces. A linear
operator L : X — Y is called compact if its domain is all of X and, for every bounded
sequence (z,) in X, the sequence (L(z,)) has a convergent subsequence in Y. We
denote the class of such operators by C(X,Y). If @ is a bounded subset of the metric
space X, then the Hausdorff measure of noncompactness of () is defined by

X (Q) =inf{e>0:Q has a finite ¢ — net in X},

and y is called the Hausdorff measure of noncompactness.
The following lemma is very important to calculate the Hausdorff measure of
noncompactness of a bounded subset of the space /.

Lemma 2.1 ([27]). Let Q) be a bounded subset of the normed space X where X = {}
for 1 <k <ooorX =c¢. If P, : X — X is the operator defined by P,(z) =
(o, T1, ..., 2y, 0,0,...) for all x € X, then

v (Q) = lim (225 11— Py <x>||) .

T—00

Let X and Y be Banach space and x; and y, be Hausdorff measures on X and Y,
the linear operator L : X — Y is said to be (x1, x2)- bounded if L(Q) is a bounded
subset of Y and there exists a positive constant M such that y2 (L(Q)) < Mx1 (L(Q))
for every bounded subset @ of X. If an operator L is (1, x2)- bounded, then the
number

||L||(X17X2) =inf{M > 0: x2 (L(Q)) < Mx; (L(Q)) for all bounded set @ C X}

is called the (x1, x2)-measure noncompactness of L. In particular, if y; = x2 = x
then we write || Ll ., = [ILI], -
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Lemma 2.2 ([22]). Let X and Y be Banach spaces and L € B(X,Y). Also S, =
{r € X : ||z|| < 1} be the unit sphere in X. Then,

IL1l, = x (L (Sz))
and

Le€X,Y) & |L], =0.

Lemma 2.3 ([21]). Let X be a normed sequence space, T = (t,,) be an infinite triangle
matriz, X7 and x denote the Hausdroff measures of noncompactness on My, and My,
the collections of all bounded sets in Xy and X, respectively. Then, xr(Q) = x(T(Q))
for all Q € Mx,.

3. ABSOLUTE FIBONACCI SPACE |F,|,

In this section, we investigate some inclusion relations, topological and algebraic
structures of the space |F,|,. Also we characterize some classes of compact matrix
operators on that space and compute their norms and Hausdroff measure of noncom-
pactness.

Firstly, since |F,|, is generated from ¢, to explain a relation between the spaces
(r and |F,|,, we begin with the following theorem.

Theorem 3.1. Let u = (uy,) € {s and 1 < k < co. Then, {; C |F,|,.
Proof. To prove the inclusion ¢, C |F,|,, it is sufficient to show that
1]z, < O [l2lly, ,

for all z € £;,. The proof is clear for the case k = 1, and so it is omitted. Let k > 1.
Then, since the series > fi is convergent and (fi) is decreasing sequence, it follows
n n n

from Abel’'s Theorem, 7 — 0 as n — oo, i |ony| = O(1) and io: |onu| = O(1). Now
" v=0 n=v
applying Holder’s inequality, we get
k}l/k

- k
-1
||$|||Fu|k = Z Up,
n=0
< {Z uﬁ_l Z |Unv| |$v|k (Z |0nv|> }
n=0 v=0

v=0

n
2:(ﬂwmv
v=0

SUIIETDS ram\}w

=0

[e.9]

1/k
o {Sfal} = ow e,

v=0

which completes the proof. 0J
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Theorem 3.2. Let 1 < k < g < oco. If there is a constant M > 0 such that u, < M
for-alln €N, then [F.[, C|F,],-

Proof. Take x € |F,|,. Since ¢, C {,, then (uq’{ ;L:O anjxj> € {, and also, since
u, < M for all n € N,

n q

1 n

qT 1/k*

Un Zamx] un/ Zanjxj
=0

where k* and ¢* are the conJugate of exponent of k and ¢, respectively. So this gives
that = € |Fu|q, which completes the proof. O

e p—
k: q* S

Y

Theorem 3.3. Let 1 < k < oco. Then, |F,|, is BK-space with respect to the norm
_ (k)
ey, = |B® o ()],

Also, the sequence b9 = (b)) is a Schauder basis for the space |F,|,, where

* «n—1 2

. ’ fn r=j frfr—l-l ’
bg) = —1/k* fo ;
Un —0, J=n
In
0, j>n.

Proof. We note that ¢}, is a BK-space for 1 < k < oo. Further, since E*) o T is
a triangle matrix, it follows from Theorem 4.3.2 of [37], |F,|, = (¢x) gwor is & BK-
space. Since the sequence (e7)) is the Schauder basis of the space /, it can be written
from Theorem 2.3 in [14] that b9 = (T,,(E® (e1)))) is a Schauder basis of the space

Theorem 3.4. Let 1 < k < oo. Then, the space |F,|, is isomorphic to the space
that is, |Fy|, = .

Proof. To prove the theorem, we should show that there exists a linear bijection
between the spaces |F,|, and ¢, where 1 < k < co. Let consider the transformations
T |Ful, = (0) g E® 2 (6) poy — Ck given in (1.3) and (1.4). Since the matrices
corresponding these transformations are triangles, it can be easily seen that T" and
E®) are linear bijections. So, the composite function E*) o T is a linear bijective
operator. Furthermore,

I#ll, = [E® o 7).

i.e., it preserves the norm. So the proof is completed. 0

In the following theorems, for the simplicity of presentation we take

fv—H 2 = 1
(et

j=r
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and define
Z &€,y exists for all r}

v=r+1

e
or=ecuiap (5
oo
e

m L1 fen O :
_ f +1 + Z f +1 + Z fvrev < ooy,
r=0 7T fr v=r+1
fm+1 fr+1 ) }
= :8up | [€m + fw% )
m,r ( fm fr v;—l

fr+1

3 (3 temal + e
r=0 T \v=r+l
D5 = {6 € w:sup ( Z |§U7’€v| +

r v=r+1

).
f;?)@o}'

Theorem 3.5. Let 1 < k < 0o and u = (u,) be a sequence of positive numbers. Then,
(i) {|FU|}a = Ds, {|Fu|k;}a = Dy;
(ii) {|FU|}5 = D1 N Ds, {|FU|1¢}B = D1 N Dy;
(iif) {[Ful}" = Ds, {[Fuly}” = D2

Proof. (i) Let’s recall that e € {|F,|,}” if and only if ex = (e 2,) € ¢, for all z € |F,|,.
By (1.3) and (1.4), it can be seen immediately that

m v—1 .
Z €Ty =€0To + Z v (f}:l Yo + ( v+l fg) Z 7 )

€

j=0 fjfjJrl
m m f - v—1 1
— Zu;l/k* Z v+1 2z Z ( Z U+1 f2) Z ) ufl/k 2
r=0 f’” r=0 \v=r+1 j=r f]-f]+1
— ferl = — * fr+1 =
=U,, 1/k* €m Zm Z U, 1/k ( + Z 61}51}7”) Zr
fm r=0 f”’ v=r+1

:imMT@:TwﬂzﬂWm

where H = (hp,,) is defined by

fr v=r+1

hmr = —1/k* ferl —
u, VR e r=m

uﬂ’”( frov | 5 evfw>, 0<r<m-—1,

0, r > m.
Therefore, € € {|Fu|k}ﬁ if and only if H € (¢x,c). Applying Lemma 1.4 to the matrix
H, we get {|Fu|k}5 = D; N Dy, which completes the proof.
The proofs of other parts can similarly be proved, so we omit. O
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Theorem 3.6. Let 1 < k < 0o, A= (an,) be an infinite matriz of complex numbers
for each n,v € N and define the matriz B™ = (bg’fﬁ) by

fo+1 + Z anvgvra 0 S r S m — 17
r v=r+1
bggz - Lm“a r=m
fm nm )
0, r>m.

Further, let B = (by,) be a matriz given by by, = lim b and B= E® oToB. Then,
A e (|F,],|Fy,) if and only if

(3.1) Z EurQny exists for all r
v=r+1
(32) Sup{ Apm fm+1 + |a fT+1 + Z gvrafnv } o0,
m,r fm fr v=r41
> ~ |k
(3.3) sup y_ — ‘bnr < 00,
T n=0 Uy

If A e (|F,|,|Ful,), then A is a bounded linear operator,

||A||(\Fu| \Fuly) — HBHU,M

and )
%
[All, = lim {sup > ’ } .
n= v+1

Proof. A € (|F,|,|F.|,) if and only if (a,,)22, € {|F.]}’ and A(z) € |F,|, for all
z € |F,|. Now, it can be easily seen from Theorem 3.5, (a,,)2%, € {|F,|}” if and only
if (3.1) and (3.2) hold. On the other hand, if a matrix R = (r,) € ({,c), then the
series R, (z) = Y02 rnp®y converges uniformly in n, because, the remaining term of
the series tends to zero uniformly in n, since

o0
< sup |7 | Z |z, | >0, m — oc.
v =m

So we obtain

(3.4) lim R, Z lm 7,2,

v=0
Using (1.3), (1.4) and (3.4) it can be written that

m m o0
T T (n) _ 7
x) = hgln];)ankxk = h%n E;wazr = z%bsz.
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Besides, according to Theorem 3.4, since |F,|, = ¢ for 1 < k < oo, it follows that
A(z) € |F,|, for all x € |F,| if and only if B € (¢, |F,|,), or equivalently, since
|Ful = (k) gwyors B € ({,4;). Also, it is clear that the terms of matrix B can be
expressed as

2

bnr = 3 tm)l_)vr = bnr + sn_ently, bUT‘7
Z fn+1 Z fnfn+1

v=0 v=0
5nr _ul/k* (Bnr - bn—l,r) , N > 1 and bOr = BOT‘

Hence, applying Lemma 1.3 to the matrix B, we have (3.3), which completes the
first part of the proof.

Also, if A € (|F,|,|F.|,), then, since the spaces |F,|, and |F,| are BK-spaces, it
is a bounded operator. In order to determine the operator norm of A, consider the
isomorphisms T' : |Fy |, — (£x) pa Q) t () pay — Ly defined as in Theorem 3.4.
Then, it is easy to see that A= T o E® o Bo EM o T and so,

k) o B (1)
4] _gup Al _ |70 E® 0 Bo BV o T,
<|Fu‘ [ Ful ) 40 ”IH|Fu‘ x#0 |’x|||F1L|
E(z
=sup H HBH =EWo T'(z)).
20 HZHe wen'

Finally, assume that (Q is a unique ball in |F,|. Since E® oT o AQ = BoEWoTQ,
we get that

1Al = x(AQ) =x (E® 0 T 0 AQ) = x (B o EW 0 TQ)

i (- (5]

2eED(1(Q))

oo kY F
= lim < sup ‘bm,
V—00 r e v+1

This completes the proof. 0]

By Theorem 3.6 and Lemma 2.2, the compact operators in this class are character-
ized as follows.

Corollary 3.1. Under the hypothesis of Theorem 3.6

oo kY &
€ (|Ful,|Fuly) is compact if and only if Uli_}rrgo {sup ( ‘bm, ) } =0.

n= v+1

Theorem 3.7. Let 1 < k < oo, A = (an,) be an infinite matriz of complex numbers
for all n,v € N and B™ = (b)) be as in Theorem 3.6. Besides, define H = (hy,)
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by Ay = limy, uy V¥ 0 and H = EMW o To H. Then, A € (|F,|,,|F.|) if and only if

(3.5) Z Eorln, exist for all r,
v=r+1
1 f mol | fn *
3.6 sup§ — anmLﬂ + — rH Eorlny < 00,
( ) m {Um fm ,;) Uy f vzr—:‘rl

e.9] (o9} k*
(3.7) 3 (Z [ ) < oo.
r=0 \n=0
Moreover, if A € (|Fy,,,|Ful), then A is a bounded linear operator,
4 =

|Ful ool Ful) (%))

and

1 o0 00 _ E* ’%*
Jal, = g Jim A3 (5[] F
5 r=0 \n=v+1
where 1 < & < 4.

Proof. A € (|F,|,,|F.|) if and only if A, = (a4n,)2% € {|F.|,}” and A(z) € |F,|
where z € |F,|,. By Theorem 3.5, it can be easily seen that A, € {|Fu|k}ﬁ if and
only if (3.5) and (3.6) hold. Also, if any matrix R = (r,,) € (¢, c), then the series
R, (x) = Y02 rnpy converges uniformly in n. Because, the remaining term of the
series tends to zero uniformly in n, since

o NEm N
§<Z|ka> <Z|xv|k> — 0, m— o
v=m v=m

and so, it can be written that

(3.8) hm R, Z hm TrwLy-

Then, using (3.8), with a few calculations, we get

An(z) = hm Z ATl = hmZu l/k*b(”zzr = Z Py 2
k=0 =
Since |F,|, = ¢, for 1 < k < oo, by the Theorem 3.4, then, A(z) € |F,| for every
x € |F,|, if and only if H(2) € |F,|, i.e., H(z) = EW o T o H(2) € ¢ for every z € {y,
where z = @v’(k) o T'(x). This means that H € (g, ). Thus applying Lemma 1.2 to
the matrix H, we get (3.7). This completes the proof of first part.

Since |F,|, is BK-spaces for every k > 1, A is a bounded operator by Theorem
4.2.8 of [37].
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Additionally, as Theorem 3.4, it can be written that A = To EM o Ho E® o T
and so,

4] o MA@y [H o BO 0T,
(bl ) =y Moy, w0 [E® o T@)I,,
7@, =
—sup e |
o 2, [l

Finally, let @ = Sg,|. Since EMoToAQ = HoE® o TQ, it follows by Lemma
2.1, Lemma 2.3 and Lemma 1.2 that

1A]l, =x (AQ) = x (EW 0 T 0 AQ) = x (H 0 EW 0 TQ)

= lim sup (1= P)(H(2))

70 \2eB® (1(Q) b
L (m g m  A)E
=— lim Z ( Z B > ,
5 Vo r=0 \n=v+1 ‘
which completes the proof. 0

Also, the compact operators can immediately be characterized by Lemma 2.2 and
Theorem 3.7 as follows.

Corollary 3.2. Under the conditions of Theorem 3.7

1
1 ‘ 00 00 _ k*Y) &%
AcC(|F,,|F]) < gvlggo 3 ( 3 \hm) =0.

r=0 \n=v+1
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A NOTE ON ALMOST ANTI-PERIODIC FUNCTIONS IN
BANACH SPACES

M. KOSTIC' AND D. VELINOV?

ABSTRACT. The main aim of this note is to introduce the notion of an almost
anti-periodic function in Banach space. We prove some characterizations for this
class of functions, investigating also its relationship with the classes of anti-periodic
functions and almost periodic functions in Banach spaces.

1. INTRODUCTION AND PRELIMINARIES

As mentioned in the abstract, the main aim of this note is to introduce the notion
of an almost anti-periodic function in Banach space as well as to prove some character-
izations for this class of functions. Any anti-periodic function is almost anti-periodic,
and any almost anti-periodic function is almost periodic. Unfortunately, almost anti-
periodic functions do not have a linear vector structure with the usually considered
operations of pointwise addition of functions and multiplication with scalars. The
main result of paper is Theorem 2.3, in which we completely profile the closure of
linear span of almost anti-periodic functions in the space of almost periodic functions.
We also prove some other statements regarding almost anti-periodic functions, and
introduce the concepts of Stepanov almost anti-periodic functions, asymptotically
almost anti-periodic functions and Stepanov asymptotically almost anti-periodic func-
tions. We investigate the almost anti-periodic properties of convolution products,
providing also a few elementary examples and applications.

Let (X,]| - ||) be a complex Banach space. By C,([0,00) : X) we denote the
space consisting of all bounded continuous functions from [0, c0) into X, the symbol
Co([0,00) : X) denotes the closed subspace of Cy([0,00) : X) consisting of functions

Key words and phrases. Almost anti-periodic functions, almost periodic functions, anti-periodic
functions, Bohr transform, Banach spaces.
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vanishing at infinity. By BUC(]0,00) : X) we denote the space consisted of all
bounded uniformly continuous functions from [0, c0) to X. This space becomes one
of Banach’s endowed with the sup-norm.

The concept of almost periodicity was introduced by Danish mathematician H.
Bohr around 1924-1926 and later generalized by many other authors (cf. [6-9] and
[16] for more details on the subject). Let I =R or I = [0,00), and let f: I — X be
continuous. Given € > 0, we call 7 > 0 an e-period for f(-) if and only if

[fE+7)—fOl <e tel

The set constituted of all e-periods for f(-) is denoted by J(f,€). It is said that f(-) is
almost periodic, a.p. for short, if and only if for each € > 0 the set J(f,¢€) is relatively
dense in [, which means that there exists [ > 0 such that any subinterval of I of
length [ meets J(f,€).

The space consisted of all almost periodic functions from the interval I into X
will be denoted by AP(I : X). Equipped with the sup-norm, AP(I : X) becomes a
Banach space.

For the sequel, we need some preliminary results appearing already in the pioneering
paper [2] by H. Bart and S. Goldberg, who introduced the notion of an almost periodic
strongly continuous semigroup there (see [1] for more details on the subject). The
translation semigroup (W (t));>0 on AP([0,00) : X), given by [W () f](s) := f(t + s),
t>0,s>0,f¢e AP([0,00) : X) is consisted solely of surjective isometries W (t)
(t > 0) and can be extended to a Cy-group (W (t))er of isometries on AP([0, 00) : X),
where W (—t) := W (t)~! for t > 0. Furthermore, the mapping F : AP([0,00) : X) —
AP(R : X), defined by

[Ef](E) = W () [)0), teR, feAP([0,00):X),

is a linear surjective isometry and FE f is the unique continuous almost periodic ex-
tension of a function f(-) from AP([0,00) : X) to the whole real line. We have that
[E(Bf)] = B(Ef) forall Be L(X) and f € AP([0,00) : X).

The most intriguing properties of almost periodic vector-valued functions are col-
lected in the following two theorems (in the case that I = R, these assertions are
well-known in the existing literature; in the case that I = [0,00), then these asser-
tions can be deduced by using their validity in the case I = R and the properties of
extension mapping F(-); see [14] for more details).

Theorem 1.1. Let f € AP(I : X). Then the following holds:

(i) fe BUC(I : X);
(i) ifg e AP(I : X), he AP(I:C), o, p € C, thenaf+Pg and hf € AP(I : X);
(iii) Bohr’s transform of f(-),

P.(f):= lim ! te_"sf(s) ds,

t—oo t Jo
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exists for allr € R and

: 1 i —irs
Py = Jim g [ e (s s
foralla eI, reR;
(iv) if B.(f) =0 for allr € R, then f(t) =0 for allt € I;
(v) a(f) :={r e R: P.(f) # 0} is at most countable;
(vi) if co € X, which means that X does not contain an isomorphic copy of co,
I =R and g(t) = [fj f(s)ds (t € R) is bounded, then g € AP(R: X);
(vii) if (gn)nen is a sequence in AP(I : X) and (gn)nen converges uniformly to g,
then g € AP(I : X);
(viii) if I =R and f' € BUC(R : X), then f' € AP(R: X);
(ix) (spectral synthesis) f € Span{e*x : u € o(f), x € R(f)};
)
)

(x) R(f) is relatively compact in X;
(xi) we have

[fllee = sup[lf (), o€ 1.
t>1o

Theorem 1.2 (Bochner’s criterion). Let f € BUC(R : X). Then f(-) is almost peri-
odic if and only if for any sequence (b,) of numbers from R there exists a subsequence
(an) of (bn) such that (f(- + a,)) converges in BUC(R : X).

Theorem 1.2 has served S. Bochner to introduce the notion of an almost automorphic
function, which slightly generalize the notion of an almost periodic function [4]. For
more details about almost periodic and almost automorphic solutions of abstract
Volterra integro-differential equations, we refer the reader to the monographs by T
Diagana [6], G. M. N’Guérékata [9], M. Kosti¢ [14] and M. Levitan, V. V. Zhikov [16].

By either AP(A : X) or APy(I : X), where A is a non-empty subset of I, we denote
the vector subspace of AP(/ : X) consisting of all functions f € AP(I : X) for which
the inclusion o(f) C A holds good. It can be easily seen that AP(A : X) is a closed
subspace of AP(I : X) and therefore Banach space itself.

2. ALMOST ANTI-PERIODIC FUNCTIONS

Assume that I =R or I = [0,00), as well as that f : I — X is continuous. Given
e > 0, we call 7 > 0 an e-antiperiod for f(-) if and only if

(2.1) lfE+7)+fO <e, tel

In what follows, by ¥,,(f, €) we denote the set of all e-antiperiods for f(-).
We introduce the notion of an almost anti-periodic function as follows.

Definition 2.1. It is said that f(-) is almost anti-periodic if and only if for each € > 0
the set U,,(f, €) is relatively dense in I.
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Suppose that 7 > 0 is an e-antiperiod for f(-). Applying (2.1) twice, we get that

[f(t+2r) = fOI =fE+27m)+ fE+7)] = [ft+7)+ fFO]l
<|[f+2r)+ fE+n)+ | fE+7)+ fO)] <2, tel

Taking this inequality in account, we obtain almost immediately from elementary
definitions that f(-) needs to be almost periodic. Further on, assume that f: I — X
is anti-periodic, i.e, there exists w > 0 such that f(t + w) = —f(t), t € I. Then
we obtain inductively that f(t + (2k + 1)w) = —f(t), k € Z, t € I. Since the set
{(2k + 1w : k € Z} is relatively dense in I, the above implies that f(-) is almost
anti-periodic. Therefore, we have proved the following theorem.

Theorem 2.1. (i) Assume f : I — X is almost anti-periodic. Then f : 1 — X
s almost periodic.
(ii) Assume f: I — X is anti-periodic. Then f: 1 — X is almost anti-periodic.

It is well known that any anti-periodic function f : I — X is periodic since, with
the notation used above, we have that f(t + 2kw) = f(t), k € Z\ {0}, t € I. But,
the constant non-zero function is a simple example of a periodic function (therefore,
almost periodic function) that is neither anti-periodic nor almost anti-periodic.

Ezample 2.1. (i) Consider the function f(t) := sin(nt) +sin(mty/2), t € R. This is
an example of an almost anti-periodic function that is not a periodic function.
This can be verified as it has been done by A. S. Besicovitch [3, Introduction,
p. ix].
(ii) The function g(t) := f(¢t) + 5, t € R, where f(-) is defined as above, is almost
periodic, not almost anti-periodic and not periodic.

We continue by noting the following simple facts. Let f : I — X be continuous,
and let ¢ > € > 0. Then the following holds true.
(1) Vap(f,€) C Vap(f,€).
(ii) If I =R and (2.1) holds with some 7 > 0, then (2.1) holds with —7.
(ili) If I =R and 71,75 € ¥gp(f, €), then 7 £ 75 € I(f, €).
Furthermore, the argumentation contained in the proofs of structural results of [3,
pp. 3-4] shows that the following holds.

Theorem 2.2. Let f: I — X be almost anti-periodic. Then we have the following.
(i) c¢f(+) is almost anti-periodic for any c € C.
(ii) If X = C and inf,cg |f(x)| =m > 0, then 1/f(+) is almost anti-periodic.
(iii) If (gn : I — X)nen is a sequence of almost anti-periodic functions and (g,)nen
converges uniformly to a function g : I — X, then g(-) is almost anti-periodic.

Concerning products and sums of almost anti-periodic functions, the situation
is much more complicated than for the usually examined class of almost periodic
functions.
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Example 2.2. (i) The product of two scalar almost anti-periodic functions need not
be almost anti-periodic. To see this, consider the functions f;(t) = fa(t) = cost,
t € R, which are clearly (almost) anti-periodic. Then fi(t)- f2(t) = cos®*t, t € R,
cos?(t + 7) + cos? t > cos’t, 7, t € R, and therefore Uy, (f1 - fa,€) = 0 for any
e€ (0,1).
(ii) The sum of two scalar almost anti-periodic functions need not be almost anti-
periodic, so that the almost anti-periodic functions do not form a vector space.
To see this, consider the functions fi(t) = 271 cos 4t and fo(t) = 2cos2t, t € R,
which are clearly (almost) anti-periodic. Then

fi(t) + fot) = 4cos* t — 2, teR.

Asssume that f; + f5 is almost anti-periodic. Then the above identity implies
that the function t — Scos*t — 3, t € R, is almost anti-periodic, as well. This,
in particular, yields that for any € € (0,1) we can find 7 € R such that

‘86084@4—7') +8cos4t—6‘ <e teR.

Plugging t = 7, we get that 8cos* T + 2 < ¢, which is a contradiction. Finally,
we would like to point out that there exists a large number of much simpler
examples which can be used for verification of the statement clarified in this
part; for example, the interested reader can easily check that the function
t +— cost 4+ cos2t, t € R, is not almost anti-periodic.

Assume that f : I — X is almost anti-periodic. Then it can be easily seen that
f(-+a) and f(b-) are likewise almost anti-periodic, where a € I and b € I\ {0}.

Denote now by ANPy(I : X) the linear span of almost anti-periodic functions
I — X. By Theorem 2.1(i), ANPy(I : X) is a linear subspace of AP(I : X). Let

ANP(I : X) be the linear closure of ANFy(I : X) in AP(I : X). Then, clearly,
ANP(I : X) is a Banach space. Furthermore, we have the following result.

Theorem 2.3. ANP(I : X) = APrp\j03({ : X).

Proof. Since the mapping E : AP([0,00) : X) — AP(R : X) is a linear surjective
isometry, it suffices to consider the case in which I = R. Assume first that f €
APp\(0y(I : X). By spectral synthesis (see Theorem 1.1(ix)), we have that

f € Span{ez: pea(f), x€R(f)}
where the closure is taken in the space AP(R : X). Since o(f) C R\ {0} and the
function ¢ — e t € R, p € R\ {0} is anti-periodic, we have that Span{e"*z : u €
o(f), € R(f)} CANPy(R: X). Hence, f € ANP(R : X). The converse statement

immediately follows if we prove that, for any fixed function f € ANP(R : X), we
have that Py(f) =0, i.e.,

(2.2) lim E tf(s) ds = 0.

t—oo t Jo



292 M. KOSTIC AND D. VELINOV

By almost periodicity of f(-), the limit in (2.2) exists. Hence, it is enough to show
that for any given number € > 0 we can find a sequence (wy,),en of positive reals such
that lim,, . w, = 0o and

(2.3) HQj)n/onn f(s)ds

By definition of almost anti-periodicity, we have the existence of a number [ > 0 such
that any interval I,, = [nl, (n + 1){] (n € N) contains a number w,, that is anti-period
for f(-). The validity of (2.3) is a consequence of the following computation:

/Oan f(s)ds

€
<< neN
=5 n

2wn,

/Ow" Fs)ds+ [ f(s)ds

Wn

[ 1 + s+ ) as

< [T+ fls +wn)| ds S wn, mEN,
0

finishing the proof of theorem. 0
Let f € AP(I : X) and 0 # A C R. Since

o(f) € A if and only if P,(f) =0, r € R\A if and only if Py(e ™ f(-)) =0, r € R\A,

we have the following corollary of Theorem 2.3 (see also [1, Corollary 4.5.9]).

Corollary 2.1. Let f € AP(I : X) and ) # A C R. Then f € AP\({ : X) if and
only if e=" f(-) € ANP(I : X) for allr € R\ A.

Further on, Theorem 2.3 combined with the obvious equality o(Ef) = o(f) imme-
diately implies that the unique ANP extension of a function f € ANP([0,00) : X) to
the whole real axis is E'f(-). As the next proposition shows, this also holds for almost
anti-periodic functions.

Proposition 2.1. Suppose that f : [0,00) — X is almost anti-periodic. Then Ef :
R — X is a unique almost anti-periodic extension of f(-) to the whole real axis.

Proof. The uniqueness of an almost anti-periodic extension of f(-) follows from the
uniqueness of an almost periodic extension of f(-). It remains to be proved that
Ef:R — X is almost anti-periodic. To see this, let € > 0 be given. Then there exists
[ > 0 such that any interval I C [0, 00) of length [ contains a number 7 € I such that
I1f(s+7)+ f(s)]]| <€ s>0. We only need to prove that any interval I C R of length
2l contains a number 7 € I such that

IEA®E+7) + [EfO = [WE+7)f + W) <€ teR.

If I C[0,00), then the situation is completely clear. Suppose now that I C (—o0,0].
Then —I C [0,00) and there exists a number —7 € —I such that

sup||f(s =)+ fs)ll < e
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Then the conclusion follows from the computation

Wt +7)f +W(E)FIO) < W (t+7)f 4+ W(t)fll oo (10,000
< WAt 4 7) Lz (0,00 W (=7) f + [l 222 (0,00))
= sup [f(s=1)+ f(s)| <e teR

Finally, if I = I U Iy, where I, = [a,0] (a < 0) and I, = [0,b] (b > 0), then |a| > [ or
b > [. In the case that |a| > [, then the conclusion follows similarly as in the previously
considered case. If b > [, then the conclusion follows from the computation

IW(t+7)f+WE) IO < W (t+7)f +W(E) fll o (0.00))
< W ()| oo 0,00 [W(T) f + Fll Lo ((0,00))
=swllf(s+7)+ fls) < LER,

where 7 € [, is an e-antiperiod of f(-). O

For various generalizations of almost periodic functions, we refer the reader to [14].
In the following definition, we introduce the notion of a Stepanov almost anti-periodic
function.

Definition 2.2. Let 1 < p < oo, and let f € L} (I : X). Then we say that f(-) is
Stepanov p-almost anti-periodic function, SP-almost anti-periodic shortly, if and only

if the function f: 1 — L?([0,1] : X), defined by
ft)(s) = flt+s), tel se(01],
is almost anti-periodic.

It can be easily seen that any almost anti-periodic function needs to be SP-almost
anti-periodic, as well as that any SP-almost anti-periodic function has to be SP-almost
periodic, 1 < p < o0.

3. ALMOST ANTI-PERIODIC PROPERTIES OF CONVOLUTION PRODUCTS

Since almost anti-periodic functions do not form a vector space, we will focus our
attention here to the almost anti-periodic properties of finite and infinite convolution
product, which is undoubtedly a safe and sound way for providing certain applications
to abstract PDEs.

Proposition 3.1. Suppose that 1 < p < oo, 1/p+1/qg=1 and (R(t))i~0 C L(X) is
a strongly continuous operator family satisfying that M = 332 | R(-)|| zafers1] < 00.
If g : R — X is SP-almost anti-periodic, then the function G(-), given by

t

(3.1) G@y:/ R(t — s)g(s)ds, teR,

—0o0

is well-defined and almost anti-periodic.
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Proof. It can be easily seen that, for every ¢ € R, we have G(t) = [5° R(s)g(t — s) ds.
Since ¢(-) is SP-almost periodic, we can apply [15, Proposition 2.11] in order to see
that G(-) is well-defined and almost periodic. It remains to be proved that G(-) is
almost anti-periodic. Let a number ¢ > 0 be given in advance. Then we can find a
finite number [ > 0 such that any subinterval I of R of length [ contains a number
7 € I such that [T ||g(s +7) + g(s)||Pds < ¢, t € R. Applying Hélder inequality
and this estimate, similarly as in the proof of above-mentioned proposition, we get
that

G +7)+ GO < [T IRE) - gt +7 1) + gt =) dr

- rk+1
=3 [ IR@I- gt + 7= 1)+ glt =)l dr

O_O k+1 1/p
< 2_: [ R() | pag,e+1) (/k lg(t +7—71)+ gt —7)|? dr)

t—k 1/p
= Z IR zagpe+1) </tk1 llg(s + 1)+ g(s)|” ds)
< Z I R() | Lapprne = Me, tER,

which clearly implies that the set of all e-antiperiods of G(-) is relatively dense in R. [

In order to relax our exposition, we shall introduce the notion of an asymptotically
(SP-)almost anti-periodic function in the following way (cf. also [12, Lemma 1.1]):

Definition 3.1. (i) Let f € Cp([0,00) : X). Then we say that f(-) is asymp-
totically almost anti-periodic if and only if there are two locally functions
g:R — X and ¢ : [0,00) — X satisfying the following conditions:
(a) g is almost anti-periodic;
(b) ¢ belongs to the class Cy([0, 00) : X);
(c) f(t) = g(t) +q(t) for all £ > 0.

(ii) Let 1 < p < oo, and let f € LY ([0,00) : X). Then we say that f(-) is
asymptotically Stepanov p-almost anti-periodic, asymptotically SP-almost anti-
periodic shortly, if and only if there are two locally p-integrable functions
g:R — X and ¢ : [0,00) — X satisfying the following conditions:

(a) g is SP-almost anti-periodic;
(b) ¢ belongs to the class Cy([0,00) : LP([0,1] : X));
(c) f(t) =g(t)+q(t) for all t > 0.

Keeping in mind Proposition 3.1 and the proof of [15, Propostion 2.13], we can
simply clarify the following result.
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Proposition 3.2. Suppose that 1 <p < oo, 1/p+1/¢g=1 and (R(t))i>0 C L(X) is
a strongly continuous operator family satisfying that, for every s > 0, we have that

- Z ||R(')||Lq[s+k,s+k+1] < 0.

Suppose, further, that f : [0,00) — X is asymptotically SP-almost anti-periodic as
well as that the locally p-integrable functions g : R — X, q : [0,00) — X satisfy the
conditions from Definition 3.1(ii). Let there exist a finite number M > 0 such that the
following holds:

s P
(i) Ty o0 ft“ IR a(s = ) dr]” ds = 0;
(ii) limy o0 /T mPds = 0.

Then the function H(-), given by

t
H(t) = / R(t—s)f(s)ds, t>0,
0
is well-defined, bounded and asymptotically SP-almost anti-periodic.

Before providing some applications, we want to note that our conclusions from [15,
Remark 2.14] and [14, Proposition 2.7.5] can be reformulated for asymptotical almost
anti-periodicity.

It is clear that we can apply results from this section in the study of existence and
uniqueness of almost anti-periodic solutions of fractional Cauchy inclusion

D] u(t) € Au(t) + f(t), teR,

where D/, denotes the Riemann-Liouville fractional derivative of order v € (0,1) and
f R — X satisfies certain properties, and A is a closed multivalued linear operator
(see [8] for the notion). Furthermore, we can analyze the existence and uniqueness of
asymptotically (SP-) almost anti-periodic solutions of fractional Cauchy inclusion

(DFP),_ : { %1)0(2 xeo ,Au(t) + f(t), t>0,

where D/ denotes the Caputo fractional derivative of order v € (0,1], zp € X and
f :]0,00) — X, satisfies certain properties, and A is a closed multivalued linear
operator (cf. [14] for more details). Arguing so, we can analyze the existence and
uniqueness of (asymptotically SP-) almost anti-periodic solutions of the fractional
Poisson heat equations

{Dz+[m<x>< o] = (A—b(t,2) + f(t,1), tER zeQ,
v(t,x) =0, (t,x) € [0,00) x 99,

and
D} [m(z)v(t,x)] = (A = b)v(t,z) + f(t,x), t>0, z €,
v(t,z) =0, (t,x) € [0,00) x 01,
m(z)v(0,x) = up(x), =z €,
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in the space X := LP(Q2), where 2 is a bounded domain in R", b > 0, m(z) > 0 a.e.
xeQ,meL®(Q),ve€(0,1) and 1 < p < oo, see [8] and [14] for further information
in this direction.

For some other references regarding the existence and uniqueness of anti-periodic
and Bloch periodic solutions of certain classes of abstract Volterra integro-differential
equations, we refer the reader to [5,7,10-13,17,18].
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HYERS-ULAM STABILITY OF A FREE AND FORCED
VIBRATIONS

R. MURALI' AND A. PONMANA SELVAN!

ABSTRACT. In this paper, we study the Hyers-Ulam stability and Hyers-Ulam-
Rassias stability of the general differential equation of the Free Damped Vibrations,
Undamped Vibrations and Forced Vibrations by using initial conditions.

1. INTRODUCTION

In every day life we come across numerous things that move. These motions are
of two types, viz (i) the motion in wich the body moves about a mean position or
a fixed point an (ii) the motion in which the body moves from one place to another
place with respect to time. The first type of motion of a body about a mean position
is called oscillatory motion. A moving train, flying aeroplane and moving ball etc.,
corresponds to the second type of motion. An oscillating pendulum, vibrations of a
stretched string, movement of water in a cup, vibration of electrons are the examples
of oscillatry motions. Vibration and oscillation are part of our every day life. With in
a minute of waking up, we may well experience vibrations in a wide variety of forms:
the buzzing of the alarm clock; the bounce of a bed; the oscillation of a loud speaker,
electric tooth brush or an electric razor, musical instruments, machinery and traffic,
noisy and annoying. A common feature of many of these vibrations of oscillations is
that the motion is repetitive of periodic. Such a motions are called periodic motions.
In nature, all these mechanical vibrations are Simple Harmonic Motion.

The theory of stability is an important branch of the qualitative theory of differential
equations. In 1940, Ulam [28] posed a problem concerning the stability of functional

Key words and phrases. Hyers-Ulam stability, Hyers-Ulam-Rassias stability, free damped
vibrations, undamped vibrations, forced vibrations and initial conditions.
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equation: “Give conditions in order for a linear function near an approximately linear
function to exist.” A year later, Hyers [11] gave an answer to the problem of Ulam for
additive functions defined on Banach spaces. Thereafter, Aoki [3], Bourgin [4] and
Rassias [21] improved the result reported in [11]. After that, many mathematicians
have extended the Ulam’s problem to other functional equations on various spaces in
different directions (see [1,5-8,12,15,24,25]).

Definitions of both Hyers-Ulam stability and Hyers-Ulam-Rassias stability have
applicable significance since it means that if one is studying an Hyers-Ulam stable
or Hyers-Ulam-Rassias stable system then one does not have to reach the exact
solution. (Which is usually is quite difficult or time consuming). This is quite useful in
many applications. For example, numerical analysis, optimization, biology, economics,
dynamic programming, wireless sensor networks, physics, chemistry, geometry and
etc., where finding the exact solution is quite difficult.

A generalization of Ulam’s problem was recently proposed by replacing functional
equations with differential equations: The differential equation

o (f.aaa",. ., a) =0

has the Hyers-Ulam stability if for a given ¢ > 0 and a function x such that
‘gb (f, O L A ,x(”)>’ < ¢, there exists a solution z, of the differential equation
such that |z(t) — z4(t)| < K(¢) and ll_r% K(e) = 0.

Oblaza seems to be the first author who has investigated the Hyers-Ulam stability of
linear differential equations (see [19,20]). Thereafter, Alsina and Ger published their
paper [2], which handles the Hyers-Ulam stability of the linear differential equation
y'(t) = y(t). Those previous results were extended to the Hyers-Ulam stability of
linear differential equations of first order and higher orders in [9,10,13,14,16-18,22,
23,26,27,29,30].

These days, the Hyers-Ulam stability of differential equation is investigated and
the investigation is ongoing. Motivated and connected by above results, we prove the
Hyers-Ulam stability of the general differential equation of Free Damped Vibrations

(1.1) 2" (t) + 212 (t) + k*z(t) = 0,
Undamped Vibrations (UV)

(1.2) 2"(t) + K*z(t) = 0

and Forced Vibrations (FV)

(1.3) 2" (t) + 202’ (t) + k*x(t) = Lsin pt,

by using initial conditions
(1.4) z(a) = 2'(a) =0,
where z(t) € C*(I), I = [a,b] C R.
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2. PRELIMINARIES

Simple Harmonic Motion plays an important role and it is the one of the most
important example of periodic motion. Clock, car shock absorbers, musical instru
ments, bungee jumping, diving board, the process of hearing, earth quake, proof
building metronome, a swing, a rocking chair, clock pendulum, heart beat and
breathing these are the some common examples of Simple Harmonic Motion in real
life, but there are countless more applications.

Simple Harmonic Motion. When a body moves such that its acceleration is
always directed towards a certain fixed point and varies directly as its distance from
that point, the body is said to execute harmonic motion.

For such a motion to take place the force acting on the body should be directed
towards the fixed point and should also be proportional to the displacement, i.e., the
distance from the fixed point. The function of the force is to bring the body back to
its equilibrium position and hence this force is often known as restoring force.

Consider a particle of mass m executing simple harmonic motion. If z be the
displacement of the particle from equilibrium position at any instant ¢, the resulting
force F' acting on the particle is given by F' o< = (or) F' = —sx, where s is the force
constant of proportionality or stiffness. The negative sign is used to indicate that the

direction of the force is opposite to the direction of increasing displacement.
2

If §e) is the acceleration of the particle at time ¢, then
d*x d*x s .
m—— = —ST —+—x=0
T (or) =5 + —2=0,

S

substituting k? = =, we get 7 d 2 + k%x = 0. This is the general differential equation
of motion of a simple harmomc oscillator.

Free Vibrations. When the bob of a simple pendulum (in vacuum) is displaced
from its mean position and left, it executes simple harmonic motion. The time period
of oscillation depends only on the length of the pendulum and the acceleration due
to the gravity at the place. The pendulum will continue to oscillate with the same
time periodic and amplitude for any length of time. In such cases there is no loss of
energy by friction or otherwise. In all similar cases, the vibrations will be undamped
free vibrations. The amplitude swing remains constant.

Damping. The amplitude of a vibrating string, a sounding tuning fork and an
oscillating pendulum goes on gradually decreasing and ultimately these bodies stop
vibrating. It is because some energy is inevitably lost due to resistive or viscous forces.
For example, in the case of a simple pendulum, energy is lost due to friction at the
supports and resistance of air. The resistance offered by a damping force is known
as damping. When the damping is small it does not produce any significant change
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in the undamped motion of the vibrating body. In such a case, the damping force is
proportional to the velocity of the vibrating body.

Damped vibrations. In actual particle, when the pendulum vibrates in air medium,
there are frictional forces and consequently energy is dissipated in each vibration.
The amplitude of swing decreases continuously with time and finally the oscillations
die out. Such vibrations are called free damped vibrations. The dissipated energy
appears as heat either within the system itself or in the surrounding medium. The
dissipative force due to friction etc. (resistance in LC'R circuit) is proportional to
the velocity of the particle at that instant. That is, in an ideal simple harmonic
motion, the displacement follows a sine curve for an infinite time. This is because
the total energy remains constant. In actual practice, the simple harmonic oscillator
always experiences frictional or resistive forces due to which some energy is lost and the
oscillations get damped. The amplitude of vibration decreases gradually an ultimately
the body comes to rest.

The decay of amplitude with time is called damping. Those simple harmonic
vibrations where amplitude decreases with the passage of time are called damped
simple harmonic vibrations.

Let /vb%f be the dissipative force due to friction or other phenomenon. Therefore,
the differential equation in the case of Free Damped Vibration is,

d*x

e

d*x W\ dx T
— =)= — )z =0.
dt? + <m> dt + (m) v
The above equation is similar to a general differential equation of the form

d?x dx
—— 42— +Kkr=0
az T TR

dx
2.1 T — =
(2.1) + :U—l—udt 0

or

(2.2) 2" (t) + 202 (t) + k*x(t) = 0,

where k% = %, [ is known as the damping coefficient and 2/ gives the force due to
resistance of the medium per unit mass per unit velocity. Equation (2.2) is known as
differential equation of damped simple harmonic motion. Also, it can be written in
the form of 2”(t) + a 2/(t) + b x(t) = 0 whose solution is,

o(Fat) [cle(é’\t) + 626(_21”)} , if \2=a%—4b>0,
- 1 1
z(t) = { o(Fat) [01 sin (2)\15) + ¢y cos <2)\t>} , if A2 =4b—a? >0,

(=) [c1x + ¢, if a® = 4b.
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Undamped Vibrations. For a simple harmonic vibrating particle, the kinetic

dz

2
dt) . At the same instant, the potential

energy for displacement x is given by %m (

1
energy of the particle is EK 22, where K is the restoring force per unit displacement.
The differential equation in the case of undamped free vibrations is,

d*x d*x T

m—s+Tr=0o0or — + ():E:O,

dt? dt? m

it takes the form
2"(t) + k*z(t) = 0,

This is only an ideal case. Here it has been assumed that the
vibrations are free and undamped.

where k? = (% )

Forced Vibrations. The time period of a body executing simple harmonic motion
depends on the dimension of the body and its elastic properties The vibrations of such
a body die out with time due to dissipation of energy. If some external periodic force
is constantly applied on the body, the body continues to oscillate under the influence
of such external force. Such vibrations of the body are called forced vibrations.

Initially, the amplitude of the swing increases, then decreases with time, becomes
minimum and again increases. This will be repeated if the external periodic force is
constantly applied on the system. In such cases the body will finally be forced to
vibrate with the same frequency as that of the applied force. The frequency of the
forced vibration is different from the natural frequency of vibration of the body. The
amplitude of the forced vibration of the body depends on the difference between the
natural frequency and the frequency applied force. The amplitude will be large of
difference in frequency is small and vice versa. For forced vibrations, equation (2.1)
is modified in the form

d? d
md—; +Tx +ud—f = F'sin pt,
2" (t) + 202/ (t) + k*x(t) = Lsinpt.
Here p is angular frequency of the applied periodic force and L = (%)

Now, we give the definition of Hyers-Ulam stability and Hyers-Ulam-Rassias stability
of the general differential equation of Free Damped Vibrations (FDV) (1.1), Undamped
Vibrations (UV) (1.2) and Forced Vibrations (FV) (1.3) by using initial conditions
(1.4).

Definition 2.1. We say that the general differential equation of Free Damped
Vibrations (1.1) has the Hyers-Ulam stability with initial conditions (1.4), if there
exists a positive constant K with the following property: For every ¢ > 0, x € C?(I)
satisfies the inequality

(1) + 202 (1) + K2 (t)| < e,
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then there exists some y € C?(I) satisfies y”(t) + 2ly'(t) + k*y(t) = 0 with initial
conditions y(a) = y'(a) = 0 sucht that |z(t) —y(t)| < Ke. We call such K as a
Hyers-Ulam stability constant for the differential equation of Free Damped Vibrations
(1.1) with initial conditions (1.4).

Definition 2.2. We say that the general differential equation of Free Damped
Vibrations (1.1) has the Hyers-Ulam-Rassias stability with ¢(-), where ¢ : R — [0, 00)

and initial conditions (1.4), if there exists a positive constant K with the following
property: If z € C?(I) is such that satisfying the inequality

(1) + 2/ () + K (t)] < o(t),

then there exists some y € C?(I) satisfying y”(t) + 2ly/(t) + k*y(t) = 0 with initial
conditions y(a) = y'(a) = 0 such that |z(t) —y(t)| < K¢(t). We call such K as a
Hyers-Ulam-Rassias stability constant for the differential equation of Free Damped
Vibrations (1.1) with initial conditions (1.4).

Definition 2.3. We say that the general differential equation of Undamped Vibrations
(1.2) has the Hyers-Ulam stability with initial conditions (1.4), if there exists a positive
constant K with the following property: for every € > 0, z € C*(I) satisfying the
inequality

2" (t) + k%(t)‘ <e,
then there exists some y € C?(I) satisfying the differential equation 3" (t) + k*y(t) = 0
with initial conditions y(a) = 3/(a) = 0 sucht that |z(t) — y(t)| < Ke. We call such

K as a Hyers-Ulam stability constant for the differential equation of Undamped
Vibrations (1.2) with initial conditions (1.4).

Definition 2.4. We say that the general differential equation of Undamped Vibrations
(1.2) has the Hyers-Ulam-Rassias stability with ¢(-), where ¢ : R — [0, 00) and initial
conditions (1.4), if there exists a positive constant K with the following property: If
x € C?(I) is such that satisfying the inequality

(1) + k()| < 6(b),

then there exists some y € C?(I) satisfying the differential equation y”(t) + k*y(t) = 0
with initial conditions y(a) = y/(a) = 0 sucht that |z(t) —y(t)] < K¢(t). We call
such K as a Hyers-Ulam-Rassias stability constant for the differential equation of
Undamped Vibrations (1.2) with initial conditions (1.4).

Definition 2.5. We say that the general differential equation of Forced Vibrations
(1.3) has the Hyers-Ulam stability with initial conditions (1.4), if there exists a positive
constant K with the following property: For every € > 0, z € C?(I) satisfying

2"(t) + 212’ (t) + k*z(t) — Lsinpt

<

then there exists some y € C?(I) satisfies the differential equation

y'(t) + 21y (t) + k*y(t) = Lsin pt,
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with initial conditions y(a) = y/(a) = 0 sucht that |z(¢t) — y(t)| < Ke. We call such K
as a Hyers-Ulam stability constant for the differential equation of Forced Vibrations
(1.3) with initial conditions (1.4).

Definition 2.6. We say that the general differential equation of Forced Vibrations
(1.3) has the Hyers-Ulam-Rassias stability with ¢(-), where ¢ : R — [0, 00) and initial
conditions (1.4), if there exists a positive constant K with the following property: If
x € C?(I) is such that satisfies

2" () + 202 (t) + K2z (t) — Lsinpt‘ < o(t),
then there exists some y € C?(I) satisfying the differential equation
y'(t) + 21y () + k*y(t) = Lsin pt,

with initial conditions y(a) = y/(a) = 0 such that |z(t) — y(t)| < K¢(t). We call such
K as a Hyers-Ulam-Rassias stability constant for the differential equation of Forced
Vibrations (1.3) with initial conditions (1.4).

3. HYERS-ULAM STABILITY

In this section, we prove the Hyers-Ulam stability of a general differential equation
of FDV (1.1), UV (1.2) and FV (1.3) by using initial conditions (1.4). Now, we prove
the Hyers-Ulam stability of the general differential equation of FDV (1.1) by using
the initial conditions (1.4).

Theorem 3.1. Ifx: [ — R be a twice continuously differentiable function such that
|2’ (t)] < |x(t)| satisfies the differential inequality

(3.1)

(1) + 202/ (1) + K2 (t)| < e,

with initial conditions (1.4) then the differential equation (1.1) has the Hyers-Ulam
stability.

Proof. For every e > 0, there exists x € C*(I) such that |2/(t)| < |x(t)| satisfies the
differential inequality (3.1) with initial conditions (1.4) and define M = max |z (t)].
Then by the inequality (3.1), we have

—e < 2"(t) + 212/ (t) + K*z(t) < e,

multiplying the above inequality by z’(¢) and then integrate, we obtain that
t

/—ex'(T)dT < /{:)3”(7) + 212’ (1) + /{:2:E(7')} 2 (r)dr <

ex'(T)dr,

Se—_

¢
2" (7)x' (t)dr + 21 / o' (7)%dr + K?

a

s, ®

—E/t:L‘/(T)dT < x(7)2 (7)dr < e/tm’(T)dT,

S
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t
—2ea(t) < 2'(t)? + K2 (t)? + 4l / 2 (1)2dr < 2ex(t),
from which we get that

¢
Ez(t)? < 2ex(t) — 4l/x'(r)2d7',

2¢ 41
2 2
M? < M+ M (b= a).
Choose v = 41(22_“), we get

< 2e

TR =n)
which gives |z(t)] < ﬁ Hence, |z(t)| < Ke, where K = ﬁ
that, y(tg) = 0 is a solution of x”(t) + 2la’(t) + k*z(t) = 0 with initial condition (1.4)
such that |z(t) — y(to)| < Ke. Hence, by the virtue of Definition 2.1, the differential
equation of FDV (1.1) has the Hyers-Ulam stability. O

M

. It is easy to see

Now, we prove the Hyers-Ulam stability of the general differential equation of UV
(1.2) with initial conditions (1.4).

Theorem 3.2. If z : I — R be a twice continuously differentiable function satisfies
the inequality
(3.2) (1) + k()| < e,

with initial conditions (1.4) then the differential equation (1.2) has the Hyers-Ulam
stability.

Proof. For every € > 0, there exists x € C?(I), satisfies the differential inequality (3.2)
with initial conditions (1.4) and define M = max |z(t)|. Then by the inequality (3.2),

we have
—e < 2"(t) + K*x(t) <,
multiplying the above inequality by z'(t) and then integrating a to t, we get
t t

—e/x’(T)dT < /t{x"(T) + kzdi(T)}LU/(T)dT < e/x'(r)dT,

a a

—2ex(t) < ' (t)* + K*x(t)? < 2ex(t),

from which we obtain that k*z(t)? < 2ex(t). Hence, |z(t)] < Ke, where K = 5. It
is easy to see that, y(ty) = 0 is a solution of z”(t) + k*z(t) = 0 with initial condition
(1.4) such that

|z(t) — y(to)| < Ke.
Hence by the virtue of Definition 2.3, the differential equation of UV (1.2) has the
Hyers-Ulam stability. O
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Finally, in this section we would like to prove the Hyers-Ulam stability of the general
differential equation of FV (1.3) with initial conditions (1.4).

Theorem 3.3. If x : [ — R be a twice continuously differentiable function such that
|2/ (t)] < |x(t)| satisfies the differential inequality

(3.3) 2(t) + 2/ (t) + K (t) — Lsinpt| < e,

with initial conditions (1.4) then the differential equation (1.3) has the Hyers-Ulam
stability.

Proof. For every € > 0, there exists z € C*(I) such that |2/(t)| < |z(t)| satisfies the
differential inequality (3.3) with initial conditions (1.4) and define M = max |z (t)].
€

Then by the inequality (3.3), we have
—e < a”(t) + 212/ (t) + k*x(t) — Lsinpt < e.
Multiplying the above inequality by z’(t) and then integrate, we obtain that

/t—ex’( Ydr g/t{ "(1) + 202/ (1) + K*x(T) — Lsmpr /t
/ r)dr </ d7—|—2l/ dr+k2/t (7Y (7)dr,

t

—L/.CE (1) sinprdr < e/:z: (7)dr,

a

—2e x(t) < o' (t)* + k* z(t)* + 41/ T)2dT — 2L/ 7) sin prdr

< 2ex(T),

from which we get that

E*z(t)? < 2ex(t 4l/ V2T + ZL/ 7) sin prdr,

41

2LM
2
s M=(b—a)+

2
< ==
M _k2M+k;

Choose v = M we get M < M?isf)p“ which gives

2¢ + 2L sinpa
<z 2
()] < =S5

sin pa.

Hence |z(t)| < K(¢), where K(¢) = W for all t € 1. Obviously, y(tp) =0 is a

solution of the differential equation z”(t) + 212/ (t) + k?z(t) — Lsin pt with (1.4) such
that [z(t) — y(to)| < K(e).
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Hence by the virtue of Definition 2.5, the differential equation of FV (1.3) has the
Hyers-Ulam stability. 0

4. HYERS-ULAM-RASSIAS STABILITY

In this section, we prove the Hyers-Ulam-Rassias stability of a general differential
equation of FDV (1.1), UV (1.2) and FV (1.3) by using initial conditions (1.4). Now,
we prove the Hyers-Ulam-Rassias stability of the general differential equation of FDV
(1.1) by using the initial conditions (1.4).

Theorem 4.1. If x : [ — R be a twice continuously differentiable function such that
|2 (t)| < |x(t)| with ¢(t), where ¢ : R — [0,00) satisfies the differential inequality

(4.1) 2(t) + 2/ () + K (t)] < (),
with initial conditions (1.4) then the differential equation (1.1) has the Hyers-Ulam-
Rassias stability with respect to ¢(t) such that ¢p(a) =

Proof. If x € C*(I) is such that |2/(t)] < |z(t)] with ¢ : R — [0,00) satisfies the
differential inequality (4.1) with initial conditions (1.4) and define M = max;cy |z(t)].
Then by the inequality (4.1), we have

—o(t) < 2"(t) + 212/ (t) + K*x(t) < B(t),
multiplying the above inequality by 2/(¢) and then integrating with the limits a to ¢,

we obtain that
t

/—gb() G d7'</ “( —l—2lm()+k2()}m'7’d7'</tgb7'a:'7'd7'

—2/ dr < 2'(1)? + k*x(t +4l/ 2d7’<2/

from which we get that

M2 < ;M¢(t) 4 :iMQ(b _a)
Choose v = M , we get
= kz?f(—)v)’
which gives |z(t)]| < kfg@w Hence, |z(t)] < K¢(t) for all t € I, where K = m

Obviously, y(tg) = 0 is a solution of the differential equation (1.1) with (1.4) such
that

|2(t) — y(to)| < Ko(t).
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Hence by the virtue of Definition 2.2, FDV (1.1) has the Hyers-Ulam-Rassias stability
with initial conditions (1.4). O

Now, we are going to prove the Hyers-Ulam-Rassias stability of the differential
equation of UV (1.2) with initial conditions (1.4).

Theorem 4.2. Ifx: [ — R be a twice continuously differentiable function such that
|’ (t)] < |x(t)| with ¢(t), where ¢ : R — [0,00) satisfies the differential inequality

(4.2) 2"(8) + Ka(t)] < o(1),

with initial conditions (1.4) then the general differential equation of UV (1.2) has the
Hyers-Ulam-Rassias stability with respect to ¢(t) such that ¢p(a) = 0.

Proof. If x € C*(I) is such that |2/(t)] < |z(t)] with ¢ : R — [0,00) satisfies the
differential inequality (4.2) with initial conditions (1.4) and define M = max;cy |z(t)].
Then by the inequality (4.2), we have

—(t) < a”(t) + Kz (t) < (1),
multiplying the above inequality by z’(t) and then integrating a to t, we get

t t

_jx’(7)¢(7‘)d7‘ < /{93”(7) + k:2x(7-)}x’(7')d7' < /$,(T)¢(T)dT’

a a

=2 [#(Ro(r)dr <20 + ) <2 [ (1)o(r)dr,

from which we obtain that
t

Ka(t) <2 [ o/(r)o(r)dr,

a

2
M? < EMgb(t).
Hence, we get that |z(t)] < K¢(t), where K = 5. Tt is easy to see that, y(tg) = 0
is a solution of the differential equation (1.2) with (1.4) such that |z(t) — y(to)| <
K¢(t). Hence by the virtue of Definition 2.4, the differential equation (1.2) has the
Hyers-Ulam-Rassias stability. U

Finally, we would like to prove the Hyers-Ulam-Rassias stability of the general
differential equation of FV (1.3) with initial conditions (1.4).

Theorem 4.3. If x : I — R be a twice continuously differentiable function such that
|2/ (t)] < |x(t)| with ¢(t), where ¢ : R — [0,00) satisfies the differential inequality

(4.3) 2(t) + 202/ (t) + k*x(t) — Lsinpt| < (1),

with initial conditions (1.4) then the differential equation (1.3) has the Hyers-Ulam-
Rassias stability with respect to ¢(t) such that ¢(a) = 0.
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Proof. Assume that z € C?*(I) is such that |2/(t)| < |z(t)] with ¢ : R — [0, 00)
satisfies the differential inequality (4.3) with initial conditions (1.4) and define M =
max;cy |2(t)|. Then by the inequality (4.3), we have

—¢(t) < 2”(t) + 212’ (t) + k*z(t) — Lsinpt < ¢(t).
Multiplying the above inequality by 2/(¢) and then integrating a to t, we obtain that

t

. / 2 (1) b(r)dr < / () (7)dr + 21 / Vdr + k2 ] (7Y ()dr

a

t
—L/x( ) sin prdr </ o(T)dr,

t

—2/$/(T)¢(T)d’r <a'(t)? + K2a( +4z/ Vdr — QL/ 7) sin prdr

a

<2 [ #/(r)o(r)dr
from which we get that '
Kz (t)? < 2 T)dT — 4l/ 2dr + 2L/ ) sin prdr,
5 2a al - ,
M S@M¢()+k2M (b—a)+ 1z sinpa.

Choose v = M , we get M < MH&# which gives

2¢(t) + 2L sin pa

()] < =

Hence, |z(t)| < K¢(t), where
2¢(t) + 2L sin pa
R(L=n)
for all ¢ € I. It is easy to see that, y(tg) = 0 is a solution of the differential equation
(1.3) with the initial condition (1.4) such that

|z(t) — y(to)] < Ko(t).

Ko(t) =
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Hence by the virtue of Definition 2.6, the differential equation (1.3) has the Hyers-Ulam-
Rassias stability. 0

Conclusion

In this paper, we have proved the Hyers-Ulam stability and Hyers-Ulam-Rassias
stability of the general differential equation of the Free Damped Vibrations (FDV),
Undamped Vibrations (UV) and Forced Vibrations (FV) by using initial conditions.
It will be very useful to the readers to study the stability problem for various physical
Phenomenon.
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BASIC INEQUALITIES FOR (m, M)-'-CONVEX FUNCTIONS
WHEN V¥ = —In

S. S. DRAGOMIR!2 AND I. GOMM!*

ABSTRACT. In this paper we establish some basic inequalities for (m, M )-¥-convex
functions when ¥ = — In. Applications for power functions and weighted arithmetic
mean and geometric mean are also provided.

1. INTRODUCTION

Assume that the function ¥ : I C R — R (] is an interval) is convex on [ and
m € R. We shall say that the function ® : I — R is m-V-lower convez if & — mV is
a convex function on /. We may introduce the class of functions (see [1])

(1.1) L(I,mV¥):={P:]—-R|P—mV is convex on [}.

Similarly, for M € R and ¥ as above, we can introduce the class of M-W-upper convex
functions by (see [1])

(1.2) UL, M, V):={P:] >R | MV —is convex on [}.

The intersection of these two classes will be called the class of (m, M)-V-convex
functions and will be denoted by (see [1])

(1.3) B (I, m, M, V) =L (I,m,¥) NI, M,T).

Remark 1.1. If & € B (I, m, M, V), then & — m¥ and MV — & are convex and then
(& — mU)+ (MY — P) is also convex which shows that (M — m) W is convex, implying
that M > m (as W is assumed not to be the trivial convex function ¥ (¢) =0, ¢t € I).

Key words and phrases. Convex functions, special convexity, weighted arithmetic and geometric
means, logarithmic function.
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The above concepts may be introduced in the general case of a convex subset in a
real linear space, but we do not consider this extension here.

In [7], S. S. Dragomir and N. M. Ionescu introduced the concept of g-convex
dominated functions, for a function f : I — R. We recall this, by saying, for a
given convex function g : I — R, the function f : [ — R is g-convexr dominated iff
g+ f and g — f are convex functions on /. In [7], the authors pointed out a number
of inequalities for convex dominated functions related to Jensen’s, Fuchs’, Pecari¢’s,
Barlow-Proschan and Vasi¢-Mijalkovi¢ results, etc.

We observe that the concept of g-convex dominated functions can be obtained as
a particular case from (m, M)-W-convex functions by choosing m = —1, M =1 and
U =g.

The following lemma holds (see [1]).

Lemma 1.1. Let ¥, ® : I C R — R be differentiable functions on Io, the interior of I
and V is a convex function on I.

(i) For m € R, the function ® € L (]o,m, \I/) if and only if
(1.4) m(Ut)—W(s) =V (s)(t—5)) <P(t)—D(s)— P (s)(t—s),

forallt,s e I.
(ii) For M € R, the function ® € U (I, M, \If) if and only if

(1.5) () =P (s) =P (s) (t—5) < M (¥ (1) = W(s) =W (s)(t—s)),

forallt,s € I.
(iii) For M,m € R with M > m, the function ® € B (I,m, M, \If> if and only if
both (1.4) and (1.5) hold.

Another elementary fact for twice differentiable functions also holds (see [1]).

Lemma 1.2. Let U, ® : [ C R — R be twice differentiable on I and ¥ is convex on
I.

(i) For m € R, the function ® € L (_f,m, \I/) if and only if
(1.6) mU” (t) < ®"(t), foralltel.

(ii) For M € R, the function ® € U (I, M, \I/) if and only if
(1.7) " (t) < MU" (t), foralltel.

(iii) For M, m € R with M > m, the function ® € B (]o,m7 M, \If) if and only if
both (1.6) and (1.7) hold.
For various inequalities concerning these classes of function, see the survey paper [3].

In what follows, we consider the class of functions B (I, m, M, —1In) for M, m € R,
with M > m that is obtained for ¥ : I C (0,00) = R, ¥ () = —Int.
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If : 1 C (0,00) = R is a differentiable function on I then by Lemma 1.1 we have
® € B(I,m,M,—1In) if and only if

(1.8) m(lns—lnt—i(s—t)) <D (1) =B (s) — B (s) (£ —5)

1
§M(lns—1nt—(s—t)>,
s

foranys,tef. )

If ®: 71 C(0,00)— R is a twice differentiable function on I then by Lemma 1.2 we
have ® € B (I, m, M, —In) if and only if
(1.9) m < 29" (t) < M,

which is a convenient condition to verify in applications.

In this paper we establish some basic inequalities for (m, M)-W-convex functions
when W = —In. Applications for power functions and weighted arithmetic mean and
geometric mean are also provided.

For recent results concerning inequalities for weighted arithmetic mean and geomet-

ric mean (see [4,5] and [8-15]).
2. SOME INEQUALITIES FROM DEFINITION OF CONVEXITY
We define the weighted arithmetic and geometric means
A, (a,b) ;== (1 —v)a+vband G, (a,b) := a'"1V",

where v € [0,1] and a, b > 0. If v = 1, then we write for brevity A (a,b) and G (a,b),
respectively.
The following double inequality holds, see also [6].

Theorem 2.1. Let M, m € R with M > m and ® € B((0,00),m, M,—1n). Then
for any a, b >0 and v € [0,1] we have

(2.1) In (éZEZ’Z;) <(1-v)®(a)+vdP (D) —P((1—v)a+vb)
A, (a,b)\"
<In (Gy(a,b)> )

Proof. Since ® € B ((0,00),m, M, —1In), then ®,, :== ® + mln is convex and by the
definition of convexity, we have
¢ ((1—-v)a+vb)+mlnA, (a,b)
<(1—-v)(®(a)+mlna)+v (P (b) +mlnb)
=(1-v)®(a)+v®(b)+ (1 —v)mlna+vmlnbd
=1—-v)®(a)+vd(b) +mInG, (a,b),
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that is equivalent to
A, (a, b)
G, (a,b) —
and the first inequality in (2.1) is proved.

Similarly, by the convexity of ®,; := —M In —® we get the second part of (2.1). O

mIn

<(1-=v)®(a)+vd () —P((1 —v)a+vb)

For m, M with M > m > 0 we define

MP,  ifp>1, mP, ifp>1,
(2.2) M, = and m,, :=
mP, if p <0, MP, if p <.
Consider the function ® () =, p € (—o0,0) U (1, oo) This is a convex function and

(1) =pp—1)tr2 t > 0. Consnder /-i( ) = t2®" (t) = p(p—1)t*. We observe
that

ten[}%]ﬁ(t) =p(p—1)M, and tel};g%ff(t) p(p—1)m
Corollary 2.1. Let m, M with M >m >0 and p € (—o0,0)U(1,00). Then for any
a, b € [m, M] and v € [0,1] we have

a p(p—1)
(2.3) In (éz Eazg> <(1-v)d?+vb —((1—v)a+uvb)P
AI/ (CL, b) p(p—1)Mp
<o(Gim)

where M,, and m, are defined by (2.2).

By taking the exponential in (2.3) we get the equivalent inequality

(1—v)a? +vbP — (1 —v)a+ vb)?
(2.4) exp ( v —1) I, )

A

~ G, (a,b)

(1—v)a? +vb? — ((1 —v)a+vb)’
SexP( pp—1)my )

for any p € (—o00,0) U (1,00), v € [0,1] and any a, b € [m, M].
If we take p = 2 in (2.4) and perform the calculations, then we get

(2.5) exp @(1 —y)y(b]\;;‘y) < é EZZ; < exp (;(1 —u)u“;@f)z) ,

for any a,b € [m, M].
If a, b > 0 then by taking M = max {a, b} and m = min {a, b} in (2.5) we have

o co{bi-ngil) oo (b -nlily)
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Since

m(abxz_{?,zb} - (mi_{ b}>2 - (m - 1>2

nﬁi;€2iﬂ - <nﬁi;£fb}>2:: (?Ei]gf:;"l>2

for any a, b > 0, then (2.6) can be written as

and

(2.7) exp (; (1—-v)v (1 - m> )
A, (a,b)
=G, (a,b)

gexp(;<1—v>V(m_l>2)'

This inequality was obtained in a different way in [5].

If we take p = —1 in (2.4) and perform the calculations, then we get
1 m (b — a)’ A, (a,b) 1 M (b—a)?
. ~(1- < < A
(%)em@“ W%Mmm)—@m@—“pz(ywmm@m’

for any a, b € [m, M] and v € [0,1].

317

If a, b > 0 then by taking M = max{a,b} and m = min {a,b} in (2.8) and since

ab = max {a, b} min {a, b} we have

1 (b—a)?
(2.9) eXp <2 (1-v) Y nax {a,b} A, (a, b))

< exp <; (1- V)”min{gb,b_}ﬁj(aabJ 7

for any v € [0,1].

Since
1 < 1 < 1
max {a,b} — A, (a,b) ~ min{a,b}’

hence,

1 min {a, b} ? 1 (b—a)’

Z (11— el Sect A S < “(1—

P (2 (1-r)v (max {a,b} 1) ) = &P (2 (1-v) ¥ max {a,b} A, (a,b)

and

oo ins) <om (- (22 ).
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showing that the double inequality (2.9) is better than (2.7).

3. SOME PERTURBED INEQUALITIES

Recall the following result obtained by Dragomir in 2006 [2] that provides a refine-
ment and a reverse for the weighted Jensen’s discrete inequality:

(3.) n_min {p} (;f:lf@j) - (iz))

je{1,2,...,n

S; Yopif(z)—f (; Zpﬂj)

n j=1 nj=1

je{1,2,...,n

<n _max }{pj} (;if(%)—f (ié%))v

where f : C' = R is a convex function defined on convex subset C' of the linear space
X {2} ;cq10. ny are vectors in €' and {p;} are nonnegative numbers with

Py=3"%1p;>0.
For n = 2, we deduce from (3.1) that

(3.2) o (W iy <372+y>>
<vf(x)+Q—-v)f(y)— fve+(1—-v)y)

<R (f(x);f(y) iy (w2+y)>

Je{1,2,...,n}

for any z,y € C and v € [0, 1], where r :== min{v,1 — v} and R := max{v,1 —v}.

Theorem 3.1. Let M, m € R with M > m and ® € B ((0,00),m, M, —1n). Then
for any a, b >0 and v € [0,1] we have

Ay(a7b) G(a,b) 2r\ M
(3.3) In (GV (,) (A(a,b)> )

g(l—v)@(@w@(b)—@((1—”“*”5’)‘2”((1)(@”%_q)(Hb))

G(a,0)\> A (b))
Sln((A(a,b)) Gy(a,b))
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<R ((I)(a) +o0b) o <a+b

2 ))—(v<1>(a)+(1—u)<1>(b)—@(ya+(1—y)b))

Gy (a,b) (A, b))
Sln(ma,b) <G<a,b>> ) |

where r :== min{v,1 — v} and R := max{v,1 —v}.

Proof. Since ® € B ((0,00),m, M, —1n), then f,, := & + mIn is convex and by (3.2)
we have

(3.5) % (W—@ (Cjb» —27“mlné§z:2
<v® (a) + (1 - ) ® (b) — ® (va + (1 - 1)b) _mmézgzg
(202 5) o3
for any a,b > 0 and v € [0, 1].
Since @ € B((0,00),m, M, — In), then also fy = —® — M1n is convex and by
(3.2) we have
I R
<@ (va+(1-v)b) — v (a) - (l—V)(I>(b)+M1néZEZ:Z;
<2R (@ (a > b) _ %) > q)(b)) +2RMIn égz Z;

for any a,b > 0 and v € [0, 1].
From the first inequality in (3.5) we have

n(en (Gen))

qu>(a)+(1—y)q>(b)—q>(ya+(1—u)b)—27«(W—<I><a+b>

while from the first inequality in (3.6) we also have

uc1>(a>+(1—u)<1>(b)—cp(;/a+(1_,,)b)_2T<<I>(fz)+¢(b)_®<a+b>>

Gl )\ A (@ b))
Sl“((mb)) Gy<a,b>) /

for any a,b > 0 and v € [0, 1].
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These prove the desired result (3.3).
From the second inequality in (3.5) we have

o ((Ae) " )

gzz%(clw—@(“;b)) (B (a) £ (1—0) D () — D (wa+ (1—)b)),

while from the second inequality in (3.6) we also have

R (cI)(a)+CI>(b) _®<a+b

)) — (@ (a) + (1 - 1)@ () — @ (va+ (1 —1)b))

2R\ M
o (God) (A
- A, (a,b) \ G (a,b) ’
for any a,b > 0 and v € [0, 1].
These prove the desired result (3.4). O

Corollary 3.1. Let m, M with M > m >0 and p € (—o00,0) U (1,00). Then for any
a,b € [m, M] and v € [0, 1] we have

o\ P(P—1)myp
A, (a,b) (G (a,b)
(3.7) In (Gy (a,b) <A(a,b)) )

<(U=v)a + vt — (1=v)a+vb) —2r (CLPW_ (Hb)p)

2 2
2 p(P*l)Mp
G (a,5)\*" 4, (a.b)
Sln((A(a,b)) Gy(a,b))

and
R (C T
<2R (a”;rbp - <a—2|—b>p> (L) o — (1 — ) at vb))

where r := min{v,1 — v} and R := max{v,1 — v} and M, and m, are defined by
(2.2).
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Observe, by simple calculation, we have that

(3.9) O—vﬁf+v¥—(u—uwp+wf—ar(ﬁ+ﬁ2_<a+b>)

2 2

:(1—V)1/(b—a)2—g(b—a)gzr(R—;> (b—a)?

and

ﬁ+02_<a+b2

(3.10) 2R ( 5 5 ) ) - ((1 —v)a* +vb? — (1 —v)a+ l/b)2>

:?(b—af—(l—y)y(b—a) —R<—r> (b—a)’,

for any a,b € [m, M] and v € [0, 1].
If we write the inequalities (3.7) and (3.8) for p = 2, then we get

A (a,b) (Glan\"\" 1 ,
(3.11) In (G,,(a,b) (A(a,b)) ) §r<R—2> (b—a)

for any a,b € [m, M] and v € [0, 1].
From the first inequality in (3.11) we have
(

(3.13) éy E% b; < (G (Z: 2) exp (21m2r (R - ;) (b— a)2> :

while from the second inequality in (3.11) we have

s (A0 g (har (- )0 ) < D)

From the first inequality in (3.12) we have

o (@) e Cman o) <5
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while from the second inequality in (3.12) we have

o0 G < (Gem) oo (nmn(z-)o-o)
In conclusion, from (3.13)-(3.16) we have the following result:
(3.17) max (é EZ: Z;)QT exp <2]\1427“ (R - ;) (b— a)2> ’
(3e5) o (g (=) oo
<A,, (a,b)
~ G, (a,b)

gmin{ égzz Z;)QT exp (2;27’ (R — ;) (b— a)2> 7
(Geh) = (aimn G -r)o-o)).

for any a,b € [m, M] and v € [0, 1].
We need the following lemma (see [4]).

Lemma 3.1. If the function f: I C R — R is a differentiable convez function on Io,
then for any a, b € I and v € [0, 1] we have

(3.18) 0<(1—-v)f(a)+vf() —f((1—-v)a+vb)
<v(l=v)(b—a)(f (b) - f(a)).
We have the following theorem.

Theorem 3.2. Let M, m € R with M > m and ® € B((0,00),m, M,—1n). Then
for any a,b >0 and v € [0, 1] we have

019 (s O o 2l
<v(1=v)(b—a) (¥ (b) — @' (a))

—(1=v)®(a) +v® (b) — @ ((1 — v) a+vb))
< (vu-n 05E o).

Proof. Since ® € B ((0,00),m, M, —In), then f,, := ® + mIn is convex and by (3.18)
we have

T

v

0<(1—-v)®(a)+vP(()—P((1—-v)a+vb) —mln
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<v(1-0)(b-a) (¢ ) - (@) + 7 - T)

b a
:y(l_y)(b—a)(cl)’(b)—q)’(a))—gu(l—y)(b—a)Z,

that is equivalent to
(b _ (Z)2 A, (Cl, b)
1-— —1
" <y (1-v) ab " G, (a,b)
<v(1l-=v)(b—a)(® () —P (a)— (1 —-v)P(a)+vP(b) —P((1—v)a+ b)),
for any a, b € [m, M] and v € [0, 1] and the first inequality in (3.19) is proved.

Since ® € B((0,00),m, M, —1In), then also fy; := —® — M In is convex and by
(3.18) we have

A, (a,b)
0= —(1=9)@ () =v@ () + F (1 —v)a+vb) + M - s

(b—a)’
ab '’

<—v(l—-v)(b—a)(® ) - (a))+ Mv(l—vr)
that is equivalent to

v(l—v)(b—a)(® (D) — 9 (a)—(1—v)P(a) —vdP(b)+ f((1—v)a+ vb)

(b—a)? A, (a,b)
<M <V(1—V) - —1In G (a,b)) :

for any a,b € [m, M| and v € [0, 1] and the second inequality in (3.19) is proved. O

Corollary 3.2. Let m, M with M > m >0 and p € (—00,0) U (1,00). Then for any
a,b € [m, M] and v € [0, 1] we have
B L (b—a)’ ,b)
320 o=, (v O g
<pr(1=v)(b—a) (""" —a"") = (1= v)a” + vl — (1 —v)a + b))
(b — (l)Q All (a’u b)
< _ _ _
<plp=1)0, (v - P o SR

where M,, and m, are defined by (2.2).

Q

Azx(
—lnG (

s}

v

The case p = 2 is of interest. Observe that
2v(1-v)(b—a)’ = ((1=v)a® + b = (1 - v)a+vb)°)
=w(l-v)b—a)l—v(l—v)(b—a)’=v(1—-v)(b-a)
and by (3.20) we have

2m? (V (1-v) (b ;ba) —1In G @ b)) <v(1—v)(b—a)
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b—a) A, (a,b)
<2M? 1— b=a) —In "+
- (V (1-v) ab ha, (a,b) )’
which is equivalent to
(3.21)
5 (1 1 >) A, (a,b)
_ _ [ < v\
b (V 1-v)b-a) (ab 2m2/)) = G, (a,b)
1 1
< — —a)? (= —
o (#1000 (G~ 53p)).
for any a, b € [m, M] and v € [0, 1].
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